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I.  INTRODUCTION

In [18], Mitter pointed out that the innovation
approach to nonlinear filtering theory is not,
in general, explicitly computable. It was first
proposed by Brockett and Clark [5], Brockett
[4], and Mitter [18] to use estimation algebras
to construct finite-dimensional filters. The idea
is to use the Lie algebraic method to solve the
Duncan—Mortensen—Zakai (DMZ) equation, which
is a stochastic partial differential equation. By working
on the robust form of the DMZ equation, which is a
stochastic partial differential equation, we can reduce
the complexity of the problem to that of solving a
time-variant partial differential equation.

In the past decade, the Lie algebraic viewpoint has
been remarkably successful, and recent works [6, 7,
12, 16, 22, 25] have given us a deeper understanding
of the DMZ equation, which was essential for
progress in nonlinear filtering as well as in stochastic
control. Nevertheless, it is extremely desirable to treat
the DMZ equation by a direct method. In Sections III
and IV we use a direct method to solve DMZ equation
for linear filtering system and Benes filtering system,
respectively. For the linear filtering system (i.e., f, g,
and A are linear functions), the explicit recursive filter
was previously derived in a closed form for arbitrary
initial conditions only for those systems (1) that are
completely reachable and completely observable.

As discussed in [6], the estimation algebra E
associated with (1) (i.e., the Lie algebra generated
by Ly, h;(x),...,h,,(x) as differential operators) is of
maximal rank if x;,...,x, are in E. In the case where
m > n, h(x) = Hx, and the matrix H is of maximal
rank, E is of maximal rank. Notice that the explicit
recursive filter for the Beneés filtering system was
previously derived only for the maximal-rank case (cf.
[2, 22]). The advantage of our approach is that one
can write down the solution of DMZ equation with
arbitrary initial conditions in terms of the solution
of Kolmogorov equation and a finite system of
ordinary differential equations (ODEs). Hence, we
can write down the recursive universal filters in both
cases. Moreover, our approach is very easy, and we
no longer need the maximal-rank condition in our
derivation. The significance of our results is that
the estimation problem for linear or Benes filtering
systems has been factored into two parts: 1) the
off-line calculation of the Kolmogorov-type equation,
which does not depend on the observations, and
2) the on-line solution of a finite system of ordinary
differential equations. We remark that an explicit
closed-form solution of the Kolmogorov equation
arising from linear filtering was constructed in [15].

For linear filtering with an arbitrary initial
condition, Makowski [17] observed that the filtering
question is genuinely one of nonlinear filtering
and few results have been obtained before. Notable
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exceptions are the works of Benés and Karatzas [3],
Ocone [20], Makowski [17], and Haussmann and
Pardoux [14]. Makowski [17] further remarked that
it was shown in [3 and 20] that there always exists

a set of sufficient statistics that can be recursively
computed as outputs of a finite-dimensional dynamic
system. In contrast with previous results, the sufficient
statistics generated in [17] can be termed “universal”
in the sense that they are independent of the initial
state distribution. Furthermore, no assumptions on
the moments of this initial state distribution or its
absolute continuity are made in [17], as was the case
in [3 and 20].

However, Makowski’s method has two major
disadvantages. First, let n be the dimension of the
state space. The number of sufficient statistics in order
to compute the conditional expectation 7,(¢(x,)) of
¢(x,) in Makowski’s method is a polynomial of degree
two in n, while in our method below (Theorem 2), the
number of sufficient statistics is only n (see Remark
3.1). Second, the universal formula [17, (3.13)] for
m,(¢(x,)) is implicit and depends on ¢. For a given ¢,
one has to do some computation before one can find
the number of sufficient statistics.

Haussmann and Pardoux [14] considered a more
general linear filtering problem than ours. However,
even restricted to the classical Kalman—Bucy problem
with a Gaussian initial condition, the number of
sufficient statistics in order to compute the conditional
probability density is again a polynomial of degree
two in n in their method. Since the complexity of
our method for linear filtering with an arbitrary
initial condition is exactly n, the same as the classical
Kalman—Bucy filter, and since our formulas are
universal in the sense that they are independent of the
initial state distribution, we can apply these results
for the recursive numerical solution of filtering
problems. These results make this work of practical
importance.

The Benes filtering problem is related to the linear
filtering problem by the gauge transformation, as
pointed out in [19]. The idea is also related to the
concept of equivalence of parabolic equations, as
discussed in [1]. However, no explicit solution has
been written down. Notable exceptions are [2 and 22]
in which the maximal rank condition of the estimation
algebra is assumed. In [2] a special case of the
maximal-rank condition is treated, while in [22] the
general case of the maximal-rank condition is treated.
Even in the maximal-rank case, the Wei—Norman
approach to finding the solution of the robust DMZ
equation is more complicated than our approach
(Theorem 3). Not only must one solve a finite system
of ODEs and a Kolmogorov equation, but also one
must integrate n partial differential equations. More
important, for the nonmaximal-rank case, since
the basis of the estimation algebra is not explicitly
known, the recursive algorithms cannot be written
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down explicitly. The novelty of our Theorem 3 is that
our finite system of ordinary differential equations

is explicitly written down and our algorithms are
universal in the sense that they are independent of the
initial state distribution. Moreover, we need only n
sufficient statistics in order to compute the conditional
probability density of the Beneés filtering with an
arbitrary initial condition. So the result is of practical
importance.

Finally, we mention that Daun [10] introduced a
separation of variables method in solving the DMZ
equation. His method is similar to ours in that he also
made an a priori guess as to what the solution of the
DMZ equation should be. However, his method is far
more complicated than ours. Not only does he have to
solve the Kolmogorov-type equation, a finite system
of ordinary differential equations, but also he needs to
solve a finite system of partial differential equations
(cf., [10, eqns. (3) and (4)]. This finite system of
overdetermined partial differential equations depends
on the solution of the Kolmogorov-type equation
mentioned before. Moreover, the time-varying parts of
this finite system of overdetermined partial differential
equations are unknown. Also (5) and (6) in his basic
assumptions involve observation terms. Hence, it is
not clear how his method can be implemented even
for the Kalman—Bucy system.

