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EXISTENCE AND DECAY ESTIMATES FOR TIME DEPENDENT
PARABOLIC EQUATION WITH APPLICATION TO
DUNCAN-MORTENSEN-ZAKAI EQUATION*

SHING-TUNG YAU! AND STEPHEN S.-T YAU?}

Abstract. In this paper, we provide existence and estimates of the equation

du S du
a‘ =Au+Zf;5;;—Vu.

i=1

0. Introduction. In control theory or in many branches of applied mathematics,
we are interested in an evolution equation of the following type:

ou 2. Ou
E“A"J’;f‘a_x,-'w’

where f; and V are possibly time dependent functions.

Given an initial function at time zero, we would like to know existence of a posi-
tive solution of this equation. Furthermore if the initial function decay fast in spatial
direction, we would like to know the spatial decay property of the solution for later
time. In fact, in order for numerical calculation to be carried out effectively, we need
to know quantitively this decay property. In this paper, we provide precise estimates
of such an equation under reasonable assumptions on f and V. In applications f;
and V may not be smooth in time. We have therefore avoided any argument involv-
ing differentiation of f; and V in time. A typical equation that can be treated are
those arised in nonlinear filtering problem where the robust Duncan-Mortensen-Zakai
equation has our form. We demonstrate existence and give decay estimate of this
equation.

D. Strook pointed out that his paper with Norris (Heat flows with uniformly ellip-
tic coefficients, Proceedings LMS (3), Vol.62, #2, (1991), 373-402) is closely related
to section 1 of this paper where they treated the case with bounded coefficients. We
were also informed that Fleming-Mitter, Sussmann, Baras-Blankenship-Hopkins have
obtained important estimates on the DMZ equation. However the latter two papers
are focused on one spatial dimension, while the former paper needs the boundedness
of f and V. \

1. A priori estimations. To begin with, let us recall some well known formulas
and inequality which will be used repeatedly throughout this paper.
Divergence Theorem Let Q be a bounded domain with C'-boundary 9% and let
v denote the unit outward normal to 8. For any vector field w in C°(Q) N C* (%),

/divwdx:/ w- v ds,
Q an
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where ds denotes that (n — 1)-dimensional area element in 0.
More generally for any scalar valued function a € C°(Q) N C(Q),

/adivwds:/ aw-uds—/w-Vadz.
Q F:lo) Q :

Green’s First Identity Let Q be a domain for which the divergence theorem holds
and let w and v be C(€) N C?() functions, Then

/vAwdx:—/Vv~dea:+/ va—wds.
Q Q s Ov

More generally for any C*(2) N C*(Q) function ,

/aVv'Vwdx=—/avAwdx—/vVa~dex+/ avél-"-ds,
Q Q Q an ov

The following inequality is true for any a,b € R and any € > 0,
1
ab < ea® + —b%.
4e
For arbitrary real numbers aj,as,---,@,, we have
(61 + -+ an)? <nal+nad+---+nal.
We are now ready to prove the first theroem in this section.

THEOREM 1.1. Let 0 be a compact domain in R* with C-boundary 9 and let v
denote the unit outward normal to 8Q. Let fi(z,t),--- , fa(z,t) and V(z,t) be smooth
functions in z-variable. Suppose that fi,-++, fn vanish on 052. Let u be a solution of
the equation

Ou

LA™
(1.1) E_Aw;fia—xi-vu

with boundary condition % =0 on 0N.
D09 1 s 00
(3) If§+§|vfll -g;f'-éz_.-— div f =2V <0, for 0 <t < T, then

(1.2) / eu? < / edul.
Qx{T} Qx{o}

oh
(i) If 5t |Th+ f? =2V +|VV[P <0, for 0< ¢t < T, then

T
(1.3) / e*|vul? 5/ e"|Vu|2+/ /e"uz.
Qx{T} Qx{0} 0o Ja

o O 1 . .

