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I.  INTRODUCTION

Despite its usefulness, the Kalman—Bucy filter is
not perfect. One of its weaknesses is that it needs a
Gaussian assumption on the initial data. The situation
is more complex when the statistics of the initial
condition are modeled by an arbitrary distribution. As
observed by Makowski [7], in that event, the filtering
question is genuinely one in nonlinear filtering,
and few results have been obtained before. Notable
exceptions are the works of Benes and Karatzas
[1], Ocone [8], and Makowski [7]. In [7], simple
and direct probabilistic arguments are developed
for evaluating the conditional expectation ,((x,))
of p(x,) given {y, | 0 <s <t}. It was shown as in
[1 and 8] that there always exists a set of sufficient
statistics that can be recursively computed as outputs
of a finite-dimensional dynamic system. In contrast
with previous results, the sufficient statistics generated
in [7] can be termed “universal” in the sense that
they are independent of the initial state distribution.
Furthermore, no assumptions on the moments of this
initial state distribution or its absolute continuity are
made in [7], as was the case in [1 and 8]. However,
Makowski’s method has a major disadvantage. Let n
be the dimension of the state space. The number of
sufficient statistics in order to compute the conditional
expectation 7,(p(x,)) of ¢(x,) in Makowski’s method
is a polynomial of degree two in n, while for the
classical Kalman—Bucy filter, the number of sufficient
statistics is only a polynomial of degree one in n.

In the case where the linear filter system (i.e., f,
g, and A are linear functions in (1)) is completely
reachable and completely observable, Hazewinkel
observed in [6, pp. 115] that the estimation algebra
E (see Section II for definition) is the 2n + 2
dimensional Lie algebra with an explicitly given
basis. Even in this case, the Wei—Norman approach
to finding an explicit filter is more complicated
than the method of [10] (cf., Theorem 1 below).

Not only must one solve a finite system of ordinary
differential equations (ODEs) and a Kolmogorov
equation, but one also has to integrate n partial
differential equations corresponding to the operators
0/0x,,...,0/0x,. More important, if the Kalman—Bucy
system is not completely reachable or completely
observable, then the basis of the estimation algebra

is not explicitly known (although it can be computed).
As a result, there is an additional disadvantage of the
Wei—Norman approach: one cannot write down the
finite system of ODEs explicitly.

The novelty of the method of [10] is that their
finite system of ODEs is explicitly written down
and only n sufficient statistics are needed in order to
compute the conditional expectation. They factored
into two parts: 1) the on-line solution of a finite
system of ODEs, 2) the off-line calculation of the
Kolmogorov equation, which does not depend on
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observation. In this work, we derive an explicit
closed-form solution to this Kolmogorov equation.
We also give some properties of this solution in
Section III and present a study of the equation in
Section IV.

II. FILTERING PROBLEM AND BASIC QUESTIONS
CONSIDERED

The filtering problem considered here is based on
the following signal observation model:

{dX(t) = f(x®)dt + g(x(1)dv(1)
dy(t) = h(x())dt + dw(t) y0)=0

in which x, v, y, and w are respectively R"-, R”-,
R™-, and R™-valued processes and v and w have
components that are independent, standard Brownian
processes. We further assume that n = p; f, h are C*
smooth; and g is an orthogonal matrix. We refer to
x(t) as the state of the system at time ¢ and y(¢) as the
observation at time ¢.

Let p(z,x) denote the conditional probability
density of the state given the observation {y(s) : 0 <
s <t}. It is well known (see [3], for example) that
p(t,x) is given by normalizing o(¢,x), which satisfies
the following Duncan—Mortensen—Zakai (DMZ)
equation:

x(0) = x, )

do(t,x) = Lyo(t,x)dt + > _ Lio(1,x)dy;(0), .
i=1

0(0,x) = o

where

0 af 1 &«
Lo = 2Zax Z’c’)x Ezhfz'

i= i=1
Equation (2) is a stochastic partial differential
equation. In real applications, we are interested in
constructing robust state estimators from observed
sample paths with some property of robustness. From
Rozovsky’s transformation [9],

thx)y,.(r)) o (t,%).

i=1

u(t,x) = exp (—

Davis [2] proposed to study the following robust
DMZ equation:

a m
SH(03) = Lo(t.0) + 3 vi(DL, L Ju(t.x)
i=1
1 m m (3)
+ 3 2 2 Oy OLg. Lil.L;Ju(t.x)
i=1 j=1
u(0,x) = o,

which is a time-varying partial differential equation.
Here we have used the following notation.
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DEFINITION 1 If X and Y are differential operators,
the Lie bracket of X and Y, [X,Y], is defined by
[X,Y]p = X(Y¢) —Y(X¢) for any C* function ¢.

DEFINITION 2 The estimation algebra, E, of a
filtering problem (1) is defined to be the Lie algebra
generated by {L,,L,,...,6,,}.

