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H I G H L I G H T S

� k-mer Sparse matrix denotes the types and sites of k-mers in genetic sequence.
� Relationship of genetic sequence and its associated k-mer sparse matrix is one-to-one.
� k-mer Singular value vector is numerically characterized genetic sequence.
� Accuracy of sequence comparison is improved by our proposed method.
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a b s t r a c t

Based on the k-mer model for genetic sequence, a k-mer sparse matrix representation is proposed to
denote the types and sites of k-mers appearing in a genetic sequence, and there exists a one-to-one
relationship between a genetic sequence and its associated k-mer sparse matrix. With the singular value
decomposition of the k-mer sparse matrix, the k-mer singular value vector is constructed and utilized to
numerically quantify the characteristics of a genetic sequence. We investigate and evaluate the optimum
value kn chosen for our k-mer sparse matrix model for genetic sequence. To show the usefulness of our
k-mer sparse matrix model method, it is applied to the comparison of genetic sequences, and the results
obtained fully demonstrate that our proposed method is very powerful in analyzing and determining the
relationships of genetic sequences.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Sequence comparison of genetic sequences is a basic but very
important task in analyzing and determining the similarities/
dissimilarities of genetic sequences. Based on the similarity
analysis in sequence comparison, we can infer and predict the
structure and function of biological molecules, and explore and
clarify the evolutionary relationships of all types of individual
organisms, etc. Until now, many powerful methods have been
proposed for the comparison of genetic sequences. Conventional
methods for sequence comparison are alignment-based methods,
which are evaluated within well-established framework of align-
ment. Although most alignment-based methods could precisely
reflect the relationships of genetic sequences, they are frequently
accompanied with very high computational complexity, especially
for multiple sequence alignment. Additionally, alignment-based

methods have difficulty in dealing with large database and
choosing scoring schemes for different kinds of genetic sequences
considered. Hence, the alignment-free approach based on the
numerical characterizations of genetic sequence is desirable to
compensate for the ineffectiveness of alignment-based methods.
Among all alignment-free methods, the k-mer model method may
be the best developed one. Because the k-mer mode method is a
frequency-based method, it is much faster and therefore widely
used in the comparison of whole genomes. A classic k-mer model
method was proposed for the comparison of genome sequences by
Blaisdell (1986), and the counts of k-mers appearing in the
sequence were used for the comparison of regulatory sequences
by Kantorovitz et al. (2007). Various k-mer model methods were
proposed for sequence comparison by Wu et al. (1997, 2001,
2005), Korf and Rose (2009), Sims et al. (2009a, 2009b), Jun
et al. (2010), Dai et al. (2011), Yu (2013) and Yang andWang (2013).

One of the most important but also very difficult problems in
computational biology is how to formulate a biological sequence
by a vector or matrix, yet still keeping considerable sequence-
order information. To avoid completely losing the sequence-order
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information for protein/peptide sequence, the pseudo amino acid
composition (PseAAC) was proposed by Chou (2001, 2005). In
PseAAC, the sequence-order information of a protein/peptide
sequence is approximately reflected by a series of correlation
factors that form the components of a vector. Ever since the
concept of PseAAC was proposed in 2001, it has been widely used
in analyzing varieties of problems for protein/peptide sequence
(Xu et al., 2013; Nanni et al., 2012; Mondal and Pai, 2014; Zou et al.,
2011; Hayat and Khan, 2012; Khosravian et al., 2013; Mohabatkar
et al., 2013; Mohammad et al., 2011; Nanni and Lumini, 2008;
Esmaeili et al., 2010; Mohabatkar, 2010; Hajisharifi et al., 2014).
Stimulated by the successes of using PseAAC to deal with protein/
peptide sequence, recently the pseudo k-tuple nucleotide compo-
sition (PseKNC) was developed to represent DNA/RNA sequence
for studying some important problems in genome/genetic ana-
lyses (Chen et al., 2012, 2013, 2014; Qiu et al., 2014; Guo et al.,
2014; Yang et al., 2013; Gao and Luo, 2012; Cheng et al., 2013).
Based on the k-mer model of genetic sequence, we are to propose
a new k-mer sparse matrix model method in the hope that it will
become a useful tool for analyzing genetic sequence.