(i) If 5‘-:- + (€1 + '2—6§)|VP|2 + Zpifi + Zfi'i <0 for 0 <t <T, where
1 i=1 i=1

281

1-3¢

(1.4) e?(Au)? < /

Qx{T} Q

2 —10e? - > 0, then

eﬂ(Au)2+0( [ eloaispio
x{0} ax[0,T]
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+/ ]9 f 2| 7ul? +/
Qx[0,T] Qx{0,T]

>

2 2
N /Q RO /ﬂ o 17 (Zf,,.))

i=1

Qx[0,T]

Proof. (i) Equation (1.1) implies

(1.2) / / egu(—--—Au Z f, V)=

i=1

Integrating by parts, we have

s o[ SE[ g [
. Qx{T} 2 ax{o} aJo 2 Ot
// eJuvg - Vu+// e%|vul?
9 g__ e
// € Zflg‘l //0 € 2;fm

i=1

+// eJu?V,
aJo

o,
where g; denotes -(—91 and f;; denotes ——‘f— The boundary condition for (1.3)

Oz; oz;
+ u ,v,
/ag / 611 ; f
. Ou .
vanishes because —, f1 - -+ , f» vanish on 0Q. But

ov

T 1 T T
// eduvg- Vu S—// egu2|Vg]2+// ed|vul?.
aJo 4Jalto aJo

Put the above inequality in (1.3), we get

2
(1.4) / e
ax{T} 2

S/s:x{o}egt‘_z+//T ;%%"L‘i// |l
e[ [ et [ [ o= [ [ ng
_/9/0 oL Zf,, //e’Vu

u N T =
= ’—-+// e[z +:IvelP - ) figm =) _fii-2V
/ﬂx{o}e =+ 2[at 21 g i;fazi >

=1
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Hence if
8g 1_ 2 =, 09 =
(1.5) -5t——§lVg| —Z;fré;-;fi,i—2V§Oonﬂx (0,17,

then we have

9,2 2
(1.6) / < / e’
ax{T} 2 ax{o} 2
(ii) By a similar argument, we obtain
A2 hlom|2 — 9 hygn g2
e*|vul® - e*|vul® = = (e*|vul?)
ax{T} ax {0} axo,1} O
h
=/ e"Q-IVu|2 + 2/ ePvu - vu,
axp,r] Ot Qx[0,T]

=/ " hy|vul? - 2/ e?(Vu - Vh)u, — 2/ e?(Au)u,
ax[0,T] Qx[0,T] Qx[0,T]

because of the vanishing of the boundary condition utg—u on 9 x [0,T]. So we have
14
(1.7) / et|vul? —/ et|vul? =/ ePhy|Vul?
ax{T} ax{0} Qx[0,T]
—2/ e'(Vu- Vh)[Au+ ) fiu;—Vu
Qx[0,T] ( I Z s ]

=1

-2 /Qx[O,T] e?(Au)[Au + ijuj - Vul.

=1

But
(1.8) 2/ et (Au)Vu = —2/ e?(Vu - Vh)Vu
Qx[0,T] Qx[0,T]
-2 / e*uvu - vV + Vivul?]
Qx[0,T]

Ou

3 0 o0 x [0,T].

because of the vanishing of the boundary condition Vu
Equations (1.8) and (1.9) imply

(1.9) / e |vul? - / eh|vul?
Qx{T} Qx {0}

n
= eth Vu2—2/ et (vu - VA)[Au + s
[Q o T2 [ o i+ Y

i=1

_ h 2 _ h - .
2| oSO / o OV S

j=1
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—2/ ehuvu- vV - 2/ e*Vivult.
ax([o,T] ax[0,T]

By choosing coordinates, we can assume u; = 0 for : > 1. Then

(1.10) 2((Vh+ f) - Vu) Au 4+ 2(Vu - vh)(zn: fius)
i=1
=2(hy + fi)mDu + 2uifil
< Rl + (Qu)® + flul + (Du)® + 2ulfihy
= (hy + fi)*u? +2(Ou)?
< |Vh+ fIAVul® +2(Au)?

Equations (1.10) and (1.11) imply

(1.11) / et|vul? - / et|vul?
Qx{T} ax{0}

- / ePhy|Vuf? - 2 / (TR + f) - Vu)Au
Qx[0,T] ax[0,7]

—-2/ e (Vu- Vh) Zf,-u,- - 2/ e (Au)?
Qx[0,T]

j=l Qx [O,ﬂ

—2/ etuvu- vV - 2/ e*V|vul?
Qx[0,T] Qx[0,T]

< / ePhy|vul? +/ (e"|Vh + f2|Vul? + 2¢"(Au)?)
ax[0,T] Qx[0,7]

—2/ Vel |vul® - 2/ et (Au)? - 2/ efuvu - vv
Qx[0,T} Qx[0,T] ax[0,T}

< / e?|Vul?(he + |Vh + fI? — 2V) +/ e"(u? + |vult|vV]?)
Qx[0,T}

Qx[0,T]

