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I. INTRODUCTION

In [18], Mitter pointed out that the innovation
approach to nonlinear filtering theory is not,
in general, explicitly computable. It was first
proposed by Brockett and Clark [5], Brockett
[4], and Mitter [18] to use estimation algebras
to construct finite-dimensional filters. The idea
is to use the Lie algebraic method to solve the
Duncan—Mortensen—Zakai (DMZ) equation, which
is a stochastic partial differential equation. By working
on the robust form of the DMZ equation, which is a
stochastic partial differential equation, we can reduce
the complexity of the problem to that of solving a
time-variant partial differential equation.
In the past decade, the Lie algebraic viewpoint has

been remarkably successful, and recent works [6, 7,
12, 16, 22, 25] have given us a deeper understanding
of the DMZ equation, which was essential for
progress in nonlinear filtering as well as in stochastic
control. Nevertheless, it is extremely desirable to treat
the DMZ equation by a direct method. In Sections III
and IV we use a direct method to solve DMZ equation
for linear filtering system and Ben³es filtering system,
respectively. For the linear filtering system (i.e., f, g,
and h are linear functions), the explicit recursive filter
was previously derived in a closed form for arbitrary
initial conditions only for those systems (1) that are
completely reachable and completely observable.
As discussed in [6], the estimation algebra E

associated with (1) (i.e., the Lie algebra generated
by L0, h1(x), : : : ,hm(x) as differential operators) is of
maximal rank if x1, : : : ,xn are in E. In the case where
m¸ n, h(x) =Hx, and the matrix H is of maximal
rank, E is of maximal rank. Notice that the explicit
recursive filter for the Ben³es filtering system was
previously derived only for the maximal-rank case (cf.
[2, 22]). The advantage of our approach is that one
can write down the solution of DMZ equation with
arbitrary initial conditions in terms of the solution
of Kolmogorov equation and a finite system of
ordinary differential equations (ODEs). Hence, we
can write down the recursive universal filters in both
cases. Moreover, our approach is very easy, and we
no longer need the maximal-rank condition in our
derivation. The significance of our results is that
the estimation problem for linear or Ben³es filtering
systems has been factored into two parts: 1) the
off-line calculation of the Kolmogorov-type equation,
which does not depend on the observations, and
2) the on-line solution of a finite system of ordinary
differential equations. We remark that an explicit
closed-form solution of the Kolmogorov equation
arising from linear filtering was constructed in [15].
For linear filtering with an arbitrary initial

condition, Makowski [17] observed that the filtering
question is genuinely one of nonlinear filtering
and few results have been obtained before. Notable
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exceptions are the works of Ben³es and Karatzas [3],
Ocone [20], Makowski [17], and Haussmann and
Pardoux [14]. Makowski [17] further remarked that
it was shown in [3 and 20] that there always exists
a set of sufficient statistics that can be recursively
computed as outputs of a finite-dimensional dynamic
system. In contrast with previous results, the sufficient
statistics generated in [17] can be termed “universal”
in the sense that they are independent of the initial
state distribution. Furthermore, no assumptions on
the moments of this initial state distribution or its
absolute continuity are made in [17], as was the case
in [3 and 20].
However, Makowski’s method has two major

disadvantages. First, let n be the dimension of the
state space. The number of sufficient statistics in order
to compute the conditional expectation ¼t(Á(xt)) of
Á(xt) in Makowski’s method is a polynomial of degree
two in n, while in our method below (Theorem 2), the
number of sufficient statistics is only n (see Remark
3.1). Second, the universal formula [17, (3.13)] for
¼t(Á(xt)) is implicit and depends on Á. For a given Á,
one has to do some computation before one can find
the number of sufficient statistics.
Haussmann and Pardoux [14] considered a more

general linear filtering problem than ours. However,
even restricted to the classical Kalman—Bucy problem
with a Gaussian initial condition, the number of
sufficient statistics in order to compute the conditional
probability density is again a polynomial of degree
two in n in their method. Since the complexity of
our method for linear filtering with an arbitrary
initial condition is exactly n, the same as the classical
Kalman—Bucy filter, and since our formulas are
universal in the sense that they are independent of the
initial state distribution, we can apply these results
for the recursive numerical solution of filtering
problems. These results make this work of practical
importance.
The Ben³es filtering problem is related to the linear

filtering problem by the gauge transformation, as
pointed out in [19]. The idea is also related to the
concept of equivalence of parabolic equations, as
discussed in [1]. However, no explicit solution has
been written down. Notable exceptions are [2 and 22]
in which the maximal rank condition of the estimation
algebra is assumed. In [2] a special case of the
maximal-rank condition is treated, while in [22] the
general case of the maximal-rank condition is treated.
Even in the maximal-rank case, the Wei—Norman
approach to finding the solution of the robust DMZ
equation is more complicated than our approach
(Theorem 3). Not only must one solve a finite system
of ODEs and a Kolmogorov equation, but also one
must integrate n partial differential equations. More
important, for the nonmaximal-rank case, since
the basis of the estimation algebra is not explicitly
known, the recursive algorithms cannot be written

down explicitly. The novelty of our Theorem 3 is that
our finite system of ordinary differential equations
is explicitly written down and our algorithms are
universal in the sense that they are independent of the
initial state distribution. Moreover, we need only n
sufficient statistics in order to compute the conditional
probability density of the Ben³es filtering with an
arbitrary initial condition. So the result is of practical
importance.
Finally, we mention that Daun [10] introduced a

separation of variables method in solving the DMZ
equation. His method is similar to ours in that he also
made an a priori guess as to what the solution of the
DMZ equation should be. However, his method is far
more complicated than ours. Not only does he have to
solve the Kolmogorov-type equation, a finite system
of ordinary differential equations, but also he needs to
solve a finite system of partial differential equations
(cf., [10, eqns. (3) and (4)]. This finite system of
overdetermined partial differential equations depends
on the solution of the Kolmogorov-type equation
mentioned before. Moreover, the time-varying parts of
this finite system of overdetermined partial differential
equations are unknown. Also (5) and (6) in his basic
assumptions involve observation terms. Hence, it is
not clear how his method can be implemented even
for the Kalman—Bucy system.

II. FILTERING PROBLEM AND BASIC QUESTIONS
CONSIDERED

The filtering problem considered here is based on
the following signal observation model:½

dx(t) = f(x(t))dt+ g(x(t))dv(t) x(0) = x0
dy(t) = h(x(t))dt+ dw(t) y(0) = 0

(1)

in which x, v, y, and w are, respectively, Rn, Rp,
Rm, and Rm valued processes and v and w have
components that are independent, standard Brownian
processes. We further assume that n= p; f,h are C1

smooth; and g is an orthogonal matrix. We refer to
y(t) as the observation at time t.
Let ½(t,x) denote the conditional probability

density of the state given the observation fy(s) : 0·
s· tg. It is well known (see [11], for example) that
½(t,x) is given by normalizing a function ¾(t,x) that
satisfies the following DMZ equation:

d¾(t,x) = L0¾(t,x)dt+
mX
i=1

Li¾(t,x)dyi(t),

¾(0,x) = ¾0 (2)
where

L0 =
1
2

nX
i=1

@2

@x2i
¡

nX
i=1

fi
@

@xi
¡

nX
i=1

@fi
@xi

¡ 1
2

mX
i=1

h2i
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for i= 1, : : : ,m, Li is the zero-degree differential
operator, i.e., multiplication by hi, and ¾0 is the
probability density of the initial point x0.
In [9], Davis introduced a new unnormalized

density

u(t,x) = exp

Ã
¡

mX
i=1

hi(x)yi(t)

!
¾(t,x):

It is easy to show that u(t,x) satisfies the following
time-varying partial differential equation:

@u

@t
(t,x) = L0u(t,x) +

mX
i=1

yi(t)[L0,Li]u(t,x)

+
1
2

mX
i,j=1

yi(t)yj(t)[[L0,Li],Lj]u(t,x)

u(0,x) = ¾0

(3)

where [¢, ¢] is the Lie bracket.
If hi(x) = ci = constant for 1· i·m, then (3)

reduces to the Kolmogorov equation

@u

@t
(t,x) = Lu(t,x)

=

Ã
1
2

nX
i=1

@2

@x2i
¡

nX
i=1

fi(x)
@

@xi

¡
nX
i=1

@fi
@xi
(x)¡ 1

2

mX
i=1

c2i

!
u(t,x): (4)

In [26], the following Kolmogorov type equation
(5) can be solved explicitly in a closed form.