It is shown in [10] that (3) is equivalent to

du 1 <
o LX) = 120 2(t x)
ou

+Z a(t,x)
i=1 !

n Oh;
—fi(x) + ;yj(t)a—xj(x)
Z fi (t x)— = th(x)u(t x)
. %;yi(t) AhyXyu(t,x)

S o, (x)—’(x)u(t %)

i=1 j=1

+3 Z Zy, (0)y;(1) Z o,

i=1 j=1

b (x)—u(t X).

“

In [10], (4) is solved by means of a finite system
of ODEs and a Kolmogorov equation.

THEOREM 1 ([10]) Consider the linear filtering system
(1) with an arbitrary initial condition. Suppose that

h(x)—ZcuxJ+c 1<i<m ®)
where c; -C; are constants, and
fix) = Zd,,x] +d, 1<i<m (6)

where d;; 7 d; are constants. Choose a homogeneous

quadratic F(x) = 5 Z e;:.x;x; with e;;

ij=1€ij%X; ; = ej; such that

(E+D)Y(E+D)=C"C +D"D. @)

Here E = (eij), D = (dl-j) are n X n matrices, and

C = (g j) is an m x n matrix. Then the solution u(t,x)
for the DMZ equation (4) is reduced to the solution
u(t,x) for the Kolmogorov equation

it . “ OF it
a—b;(t,x) = L A(t,x) — ; (fl-(x) + a_x,.(x)> a—)b:i(t,x)

®)

- Z (af'( )+ 2 (x)) (e, )
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where
u(t,x) = exp (F(x) + Zai(t)xi + c(t)) u(t,x + b(t))
i=1
9

and a,(t), b,(t), 1 <i<n, and c(t) satisfy the following
system of ODEs

a0 + Zdﬂfem S b e~ 303 ey

=1 j=1 j=1 k=1
+Zd1e”—Zc]c” =0, 1<i<n (10)
j=1
bi(t) — a(t)+z ¢y (0 — Zdub/(t)— 1<i<n
(11)

n 2
D da)+ -5 Z @) — = Z (Zcub/(t)>
i=1

- ch. chjb/(t) - ZZ%(%
=1 j=

j=1 i=l
X (Zdikbk(t) + dl) + % DD vy ee;
k=1
1¢ 1
+§Zekkfzzci =0.
k=1 i=1

i=1 j=1 k=I

(12)

In Section III, we show how to solve (8) explicitly.

llI.  APPLICATION OF FOURIER TRANSFORM
METHOD TO KOLMOGOROV EQUATION

In this section, we shall solve (8) by means of
the Fourier transform method. Recall that f;(x) =
Z] 1d;;x; +d; and F(x) = 2211 1 €;;%x; with e;;

. It follows that

oF z
fi(xo) + 8_xi(x) = j;(d[j +e;)x; +d,. (13)
Putting (13) into (8), we have
@(tx):lAﬁ(tx)fZ Z(d +e,)x; +d,
or ’ ’ i=1 j=1 v
Xa—ﬁ(t )—i(d +e;u(t,x) (14)
ox, X < i * €i)ull, X
where

n 82
A:;a—x?

It remains to solve (14).
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Let S be the Schwartz space of all C* functions
on R” which, together with all their derivatives, die
out faster than any power of x at infinity. That is,

p €S if and only if ¢ € C*> and for all multi-indices «
and

sup [x“0°u(x)| < oo, where

xeR?

1 n
AR a\"
0 —(a—xl) "'(ax) '

In [4], it is shown that (14) has a solution u(z,x)
such that u(,x) is in S for any fixed . We now solve
(14) by means of a Fourier transform. Recall that
if o € L'(R"), its Fourier transform ¢ is a bounded
function on R” defined by

o6 = / exp(—2mvV—1x&)p(x) dx.

(15)

Clearly ¢(¢) is well defined for all £ and |9, <
|©ll;- We recall the following properties of Fourier
transform for convenience to the reader.

Property 1 If ¢, € L'(R"), then (g 1) = $i).

Property 2 If p €S, then € C*™ and 0°¢ =
[(—27v/—=1x)%p]". -

Property 3 If p € S, then (9%p)(€) =
Q2mV=1)"%(9).

Property 4 If ¢ €S, then p € S.

Property 5 If ¢ € L, then ¢ is continuous and
tends to zero at infinity.

The Fourier transform is useful because we can
recover the function from its Fourier transform.

DEFINITION 3 For f € L!, the function f is defined
by

F) = / exp(2my/"TxE)f(€)dé = F(—).

FOURIER INVERSION THEOREM.
N =r.