II.  FILTERING PROBLEM AND BASIC QUESTIONS
CONSIDERED

The filtering problem considered here is based on
the following signal observation model:

x(0) = x,

y(©0)=0
(1)

{dX(t) = f(x(@)dt + g(x(0)dv(1)
dy(t) = h(x(?))dt + dw(t)

in which x, v, y, and w are, respectively, R", R?,
R, and R valued processes and v and w have
components that are independent, standard Brownian
processes. We further assume that n = p; f,h are C*>
smooth; and g is an orthogonal matrix. We refer to
y(t) as the observation at time ¢.

Let p(z,x) denote the conditional probability
density of the state given the observation {y(s) : 0 <
s <t}. It is well known (see [11], for example) that
p(t,x) is given by normalizing a function o(¢,x) that
satisfies the following DMZ equation:

do(t,x) = Lyo(t,x)dt + Y _ Lio(t,x)dy,(0),
i=1

0(0,x) =0, 2)
where
1 92 0 =Of 1,

n
i=1 i=1
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fori=1,...,m, L, is the zero-degree differential
operator, i.e., multiplication by 4;, and o, is the
probability density of the initial point x,,.

In [9], Davis introduced a new unnormalized
density

u(t,x) = exp (—

Zhi(x)yi(t)> o(t,x).

i=1

It is easy to show that u(z,x) satisfies the following
time-varying partial differential equation:

%(z,x) = Lou(t,x) + Y y,(O[Lg, L ]u(t,x)
i=1
1 « 3
3 2 2Oy OlLo. L], Llu(t.x) ©
ij=1
u(0,x) = o,

where [-,-] is the Lie bracket.
If h,(x) = ¢; = constant for 1 <i <m, then (3)
reduces to the Kolmogorov equation

ou
E(t’x) = Lu(t,x)
1 n 82 n a
1 m
Z z( = EZC?> u(t,x). @)
i=1

In [26], the following Kolmogorov type equation
(5) can be solved explicitly in a closed form.

THEOREM 1 The equation

0
B—I;(t,x) = Ly(t.%)
1n a n
=<§;8 Zf()
Z '() Z;h?m)u(z,x)

&)

has a formal solution on R" of the following form:

u(Lx):/oc/oo ﬁtl‘t/z
1 <&

X eXp (7 Z(xj yj)z)
j=1

X b(t,x,y)oo(y)dy,---dy, (6)

where b(t,x,y) = ak(x,y)tk. Here a;(x,y) are
described explicitly as follows. Let

atx,y) = /Z<x WG+ —yde. (D)
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Then
ayl.y) = e, (®)

Suppose that a;_,(x,y) is given. Let

1 0%
& x,y) = Ezla—lz
=

- day_,
(x,y)—;fi(x) ox, )

1 m
—5 (Z hiz(x)> @, (x,y)
i=1

~ zlj 6_x,-(x)“"‘ NER)) )

Then for k > 1
1
a,(x.y) = exp(atx.y)) /O £ exp(—a(y +1(x — y).y))

X g (y +t(x—y),y)dt.

Moreover, the procedure for obtaining the
convergent solution of (5) from the formal solution
is described in [26]. For the Kolmogorov equation
(14) below arising from linear filtering, a simple
closed-form solution was written down in [15].

It is shown in [26] that (3) is equivalent to

ou
E(I’x) 2 82(1‘ X)

i=1

£y ( £+ Zy,(r) L )) P (8
i=1
- Zl o %) = 5 ;h?(xw,x)

1 m
+ 5 Zyi(t) Ahi(x)u(t’x)
i=1

- ZZy o, (x) (x)u(t X)
i=1 j=1
"2 ZZW)%(”Z o '(X)—’(x)u(t x).

i=1 j=1

(10)

. DMZ EQUATION FOR KALMAN-BUCY
FILTERING SYSTEM WITH ARBITRARY INITIAL
CONDITION

Despite its usefulness, the Kalman—Bucy filter is
not perfect. One of its weaknesses is that it needs a
Gaussian assumption on the initial data. The situation
is more complex when the statistics of the initial
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condition are modeled by an arbitrary distribution.

In the case where the linear filtering system (i.e., f,
g, and & are linear functions in (1)) is completely
reachable and completely observable, Hazewinkel
observed [13, p. 115] that the estimation algebra E
(i.e., a Lie algebra generated by differential operators
Ly, hy(x),...,h,(x)) is the 2n + 2 dimensional Lie
algebra with basis L,,0/0x,,...,0/0x,,X,...,X,, 1.
Even in this case, the Wei—Norman approach used

to find the solution of (5) is more complicated than
the procedure in Theorem 2 below because not only
must one solve a finite system of ordinary differential
equation and a Kolmogorov equation, but also

one has to integrate n partial differential equations
corresponding to the operators 0/0x,...,0/0x,. More
important, if the linear system is not completely
reachable or completely observable, then the basis

of the estimation algebra is not explicitly known
(although it can be computed). As a result, there is an
additional disadvantage of the Wei—Norman approach,
namely, one cannot write down the finite system of
ODE:s explicitly. The novelty of Theorem 2 is that our
finite system of ODEs is explicitly written down and
our procedure to get the solution of (5) is simpler than
the Lie algebra approach.