THEOREM 1 The equation

@u

@t
(t,x) = L0(t,x)

=

Ã
1
2

nX
i=1

@2

@x2i
¡

nX
i=1

fi(x)
@

@xi

¡
nX
i=1

@fi
@xi
(x)¡ 1

2

mX
i=1

h2i (x)

!
u(t,x)

(5)

has a formal solution on Rn of the following form:

u(t,x) =
Z 1

¡1
¢ ¢ ¢
Z 1

¡1

1

(
p
2¼)n

t¡n=2

£ exp
0@¡1
2t

nX
j=1

(xj ¡ yj)2
1A

£b(t,x,y)¾0(y)dy1 ¢ ¢ ¢dyn (6)

where b(t,x,y) =
P1
0 ak(x,y)t

k. Here ak(x,y) are
described explicitly as follows. Let

a(x,y) =
Z 1

0

nX
i=1

(xi¡ yi)fi(y+ t(x¡ y))dt: (7)

Then
a0(x,y) = e

a(x,y): (8)

Suppose that ak¡1(x,y) is given. Let

gk(x,y) =
1
2

nX
i=1

@2ak¡1
@x2i

(x,y)¡
nX
i=1

fi(x)
@ak¡1
@xi

(x,y)

¡ 1
2

Ã
mX
i=1

h2i (x)

!
ak¡1(x,y)

¡
nX
i=1

@fi
@xi
(x)ak¡1(x,y): (9)

Then for k ¸ 1

ak(x,y) = exp(a(x,y))
Z 1

0
tk¡1 exp(¡a(y+ t(x¡ y),y))

£ gk(y+ t(x¡ y),y)dt:
Moreover, the procedure for obtaining the

convergent solution of (5) from the formal solution
is described in [26]. For the Kolmogorov equation
(14) below arising from linear filtering, a simple
closed-form solution was written down in [15].
It is shown in [26] that (3) is equivalent to

@u

@t
(t,x) =

1
2

nX
i=1

@2u

@x2i
(t,x)

+
nX
i=1

Ã
¡fi(x) +

mX
j=1

yj(t)
@hj
@xi

(x)

!
@u

@xi
(t,x)

¡
nX
i=1

@fi
@xi
(x)u(t,x)¡ 1

2

mX
i=1

h2i (x)u(t,x)

+
1
2

mX
i=1

yi(t)¢hi(x)u(t,x)

¡
mX
i=1

nX
j=1

yi(t)fj(x)
@hi
@xj

(x)u(t,x)

+
1
2

mX
i=1

mX
j=1

yi(t)yj(t)
nX
k=1

@hi
@xk

(x)
@hj
@xk

(x)u(t,x):

(10)

III. DMZ EQUATION FOR KALMAN—BUCY
FILTERING SYSTEM WITH ARBITRARY INITIAL
CONDITION

Despite its usefulness, the Kalman—Bucy filter is
not perfect. One of its weaknesses is that it needs a
Gaussian assumption on the initial data. The situation
is more complex when the statistics of the initial
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condition are modeled by an arbitrary distribution.
In the case where the linear filtering system (i.e., f,
g, and h are linear functions in (1)) is completely
reachable and completely observable, Hazewinkel
observed [13, p. 115] that the estimation algebra E
(i.e., a Lie algebra generated by differential operators
L0, h1(x), : : : ,hm(x)) is the 2n+2 dimensional Lie
algebra with basis L0,@=@x1, : : : ,@=@xn,x1, : : : ,xn,1.
Even in this case, the Wei—Norman approach used
to find the solution of (5) is more complicated than
the procedure in Theorem 2 below because not only
must one solve a finite system of ordinary differential
equation and a Kolmogorov equation, but also
one has to integrate n partial differential equations
corresponding to the operators @=@x1, : : : ,@=@xn. More
important, if the linear system is not completely
reachable or completely observable, then the basis
of the estimation algebra is not explicitly known
(although it can be computed). As a result, there is an
additional disadvantage of the Wei—Norman approach,
namely, one cannot write down the finite system of
ODEs explicitly. The novelty of Theorem 2 is that our
finite system of ODEs is explicitly written down and
our procedure to get the solution of (5) is simpler than
the Lie algebra approach.

THEOREM 2 Consider the linear filtering system (1)
with

hi(x) =
nX
j=1

cijxj + ci, 1· i·m (11)

where cij and ci are constants, and

fi(x) =
nX
j=1

dijxj + di, 1· i· n (12)

where dij and di are constants. Choose a homogeneous
quadratic F(x) = 1

2

Pn
i,j=1 eijxixj with eij = eji such

that
(E+D)T(E+D) = CTC+DTD: (13)

Here E = (eij), D = (dij) are an n£ n matrix and
C = (cij) is an m£ n matrix. Then the solution u(t,x)
for the DMZ equation (10) is reduced to the solution
ũ(t,x) for the Kolmogorov equation

@ũ

@t
(t,x) =

1
2
¢ũ(t,x)¡

nX
i=1

μ
fi(x) +

@F

@xi
(x)
¶
@ũ

@xi
(t,x)

¡
nX
i=1

μ
@fi
@xi
(x) +

@2F

@x2i
(x)
¶
ũ(t,x) (14)

where

ũ(t,x) = exp

Ã
F(x)+

nX
i=1

ai(t)xi+ c(t)

!
u(t,x+ b(t))

(15)

and ai(t), bi(t), and c(t) satisfy the following system of
ODEs:

a0i(t) +
nX
j=1

djiaj(t)¡
mX
l=1

nX
j=1

cljbj(t)cli

¡
mX
j=1

nX
k=1

yj(t)dkicjk +
nX
j=1

djeji¡
mX
j=1

cjcji = 0,

1· i· n (16)

nX
i=1

diai(t) + c
0(t)¡ 1

2

nX
i=1

a2i (t)

¡ 1
2

mX
i=1

0@ nX
j=1

cijbj(t)

1A2

¡
mX
i=1

ci

nX
j=1

cijbj(t)

¡
mX
j=1

nX
i=1

yj(t)cji

Ã
nX
k=1

dikbk(t)+ di

!

+
1
2

nX
k=1

mX
i=1

mX
j=1

yi(t)yj(t)cikcjk

+
1
2

nX
k=1

ekk ¡
1
2

mX
i=1

c2i = 0 (17)

b0i(t)¡ ai(t) +
mX
j=1

cjiyj(t)¡
nX
j=1

dijbj(t) = 0,

1· i· n: (18)

REMARK The initial conditions for ai(t), bi(t), and
c(t) can be arbitrary values. However, once ai(0),
bi(0), and c(0) are fixed, the initial condition of (14)
is determined by the initial condition of (10).

PROOF We need only to show that if u(t,x) satisfies
(10), then ũ(t,x) given by (15)—(18) will satisfy the
Kolmogorov equation (14)

@ũ

@t
(t,x) = exp

Ã
F(x) +

nX
i=1

ai(t)xi+ c(t)

!

£
"Ã

nX
i=1

a0i(t)xi + c
0(t)

!
u(t,x+ b(t))

+
@u

@t
(t,x+ b(t)) +

nX
i=1

b0i(t)
@u

@xi
(t,x+ b(t))

#

@ũ

@xi
(t,x) = exp

Ã
F(x) +

nX
i=1

ai(t)xi+ c(t)

!