2. Materials and methods

According to a recent comprehensive review by Chou (2011)
and also demonstrated by a series of recent publications (Lin et al.,
2011; Chou and Shen, 2010; Xiao et al., 2011; Chou et al., 2012;
Chen et al., 2012, 2013; Guo et al., 2014; Feng et al., 2013), to
establish a really useful statistical method for a biological system,
we need to consider the following procedures: (i) construct or
select a valid benchmark dataset to train and test the model;
(ii) formulate the biological sample with an effective mathematical
expression that can truly reflect its intrinsic correlation with the
target to be analyzed; (iii) introduce or develop a powerful
algorithm (or engine) to operate the analysis; (iv) properly per-
form testing methods to objectively evaluate the anticipated
accuracy of the statistical method; (v) establish a user-friendly
web-server for the method that is accessible to the public. Below,
let us describe how to deal with these steps.

2.1. k-mer Sparse matrix representation

The sparse matrix representation for protein primary sequence
was proposed by Yu and Huang (2012). Similarly, we apply the
sparse matrix representation to the k-mer model of genetic
sequence.

Let s be a genetic sequence of length L; s¼N1N2…NL,
where NlAfA;C;G; Tg; l¼ 1;2;…; L: Any consecutive kðkZ1Þ letters
within a sequence is called a k-mer, and there would be 4k

different possible k-mers appearing in a genetic sequence. For
any given k, there are L�kþ1 k-mers in the sequence s.

The k-mer sparse matrix M for the sequence s is a 4k by
L�kþ1 matrix, which can be obtained by using a sliding window
of length k, shifting the frame one letter each time from position
1 to L�kþ1, until the entire sequence has been scanned. For step
j; ðj¼ 1;2;…; L�kþ1Þ, if k letters in the frame are just the ith
ði¼ 1;2;3;…;4kÞ k-mer among 4k different k-mers, the element
in M is marked MðsÞ

ij ¼ 1; and other elements in column j are
zeroes.

It is easy to find that there would be only one 1 in each column
of the k-mer sparse matrix M, and the sum of each row equals the
number of times the corresponding k-mer appearing in the
sequence s. Thus, for any given k, a genetic sequence can be
represented by a k-mer sparse matrix, which denotes the types
and sites of k-mers appearing in the sequence, and there exists a
one-to-one relationship between a genetic sequence and its

associated k-mer sparse matrix. The k-mer sparse matrix contains
all the information hidden in a genetic sequence.

2.2. k-mer Singular value vector

To numerically characterize a genetic sequence, some key
features should be obtained from the corresponding k-mer sparse
matrix. Many powerful tools can be utilized to extract character-
istic information from the k-mer sparse matrix. The singular value
decomposition of the k-mer sparse matrix is one of the available
tools, and the singular value vector composed of singular values
can be used to numerically depict the characteristics of a genetic
sequence.

The singular value decomposition (SVD) of the k-mer sparse
matrix M can be written as follows:

M¼ UΣVT ; ð1Þ
where U is a real square matrix satisfying UTU ¼ I4k , (I4k is a unit
matrix of rank 4k), Σ is a 4k � ðL�Kþ1Þ diagonal matrix with
nonnegative singular values σ1;σ2;…;σk0 ¼ minð4k ;L�Kþ1Þ on the
diagonal, and VT (the transpose of V) is a real square matrix
having VTV ¼ IL�kþ1.

By the above definition, we note that the number of singular
values is relevant to the value of the given k and the length L of the
sequence considered. Because the lengths of genetic sequences are
commonly different, the dimension of the singular value vector is
not unique especially when 4k is larger than L�kþ1. To facilitate
the comparison of genetic sequences by some distance measure, it
is better to obtain the same dimensional singular value vector for
sequences of different lengths when k is fixed. Hence, we do a
little changing of the k-mer sparse matrix when 4k is larger than
L�kþ1: the k-mer sparse matrix would be extended to a square
matrix of rank 4k by means of a 4k � ð4k�ðL�kþ1ÞÞ zero matrix
added to the end of k-mer sparse matrix. By this change, we
always obtain 4k singular values by the SVD of k-mer sparse
matrices for genetic sequences of different lengths when k is
given. It is nice that not only all information hidden in the genetic
sequences is well reserved, but also the same dimensional singular
value vectors can be gotten to characterize genetic sequences of
different lengths.