THEOREM 2 Consider the linear filtering system (1)
with

h(x)—Zcux]+c 1<i<m (11)
where ¢;; and c; are constants, and
(x)—Zdl]x]+d 1<i<n (12)

where d;; and d; are constants. Choose a homogeneous

quadratic F(x) = %Zu 1 €;;Xx; with e;; = e;; such
that

(E+D)Y(E+D)=C"C +D'D. (13)
Here E = (eij), D = (dl-j) are an n X n matrix and

C = (g j) is an m x n matrix. Then the solution u(t,x)
for the DMZ equation (10) is reduced to the solution
u(t,x) for the Kolmogorov equation

@(z x) = —Au(t DEDY (ﬁ(x) + g—i(x)> g—i(t,x)

i=1

(14)

—Z(af% 0+ 2<x))u<r %)

where

i(t,x) = exp (F(x) + Zai(t)xi + c(t)) u(t,x + b(r))
i=1

(15)
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and a,(t), b,(t), and c(t) satisfy the following system of
ODEs:

alt) + Zdﬂa () — Z Z ¢ b0

=1 j=1

- ZZ%U)% Cjx * Z eji =Y _cjcji =0,
j=1

j=1 k=1
1<i<n (16)
Zda(t)+c(t) 2;ai2(t)
2
Zcu ](t) _Z Zcu /(t)
i=1 = i=1 j=1
- Z Z y,(0cj; (Z dy by () +d,; )
j=11i=1
*3 Z >N 5y ey
k=1 i=1 j=1
+l§n:e —li&:O (17)
2k:l “ 2i=l l
bi(t) — a(t)+Zc]ly](t) Zdubj(t)_
j=1 j=1
1<i<n. (18)

REMARK The initial conditions for a,(t), b;(¢), and
c(?) can be arbitrary values. However, once ¢,(0),
b;(0), and ¢(0) are fixed, the initial condition of (14)
is determined by the initial condition of (10).

PROOF We need only to show that if u(z,x) satisfies
(10), then u(z,x) given by (15)—(18) will satisfy the
Kolmogorov equation (14)

%(r,x) = exp (F(x) + Za,.(t)x,. + c(t)>

i=1

i=1

x l (Z d(t)x, + d(z)) ut,x + b(1))

+ —(r x+b() + Zb (r)—(r X+ b(r))]

i=1

i=1

(t x) = exp (F(x) + Za (), + c(t)>

(6_F(x) + a.(t)) u(t,x + b(t)) + @(t,x + b(t))]
ox; ! ox;

IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS VOL. 33, NO. 4 OCTOBER 1997



2~ n

g—xl;(t,x) = exp (F(x) + Zl:ai(t)xi + c(t)) — %AF(x)u(t,x +b(t)) — %Au(r,x + b(1))
. OF

+> fW (W(x) + ai(t)> u(t,x + b(0))
i=1 i

i

2
% [(8_F(x)+a(t)> u(t,x + b(t))
ox, '

. ou
+2 <g—£(X) + a,«(t)) g—;(t,x +b(1)) + ;ﬁ(x)a—xi(f’x + b(f))]
0 9*u -
o 7 X+ D) + = 2 (t,x + b(1)) =exp [ F)+ Y _a(0)x; + )
i=1

1. . n
EAu(t’x) = exp (F(X) + Zai(t)xi + CU)) X l(Z a(t)x, + c’(t)) u(t,x + b))

i=1 i=1

1 [ OF : n
X [5 Zl: (a—xi(x) + a,-(t)) u(t,x + b(t)) + Zb;(’)%(m +b(D)
i= i=1 !
"~ (OF du n 2
¥ Z}: (8_xi(x) * “f(”> gy, (% +0(0) 2 (%m ¥ a,.(t)> ult.x + b(0)
= i=1 i
1 1 n
+ EAF(X)M(t,X + b(t)) + EAM(LX + b(l))] _ ; (g_f;(x) + ai(t)> g_)l:i([,x + b([))
zn:f-(x)ﬁ(t x) - lAF(x)u(z x+b(1))
i=1 Tox 2 ’
- + . OF )+ a.(t t,x+b(t
=exp (F(x) + Zai(t)xi + c(t)) ;fi(x) 0—xi(x a,(t) | u(t,x + b(1))
i=1
" Oh; au
y [Z . <g_f - a,.a)) A+ b0 ' ;/Zly,m (v + b5 X+ bO)
i=1 !

n afl,

- % Zh,?(x +b@)ult,x + b(1))

i=1

Therefore we have

1 m
(, X)— Au(t X+ Z f(x) (t X) +3 D 3O Db+ bO)u(t,x + b(s))

i=1

=exp (F(x) + Zai(t)xi + c(t)) - Z Zy,«(l‘)fj(x +b(1))

=1 i=1 j=1

x [ (Z dt)x, + d(r)) ut,x + b(t)) (x +bM)ult.x + b))
i=1
+ —(t x+b(®) + Zb (t)—(t x +b(t)) 3 Zz;yf@)yj@; a_xk(x +b(1)
i=1 -
. oh.
1 oF ’ x —L (x + b(O))u(t,x + b(t))
-5 > (8—%@) + al.(z)) u(t,x + b(t)) dx,
By (8_F(x) N a,m) M v by P G0 b(r»—(r x+b(0)|.
P 8xi 8xi i=1
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Observe that

"\ OF _ou
a—xi (x) a—xl (,x)

i=1

=exp (F(x) + Za,-(l)xi + C(’))

i=1

(x) ( x)+a; (t)) u(t,x + b(1))
i=1

+ Z —(x)—(t X+ b(t))]

It follows that

—(r x) — —Au(t x) + Zf(x)—(t x)
+Z o <)—(r x)

= exp <F(x) + Zai(t)xi + c(t))

i=1

X [(Za;(z)xi + d(z)) u(t,x + b(t))

i=1

"\, Ou
+ Zbi(z‘)a(l‘,x +b(t))
i=1 !