£
·μ

@F

@xi
(x) + ai(t)

¶
u(t,x+ b(t))+

@u

@xi
(t,x+ b(t))

¸
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@2ũ

@x2i
(t,x) = exp

Ã
F(x) +

nX
i=1

ai(t)xi + c(t)

!

£
"μ

@F

@xi
(x)+ ai(t)

¶2
u(t,x+ b(t))

+2

μ
@F

@xi
(x) + ai(t)

¶
@u

@xi
(t,x+ b(t))

+
@2F

@x2i
(x)u(t,x+ b(t)) +

@2u

@x2i
(t,x+ b(t))

#

1
2
¢ũ(t,x) = exp

Ã
F(x) +

nX
i=1

ai(t)xi + c(t)

!

£
"
1
2

nX
i=1

μ
@F

@xi
(x) + ai(t)

¶2
u(t,x+ b(t))

+
nX
i=1

μ
@F

@xi
(x) + ai(t)

¶
@u

@xi
(t,x+ b(t))

+
1
2
¢F(x)u(t,x+ b(t)) +

1
2
¢u(t,x+ b(t))

#
nX
i=1

fi(x)
@ũ

@xi
(t,x)

= exp

Ã
F(x) +

nX
i=1

ai(t)xi + c(t)

!

£
"

nX
i=1

fi(x)

μ
@F

@xi
(x) + ai(t)

¶
u(t,x+ b(t))

+
nX
i=1

fi(x)
@u

@xi
(t,x+ b(t))

#
:

Therefore we have

@ũ

@t
(t,x)¡ 1

2
¢ũ(t,x) +

nX
i=1

fi(x)
@ũ

@xi
(t,x)

= exp

Ã
F(x)+

nX
i=1

ai(t)xi+ c(t)

!

£
"Ã

nX
i=1

a0i(t)xi + c
0(t)

!
u(t,x+ b(t))

+
@u

@t
(t,x+ b(t)) +

nX
i=1

b0i(t)
@u

@xi
(t,x+ b(t))

¡ 1
2

nX
i=1

μ
@F

@xi
(x) + ai(t)

¶2
u(t,x+ b(t))

¡
nX
i=1

μ
@F

@xi
(x) + ai(t)

¶
@u

@xi
(t,x+ b(t))

¡ 1
2
¢F(x)u(t,x+ b(t))¡ 1

2
¢u(t,x+ b(t))

+
nX
i=1

fi(x)

μ
@F

@xi
(x) + ai(t)

¶
u(t,x+ b(t))

+
nX
i=1

fi(x)
@u

@xi
(t,x+ b(t))

#

= exp

Ã
F(x) +

nX
i=1

ai(t)xi+ c(t)

!

£
"Ã

nX
i=1

a0i(t)xi+ c
0(t)

!
u(t,x+ b(t))

+
nX
i=1

b0i(t)
@u

@xi
(t,x+ b(t))

¡ 1
2

nX
i=1

μ
@F

@xi
(x)+ ai(t)

¶2
u(t,x+ b(t))

¡
nX
i=1

μ
@F

@xi
(x) + ai(t)

¶
@u

@xi
(t,x+ b(t))

¡ 1
2
¢F(x)u(t,x+ b(t))

+
nX
i=1

fi(x)

μ
@F

@xi
(x) + ai(t)

¶
u(t,x+ b(t))

+
nX
i=1

mX
j=1

yj(t)
@hj
@xi

(x+ b(t))
@u

@xi
(t,x+ b(t))

¡
nX
i=1

@fi
@xi
(x+ b(t))u(t,x+ b(t))

¡ 1
2

mX
i=1

h2i (x+ b(t))u(t,x+ b(t))

+
1
2

mX
i=1

yi(t)¢hi(x+ b(t))u(t,x+ b(t))

¡
mX
i=1

nX
j=1

yi(t)fj(x+ b(t))

£ @hi
@xj

(x+ b(t))u(t,x+ b(t))

+
1
2

mX
i=1

mX
j=1

yi(t)yj(t)
nX
k=1

@hi
@xk

(x+ b(t))

£ @hj
@xk

(x+ b(t))u(t,x+ b(t))

+
nX
i=1

(fi(x)¡fi(x+ b(t))
@u

@xi
(t,x+ b(t))

#
:
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Observe that
nX
i=1

@F

@xi
(x)
@ũ

@xi
(t,x)

= exp

Ã
F(x)+

nX
i=1

ai(t)xi+ c(t)

!

£
"

nX
i=1

@F

@xi
(x)

μ
@F

@xi
(x) + ai(t)

¶
u(t,x+ b(t))

+
nX
i=1

@F

@xi
(x)
@u

@xi
(t,x+ b(t))

#
:

It follows that

@ũ

@t
(t,x)¡ 1

2
¢ũ(t,x)+

nX
i=1

fi(x)
@ũ

@xi
(t,x)

+
nX
i=1

@F

@xi
(x)
@ũ

@xi
(t,x)

= exp

Ã
F(x) +

nX
i=1

ai(t)xi+ c(t)

!

£
"Ã

nX
i=1

a0i(t)xi+ c
0(t)

!
u(t,x+ b(t))

+
nX
i=1

b0i(t)
@u

@xi
(t,x+ b(t))

¡ 1
2

nX
i=1

μ
@F

@xi
(x) + ai(t)

¶2
u(t,x+ b(t))

+
nX
i=1

@F

@xi
(x)
μ
@F

@xi
(x)+ ai(t)

¶
u(t,x+ b(t))

¡
nX
i=1

ai(t)
@u

@xi
(t,x+ b(t))

¡ 1
2
¢F(x)u(t,x+ b(t))

+
nX
i=1

fi(x)
μ
@F

@xi
(x)+ ai(t)

¶
u(t,x+ b(t))

+
nX
i=1

mX
j=1

yj(t)
@hj
@xi

(x+ b(t))
@u

@xi
(t,x+b(t))

¡
nX
i=1

@fi
@xi
(x+b(t))u(t,x+ b(t))

¡ 1
2

mX
i=1

h2i (x+b(t))u(t,x+b(t))

+
1
2

mX
i=1

yi(t)¢hi(x+ b(t))u(t,x+ b(t))

¡
mX
i=1

nX
j=1

yi(t)fj(x+ b(t))

£ @hi
@xj

(x+ b(t))u(t,x+ b(t))

+
1
2

mX
i=1

mX
j=1

yi(t)yj(t)
nX
k=1

@hi
@xk

(x+ b(t))

£ @hj
@xk

(x+ b(t))u(t,x+ b(t))

+
nX
i=1

(fi(x)¡fi(x+ b(t)))
@u

@xi
(t,x+ b(t))

#

= exp

Ã
F(x) +

nX
i=1

ai(t)xi+ c(t)

!

£
("

nX
i=1

a0i(t)xi+ c
0(t)¡ 1

2

nX
i=1

μ
@F

@xi

¶2
(x)

¡
nX
i=1

@F

@xi
(x)ai(t)¡

1
2

nX
i=1

a2i (t)

+
nX
i=1

μ
@F

@xi

¶2
(x) +

nX
i=1

@F

@xi
(x)ai(t)

¡ 1
2
¢F(x) +

nX
i=1

fi(x)
@F

@xi
(x)

+
nX
i=1

fi(x)ai(t)¡
nX
i=1

@fi
@xi
(x+ b(t))

¡ 1
2

mX
i=1

h2i (x+ b(t))

+
1
2

mX
i=1

yi(t)¢hi(x+ b(t))

¡
mX
i=1

nX
j=1

yi(t)fj(x+ b(t))
@hi
@xj

(x+b(t))

+
1
2

mX
i=1

mX
j=1

yi(t)yj(t)
nX
k=1

@hi
@xk

(x+ b(t))

£ @hj
@xk

(x+ b(t))

#
u(t,x+ b(t))

+

"
nX
i=1

(b0i(t)¡ ai(t))+
nX
i=1

mX
j=1

yj(t)

£ @hj
@xi

(x+ b(t))+
nX
i=1

(fi(x)¡fi(x+ b(t)))
#

£ @u

@xi
(t,x+ b(t))
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= exp

Ã
F(x) +

nX
i=1

ai(t)xi+ c(t)

!