Therefore, for each fixed k, the k-mer singular value vector can
be constructed and utilized to numerically depict the character-
istics of a genetic sequence, in which 4k singular values are sorted
in the lexicographic order of k-mers among the singular value
vector.

2.3. The optimum value kn for k-mer sparse matrix model

Since the parameter k has a great influence on computational
complexity and the result of sequence comparison, it is vital to
choose an appropriate k for our k-mer sparse matrix model. It has
been shown that it is important and difficult to choose a suitable k
for genetic sequences of different lengths considered in the k-mer
model. Some researchers have investigated the selection of the
optimum value kn for the k-mer model. For example, Wu et al.
(2005) pointed out that an optimal word size kn for dissimilarity
measurement should be increased when the sequence length
increases, and Sims et al. (2009a, 2009b) reported that the optimal
word length lies within an approximate range with lower bound
log 4n, where n is the length of sequence, and upper bound given
by the criterion that the phylogenetic tree topology for length k
must be parallel to that of kþ1.

Until now, there is no recognized criterion on choosing the
optimum kn for k-mer model. The optimum value kn for our k-mer
sparse matrix model is chosen when the result of sequence
comparison obtained for a given k is consistent with the standard
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biological taxonomy, the evolutionary relationships of species, and
results obtained by sequence alignment and some published
papers. Following former work in searching the optimum value
for k-mer model, we infer that the optimum value kn for our k-mer
sparse matrix model is close to the value of floor ðlog 4meanðLÞÞ,
where L is the length set of genetic sequences considered.

Although the larger k is the main obstacle for our k-mer sparse
matrix model method, our proposed method is faster than multi-
ple sequence alignment methods. The runtime comparisons for
our k-mer sparse matrix method, ClustalW and MUSCLE are
shown in Appendix A. One needs to do multiple sequence
alignment again entirely when one adds one more sequence in
the dataset considered. However, for our proposed method all the
singular value vectors can be stored and we do not need to re-
compute them.

2.4. Distance metric

Since each genetic sequence can be uniquely represented by its
k-mer singular value vector, a distance metric can be used to
quantify the similarities/dissimilarities of genetic sequences. The
similarity between each pair of genetic sequences can be com-
puted by the correlation angle of their k-mer singular value
vectors, because the correlation angle can eliminate the effects
of high dimensionality (Berry et al., 1999; Wen and Zhang, 2009;
Wen et al., 2014). In this paper, we select the distance metric
defined below to measure the similarities/dissimilarities of genetic
sequences. This distance matric has been widely used in k-mer
models (Qi et al., 2004; Stuart et al., 2002; Stuart and Berry, 2004).

Let v1 and v2 be the k-mer singular value vectors of two genetic
sequences s1 and s2, respectively, the distance between sequences
s1 and s2 can be computed as follows:

dðs1; s2Þ ¼ 1� cos ðv1; v2Þ ¼ 1�v1 � v2
jv1jjv2j

; ð2Þ

where cos ðv1; v2Þ is the cosine angle of vectors v1 and v2, and
jv1j; jv2j are the norms of vector v1 and v2, respectively.

Once the distance matrix exhibiting the distances among all
genetic sequences considered in sequence comparison is obtained,
the result of sequence comparison will be shown by the Neighbor-
Joining (NJ) tree under the software of MEGA 5.10 (Tamura et al.,
2011).

3. Results and discussion

In order to illustrate the usefulness of our k-mer sparse matrix
model method for genetic sequence, the proposed method is
applied to sequence comparison on the datasets of the mitochon-
drial genome sequences and 18S rRNA sequences, in which both
long and short sequences are considered.