1

n OF 2
-5 3 (8—%()() + a[(t)> u(t,x + b(t))

Z—( >(—<x> +a; <r>) u(t, x + b(1))

- Za (r) (t x+ b))
— EAF(x)u(t,x + b(1))

. F
+ Z f(x) (%(x) + a,.(z)) u(t,x + b(1))

+ ZZy]@) <x + b(r)) (r X +b(1)

i=1 j=1

5 %u +b()ult.x + b(0))
i=1 7!
3 DR+ bt + bie)
i=1

+ % ;yi(t) Ah(x + b(0))u(t,x + b(1))

=Y > v+ b@)

i=1 j=1

X Oh; (x + b@)u(t,x + b(1))
ox

J

m m n 8hl
ZIZI (r)y,-(n; o, &+ b )

NI>—*

Oh;
X —=(x + b(@)u(t,x + b(t))
0x;,

i=1

+ Z(f(X) filx+ b(t)))—(t X+ b(t))]

= exp (F (x) + Zai(t)xi + c(t))

i=1

n 1 n 2
X { [Za;(z)x,. +c(0)— 5 Z (%) (x)

i=1
- Z —(x)a -5 Za%)
Z( ) (x >+Z—(x>a(t)
_ EAF(x) + ;ﬁ(x)a—xi(x)
n n af
+ D fi@an) =Y e+ b()

i=1 i=1 !

Z PO+ b))

NI'—

| —

+3 D VO AR (x + b(®)
i=1

'M§

Il
—_

YO f;(x + b(t)) il (x +b(®)

i 1 j

J

ZZ (r)y,mz o, B e+ (o))

i=1 j=

+

| =

Oh; ]
X =—=(x +b(®)) | u(t,x + b(1))
0x;,

[Z(b (1) — a,(1) + ZZy,(r)

i=1 j=1

f T CHEO)+ Z(f(x) [+ b))

i=1

ou
X 8_x[(t’x + b(1))
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= exp (F(x) + Zai(t)xi + c(z)>

i=1

X { [Z d0x; + > f(xXa ) + @)

i=1 i=1
1< 1 [(OF\?
-3 PAGE: 5 > (a) (x)
i=1 i=1 !
1 & OF
— 5AF(@) + ; fi(x)a—Xi(x)
n 8 g 1 m
-3 a—ﬁ(x +b(0) -3 > B (x+b(0)
i=1 ! i=1

1 m
*+3 ; yi(t) Ahy(x + b())

m n

=D > vnfite+ b(r» i A b(1))

i=1 j=1

+3 Z Zy,(r)y,(r) Z i (e b(0)

i=1 j=1

Oh; ]
x —L(x + b)) |ut,x + b))
0x;,

i=1 j=1

P
+ ) — filx + b(t))} 8—§(r,x + b(t))}.

Putting (11) and (12) into the above equation, we get

—(z x) — —Au(t x) + Zf(x) (t x)
Z —(x)—(r x)
= exp (F (x) + Zai(t)xi + c(t))

i=1

{ [Za )x; + Z (Zdux} + d) a,t) +c'(t)
n n 2
1 1 F 1
-5 pACE: EZ <%> ) = 5AF @)
i=1 i=1 !

+ Z (Zduxj +d> Z—Z(x)—zl:dﬁ

+Zlb (1) — a(z)+2y]<t> ’(x+b(r))

m 2
,% (Z c; Zcub/(t) +c>
i=1 j=1
0) (Zd,kxk + Zdlkb (0) +d>

n m m

Z Zyl(t)y (t)clkc]k] u(t,x + b(t))

kMs

k:

Z [b (0~ a(0) + Z ¢i3,(0)

i=1 j=1

- Zd,jb/(t)] o=+ b(t))}

= exp <F(x) + Zai(t)xi + C(l‘))

i=1

{ [ <Za (0, + Z Zdﬂx,a/(t)

i=1 j=1

n ZZ‘:; J(t)z Cir X

i=1 j=1

_ ZZy](t)Zd,kxk 11>

j=1 i=1

+ (Z da,(t) + (1) — % >
i=1

i=1

_ %Z (Zcubj(t)> - ZciZcubJ(t)
i=1 i i=1 =
- ZZyj(t) (Zdlkb ) +d>

j=1 i=1

. %Zzzx(r)y,-(t)chjk>

k=1 i=1 j=1

(aF) (1)~ 3AF()

* ox

E
i=1

n n 8 n
- ; (;dl.jxj - d,.> a—f:(x) - ;dﬁ
Z Z(c”x] +e )Z] u(t,x + b(1)
i=1 j=1

+ Z [bﬁ(t) —a,(t) + Zy,(t)cﬁ
i=1 J=1
_ Zd b (t)] (t X+ b(t))}
Jj=
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= exp (F (x) + Zai(t)xi + c(t))

i=1

{ lza (0)x, + ZZd a;(0)x,

i=1 j=1

£f5 )5

i=1

- ZZ)’,(I)de,x,c]k + Zdiai(t) +()
i=1

j=1 k=1

2
a0 - 5 Z (ch,b,(t)>
i=1
fZ Zcubxr)fZZw

j=1 i=1

(Zd,kb (®) +d>

+2 > Z Zy, 0y, 0c,¢,0

1 OF
22 (a ) () — AF(x)

n n aF n
> (Zduxj +d> 0~ > d,
i=1 j=1 ! i=1

m n 2
_% (Zcuxj +c> ‘|u(t,x+b(t))
i=1 \ j=1

i=1

3

+

(b)) — a,1) + Zy, (t)c;,

j=1

- Zd,}bj(t)] (X + b(t))}

3
_ 1

It follows that

‘Z—i‘(z,x) - %Aﬁ(z,x) + Z (f(x) + —(x)> —(z x)

2F 1\ -
+Z(g){ 0 (x)) i(t, %)

i=1 i

= exp (F (x) + Zai(t)xi + c(t))

i=1

{ {Za ®)x; + ZZd iaj(t)xi

i=1 j=1

-y (chjbj(t)) (Zc,,-x,-)
=1 \ j=1 i=1

DHRIY dezxz i

j=1 k=1

+ Zd a(t) +c'(t) — ia?(t)
i:l

j=1i=
1 n m m
+ 3 Zzyi(t)yj(f)c,kcjk
k=1 i=1 j=1
1 oF
+ E 2 <8_> (x) + AF(.X)