We are now ready to solve (14). Let

If f €S, then

i, (1,x) = exp (Z(dﬁ + eii)t> (t,x). (16)

i=1

Then (14) becomes

i, . . -
— () = ;(dii +e,)exp (;(dﬁ + eii)t) ii(t,x)
+ exp (Z(dﬁ + el.i)t>
i=1

n

1. . OF it
5 Nii(t,2) Z (fi(x) + a_x,.(x)> a—xi(t,x)

i=1

- Z(dﬁ + eii)ﬁ(t,x)]
i=1
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- %exp (;(dﬁ + el.i)t> Adi(t,x)
¢ F
-y (Ji(x) + g—oo)
i=1 i
X exp (Zn:(dﬁ + eil.)t) g—ﬁ(t,x)
i=1 i
1 . n n
= 3801 =) lZ(dl.j + e, + d,.]
i=1 Lj=1

ou,
X o, (1,x).

a7

Therefore it remains to solve (17). Let v denote the
Fourier transform of #,, that is,

v(t,€) = ()", 9).

In view of the properties (14) and Property 3 of the
Fourier transform, we have

(o) =5

?—g [(252:) ]

(18)

8u1]

-1
Ervavs L 2ny TEn(,))
—6,(1.6) - 5,85 (1.€). (19)

By taking the Fourier transform of (17), we get

g—:(t,f) =5 Z@W_ V(1,6 + ZZ% re,)

i=1 j=1

(%v(z o+e 3 ", 5))

- idizwﬁgiv(t,g)
i=1
=27 <7T2n:§lz + \/_12":61,-5,) v(t,)
+ ZZ(d,, e 5 S(6) + Z(d,, + e V(5. ).

i=1 j=1

(20)

We introduce a new function v(t,z) such that v(z,z)
will satisfy a simpler differential equation than (20).
Let

v(t,2) = v(t,B(t)2)
=v (I,Zblj(t)z-,...,anj(t)zj) . @D
j=1 j=1

1298

Then

oy
5 (12 = (r B(1)z) + ZZb,,@z, 5¢ (B0

i=1 j=1

2
=27 T&'Z (Zbij(t)z])

i=1 \ j=1

+\/T12di Zbij(t)zj'] v(t,B(t)z)

i=1  j=1

+ Z Z(du +e;;) Zblk(t)zk

i=1 j=1

x B_g.(t’B(t)Z’) + Z:(dii +e;)v(t, B(1)2)

+ ZZb,](t)zJ 7e (t,B(1)2). (22)

i=1 j=1

Choose b;;(¢) in such a way that for all 1 <i<n we
have

(23)

D b0z + > 0> (dy+e)by 0z = 0.
j=1

j=1k=1

This means that we choose b; j(t) such that for all
1 <i, j <n, we have

bi(0)+ > (dy; + )by (1) = 0

(24)
k=1
that is,
B'(t)=—(D+E)'B(®)
(25)
B(t) = exp(—t(D + E)")
where D = (d;;) and E = (¢;;) are n X n matrices

defined in Theorem 1. Then (22) becomes

2
%(Z,z) = -2r lwz (Zb,. j(z)zj)

i=1 \ j=1

+ \/_lzdizbij(t)zj] v(,2)

i=1  j=1

+ ) (d; + e)V(1.2). (26)

i=1

Now (26) can be solved explicitly in the following
form:

n n 2
7(1,2) = 7(0,2) exp <—2w / [WZ (Zbij(T)zj)
0 i=1 \ j=I

+ \/—_lidiibij(ﬂzj] dr + i(dii + eii)t> .
=1 j=1 i=1

27

IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS VOL. 33, NO. 4 OCTOBER 1997



So we have proved the following theorem.

THEOREM 2 The Kolmogorov equation arising from
linear filtering with arbitrary initial condition

ou -
E(I,x) = %Au(l,x)

[ i
-3 (Z(d,.j +e;)x; +d[) 8_)ci(t’x)

i=1 \ j=1
= (d; + )it x)
i=1

can be solved in the following manner. Let

u(t,x) = exp ( >y + e,.,.)z> i, (t,x) (28)
i=1
v(t,&) = Fourier transform of u, in x variable
= @)(t.9) (29)

and

v(t,2) = v(t,B(t)z2)

=v (r,ZbU(z)z',...,anj(z)zj> (30)
j=1 j=1

where B(t) = exp(—t(D + E)T). Then ¥(t,7) is given
explicitly by the following equation:

n n 2
WL@zG@Jﬁ%p(%i/[ﬂ§:<§:@ﬂﬂq>
0 i=1 \ j=1
+ \/IZdiZbij(T)zj] dr
=1 j=1

(3D

+ i(a’ii + el.l.)t> .
i=1

COROLLARY 1 Let u(t,x) be the solution of the
Kolmogorov equation arising from linear filtering with
an arbitrary initial condition:

o _ n n
8_1:(tax) = %AM(Z,X) - Z (Z(dlj + e,»j)xj + dl)

i=1 \ j=1
X ﬁ(t x)— Zn:(d + e )u(t,x)
ox, 2 i T € Jull,Xx).
Then for any t,

(32)

/ﬁ(t,x)dx = /ﬁ(O,x)dx.
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PROOF The equation (31) implies

7(2,0) = 7(0,0)exp (Z(d[,- + e,.,.)r> . (33)

i=1

On the other hand, recall that by (29), we have
v(t,§) = /exp (—ZW\/—_I@C) u,(t,x)dx.
Hence, (30) implies
v(t,z) = v(t,B(1)z)

= /exp (ZW\/_lzn:xi (Xn:bij(t)zj>)

i=1 j=1
X Uy (t,x)dx.