Firstly, the mitochondrial genome sequences of 31 species are
applied to sequence comparison. This dataset has been analyzed in
the paper of Deng et al. (2011). The descriptions of the 31
mitochondrial genome sequences are listed in Table 1, the lengths
of which are from 16,338 to 17,447 base pairs (bp). The mitochon-
drial genetic sequence is not highly conserved for having a rapid

Table 1
Description of 31 mitochondrial genome sequences.

No. Individual GenBank ID

1 Human V00662
2 Pigmy chimpanzee D38116
3 Common chimpanzee D38113
4 Gibbon X99256
5 Baboon Y18001
6 Vervet monkey AY863426
7 Macaca thibetana NC_002764
8 Bornean orangutan D38115
9 Sumatran orangutan NC_002083

10 Gorilla D38114
11 Cat U20753
12 Dog U96639
13 Pig AJ002189
14 Sheep AF010406
15 Goat AF533441
16 Cow V00654
17 Buffalo AY488491
18 Wolf EU442884
19 Tiger EF551003
20 Leopard EF551002
21 Indian rhinoceros X97336
22 White rhinoceros Y07726
23 Black bear DQ402478
24 Brown bear AF303110
25 Polar bear AF303111
26 Giant panda EF212882
27 Rabbit AJ001588
28 Hedgehog X88898
29 Dormouse AJ001562
30 Squirrel AJ238588
31 Blue whale X72204
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Fig. 1. The NJ tree of 31 mitochondrial genome sequences based on the 7-mer
sparse matrix model. All 31 genomes are correctly clustered into eight known
clusters: Primates (green), Perissodactyla (blue), Cetacea (brown), Artiodactyla
(yellow), Carnivora (red), Lagomorpha (light blue), Rodentia (purple), and Erina-
ceomorpha (light green), similar to the results drawn by sequence alignment,
standard biological taxonomy, and some published papers. (For interpretation of
the references to color in this figure legend, the reader is referred to the web
version of this article.)
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mutation rate, so it is suitable for exploring the evolutionary
relationships of different species (Yu et al., 2010; Huang et al.,
2011). The NJ tree of the 31 mitochondrial genomes based on our
proposed method is shown in Fig. 1 when k¼7.

Looking at Fig. 1, all 31 genomes are correctly clustered into
eight known clusters: Primates (green), Perissodactyla (blue),
Cetacea (brown), Artiodactyla (yellow), Carnivora (red), Lagomor-
pha (light blue), Rodentia (purple), and Erinaceomorpha (light
green). Because the whale was considered evolving from primitive
artiodactyl, blue whale groups with artiodactyls, which are closer
to rhinoceroses. This result obtained is consistent with the
Euungulata Theory. Additionally, rabbit is closer to dormouse
and squirrel, in that, they are all in Glires. The results shown in
Fig. 1 agree well with those from standard biological taxonomy,
and with results shown in some published papers (Yu et al., 2010;
Huang et al., 2011; Liu et al., 2001; Raina et al., 2005; Kullberg
et al., 2006). Compared with Fig. 3 of Deng et al. (2011), the
accuracy of sequence comparison has been greatly improved,
which can be easily seen from the relationships within the
subgroups of Primates and Carnivora, respectively.

To further show the advantage of our proposed method,
sequence alignment method is applied to the same dataset that
we consider, using MEGA 5.10 implementation of the ClustalW
algorithm. The ClustalW is a very classic sequence alignment
method that calculates the best match for the selected sequences.
As a contrast, the NJ tree drawn by ClustalW is shown in Fig. 2,
where the species are colored the same as in Fig. 1. Although our

result shown in Fig. 1 is very similar to that of ClustalW shown in
Fig. 2, our result is better, as can be found from the relationship
between rabbit and squirrel-dormouse.