+ dijxj +d, g—f(x)
i=1 \ j=1 i
m n 2
_ %Z ( ¢ + cl.) u(t,x + b(1))
i j

bi(t) — a,(t) + Zyj (t)c;;

j=1

Zd,]b](z)] A (tx+ b(t))}

+
X =
1

= exp (F (x) + Zai(t)xi + c(t))

i=1

{ {Za )x; + ZZd a;(0x;

i=1 j=1
-3 <Zc,jbj(t)) (ch[x,)
1=1 \ j=1 i=1
=D w0 dyxicy

j=1 k=1 i=1

+> (Zdjeﬁ) =y (chcji) i
i=1 \ j=1 i=1 \ j=1
+Zda(t)+c(t) ia?(t)

=

j=1

—éZ(Zcubm) IOV
i=1
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-> Z ¥, (Zd,kbk(t) +d, )

j=1i=1

+ % ZZZy[(t)yj(t)cikcjk

k=1 i=1 j=1

1< 1 & 1< (OF\?
+§Zekk_izci2+iz<a_x-> (.X')
k=1 i=1 i=1 i

bi(t) — a (1) + Zy] (0)cj;

j=1

Zdl,b,(t)] A—(tx+ b(t))}

In view of (16), (17), and (18), the above equation
becomes

||
_ 1

(t x) - Au(r x>+2<f<x>+—<x>> = (%)

of. O*F
+;<3x

= exp (F (x) + Zai(t)xi + c(t))

i=1

(X)> u(t,x)

1 <~ [/OF & F
A (OE) 0> (S ) e
i=1 l

i=1 \ j=1
2

u(t,x +b()). (19)

1 m n
T2 Z ZCU Y
Then (14) follows from (19) as long as we can show

that
1 < (OF oF
(2 ey (S | 2w
i=1 !

i=1 \ j=1 i

o)

(20)
i=1 j=1

1 m n 2
) Z Z Cxi | =
is equivalent to (13). Notice that

aF n
T = E eijj.
j=1
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So (20) becomes
2

1 n n
B DD |+
k=1 \ j=1

n

n n
D dux | | D e
1 \i=1 i=1

k=

k=1

NI>—‘

which is equivalent to

n n n n
g g ekjeklxjxl+g E ekjdklxjxl

k=1 j=1 k=1ji=1
n n m n
+ E § e dy XX = E : E :ijcklxjxl'
k=1 ji=1 k=1 =1

Thus, (20) is equivalent to
E'TE+E"™D+D"E=C"C

which is equivalent to (13). Q.E.D.

REMARK 1 Equations (13) and (14) can be computed
off-line. The only on-line computations are (16),
(17), and (18). Upon inspection, the parametrization
of the unnormalized conditional probability density
displayed in Theorem 2 is seen to involve 2n +

1 statistics. As in the situation covered by the
Kalman—Bucy filter, the essential feature lies in

the recursive computability of these statistics as
outputs of a finite-dimensional dynamic system. The
dimensionality of this parametrization can easily

be reduced to n by eliminating the nonindependent
statistics via (16)—(18). By (17) and (18), we

can solve b,(¢) and c(¢) in terms of a,(¢). The
characterization given in (15) thus really requires no
more than n statistics.

IV. DMZ EQUATION FOR BENES FILTERING SYSTEM
WITH ARBITRARY INITIAL CONDITION

Let us observe that the elliptic differential operator
L, in (2) can be more compactly represented if one
defines D; = 0/0x; — f;. Then

= % (ZD?—n) @1)
i=1
where
n 8]{; n 5 m 5
=Y FLHD DN (22)
i=1 ! i=1 i=1

This compact representation of L, was exploited
in [22-24] to derive necessary conditions and
sufficient conditions for estimation algebras to be
finite dimensional. (The concept of an estimation
algebra was introduced in [4, 5, 18]. It is defined to
be the Lie algebra of differential operators generated
by {L,.L,,...,L,}.) Observe that if we let F;(x) such
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that OF; /Ox; = f;, then

0 .0 _

Di=ax'—fi=eﬂae d (23)

Hence 52
D12 = eEWE_FI (24)

and 5

1 n - 9 . )

== Ze'—ze T—n|. (25)

2 <i=1 Ox;

If f is the vector field of a potential function ¢,
ie., f =V, then F, = ¢ for all 1 <i <n and we have
a simple expression

1 L
L0=§<i=1€ We G)—T])

By defining £ = ¢ %0, (2) can be reformulated as

(26)

dg(t,x) = J(A —n)E@x)dt + > LE®>x)dy D),

i=1
£(0,x) = e %o,

where A denotes the Laplacian operator

>-" 1(8%/0x}). The connection between this
representation and the gauge transformation was
pointed out in [19]. This idea is also related to the
concept of equivalence of parabolic equations, as
discussed in [1]. If n is a quadratic polynomial in
x, then it was usually thought that the semigroup
generated by the differential operator A — 7 is well
known as can be used to write down an explicit
solution to the equation when /;s are linear in x.
However, to our knowledge, no explicit solution
has been written down. Notable exceptions are
references [2 and 22], both of which assume the
maximal-rank condition of the estimation algebra.
Using the Rozovsky’s transformation

Zh,-oc)yi(r)) £(t,x)

i=1

u(t,x) = exp (—

we can reduce (27) to the following time-varying
partial differential equation:

%(t,x) = Lou(t,.x) + Y y,(0[Lq. LJu(t.x)

i=1

1 m ~
+5 2 Oy (OLo, L), LJu(t,x)

i,j=1

u(0,x) =e %o,

= 1 02
Lo=§<2@‘”>'
i=1 t

(28)
where

(29)
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It is easy to see that (28) is equivalent to the
following equation:

ou 1<
E(f,x) =35 Z
j=1
Oh; . Ou
x%(x)%(t,x)

l ~— 92h,
(——n(x) EZ '%—2’

o1 X

+§ Z Zy,-a)yj(t)

ij=1k=1

@(1 x) + ii ()
3x]2- ’ Vi

j=1i=1

(30)

’(X) (X)> ut,x)

u(0,x) = e’d’ao.