It follows that
v(t,0) = /ﬁl(t,x)dx. (34)

In particular,

v(0,0) = /Ztl(O,x)dx. (35)

Putting (34) and (35) in (33), we get

/itl(t,x)dx = (/ﬁl(o,x)dx> exp (i(dii + eu‘)t> .

i=1

(36)
Combining (28) and (36), we get
/ exp (Z(d,.i + eii)t> iu(t,x)dx
i=1
- ( / ﬁ(O,x}dx) exp (Z(d,.i + eii)t> :
i=1
This last equality implies
/ﬁ(t,x)dx = /ﬁ(O,x)dx
as required. Q.E.D.

REMARK Corollary 1 can also be seen in the
following manner:

o0 [. 1 .
E/M(I,X)dx= E/Au(r,x)dx
olby o
_/; [;(dij +€,'j)xj +di] 8_)ci(t’x)dx
37

_/i(dii +e;)u(t,x)dx.
i=1
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Observe that [ Au(r,x)dx = 0 by the Divergence
theorem (cf. [5]), while

/%

- _/z”:i:(di.i +e;;) 6;u(t, x)dx

i=1 j=1

- out
;(d,.j +e;)x; + d,.] o, (0

= —/ (d; + e;)u(t,x)dx.
i=1

So (8/0t) [ u(t,x)dx = 0 as required.

IV.  ANALYTIC SOLUTIONS OF KOLMOGOROV
EQUATION WITH SPECIAL INITIAL CONDITIONS

Recall from Section III that the solution u(f,x) of
(14) can be derived from

n n 2
v(t,z) = v(0,z)exp ( - 2”/ [WZ (Zbi_i(T)Z.f>
0 i=1 \ j=1
o)
i=1  j=1

(38)

+ Zn:(dﬁ + eil.)t)
i=1

by the following procedure.
Let B~'(r) = (bij) be the inverse of B(¢). Then

v(t,2) = v(t, BB (1)z2)) = ¥(t,B~ (1))

= G(O,B’l(t)z)exp (Z(d” + e,‘,‘)t)

i=1

1 n n n 2
X exp (—%/ lwz (Zbi_i(s) (Zéjk(z)zk>>
0 i=1 \ j=1 k=1

+ \/:Zn:df Zn:bu(s) (iz’jk(’)zk>] ds)
=1 j=I k=1

¥(0,B'(t)z) = v(0,B(0)B~ (1))
= (i1,)"(0,B(0)B" ' (1)z)

= K:exp (2#\/_1 _

_ [ O:Oexp (—2m/—_1 _Z (

1300

= f;(()’B*l(t)z)exp (Z(dii + eii)t>

i=1

t
X exp (—% / [(7(B(s)-B~'()2)" (B(s)- B~1(1)2)
0

++/-1D" ~B(s)~Bl(t)z]ds> (39)
where
dl
D=|":
dn
Let

Wl(t,z)=exp<27T/[W(B(S)~B_1(I)Z)T(B(S)~B_1(t)z)
0

(40)

+ \/—IDT-B(S)-B'(t)z]ds).

When we take the inverse Fourier transform of v(¢,z),
we get to u,(t,x),
iy (t,x) = [V(0,B~ 1 (1)2) - 7, (1, 2)]"

X exp (Z(dﬁ + eii)t> .

i=1

(41)

Recall that (F -G)Y = FV+G". Let

V(t,x) = [ 2] (42)

u,(t,x) = exp <Z(dii + eii)t> v(0,B71(1)z)" x~(2,x).

i=1

(43)
Now for v(0,B~1(¢)z),
> % (Z b;;(0) (Z Z’jk(”zk> )] ) it (0,x)dx
i j k
> (Zbﬁ(mz}jk(z)) xi) zk] ) it(0,x)dx. (44)
k i J
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Let

X = [BO)B~ ()] x. (45)
Then

v(0,B7'(1)2)
= det(B"(O)TB(t)T)/ exp (—271'\/ -1 chkzk>
e P

x i1,(0,B~'(0)" B(t)' %) dx

= det(B~'(0)'B®)") / exp (—2m/—1 Z%@)
o -

X exp (Z(d,.,, +e,)- 0)&(0,3”(0?3@)%) dx
i=1

= det(B~'(0)"B(®)")[1(0,B~' (0)' B(t)"x)]". (46)

So
it (t,x) = exp (Z(dﬁ + eﬁ)z) det(B~'(0)" B()")
i=1
x (0, B~1(0) B(t)T x) x (2, x). (47)
Replace u,(r,x) with exp(3>_i,(d;; + e;)Du(t,x)
u(t,x) = det(B~1(0)'B(1)")
x (0,B~1 0 Bt) x)x~(t,x).  (48)

Next we show how to get an analytic solution
of u(t,x) from (47) by two examples, one is one

dimensional, another two dimensional.
EXAMPLE 1 Consider the equation

on 10%u ou ~
{ E:EW—[(d“+e“)x+dl]a—(d“+e“)u

(0,x) = a(x)
(49)

where « is a function of x.