£
("

nX
i=1

a0i(t)xi+
nX
i=1

fi(x)ai(t) + c
0(t)

¡ 1
2

nX
i=1

a2i (t) +
1
2

nX
i=1

μ
@F

@xi

¶2
(x)

¡ 1
2
¢F(x) +

nX
i=1

fi(x)
@F

@xi
(x)

¡
nX
i=1

@fi
@xi
(x+ b(t))¡ 1

2

mX
i=1

h2i (x+ b(t))

+
1
2

mX
i=1

yi(t)¢hi(x+ b(t))

¡
mX
i=1

nX
j=1

yi(t)fj(x+ b(t))
@hi
@xj

(x+ b(t))

+
1
2

mX
i=1

mX
j=1

yi(t)yj(t)
nX
k=1

@hi
@xk

(x+ b(t))

£ @hj
@xk

(x+ b(t))

#
u(t,x+b(t))

+
nX
i=1

"
b0i(t)¡ ai(t)+

mX
j=1

yj(t)
@hj
@xi

(x+ b(t))

+fi(x)¡fi(x+ b(t))
#
@u

@xi
(t,x+ b(t))

)
:

Putting (11) and (12) into the above equation, we get

@ũ

@t
(t,x)¡ 1

2
¢ũ(t,x) +

nX
i=1

fi(x)
@ũ

@xi
(t,x)

+
nX
i=1

@F

@xi
(x)
@ũ

@xi
(t,x)

= exp

Ã
F(x)+

nX
i=1

ai(t)xi+ c(t)

!

£
("

nX
i=1

a0i(t)xi+
nX
i=1

Ã
nX
j=1

dijxj + di

!
ai(t)+ c

0(t)

¡ 1
2

nX
i=1

a2i (t) +
1
2

nX
i=1

μ
@F

@xi

¶2
(x)¡ 1

2
¢F(x)

+
nX
i=1

Ã
nX
j=1

dijxj + di

!
@F

@xi
(x)¡

nX
i=1

dii

¡ 1
2

mX
i=1

Ã
nX
j=1

cijxj +
nX
j=1

cijbj(t) + ci

!2

¡
mX
j=1

nX
i=1

yj(t)

Ã
nX
k=1

dikxk+
nX
k=1

dikbk(t)+di

!
cji

+
1
2

nX
k=1

mX
i=1

mX
j=1

yi(t)yj(t)cikcjk

#
u(t,x+ b(t))

+
nX
i=1

"
b0i(t)¡ ai(t) +

mX
j=1

cjiyj(t)

¡
nX
j=1

dijbj(t)

#
@u

@xi
(t,x+ b(t))

)

= exp

Ã
F(x) +

nX
i=1

ai(t)xi + c(t)

!

£
("Ã

nX
i=1

a0i(t)xi+
nX
i=1

nX
j=1

djixiaj(t)

¡
mX
i=1

nX
j=1

cijbj(t)
nX
k=1

cikxk

¡
mX
j=1

nX
i=1

yj(t)
nX
k=1

dikxkcji

!

+

Ã
nX
i=1

diai(t) + c
0(t)¡ 1

2

nX
i=1

a2i (t)

¡ 1
2

mX
i=1

Ã
nX
i=1

cijbj(t)

!2

¡
mX
i=1

ci

nX
j=1

cijbj(t)

¡
mX
j=1

nX
i=1

yj(t)

Ã
nX
k=1

dikbk(t) +di

!
cji

+
1
2

nX
k=1

mX
i=1

mX
j=1

yi(t)yj(t)cikcjk

!

+
1
2

nX
i=1

μ
@F

@xi

¶2
(x)¡ 1

2
¢F(x)

+
nX
i=1

Ã
nX
i=1

dijxj + di

!
@F

@xi
(x)¡

nX
i=1

dii

¡ 1
2

mX
i=1

nX
j=1

(cijxj + ci)
2

#
u(t,x+ b(t))

+
nX
i=1

"
b0i(t)¡ ai(t) +

mX
j=1

yj(t)cji

¡
nX
j=1

djibj(t)

#
@u

@xi
(t,x+ b(t))

)
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= exp

Ã
F(x)+

nX
i=1

ai(t)xi+ c(t)

!

£
("

nX
i=1

a0i(t)xi+
nX
i=1

nX
j=1

djiaj(t)xi

¡
mX
l=1

Ã
nX
j=1

clj bj(t)

!Ã
nX
i=1

cli xi

!

¡
mX
j=1

nX
k=1

yj(t)
nX
i=1

dkixicjk +
nX
i=1

diai(t) + c
0(t)

¡ 1
2

nX
i=1

a2i (t)¡
1
2

mX
i=1

Ã
nX
j=1

cijbj(t)

!2

¡
mX
i=1

ci

nX
j=1

cijbj(t)¡
mX
j=1

nX
i=1

yj(t)

£
Ã

nX
k=1

dikbk(t) + di

!
cji

+
1
2

nX
k=1

mX
i=1

mX
j=1

yi(t)yj(t)cikcjk

+
1
2

nX
i=1

μ
@F

@xi

¶2
(x)¡ 1

2
¢F(x)

+
nX
i=1

Ã
nX
j=1

dijxj + di

!
@F

@xi
(x)¡

nX
i=1

dii

¡ 1
2

mX
i=1

Ã
nX
j=1

cijxj + ci

!2#
u(t,x+ b(t))

+
nX
i=1

"
(b0i(t)¡ ai(t)) +

mX
j=1

yj(t)cji

¡
nX
j=1

dijbj(t)

#
@u

@xi
(t,x+ b(t))

)
:

It follows that

@ũ

@t
(t,x)¡ 1

2
¢ũ(t,x)+

nX
i=1

μ
fi(x)+

@F

@xi
(x)
¶
@ũ

@xi
(t,x)

+
nX
i=1

μ
@fi
@xi

+
@2F

@x2i
(x)
¶
ũ(t,x)

= exp

Ã
F(x) +

nX
i=1

ai(t)xi+ c(t)

!

£
8<:
24 nX
i=1

a0i(t)xi+
nX
i=1

nX
j=1

djiaj(t)xi

¡
mX
l=1

0@ nX
j=1

cljbj(t)

1AÃ nX
i=1

clixi

!

¡
mX
j=1

nX
k=1

yj(t)
nX
i=1

dkixicjk

+
nX
i=1

diai(t) + c
0(t)¡ 1

2

nX
i=1

a2i (t)

¡ 1
2

mX
i=1

0@ nX
j=1

cijbj(t)

1A2

¡
mX
i=1

ci

nX
j=1

cijbj(t)

¡
mX
j=1

nX
i=1

yj(t)

Ã
nX
k=1

dikbk(t) +di

!
cji

+
1
2

nX
k=1

mX
i=1

mX
j=1

yi(t)yj(t)cikcjk

+
1
2

nX
i=1

μ
@F

@xi

¶2
(x)+

1
2
¢F(x)

+
nX
i=1

0@ nX
j=1

dijxj + di

1A @F
@xi
(x)

¡ 1
2

mX
i=1

0@ nX
j=1

cijxj + ci

1A2
375u(t,x+ b(t))

+
nX
i=1

"
b0i(t)¡ ai(t)+

mX
j=1

yj(t)cji

¡
nX
j=1

dijbj(t)

#
@u

@xi
(t,x+b(t))

9=;
= exp

Ã
F(x) +

nX
i=1

ai(t)xi+ c(t)

!

£
8<:
24 nX
i=1

a0i(t)xi+
nX
i=1

nX
j=1

djiaj(t)xi

¡
mX
l=1

0@ nX
j=1

cljbj(t)

1AÃ nX
i=1

clixi

!