If 7 is a quadratic in x and h;s are linear in x, then

the estimation algebra generated by Ly,L,,...,L,,

is finite dimensional. If in addition the matrix H,
which is defined by h(x) = Hx, is of maximal rank
and m > n, then the estimation algebra has a basis
Ly,0/0x,,...,0/0x,,x,,...,x,,1. Even in this case,
using the Wei—Norman approach the procedure to
find the solution of (30) is more complicated than
the procedure in Theorem 3 below because not
only must one solve a finite system of ODEs and a
Kolmogorov equation, but also one has to integrate
n partial differential equations corresponding to

the operators 9/0x,,...,0/0x,. More important,

if H is not of maximal rank, then the basis of the
estimation algebra is not explicitly known (although
it can be computed). As a result, one cannot write
down recursive algorithms explicitly. Reference [14]
considered a more general Benés filtering problem
than ours. However, even restricted to the classical
Benes problem, the number of sufficient statistics

in order to compute the conditional probability
density is a polynomial of degree two in n in their
method. The novelty of Theorem 3 is that our finite
system of ODEs is explicitly written down and

our algorithms apply uniformly for any 7, A;s, and
any initial condition ¢,. Moreover, we need only n
sufficient statistics in order to compute the conditional
probability density of the Benes filtering with arbitrary
initial condition.

THEOREM 3  Consider the Benes filtering system (1)
with

h(x)—Zc,jxj+c 1<i<m 31)
where ¢;; and c; are constants;
F
fw=Lw, 1<icn G
ox;
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where F is a C* function; and

AF(x) + [VF)* (@) + >k} (x)
i=1

—Zel]lj+Zex +e. (32b)
i,j=1
Choose a C* function G(x) such that
AG(x) + VG (x) = Z €;X;x;. (33)

i,j=1

(In view of (32b) and [12, Theorem 12], there exists a
G satisfying (33).) Then the solution u(t,x) for the DMZ
equation (5) is reduced to the solution u(t,x) for the
Kolmogorov equation

(z x) = —Au(t x) — Z—(x)—(t x)

52

0°G .
- == @u(t,x) (34)
; Ox?

where

i(t,x) = exp ( ~F(x+ b)) +G(x)

+ g a;(H)x; + c(t)) u(t,x + b(t))
i=1
(35)

and a,(t), b,(t), and c(t) satisfy the following system of
ODEs:

bi(t) — a; () + Y c;y; ) =0

1<i<n (36)
j=1
) -5 Zcﬂ(r) +5 Z ZZc,kc 20y ()
k=1 i= 1] 1

—~ %Z@ib[(z‘) Z e,ibi (b (1) — —e =0
i=1 1] 1 (37)

a(t)——Z(eU+e)b(t) =0, 1<i<n
(38)

PROOF See Appendix.

REMARK The initial conditions for a,(t), b;(¢), and
c(t) can be arbitrary values. However, the initial
condition of (34) is determined by the initial condition
of (10).

APPENDIX

The purpose of this Appendix is to give a detail
proof Theorem 3. We use the same notation as above.

YAU & YAU: FINITE-DIMENSIONAL FILTERS WITH NONLINEAR DRIFT III

PROOF OF THEOREM 3 We need only to show that if
u(t,x) satisfies (5), then u(t,x) given by (35)—(38) will
satisfy the Kolmogorov equation (34):

‘Z—i‘(t,x) = exp (—F(x +b(1) + G(x) + Za&t)xi + c<f>>

{ [ Z —(x + b))
+ > dnx + c’(t)]
i=1

x u(t,x + b)) + aa—;t(t,x +b(1))

+ Zb (r)—(r X+ b(t))}

i=1

1

Fx+b)+ G+ Y _a(t)x; + c(t))

i=1

ou
%(t,x) = exp (

(x) + al.(t):|

i

oF oG
X { {8_)9.()6 + b(1)) + g
ou }
X u(t,x + b(t)) + —(t,x + b(1))
ox;
02~ n
o 2 —(t,x)=exp| —F(x+b@®)+Gx) + Zai(t)xl. +c(t)
i=1

OF G ?
X { (8—%(x +b(t)) + 8—)%(x) + al.(t))

x u(t,x + b(t))

+2 (0—F(x +b(1)) + oG

o T+ ai(t)>

X 8—u(t,x + b(1))
0x;

O*F
+ 2

x u(t,x + b(t)) +

82G )
2

0“u
a—xiz(t,x + b(t))}

%Aﬁ(l,x) = exp (—F(x + b)) +G(x) + Zai(t)xl. + c(t))

i=1

2
{2 > (——(x +b(1)) + —(x) +aq, (t))

x u(t,x + b(t))
“ OF oG
+ ; (8—%@ +b(1) + 6_xl.(x) + al.(t))

ou
X a(r,x + b(1))

i
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0
+ <—%AF(x +b(t)) + %AG(x)) u(t,x + b(1)) X %(nx +b(1))

i

1 1
+ %Au(t,x + b(t))} - <—§AF(X +b(0) + EAG(X)> u(t,x + b(1))
1
Zf(X)—(t x) - EAu(t,x + b(t))}
i=1
( n ) =exp (F(x + b)) +G(x) + Zai([)xl. + c(;))
=oxp [ —F(x+b®)+G@) + > _a0x, +c(®) 2
i=1