Then B(t) = exp(—(d,, + e;;)t) and B~!(t) =
exp((d;, +e;)b).

From (42)

fy(t,)c):/ [exp <Z7T2/(f:xp((dIl +e,,)s)
—00 0

x exp((d,, + e“)r)z)zdsﬂ
X exp (27r\/ *1/ d,exp(—(d,, +e,,)s)ds
0

x exp((d,, + e“)t)z> exp(2my/ —1zx)dz
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2(d,, +ey))

(exp((d,, +e,)t)— 1)z
X exp (27rd1\/1 W, +e.) )

- [Tow (2 0aran 12y

X exp(Zﬂ\/jlzx)dz
[ ,(exp2(d,, +e,)0) — 1)Z2
_[xZWz\/—lexp<—27r 2 +e) )

< exp <27rd1 \/:(exp((dll +e, ) — l)z)

dy +ey

x exp(2my/ —1zx)dz

_ 2dy, +e, V-1 /oC
2m(exp2(d,, + e, —1) |

y a% [exp (%Z(exp(z(dll +e“)t)—1)22>}

2(d,; +e;)
X exp <—27rd1 \/Tl(eXp((d“ ten)n - DZ)
dy +ey
x exp(2my/ —1zx)dz

_ 2(d,, + e, V-1 /°°
2n(exp(2(d,, +e, ) —1) J_

(exp(2(d,, +e,)t) — 1)Z?
9.2 11 11
><exp< 27 2d, v e

dyy +ey
x exp(2m/ 1zx)] dz

2(d,, + e, )V—T “
2m(exp2d,, +e, -1 |

,(exp(2(d,, +e,)t) — 1)Z?
><exp<—27r 2, +e) >

xexp | —2nd, \/jl(eXp((d“ te) -1z
dy +ey
x exp(2my/ —1zx)

x {—27@1\/—16"1’((‘1” ten)n | +27r\/—1x] dz

dy +e,

2d, B 2(d,, + e )x
exp((d,, +e, ) +1 exp(2(d,, +e, ) —1

y /°° exp ( 52 (EXPQ(y; +e,)N) — 1)z2>

2(d,, +ey))
X exp <—27rd1\/ -1 (exp((dy, +e,)1) — 1)1)
dy +ey
x exp(2my/ —1zx)dz

B { 2d, 2(d,, +e;x

exp(d, +e,)D+1  exp2(d,, +e,)n) 1 } 7).
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So So

~y(t,x) = (¢,0) eXp( 2d,x Vi +ey

exp((dy; +e;)0) + 1 O = G, T e 0D D

_ (dll + 611)X2 > < . d%(exp((dn + e”)z) -1
exp(2(d,; +e; N —1)° exp (exp((d); +e, )N+ D, +e;) )’

(50)
But and hence
0 _ 2 d
7(1,0) = / exp (—27r2 (xpCyy +e,)0 — 2 ) A1) = Vet
. 2(d,, +e,)) \/(exp2(d,, +e; )N —1)
(exp((d,, +e,)t)— 1)z _ diexp(y +e )0 - 1)
X exp <—27rd1v—1 6'11“ +:” )dz. Xexf’( ©xp((d,; +e; )0 + Dy, +erp)
We can treat this ~(¢,0) as the function of d,, X exp 2d,x B (dy, +e x> .
B(t,d;) = ~(t,0). Then exp((dyy +e; N+ 1 exp(2(dy) +e)r) -1
98 _ oc_zﬂ\/__leXp((du +e ) — lz (53)
ad, | . d, +e,, From (48),
X exp (277-2 (exp(Z(zdldl + e“)t) — 1)22> u(t,x)
(dyy +ep) = exp(—(d,, + e, )Na(exp(—(d,, + ¢, ))

X exp (—ZWdl\/—l(eXp((d” +e“)l)1)z)dz o { Vi +en

dy +e \/Tr(exp(Z(d” +e, )N —1)

2v-1 F o d2(exp((d,, +e;)) — 1)
. 2z X exp

= 2n(exp((dy, + e, 1) + 1) T exp(d,, + e )+ D, +erp)

x |exp (=272 (exp(2(d,, +e,)) — DZ? < exp 2d,x B (dy, +e,)x?
2(d,, +e,)) exp((dy; +e; DD +1  exp(d,, +e, D) —1