¡
mX
j=1

nX
k=1

yj(t)
nX
i=1

dkixicjk

+
nX
i=1

0@ nX
j=1

djeji

1Axi¡ nX
i=1

0@ mX
j=1

cjcji

1Axi
+

nX
i=1

diai(t) + c
0(t)¡ 1

2

nX
i=1

a2i (t)

¡ 1
2

mX
i=1

0@ nX
j=1

cijbj(t)

1A2

¡
mX
i=1

ci

nX
j=1

cjibj(t)
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¡
mX
j=1

nX
i=1

yj(t)

Ã
nX
k=1

dikbk(t)+ di

!
cji

+
1
2

nX
k=1

mX
i=1

mX
j=1

yi(t)yj(t)cikcjk

+
1
2

nX
k=1

ekk ¡
1
2

mX
i=1

c2i +
1
2

nX
i=1

μ
@F

@xi

¶2
(x)

+
nX
i=1

0@ nX
j=1

dijxj

1A @F
@xi
(x)

¡ 1
2

mX
i=1

0@ nX
j=1

cijxj

1A2
375u(t,x+ b(t))

+
nX
i=1

"
b0i(t)¡ ai(t)+

mX
j=1

yj(t)cji

¡
nX
j=1

dijbj(t)

#
@u

@xi
(t,x+b(t))

9=; :
In view of (16), (17), and (18), the above equation
becomes

@ũ

@t
(t,x)¡ 1

2
¢ũ(t,x) +

nX
i=1

μ
fi(x) +

@F

@xi
(x)
¶
@ũ

@xi
(t,x)

+
nX
i=1

μ
@fi
@xi

+
@2F

@x2i
(x)
¶
ũ(t,x)

= exp

Ã
F(x)+

nX
i=1

ai(t)xi+ c(t)

!

£

2641
2

nX
i=1

μ
@F

@xi

¶2
(x)+

nX
i=1

0@ nX
j=1

dijxj

1A @F
@xi
(x)

¡ 1
2

mX
i=1

0@ nX
j=1

cijxj

1A2
375u(t,x+ b(t)): (19)

Then (14) follows from (19) as long as we can show
that

1
2

nX
i=1

μ
@F

@xi

¶2
(x) +

nX
i=1

0@ nX
j=1

dijxj

1A @F
@xi
(x)

¡ 1
2

mX
i=1

0@ nX
j=1

cijxj

1A2

= 0 (20)

is equivalent to (13). Notice that

@F

@xk
=

nX
j=1

ekjxj:

So (20) becomes

1
2

nX
k=1

0@ nX
j=1

ekjxj

1A2

+
nX
k=1

Ã
nX
l=1

dklxl

!0@ nX
j=1

ekjxj

1A
¡ 1
2

mX
k=1

Ã
nX
l=1

cklxl

!2
= 0

which is equivalent to
nX
k=1

nX
j,l=1

ekjeklxjxl+
nX
k=1

nX
j,l=1

ekjdklxjxl

+
nX
k=1

nX
j,l=1

ekldkjxjxl =
mX
k=1

nX
j,l=1

ckjcklxjxl:

Thus, (20) is equivalent to

ETE+ETD+DTE = CTC

which is equivalent to (13). Q.E.D.

REMARK 1 Equations (13) and (14) can be computed
off-line. The only on-line computations are (16),
(17), and (18). Upon inspection, the parametrization
of the unnormalized conditional probability density
displayed in Theorem 2 is seen to involve 2n+
1 statistics. As in the situation covered by the
Kalman—Bucy filter, the essential feature lies in
the recursive computability of these statistics as
outputs of a finite-dimensional dynamic system. The
dimensionality of this parametrization can easily
be reduced to n by eliminating the nonindependent
statistics via (16)—(18). By (17) and (18), we
can solve bi(t) and c(t) in terms of ai(t). The
characterization given in (15) thus really requires no
more than n statistics.

IV. DMZ EQUATION FOR BENE³S FILTERING SYSTEM
WITH ARBITRARY INITIAL CONDITION

Let us observe that the elliptic differential operator
L0 in (2) can be more compactly represented if one
defines Di = @=@xi¡fi. Then

L0 =
1
2

Ã
nX
i=1

D2i ¡ ´
!

(21)

where

´ =
nX
i=1

@fi
@xi

+
nX
i=1

f2i +
mX
i=1

h2i : (22)

This compact representation of L0 was exploited
in [22—24] to derive necessary conditions and
sufficient conditions for estimation algebras to be
finite dimensional. (The concept of an estimation
algebra was introduced in [4, 5, 18]. It is defined to
be the Lie algebra of differential operators generated
by fL0,L1, : : : ,Lmg.) Observe that if we let Fi(x) such
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that @Fi=@xi = fi, then

Di =
@

@xi
¡fi = eFi

@

@xi
e¡Fi : (23)

Hence

D2i = e
Fi
@2

@x2i
e¡Fi (24)

and

L0 =
1
2

Ã
nX
i=1

eFi
@2

@x2i
e¡Fi ¡ ´

!
: (25)

If f is the vector field of a potential function Á,
i.e., f =rÁ, then Fi = Á for all 1· i· n and we have
a simple expression

L0 =
1
2

Ã
nX
i=1

eÁ
@2

@x2i
e¡Á¡ ´

!
: (26)

By defining » = e¡Á¾, (2) can be reformulated as

d»(t,x) = 1
2 (¢¡ ´)»(t,x)dt+

mX
i=1

Li»(t,x)dyi(t),

»(0,x) = e¡Á¾0

(27)

where ¢ denotes the Laplacian operatorPn
i=1(@

2=@x2i ). The connection between this
representation and the gauge transformation was
pointed out in [19]. This idea is also related to the
concept of equivalence of parabolic equations, as
discussed in [1]. If ´ is a quadratic polynomial in
x, then it was usually thought that the semigroup
generated by the differential operator ¢¡ ´ is well
known as can be used to write down an explicit
solution to the equation when his are linear in x.
However, to our knowledge, no explicit solution
has been written down. Notable exceptions are
references [2 and 22], both of which assume the
maximal-rank condition of the estimation algebra.
Using the Rozovsky’s transformation

u(t,x) = exp

Ã
¡

mX
i=1

hi(x)yi(t)

!
»(t,x)

we can reduce (27) to the following time-varying
partial differential equation:8>>>>>>><>>>>>>>:

@u

@t
(t,x) = L̃0u(t,x)+

mX
i=1

yi(t)[L̃0,Li]u(t,x)

+
1
2

mX
i,j=1

yi(t)yj(t)[[L̃0,Li],Lj]u(t,x)

u(0,x) = e¡Á¾0
(28)

where

L̃0 =
1
2

Ã
nX
i=1

@2

@x2i
¡ ´
!
: (29)

It is easy to see that (28) is equivalent to the
following equation:8>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>:

@u

@t
(t,x) =

1
2

nX
j=1

@2u

@x2j
(t,x)+

nX
j=1

mX
i=1

yi(t)

£@hi
@xj

(x)
@u

@xj
(t,x)

+

Ã
¡1
2
´(x) +

1
2

mX
i=1

nX
j=1

yi(t)
@2hi
@x2j

+
1
2

mX
i,j=1

nX
k=1

yi(t)yj(t)

£ @hi
@xk

(x)
@hj
@xk

(x)

!
u(t,x)

u(0,x) = e¡Á¾0:

(30)

If ´ is a quadratic in x and his are linear in x, then
the estimation algebra generated by L̃0,L1, : : : ,Lm
is finite dimensional. If in addition the matrix H,
which is defined by h(x) =Hx, is of maximal rank
and m¸ n, then the estimation algebra has a basis
L0,@=@x1, : : : ,@=@xn,x1, : : : ,xn,1. Even in this case,
using the Wei—Norman approach the procedure to
find the solution of (30) is more complicated than
the procedure in Theorem 3 below because not
only must one solve a finite system of ODEs and a
Kolmogorov equation, but also one has to integrate
n partial differential equations corresponding to
the operators @=@x1, : : : ,@=@xn. More important,
if H is not of maximal rank, then the basis of the
estimation algebra is not explicitly known (although
it can be computed). As a result, one cannot write
down recursive algorithms explicitly. Reference [14]
considered a more general Ben³es filtering problem
than ours. However, even restricted to the classical
Ben³es problem, the number of sufficient statistics
in order to compute the conditional probability
density is a polynomial of degree two in n in their
method. The novelty of Theorem 3 is that our finite
system of ODEs is explicitly written down and
our algorithms apply uniformly for any ´, his, and
any initial condition ¾0. Moreover, we need only n
sufficient statistics in order to compute the conditional
probability density of the Ben³es filtering with arbitrary
initial condition.