H Zf(x) (x+b(t))+Zf(x) w {l Za—(x+b(t))b(t)+;a(t)x+L(l)1

" x u(t,x + b(t)) + b, (t)—(t x+b(1))
+ Zﬁ(x)ai(t)] u(t, x + b(©)) Z}
i=1 n n
OF oG
=D FOF— DO + Y )50
+ f(x) (z X+ b(t))} [ g ox; ; ox;

o +> ﬁ(x)ai(t)] u(t,x + b(1))

50— Au(r x>+Zf<x) (r x) i
i=1 > >
" - Z (—(x+b(t>)> +<a—G(x)>
=exp | —F(x+b(0)+G@) + Y _a,(t)x; +c(®) 2 ox;
i=1
+al(t) — 2g—F( +b(t))a—G(x)
{ [ Za—(x+b(t))b ) + Zl:a(t)x +c(t)]

OF oG
o — 2ai(t)a—x(x +b(1)) + 2ai(t)8—x(x)1
x u(t,x + b(r)) + —(t,x +b(1)) i i
x u(t,x + b(t))

+ ;b (t)—(t X+ b(1)) _ Z {_(x +b()) + o, (x) + ai(t)]
+ [Zf(x)—(ﬂb(t)) x 2 1ox + b))
o ox;
1 1
. Z . (x) (x) . Z fa (1)1 - {—EAF(x +b(0) + EAG(x)} u(t,x + b(1))
b
 u(t,x + b(1)) + Zf(x) (t x +b(1)) ¥ ;]Zly’(t) o+ b@)
i=1
1 OF , 2 9G 2 X g—;(t,x+b(t))
“32 | (Frerem) +(Frw n
= = % (x + byutt.x + (1)
+ 20— 22 x4 528 ) = O%
! ox; ox;
1 m
B 2ai(t)%(x £ b(0) -3 ;hf(x +b@)ut,x + b(t))
1 m
+2a, (r) (x)‘| u(t,x + b(t)) +5 Zyi(t) Ahy(x + b(D))u(t,x + b(1))
i=1
-2 <§—F(x b))+ 2+ a,-(t)) =22 Of G+ b®)
X Ox; i=1 j=1
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oh. n 2 2
X —L(x + b()u(t, x + b(1)) 1 oF oG
dx, 22 K—@xi (x + b(t))) + <_8x,. (x)

i=

i) Zzy'(t)yf(t)z ax, ) +ai () — 26—F(x + b(t))g_G(x)
i=1 j=1 i X;
Oh,
x a—x’(x +b@®)u(t,x + b(@)) _2a. (t) (x +b(D))
k
+ Z(f(X) fitx+ b(t)))—(t X+ b(t))} +2a. (;) (x)] u(t,x + b(0))
i=1
Observe that n
- Z <——(x +b(0) +aq (z))
gG< A
X X

i=1

x —u(t,x +b(0))
n ax.
=exp (F(x +b(1)) + G(x) + Zai(t)xi + c(t)>

i=1

2
X { [ ( )_(x"'b(t))"'Z(_(x)) n 9G 2
- 2 (5w)

i=1

oG, OF
+l 5 g ()

<0G

+ El a_yg(x)ai(t)] u(t,x + b(r)) " oG ‘|
= + E —X)a;(t) | u(t,x + b(t))
pr Ox; !

+ Z—(x)—(t x +b(t))}

— ——AF(x +b(1)) + 1AG()C))M([ x+b(1))

Therefore, + Z Zy/ (t) h (x + b(t))—(t x+ b(1))
i=1 j=1

S0 = 5000, + 3 W5 |
= - Z a—f"(x + b(O)u(t,x + b(t))

" 9G, O i=1 i
8—%(36)8—%(1,36)

R2(x + b(0)ult,x + b(1))

ol
.MS —_

1l
—_

= exp (—F(x +b(0)+Gx) + > _at)x; + c(t))

i=1 y;() Ahy(x + b(t))u(t, x + b(t))

+
| =
.MS

—

i=

{ l Z —(x +b(1)bi(1)
- Z Y0 f;(x + (@)
n =1
+Y dj(nx; + c’(t)] u(t,x + b(t)) oh
in1 X 8_xi(x + b(O))u(t,x + b(1))
J

+ Zb (t) (z x + b))

+3 ZZy,(r)y,(r)Z o, B 4 (o))

i=1 j=1

l Zf(X) (x o) X %(x +b(®))u(t,x + b(1))
k

oG n
+ Eﬂx)a—xi(x) +3 (@) — fitr+ b))
1= i=1
+ Zfi(x)ai(t)] u(t,x +b(0) X g—u(t,x + b(t))}.
i=1 i
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Hence,

(t x)— —Au(t x) + Z (t x)

+

= exp <—F(x +b()) + G(x) + Zai(t)xi + c(t))

1 1
EAG(X)— §|VG\ ()

u(t,x)

2w
i=1 t

i=1

"\ OF
X { [ > g_xi(x +b(1))bi(t)

1290

i=1

+ Za;(z)xi + c’(z)] u(t,x + b(1))

i=1

+ Zb (t) (z x + b(1))
l Zf(x) <x +b(1))

+ Z fi(x)al-(t)] u(t,x + b(r))

i=1

1 (aF (x + b(t))) +a(t)
1

—2a, (t) (x +b(1))
2402 <x>] uttx + (o)
_ Z <—%(x +b(1) + a,-(t))
2\ "ax,
. g—;’ia,x +b()
+ Z g(x)a[(t)u(t,x +b(@))
2o,

+ 1 AF(x +b(@)u(t,x + b(1))

+ Z Zyj(n i L b(r)) (z X +b(1)

i=1 j=1

_ Z 8xi- (x + b(D))ult,x + b(1))
i=1 !