X exp (27rd| /71(6Xp((a’“ +e ) — I)Z)dz /4y e exp(=(dyy ey

dy +e, - \/7r(exp(2(a']1 +e D) —1)

_ diexp(y +e D=1
(eXP((d“ +ell)t)+ 1)(d11 +€11)

___ 2d(exp(@d, +e)n - 1)
(exp((d,, +e,)D) + D(d,, +¢,))

So N
d? d., + ¥)—1) ></ a(exp(—(d;, +e;)t)s)

B(t,d,) = B(t,0)exp <— 1(exp((dy, +e;)1) — > _

B(t.d)). xexp(

o0

(exp((d” +e ) +1 2d,(x—s) , +e”)(xfs)2
X exp - ds.
exp((d;, +e, DD+ 1 exp(2(d;; +e; ) — 1
x(dy, +ep). 51
(54)
But If the initial condition is
0 _ 2
3(1,0) = / exp (-27# (e"p(z(zd(g +flel ) 2 Dz ) dz x, 0<x<1/2
e e B0,x)=a)=4{ 1-x, 1/2<x<1,
_ Jdi +eq; ‘ (52) 0, otherwise
\/71'(exp(2(dl1 +e ) —1) then
exp(—(d;; + e, )x, 0<x<Jlexp((d, +e )
afexp(—(dy; + e )Nx) = ¢ 1 —exp(—(d;; + e;D)x, 3exp((dy; +e;)1) < x <exp((d; +e;,)D) -
0, otherwise
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\/d, +e exp(—(d, +e )

\/7(exp2(dy, + e, ) — 1)
X exp ( di(exp((d,, +e,)) — 1) )

(exp((d,, +e, D)D)+ 1), +e,,)
exp((dy) +e)n)/2
X / exp(—(d,, +e;))s
0

u(t,x) =

2d,(x —s)
P\ exp((@,, + e, + 1

_ (d), +e)x—s) )ds
exp(2(d,, +e; ) —1

exp((dy1+eq1)t)
+ / [1 —exp(—(d,, + e, )D)s]

xp((dy | +e11)1)/2
“ ex 2d,(x — )
Plexp(@,, + e, +1

d,, +e,)(x—s)?
T expQ2d,, + e, — 1>ds} (53)

\/d,, +e exp(—(d,, +e )t

m\/2(exp(2(d,, +¢,)) — 1)

X exXp ( di(exp((d,, +e,)n) = 1) )
(exp((d,, +e, )0 + D(d,, +e,))
2d,x
X exp exp((d;, +e, )0 + 1
_ (dll +€”)x2
exp(2(d,, + e, — 1

exp((dyy+eq)t)/2
X / exp(—(d,, + e, DDs
0

or

u(t,x) =

y —2d,s
P exp(@,, + e + 1

2(d,, + e, )xs
exp(2(d,, +e; ) —1

7))o

exp((dyy+ey )N
+/ (1 —exp(—(d,, +e;)t)s)
€

xp((dyy +eq1))/2

- —2d;s
Plaxp(@,, +e,pn+1

2(d,, + e, )xs )

X eXp <exp(2(d11 Te )N —1
1)]ds}.

X exp (—
(56)

B d,, +e,)s*
exp(2(d,, + e )t) —

d,, +e”)s2
exp(2(d,, +e,)t) —

LIANG ET AL.: FINITE-DIMENSIONAL FILTERS WITH NONLINEAR DRIFT V

We observe that

1
/ s exp(fasz) exp(—bs)exp(cxs)ds
0

ky 2 2

(b —cx) (b —cx)

= sexp | —a|s+ dsexp ( )

/k, ( [ 2a } > 4a

- ex <(b—cx>2>/k2[ <b—cx)]

= exp 4a St 2a

( (b — cx) > ds

( cx)z) [(bfcx)}
2a

X exp

X exp

1 (b —cx)? b—cx\?
ZCXP< T2 >[exp (a(k1+ 7 ))
2
—exp (a (k2+ b;acx) ):|
b —cx)? b—cx
—exp( 4a )( Za)

ky +((b—cx)/2a)
X / exp(—asZ)ds
k

1 +((b—cx)/2a)

1
% [exp(—akl2 — bk, +ck;x) — exp(—ak% — bk, + ckyx)]

ky +((b—cx)/2a)
b—cx)*\ (b— :
—exp <( 4Lx) ) ( 3 cx)/ exp(—asz)ds.
a a ki +((b—cx)/2a)

(37)

Applying (57) to (56) with

_ (dy; +ey)
exp(2(d;; +e; ) —1

2d,

= s and
exp((d; +e; )t + 1

(diy +ey)
exp(2(d,; +e;t) — 1

and replacing the corresponding value of k; and k,,
we get

\/d +eexp(—=(d;; +e D)