THEOREM 3 Consider the Ben³es filtering system (1)
with

hi(x) =
nX
j=1

cijxj + ci, 1· i·m (31)

where cij and ci are constants;

fi(x) =
@F

@xi
(x), 1· i· n (32a)
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where F is a C1 function; and

¢F(x) + jrF(x)j2(x) +
mX
i=1

h2i (x)

=
nX

i,j=1

eijxixj +
nX
i=1

eixi+ e: (32b)

Choose a C1 function G(x) such that

¢G(x) + jrGj2(x) =
nX

i,j=1

eijxixj : (33)

(In view of (32b) and [12, Theorem 12], there exists a
G satisfying (33):) Then the solution u(t,x) for the DMZ
equation (5) is reduced to the solution ũ(t,x) for the
Kolmogorov equation

@ũ

@t
(t,x) =

1
2
¢ũ(t,x)¡

nX
i=1

@G

@xi
(x)
@ũ

@xi
(t,x)

¡
nX
i=1

@2G

@x2i
(x)ũ(t,x) (34)

where

ũ(t,x) = exp

Ã
¡F(x+ b(t))+G(x)

+
nX
i=1

ai(t)xi+ c(t)

!
u(t,x+ b(t))

(35)

and ai(t), bi(t), and c(t) satisfy the following system of
ODEs:

b0i(t)¡ ai(t) +
mX
j=1

cjiyj(t) = 0, 1· i· n (36)

c0(t)¡ 1
2

nX
i=1

a2i (t)+
1
2

nX
k=1

mX
i=1

mX
j=1

cikcjkyi(t)yj(t)

¡ 1
2

nX
i=1

eibi(t)¡
1
2

nX
i,j=1

eijbi(t)bj(t)¡
1
2
e= 0

(37)

a0i(t)¡
1
2

nX
j=1

(eij + eji)bj(t)¡
1
2
ei = 0, 1· i· n:

(38)

PROOF See Appendix.

REMARK The initial conditions for ai(t), bi(t), and
c(t) can be arbitrary values. However, the initial
condition of (34) is determined by the initial condition
of (10).

APPENDIX

The purpose of this Appendix is to give a detail
proof Theorem 3. We use the same notation as above.

PROOF OF THEOREM 3 We need only to show that if
u(t,x) satisfies (5), then ũ(t,x) given by (35)—(38) will
satisfy the Kolmogorov equation (34):

@ũ

@t
(t,x) = exp

Ã
¡F(x+ b(t)) +G(x) +

nX
i=1

ai(t)xi+ c(t)

!

£
("
¡

nX
i=1

@F

@xi
(x+ b(t))b0i(t)

+
nX
i=1

a0i(t)xi+ c
0(t)

#

£ u(t,x+ b(t)) + @u
@t
(t,x+ b(t))

+
nX
i=1

b0i(t)
@u

@xi
(t,x+ b(t))

)

@ũ

@xi
(t,x) = exp

Ã
¡F(x+ b(t)) +G(x) +

nX
i=1

ai(t)xi+ c(t)

!

£
(·
¡@F
@xi
(x+ b(t)) +

@G

@xi
(x) + ai(t)

¸

£ u(t,x+ b(t)) + @u

@xi
(t,x+ b(t))

)

@2ũ

@x2i
(t,x) = exp

Ã
¡F(x+ b(t)) +G(x) +

nX
i=1

ai(t)xi+ c(t)

!

£
(μ

¡@F
@xi
(x+ b(t)) +

@G

@xi
(x) + ai(t)

¶2
£ u(t,x+ b(t))

+2

μ
¡@F
@xi
(x+ b(t)) +

@G

@xi
(x) + ai(t)

¶
£ @u

@xi
(t,x+ b(t))

+

μ
¡@

2F

@x2i
(x+ b(t)) +

@2G

@x2i
(x)

¶

£ u(t,x+ b(t)) + @
2u

@x2i
(t,x+ b(t))

)

1
2
¢ũ(t,x) = exp

Ã
¡F(x+ b(t)) +G(x) +

nX
i=1

ai(t)xi+ c(t)

!

£
(
1
2

nX
i=1

μ
¡@F
@xi
(x+ b(t)) +

@G

@xi
(x) + ai(t)

¶2
£ u(t,x+ b(t))

+
nX
i=1

μ
¡@F
@xi
(x+ b(t))+

@G

@xi
(x) + ai(t)

¶
£ @u

@xi
(t,x+ b(t))
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+

μ
¡1
2
¢F(x+ b(t)) +

1
2
¢G(x)

¶
u(t,x+ b(t))

+
1
2
¢u(t,x+ b(t))

)
nX
i=1

fi(x)
@ũ

@xi
(t,x)

= exp

Ã
¡F(x+ b(t)) +G(x) +

nX
i=1

ai(t)xi + c(t)

!

£
("
¡

nX
i=1

fi(x)
@F

@xi
(x+ b(t)) +

nX
i=1

fi(x)
@G

@xi
(x)

+
nX
i=1

fi(x)ai(t)

#
u(t,x+ b(t))

+fi(x)
@u

@xi
(t,x+ b(t))

)

@ũ

@t
(t,x)¡ 1

2
¢ũ(t,x) +

nX
i=1

fi(x)
@ũ

@xi
(t,x)

= exp

Ã
¡F(x+ b(t)) +G(x) +

nX
i=1

ai(t)xi + c(t)

!

£
("
¡

nX
i=1

@F

@xi
(x+ b(t))b0i(t) +

nX
i=1

a0i(t)xi + c
0(t)

#

£ u(t,x+ b(t))+ @u
@t
(t,x+ b(t))

+
nX
i=1

b0i(t)
@u

@xi
(t,x+ b(t))

+

"
¡

nX
i=1

fi(x)
@F

@xi
(x+ b(t))

+
nX
i=1

fi(x)
@G

@xi
(x) +

nX
i=1

fi(x)ai(t)

#

£ u(t,x+ b(t))+
nX
i=1

fi(x)
@u

@xi
(t,x+ b(t))

¡ 1
2

nX
i=1

"μ
@F

@xi
(x+ b(t))

¶2
+

μ
@G

@xi
(x)

¶2
+ a2i (t)¡ 2

@F

@xi
(x+ b(t))

@G

@xi
(x)

¡ 2ai(t)
@F

@xi
(x+ b(t))

+2ai(t)
@G

@xi
(x)

#
u(t,x+ b(t))

¡
nX
i=1

μ
¡@F
@xi
(x+ b(t)) +

@G

@xi
(x) + ai(t)

¶

£ @u

@xi
(t,x+ b(t))

¡
μ
¡1
2
¢F(x+ b(t)) +

1
2
¢G(x)

¶
u(t,x+ b(t))

¡ 1
2
¢u(t,x+ b(t))

)

= exp

Ã
¡F(x+ b(t)) +G(x) +

nX
i=1

ai(t)xi+ c(t)

!