3 DR+ bt + bie)
i=1

+ % ;yi(t) Ahy(x + b(1)u(t, x + b(t))

D 3O +b)

i=1 i=1
X %(x + b(@®))u(t,x + b(t))
ox;

m m

+5 LSSy 0,0 Z o B e+ b(o)

i=1 j=1

oh J
X —2(x + b@)u(t,x + b(t))
0x;,

— Zf(x + b(t)) (t x + b))

i=1

[ Zf(x) (x +b(1))
oG
+ ;ﬁ(’c)a—x,(x)

+ Y f0a;)

i=1

u(t,x + b(t))}

= exp (F(x +b(1) +G(X) + > _at)x; + c(t))

i=1

{ [Z(b (1) — a0 + Zy (r)—’<x +b(1))

i=1 j=1

+ 8_F(x +b(1) — filx + b(t))]
Ox;

Ou
X W(I’x + b(1))
[ Z a—(x + b(1))bj(t) + Za (0)x;

i=1

+(t) — Zf(x) (x +b(0))
+ Z f(x)a;(t)— = Z( ) (x+Db(@®)
i=1
1 n 2 F
-3 S+ Z"i(”a(x +b(1))
i=1 i=1 !
+ %AF(x +b(t)) — ; g—ﬁ(x +b(@))

1 m
-5 > kP + b))
i=1
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1 m
+3 Z y,(t) Ah.(x + b(t))

- Z Zy,mf (x + b(t))—l(x +b(1))

i=1 j=1

+5 ZZy,-(r)y,(r)Z %(x +b(1))
=1 k=1 "k

X 8_x,i(x +b@) + ; ﬁ(x)g—i(x + b))

YW
i=1 !

i=1

Consequently

(r x) — —Au(t x) + Z —(x)—(t x)

+ <§AG(x) - 5|VG|2(x)> i(t, x)

-> fi(x)al-(t)l u(t,x + b(t))}.

= exp <F(x +b(1) +G(x) + Y _an)x; + c(t)>
i=1

{ [Z(’? ) —a,(0) + Zy,
i=1

+ —(x +b(0) — filx + b(t))]
ox;

« O+ b))
ox;
i=1

+ [— > g—i(x +b(t))bi(t)

+ ) djn)x; + (1)

i=1

J

(x +D(1))

1<~ /OF\? 1<
_ 22<%> (x+b(t))—§Zai2(t)

+ Za (t) (x +b()+ = AF(x + b(1))

- Z o o (x+b(®)—= th(x +b(1))

*+3 Z yi(0) Al (x + b(2))

i=1

- Z Zy, (0)f;(x + b(z))

i=1 j=1

(x +b(1))

m m

>y (r)y,(r)Z ’(x+b(r)>

i=1 j=1

l\)l

X &(x + b(t))] u(t,x + b(t))}.
0x;,

Putting (31) and (32a) into the above equation, we
have

(z x) — %Au(t x) + Z (t x)

+ (%AG(x) - E|VG|2(x)> u(t, x)

= exp <—F(x +b(1) +G(x) + Y _a0)x; + c(z)>

i1
x {Z [b,/-(f) —a,(t) + chiyj(t)]
i=1 Jj=1

w« x4 b))
ox;

"\ OF
+ l— > 8_x,-(x + b(1))bi(t)

i=1

+ Za (z) (x +b(t))

- Z Zy,(t) l -(x + b(r))]

i=1 j=1

+ Za;(z)x,. +7) - % Zaf(z)

*3 Z D> caciyi Oy

k=1 i=1 j=1

— %AF(x +b(1)) — %|VF|2(x +b(1))

_ % S h2,x+ b(z))} u(t,x + b(t))}.
i=1

From (32b), we get
AF(t +b(®) + [VF (e +b(0) + > (x + b(1)

i=1

= e+ b + b+ > e + b (D) +e

ij=1 i=1

n
= g XX, + E ex; +e+ g eljxlb](t)

i,j=1 i=1 ij=1
+Z€,, (X +Z (t)+2e,]b,(t)b 0
i,j=1 ij=1
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and

dit 1. " 0G _ou
5, (60 — 5 ML) + Zl o ) ()

+ (%AG(x) - %|VG|2(x)> u(t,x)

=exp [ —F(x + b)) + G(x) + Zai(t)xi +c(t)
i=1

n

X QY b —at)+ Y ey 0)

i=1 Jj=1
X @(I,x + b(1))
ox;

n m

+ Z —b;(z)+a,~(t)—zcﬁyj(’)

i=1 j=1
x g—i(x +b(1) + () — % Za,?(t)

i=1

33D o

k=1 i=1 j=I

- %Zn:eibi(z‘) + Xn:a;(z‘)xi
i=1 i=1
_ % 37N ebom, - % SN eubion

i=1 j=1 i=1 j=I

1 n 1 n
— EZeijxixj — 5 Zeixi
i=1

ij=1

RN
—5e—3 Db 0b (1) | u(t,x + b(®))

i,j=1

In view of (35)—(38), the above equation becomes
it 1, . ~9G , it
5 (2) = 5 Adt.x) - ; 0—%@)6—%(:,@
(52600 - 3IVGPW ) it
3 X > x) | u(t,x

IR .
+ fEZeijxixj u(t,x)

ij=1
1 . " 0G  _on
= EAu(t,x)— > a—xi(X)a—xi(t,X)
" 9°G . .
- Zl a_x,z(’“)““’x)

1

gy

2

ij=1

Then (34) follows from (33) and the above equation.

Q.ED.

1 1< -
+ | 386 + 5|VG| (x)f—zeum. i, x).

REMARK Equations (33) and (34) can be computed
off-line. The only on-line computations are (36), (37),
and (38). Upon inspection, the parametrization of the
unnormalized conditional probability density displayed
in Theorem 3 is seen to involve 2n + 1 statistics. As
in the situation covered by the Kalman—Bucy filter,
the essential feature lies in the recursive computability
of these statistics as outputs of a finite-dimensional
dynamic system. Using (36)—(38), we can easily
reduce dimensionality of this parametrization to n by
eliminating the nonindependent statistics. By (37) and
(38), we can solve b;(f) and c(¢) in terms of a;(¢). The
characterization given in (35) thus really requires no
more than n statistics.
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