\/ﬂ(exp(2(d” +e, N —1)
cexp (- d?(exp((d, +e; )1 — 1)
(exp((dyy + e, D+ 1)(dy; +ey)
2d,x
XXP\ Py, Fe 0+ 1
Wy e
exp(2(d,; +e; ) — 1

u(t,x) =
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(exp(2(d,; +e;)D) — Dexp(—(d;, +e;)) exp((dy1 +e11)0)+(d; (exp((dy +e11)D)—1)—(dy1 +e11)x)/(dy1 +e11)
2(d,; +ey) —/

(exp((dy1 +e11)1)/2)+(dy (exp((dy) +e1)D—D)—(d1 +e1)x)/(d1) +eq1)

| +exp _(d“+e“)exp(2(d“+e”)t) W +e)
exp(2(d,; +e; )N —1 X eXp (_exp(Z(d“ +e“)t)— 1 sz) ds
11 11
B 2d, exp((d, + e )t
oxp((d,; + e D + 1 ( 2, 2y, +epx )
exp(d,, +e, D +1  exp(d,, +e 1)) —1
+2x(d11 +e)exp(d;; +ep)) +exp non = non
exp2d,, +e, ) —1 1 ten

exp(2(d,; +e; ) —1

(dy; +e)exp2(d;| +e; D)
—2exp| —
4(exp(2(d;| +e, D) —1) exp((dyy +ep )N +(dy(exp((dyy +ey)N—1)—(dyy +e11)x)/(dyy +eqp)
><\/\
(

d,exp((d,, +e,)0)

_ exp((dyy +e11)n)/2)+(dy (exp((dyy +e1 D)= D —(dyy +e11)x)/(dy +epp)
exp((d,; +e; ) + 1

(dyy +epy) 2
x(d“+e“)exp((d“+e“)t) X exp <_exp(2(d”+e”)t)ls ds ». (58)
exp(2(d,; +e; ) —1
dy(expldy, + e~ 1)~ (d), + ey We draw the graph of this solution in Fig. 1.
d,, + .
i +en) EXAMPLE 2 Consider the problem
2
2d, B 2(d,; +ep)x o | /%n o
exp((d,; +e; DD+1  exp(2(d,; +e;)N—1 —=5(z=+7=
X exp ot 2\ 0x;  0x;
dy +eyy
exp(2(d,; +e; ) —1 o
—((dy; +e x; +(d, +e)x, + dl)g
1
xexp(—(dy; +e; )t
ou
/(EXP((dn+en)t)/2)+(d1(exr>((dn+m)t)1)(dn +e1)x)/(dyy+ey) —((dyy + ey)x; + (dyy + ex))x, + dz)a
2
X
(d(exp((dyy +er D=1 —(dy +ey1)x)/(dy +eqp)

—(d,, +e; +dy +ey)u

X exp < (dy +ey) vz) ds 1(0.) = $(x).

76Xp(2(d“ +e”)1‘)71l (59)

The time step for each curve is: 0.01; ".." is the initial condition.
0.5 T T T T T

04t : 1

0.3r

0.2

Solution u(x,t)

_0.1 1 1 1 1 1
-2 -1 0 1 2 3 4

Fig. 1. Approximation to Kolmogorov equation with Fourier.
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Let

d,+e
A=<11 11

dy +321>
diy+ep

dy + ey

Then B(t) = ¢ and B~'(t) = ¢*'. So B~1(0) =

I -det(B~1(0)B(1)T) = det(e~*""). To get a simple
formula, we assume from now on that A + AT and A
are nonsingular

y(t,x) = / / exp (2#2/ (e M)l (e <emz)ds)
[S) [ 0
3
X exp (/ 2714/ —1DT ¢4 . M -zds)
0

x exp(2my/ — 1T 2)dz,dz,

oo} o] 13
= / / exp (—2%2/ zTe(A+AT)(’S)zds>
0 9] 0
t
X exp (/ —27/—1DT . A9 -zds)
0
x exp(2my/ —1x" - 2)dz, dz,

(o @] o0 r
:/‘/'mmaﬁfm+NTWN“”fm@

o0 o0

x exp(—2m/ — DT A~ [ — Elz)
x exp(2my/ — 1T - 2)dz, dz,. (60)

Because A + AT is symmetric and nonsingular, we
can find an orthogonal matrix

pe {Pn P12}
P21 Pxn
such that
A, O
A+AT=PT{ ! ]P. (61)
0 A
Then
1/, 0
(A+AT)1=PT[ /M ]P 62)
0 1/x
or
1/, 0
(A+AT)1PT:PT[ /M ] (63)
0 1/x
So
(A + AT [ —EYg
Mt 0
_.T T\—1pT | €
=7l(A+AT)"'p { 0 eM_JPz
_rpr /A, 0 Hew 1 0 }PZ
0 1/x 0 e
/\lffl
e )\ 0
=p)" | A Pz, (64)
et — 1
0
/\2
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Make a variable transform w = Pz in (60). Then we
have

y(t,x) = det(PT) /x ” /Oo ”