£
("
¡

nX
i=1

@F

@xi
(x+ b(t))b0i(t) +

nX
i=1

a0i(t)xi+ c
0(t)

#

£ u(t,x+ b(t)) +
nX
i=1

b0i(t)
@u

@xi
(t,x+ b(t))

+

"
¡

nX
i=1

fi(x)
@F

@xi
(x+ b(t)) +

nX
i=1

fi(x)
@G

@xi
(x)

+
nX
i=1

fi(x)ai(t)

#
u(t,x+ b(t))

¡ 1
2

nX
i=1

"μ
@F

@xi
(x+ b(t))

¶2
+

μ
@G

@xi
(x)

¶2
+ a2i (t)¡ 2

@F

@xi
(x+ b(t))

@G

@xi
(x)

¡ 2ai(t)
@F

@xi
(x+ b(t)) +2ai(t)

@G

@xi
(x)

#
£ u(t,x+ b(t))

¡
nX
i=1

·
¡@F
@xi
(x+ b(t)) +

@G

@xi
(x) + ai(t)

¸
£ @u

@xi
(t,x+ b(t))

¡
·
¡1
2
¢F(x+ b(t)) +

1
2
¢G(x)

¸
u(t,x+ b(t))

+
nX
i=1

mX
j=1

yj(t)
@hj
@xi

(x+ b(t))

£ @u

@xi
(t,x+ b(t))

¡
nX
i=1

@fi
@xi
(x+ b(t))u(t,x+ b(t))

¡ 1
2

mX
i=1

h2i (x+ b(t))u(t,x+ b(t))

+
1
2

mX
i=1

yi(t)¢hi(x+ b(t))u(t,x+ b(t))

¡
mX
i=1

nX
j=1

yi(t)fj(x+ b(t))
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£ @hi
@xj

(x+ b(t))u(t,x+ b(t))

+
1
2

mX
i=1

mX
j=1

yi(t)yj(t)
nX
k=1

@hi
@xk

(x+ b(t))

£ @hj
@xk

(x+ b(t))u(t,x+ b(t))

+
nX
i=1

(fi(x)¡fi(x+ b(t)))
@u

@xi
(t,x+ b(t))

)
:

Observe that
nX
i=1

@G

@xi
(x)
@ũ

@xi
(x, t)

= exp

Ã
¡F(x+ b(t)) +G(x) +

nX
i=1

ai(t)xi+ c(t)

!

£
("
¡

nX
i=1

@G

@xi
(x)
@F

@xi
(x+ b(t))+

nX
i=1

μ
@G

@xi
(x)

¶2

+
nX
i=1

@G

@xi
(x)ai(t)

#
u(t,x+ b(t))

+
nX
i=1

@G

@xi
(x)
@u

@xi
(t,x+ b(t))

)
:

Therefore,

@ũ

@t
(t,x)¡ 1

2
¢ũ(t,x) +

nX
i=1

fi(x)
@ũ

@xi
(t,x)

+
nX
i=1

@G

@xi
(x)
@ũ

@xi
(t,x)

= exp

Ã
¡F(x+ b(t))+G(x)+

nX
i=1

ai(t)xi+ c(t)

!

£
("
¡

nX
i=1

@F

@xi
(x+ b(t))b0i(t)

+
nX
i=1

a0i(t)xi+ c
0(t)

#
u(t,x+ b(t))

+
nX
i=1

b0i(t)
@u

@xi
(t,x+ b(t))

+

"
¡

nX
i=1

fi(x)
@F

@xi
(x+b(t))

+
nX
i=1

fi(x)
@G

@xi
(x)

+
nX
i=1

fi(x)ai(t)

#
u(t,x+b(t))

¡ 1
2

nX
i=1

"μ
@F

@xi
(x+ b(t))

¶2
+
μ
@G

@xi
(x)
¶2

+ a2i (t)¡ 2
@F

@xi
(x+ b(t))

@G

@xi
(x)

¡2ai(t)
@F

@xi
(x+ b(t))

+2ai(t)
@G

@xi
(x)

#
u(t,x+b(t))

¡
nX
i=1

μ
¡@F
@xi
(x+b(t)) + ai(t)

¶

£ @u

@xi
(t,x+ b(t))

+

"
¡

nX
i=1

@G

@xi
(x)
@F

@xi
(x+ b(t))

+
nX
i=1

μ
@G

@xi
(x)
¶2

+
nX
i=1

@G

@xi
(x)ai(t)

#
u(t,x+ b(t))

¡ (¡ 1
2¢F(x+ b(t))+

1
2¢G(x))u(t,x+ b(t))

+
nX
i=1

mX
j=1

yj(t)
@hj
@xi

(x+ b(t))
@u

@xi
(t,x+ b(t))

¡
nX
i=1

@fi
@xi
(x+ b(t))u(t,x+ b(t))

¡ 1
2

mX
i=1

h2i (x+ b(t))u(t,x+ b(t))

+
1
2

mX
i=1

yi(t)¢hi(x+b(t))u(t,x+b(t))

¡
mX
i=1

nX
j=1

yi(t)fj(x+ b(t))

£ @hi
@xj

(x+ b(t))u(t,x+ b(t))

+
1
2

mX
i=1

mX
j=1

yi(t)yj(t)
nX
k=1

@hi
@xk

(x+ b(t))

£ @hj
@xk

(x+ b(t))u(t,x+ b(t))

+
nX
i=1

(fi(x)¡fi(x+b(t)))

£ @u

@xi
(t,x+ b(t))

)
:
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Hence,

@ũ

@t
(t,x)¡ 1

2
¢ũ(t,x)+

nX
i=1

@G

@xi
(x)
@ũ

@xi
(t,x)

+

"
1
2
¢G(x)¡ 1

2
jrGj2(x)

¡
nX
i=1

fi(x)
@G

@xi
(x)

#
ũ(t,x)

= exp

Ã
¡F(x+ b(t)) +G(x) +

nX
i=1

ai(t)xi+ c(t)

!

£
("
¡

nX
i=1

@F

@xi
(x+ b(t))b0i(t)

+
nX
i=1

a0i(t)xi+ c
0(t)

#
u(t,x+ b(t))

+
nX
i=1

b0i(t)
@u

@xi
(t,x+ b(t))

+

"
¡

nX
i=1

fi(x)
@F

@xi
(x+ b(t))

+
nX
i=1

fi(x)ai(t)

#
u(t,x+ b(t))

¡ 1
2

nX
i=1

"μ
@F

@xi
(x+b(t))

¶2
+ a2i (t)

¡ 2ai(t)
@F

@xi
(x+ b(t))

+2ai(t)
@G

@xi
(x)

#
u(t,x+ b(t))

¡
nX
i=1

μ
¡@F
@xi
(x+ b(t))+ ai(t)

¶

£ @u

@xi
(t,x+ b(t))

+
nX
i=1

@G

@xi
(x)ai(t)u(t,x+ b(t))

+
1
2
¢F(x+ b(t))u(t,x+ b(t))

+
nX
i=1

mX
j=1

yj(t)
@hj
@xi

(x+ b(t))
@u

@xi
(t,x+b(t))

¡
nX
i=1

@fi
@xi
(x+b(t))u(t,x+ b(t))

¡ 1
2

mX
i=1

h2i (x+ b(t))u(t,x+b(t))

+
1
2

mX
i=1

yi(t)¢hi(x+ b(t))u(t,x+ b(t))

¡
mX
i=1

nX
i=1

yi(t)fj(x+ b(t))

£ @hi
@xj

(x+ b(t))u(t,x+ b(t))

+
1
2

mX
i=1

mX
j=1

yi(t)yj(t)
nX
k=1

@hi
@xk

(x+ b(t))

£ @hj
@xk

(x+ b(t))u(t,x+ b(t))

¡
nX
i=1

fi(x+ b(t))
@u

@xi
(t,x+ b(t))

¡
"
¡

nX
i=1

fi(x)
@F

@xi
(x+b(t))

+
nX
i=1

fi(x)
@G

@xi
(x)

+
nX
i=1

fi(x)ai(t)

#
u(t,x+b(t))

)

= exp

Ã
¡F(x+ b(t))+G(x)+

nX
i=1

ai(t)xi+ c(t)

!