Additionally, our proposed method is applied to the phyloge-
netic analysis of 40 tetrapod 18S rRNAs. The 18S rRNAs were
considered odd in the estimation of phylogeny with significantly
differences in higher organisms (Huelsenbeck et al., 1996). The
evolutionary relationships among tetrapod have been widely
discussed, and a controversial problem among tetrapod is whether
birds are closer to crocodilians, or to mammals. Previous phylo-
genetic analysis of tetrapod 18S rRNAs supported the grouping of
birds and mammals (Xia et al., 2003), whereas data from mole-
cules, morphology and paleontology favored birds clustering with
crocodilians (Hedges et al., 1990), which is more acceptable in
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Fig. 3. The NJ tree of 40 tetrapod 18S rRNA sequences based on the 5-mer sparse
matrix model. The NJ tree of 18S rRNAs contains four clades: Birds (green),
Crocodilians (blue), Mammals (red) and Amphibians (purple), and the species in
each clade are correctly grouped together conforming to results from traditional
classification in molecules, morphology, and paleontology. (For interpretation of
the references to color in this figure legend, the reader is referred to the web
version of this article.)
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Fig. 2. The NJ tree of 31 mitochondrial genome sequences obtained by ClustalW.
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biology. To further explore this problem, we apply our proposed
method to the tetrapod 18S rRNAs dataset shown in Fig. 3 of Chan
et al., (2012), which contains 40 sequences whose lengths are from
1733 to 2235 base pairs (bp), and our NJ tree is shown in Fig. 3
when k¼5.

This NJ tree contains four clades: Birds (green), Crocodilians
(blue), Mammals (red), and Amphibians (purple), and the species
in each clade are correctly grouped together. This result is similar
to those obtained by sequence alignment and some phylogenetic
analyses (Xia et al., 2003; Hedges et al., 1990; Chan et al., 2012;
Rzhetsky and Nei, 1992; Hedges, 1994; Seutin et al., 1994; Janke
and Arnason, 1997; Zardoya and Meyer, 1998; Ausio et al., 1999;
Dixon and Hillis, 1993). Moreover, it can be seen that birds are
closer to crocodilians in Fig. 3, rather than to mammals obtained
by the ClustalW shown in Fig. 4. Our result conforms to the
traditional classification and evidences from molecules, morphol-
ogy, and paleontology, and the results obtained by Hedges et al.
(1990) and Chan et al. (2012). Compared with Fig. 3 of Chan et al.

(2012), our NJ tree is much better in that not only Rattus and Mus
cluster together, but also Oryctolagus are well grouped.

Therefore, based on our results from the applications to
mitochondrial genome sequences and 18S rRNA sequences, it is
shown that our k-mer sparse matrix model method not only
depicts well the relationships of genetic sequences, but also
improves the accuracy of former proposed methods. Importantly,
our result shows that the birds should be close to crocodilians,
rather than to mammals, which is a very valuable result for
researching the evolutionary relationships of species. This result
cannot be gotten by alignment-based methods. Moreover, we
evaluate the optimum value kn chosen for our k-mer sparse matrix
model, and infer that the optimum value kn is close the value of
floorðlog 4meanðLÞÞ, where L is the length set of genetic sequences
considered, which is the first time to explicitly point out the
optimum value of k for the k-mer model method.

4. Conclusions

In this paper, the k-mer sparse matrix model method is
proposed for the comparison of genetic sequences. Based on the
k-mer model of genetic sequence, the types and sites of k-mers
appearing in a genetic sequence are denoted by a k-mer sparse
matrix, and there exists a one-to-one relationship between a
genetic sequence and its associated k-mer sparse matrix. With
this representation and for a given k, a genetic sequence can be
numerically characterized by a k-mer singular value vector. More-
over, we investigate and evaluate the optimum value kn for our k-
mer sparse matrix model. Our proposed method is applied in the
comparison of genetic sequences, and the results obtained show
that our k-mer sparse matrix model method is a very powerful
method in analyzing and determining the relationships of genetic
sequences.

Since user-friendly and publicly accessible web-servers repre-
sent the future direction for developing more practical and useful
models, we shall make efforts to provide a web-server for the
method presented in this paper. However, our k-mer sparse matrix
model is still in the process of being improved, to be further
optimized in the future work.
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