At
e 1 0
2T Al
x exp | 27w w
et — 1
0
Ay
x exp(—2mvV—1DTA ' [e" — E1PTw)
x exp2mV—1x! PTw)dw, dw,. (65)
Let
DTA [ —EIPT =& = [“1} and
Ho
X +
Px = [iﬁ] _ [pllxl plZXZ}.
X2 D21X) + PnXs
Then

o0 00 At _ 1 Aot 1
y(t,x) = exp —27? ¢ w12 + ¢ w%
0o %) /\1 /\2

x exp(—2my/ —1(p,w, + p,w,))
x exp(2my/ —1(x,w, + X,w,))dw, dw,

0 )‘1"71
=/ exp (—27r2€ \ wf) exp(—2my/ —1p,w,)
1

o0

Aot

- = 2t — ]
x exp2my/ —1x,w)dw, / exp (—27r2 ¢ w%)

Ay

x exp(—2m/ —Lp,w,)expmy/ —1X,w,)dw,. (66)

We need to calculate the integral

/ exp(—2m2hw?)exp(—2my/ — 1 pw)exp2ry/ —lxw)dw.

We can derive a general formula for
C(w,a,b,c) = / " exp(—aw?)exp(— v/~ 1hw)
x exp(y/— lew)duw.
o [ Romaa

x exp(—+/ —1bw)exp(y/ —lcw)dw

* V1o )
g ewan)

x exp(—v/ —1bw)exp(y/ —lcw)dw
/\ %(—\/—lb +1/—1c)exp(—aw?)
x exp(—+/ —1bw)exp(/ —1lcw)dw

(b < = )
= <2_a — Z_a) /ﬂoexp(faw )

x exp(—+/ —1bw)exp(y/ —lcw)dw.

(67)
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So

2

C(w,a,b,c) = exp <?—C—> C(w,a,b,0).  (68)

But

6C(wab0) / —/ —lwexp(—aw?)exp(—+/ —1bw)dw
/ ——(exp( aw?))exp(—y/ —1bw)dw

[ (v

x exp(—aw*)exp(—y/ —1bw)dw

= 7% / exp(—aw?)exp(—+/ —1bw)dw. (69)

So
((w,a,b,0) = exp <%> ((w,a,0,0).  (70)
But
((w,a,0,0) = /_ Z exp(—aw?)dw = \/g (71)
Hence,
2 2
C(w,a,b,c) = \/gexp <% - %) exp (%) .
(72)

From (72), let a = 27?h, b = 27p1, and ¢ = 27x. We
can calculate the integral as follows:

/ exp(—2mhw?) exp(—2m+/ — 1 pw) exp(2ry/ — lxw) dw

_ T ex 2w p2mx _ c? exo [ — (2m)?
V22 P\ Tamn 8 )P\ s
(5 5)0( 5)
h  2h 2h
. (73)

So
OC Yl

/exp -2 i exp(—2my/ —1p,w))
—0 1

x exp2my/ —1X,w,) dw,

= VA exp Ay
[2m(eMi —1) eM’ — 1

ED)
><exp< Kty

2Nt —
x exp(—2my/ — 1 p,w,) exp(2my/ —1X,w, ) dw,

A
20N — 1)

))/ exp (27r )\; 1w§>

(74)
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_ \/)‘72 exp AghiaX, _ AN
[2r(e™ — 1) e —1  2(et —1)

2
H3Ay
X exp ( e 1)> (75)
and hence
_ \% Aty A Xy )‘15‘%
e = 2w/ (et — 1) (e — 1) =P (em —1 2 —T)

1A exp AshinX, _ A%
2en — 1) et 1 2(eM 1)

X exXp (—
/1,2)\
2(6)\27 )

X exp(
— V AI/\Z
2m /(e — 1)@ — 1)

()\
X exp
)\
X exp 2(eA1’
Aty (Pay Xy + PpXy)
X exp ( ot 1
2
2
1)> ’

A
X exp (_72(@2’ —

We now apply (48):

1144 (Py1X) + PiaXy)
eMt —1

)

_ A(pix + pipx,)?
2 —1)

My + PnXy)’
2@ 1)

(76)

i(t,x) = det(e " p(e " 'x) % (1, x)

’ VA,
=det(e ")
(et — 1)(eM' — 1)

1A
X exp e 1)

A
% exp( 1Py (xy

/ ¢(6At

— sl) + plz()c2 — s2)]

eMt — 1
B 52)]2 )

$,)]

=5+ P
2 —1)

_ Alp(x

=5+ Pyp(x, —

et — 1
B 52)]2)

X exp

</\2u2[p21(x1

~ Ml (o =5 + Py (xy

20 — 1)

Uz)‘z
e 1)>ds1ds2

()

77

xexp(

where
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