£
("

nX
i=1

(b0i(t)¡ ai(t)+
mX
j=1

yj(t)
@hj
@xi

(x+ b(t))

+
@F

@xi
(x+ b(t))¡fi(x+ b(t))

#

£ @u

@xi
(t,x+ b(t))

+

"
¡

nX
i=1

@F

@xi
(x+ b(t))b0i(t) +

nX
i=1

a0i(t)xi

+ c0(t)¡
nX
i=1

fi(x)
@F

@xi
(x+ b(t))

+
nX
i=1

fi(x)ai(t)¡
1
2

nX
i=1

μ
@F

@xi

¶2
(x+ b(t))

¡ 1
2

nX
i=1

a2i (t) +
nX
i=1

ai(t)
@F

@xi
(x+b(t))

+
1
2
¢F(x+ b(t))¡

nX
i=1

@fi
@xi
(x+ b(t))

¡ 1
2

mX
i=1

h2i (x+ b(t))
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+
1
2

mX
i=1

yi(t)¢hi(x+ b(t))

¡
mX
i=1

nX
j=1

yi(t)fj(x+b(t))
@hi
@xj

(x+ b(t))

+
1
2

mX
i=1

mX
j=1

yi(t)yj(t)
nX
k=1

@hi
@xk

(x+b(t))

£ @hj
@xk

(x+ b(t)) +
nX
i=1

fi(x)
@F

@xi
(x+ b(t))

¡
nX
i=1

fi(x)
@G

@xi
(x)

¡
nX
i=1

fi(x)ai(t)

#
u(t,x+ b(t))

)
:

Consequently,

@ũ

@t
(t,x)¡ 1

2
¢ũ(t,x) +

nX
i=1

@G

@xi
(x)
@ũ

@xi
(t,x)

+
μ
1
2
¢G(x)¡ 1

2
jrGj2(x)

¶
ũ(t,x)

= exp

Ã
¡F(x+ b(t)) +G(x)+

nX
i=1

ai(t)xi+ c(t)

!

£
("

nX
i=1

(b0i(t)¡ ai(t))+
mX
j=1

yj(t)
@hj
@xi

(x+ b(t))

+
@F

@xi
(x+ b(t))¡fi(x+ b(t))

#

£ @u

@xi
(t,x+ b(t))

+

"
¡

nX
i=1

@F

@xi
(x+b(t))b0i(t)

+
nX
i=1

a0i(t)xi+ c
0(t)

¡ 1
2

nX
i=1

μ
@F

@xi

¶2
(x+ b(t))¡ 1

2

nX
i=1

a2i (t)

+
nX
i=1

ai(t)
@F

@xi
(x+ b(t))+

1
2
¢F(x+b(t))

¡
nX
i=1

@fi
@xi
(x+ b(t))¡ 1

2

mX
i=1

h2i (x+ b(t))

+
1
2

mX
i=1

yi(t)¢hi(x+ b(t))

¡
mX
i=1

nX
j=1

yi(t)fj(x+ b(t))
@hi
@xj

(x+ b(t))

+
1
2

mX
i=1

mX
j=1

yi(t)yj(t)
nX
k=1

@hi
@xk

(x+b(t))

£ @hj
@xk

(x+b(t))

#
u(t,x+ b(t))

)
:

Putting (31) and (32a) into the above equation, we
have

@ũ

@t
(t,x)¡ 1

2
¢ũ(t,x) +

nX
i=1

@G

@xi
(x)
@ũ

@xi
(t,x)

+
μ
1
2
¢G(x)¡ 1

2
jrGj2(x)

¶
ũ(t,x)

= exp

Ã
¡F(x+ b(t))+G(x)+

nX
i=1

ai(t)xi+ c(t)

!

£
(

nX
i=1

24b0i(t)¡ ai(t)+ mX
j=1

cjiyj(t)

35
£ @u

@xi
(t,x+ b(t))

+

"
¡

nX
i=1

@F

@xi
(x+ b(t))b0i(t)

+
nX
i=1

ai(t)
@F

@xi
(x+ b(t))

¡
mX
i=1

nX
j=1

yi(t)

"
@F

@xj
(x+ b(t))

#
cij

+
nX
i=1

a0i(t)xi+ c
0(t)¡ 1

2

nX
i=1

a2i (t)

+
1
2

nX
k=1

mX
i=1

mX
j=1

cikcjkyi(t)yj(t)

¡ 1
2
¢F(x+ b(t))¡ 1

2
jrFj2(x+ b(t))

¡ 1
2

mX
i=1

h2i(x+ b(t))

#
u(t,x+ b(t))

)
:

From (32b), we get

¢F(t+ b(t)) + jrFj2(x+ b(t))+
mX
i=1

h2i (x+ b(t))

=
nX

i,j=1

eij(xi+ bi(t))(xj + bj(t)) +
nX
i=1

ei(xi + bi(t)) + e

=
nX

i,j=1

eijxixj +
nX
i=1

eixi+ e+
nX

i,j=1

eijxibj(t)

+
nX

i,j=1

eijbi(t)xj +
nX
i=1

eibi(t) +
nX

i,j=1

eijbi(t)bj(t)
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and

@ũ

@t
(t,x)¡ 1

2
¢ũ(t,x) +

nX
i=1

@G

@xi
(x)
@ũ

@xi
(t,x)

+

μ
1
2
¢G(x)¡ 1

2
jrGj2(x)

¶
ũ(t,x)

= exp

Ã
¡F(x+ b(t)) +G(x) +

nX
i=1

ai(t)xi+ c(t)

!

£
(

nX
i=1

"
b0i(t)¡ ai(t) +

mX
j=1

cjiyj(t)

#

£ @u

@xi
(t,x+ b(t))

+

"
nX
i=1

Ã
¡b0i(t) + ai(t)¡

mX
j=1

cjiyj(t)

!

£ @F
@xi
(x+ b(t)) + c0(t)¡ 1

2

nX
i=1

a2i (t)

+
1
2

nX
k=1

mX
i=1

mX
j=1

cikcjkyi(t)yj(t)

¡ 1
2

nX
i=1

eibi(t) +
nX
i=1

a0i(t)xi

¡ 1
2

nX
i=1

nX
j=1

eijbj(t)xi¡
1
2

nX
i=1

nX
j=1

ejibj(t)xi

¡ 1
2

nX
i,j=1

eijxixj ¡
1
2

nX
i=1

eixi

¡ 1
2
e¡ 1

2

nX
i,j=1

eijbi(t)bj(t)

#
u(t,x+ b(t))

)
:

In view of (35)—(38), the above equation becomes

@ũ

@t
(t,x) =

1
2
¢ũ(t,x)¡

nX
i=1

@G

@xi
(x)
@ũ

@xi
(t,x)

¡
μ
1
2
¢G(x)¡ 1

2
jrGj2(x)

¶
ũ(t,x)

+

Ã
¡1
2

nX
i,j=1

eijxixj

!
ũ(t,x)

=
1
2
¢ũ(t,x)¡

nX
i=1

@G

@xi
(x)
@ũ

@xi
(t,x)

¡
nX
i=1

@2G

@x2i
(x)ũ(t,x)

+

Ã
1
2
¢G(x)+

1
2
jrGj2(x)¡ 1

2

nX
i,j=1

eijxixj

!
ũ(t,x):

Then (34) follows from (33) and the above equation.
Q.E.D.

REMARK Equations (33) and (34) can be computed
off-line. The only on-line computations are (36), (37),
and (38). Upon inspection, the parametrization of the
unnormalized conditional probability density displayed
in Theorem 3 is seen to involve 2n+1 statistics. As
in the situation covered by the Kalman—Bucy filter,
the essential feature lies in the recursive computability
of these statistics as outputs of a finite-dimensional
dynamic system. Using (36)—(38), we can easily
reduce dimensionality of this parametrization to n by
eliminating the nonindependent statistics. By (37) and
(38), we can solve bi(t) and c(t) in terms of ai(t). The
characterization given in (35) thus really requires no
more than n statistics.
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