= / M| VulP(he + VR + fE =2V +|VV ] + / ehu?.
ax[0,T] ax[o,T]

Since
(1.12) he +|Vh+ fI? =2V +|VV]* <0, on Q x [0,T]

by assumption, we see that

T
(1.13) / e’|vul? 5/ e"IVu|2+/ /ehuz.
Qx{T} ax{0} o Ja

(iii) Similary we can estimate the higher order derivatives of u in the following way

/ e (Du)? — / e(Du)?
Qx{T} Qx {0}

_ a4 2
= o @O
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=/ e’ pr(Du)? + 2/ e’ (Au)Auy
Qx[0,7] ‘ ax[o,T]

n
PR . Y-
Qx[0,T) Qx[0,T) i=1

-—2/ e’V(Au) - V(Au + Z fiui — Vu)
Qx[0,T]

=1

because of the vanishing of the boundary condition Aua—u-t- on 99 x [0,T]. Hence

ov
(1.14) / e’ (Au)? - / e’ (Au)?
Qx{T} Qx {0}

5/ e’ pr(Au)? — 2/ e’ (Au)vp
QX[O,T] QX[O,T]

2
+£/ e’ (Au)?|vpl + —/
2 Jaxjo,m) € Jax|o,

+£/ e’ (Aw)?|vpl? + g/ e’ |v(Vu)?
Qx[(),f['] 3 QX[O,ﬂ

eV faus)?
T] i=1
2
n
——2/ e’ |v(Au)|? - 2/ e’V (Au) - V(Z fiui)
Qx[0,T] Qx[0,T] -1
+2/ e?’V(Au) - V(Vu)
Qx[0,T}
=/ e’ pr(Au)? — 2/ e’ AuVp - V(Au)
Qx[0,T] Qx[0,T)

2
+5/ e’ (Du)?|vp|* + —/
Qx[0,T] € Jax|o,

+2 / (V) - 2 / ]9 (D)2
€ Jax[o,T] Qx

oS 1.)]2
T]e IV(Z;fzut)l

’

-2 /!;x[O,T] e’V (Au) - V(Z fiwg) + 2/ e’ V(Au) - V(Vu).

i1 Qx[0,T)
But
(115) -2 / ev(au)- (Y fiw)
Qx[0,T] i=1
= —2/ e? Au)guif;, —2/ g Au)g fiu;
Qx[0,T) ,ZL_;,( i ax[o, i:él( rfia
8fi

(where f,',k = -a;:

= —-2/ e? Z(Au)kuifi,k + 2/ e’ Z pi(Du)kug f;
x[0,T] [

k=1 Qx 0, ik=1
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+2/ e? Au)gifiu +2/ p A ii
ax[o.T] Z( )k.f k [ e Z( u)kukf,

ik=1 ax0.T] =1

because of the vanishing of the boundary conditions up(Du)kf-v, 1 <k <n,on
090 x [0,T). Observe that

(1.16) 2 / ef
Qx[0,T)

ay

S (Awefa =2Y /Q I UCRR vu)

1,k=1 i=1

e’ fi(DAu)iVp-Vu—2 Z/ e’ (Au)iVfi-Vu
=179

i=1 7 ex[0.T] x[0,T]
n
-2 / e? i Au .-Au
Z; Qx[0,T] d ( )

because of the vanishing of the boundary conditions f,-(Au)ig—u, 1<i<mnon
14
80 x [0,T]. Now the last terms in (1.17) is

- QLXIO’T](ePAu)f . V(Au)r = 2/9)([0'11 Au) div[e?(Au)f]
(since (Au)?f-v =0 on 8Q x [0,T])
_p /9 . T](Au)v(emu). f+2 /9 | Bu @)
= 2/ (Au)?efvp- f+ 2/ (Du)efv(Du) - f
2x[0,T] ax[o,T]
+2/S;x[0 T](Au)e”(Au) (divf).

The above equation implies

— - = 2 .
(1.17) 2/9)([0,T](e”Au)f V(Au) LX[O'T](Au) e’Vp f+/

aQx[o

(Au)?e? (divf).
.T)

Putting (1.18) into (1.17), we get

n
(1.18) 2/ e’ - (Au)kifguk
Qx[0,T] i,gz:l
n

= —2/ e’ fi(Au)iVp-Vu —2 / e’ (Au);Vfi-Vu
Qx{0,T} gzl ; Qx[0,T] ( ) %
+/ (Au)e?Vp- f +/ (Au)?p? divf.
Qx[0,T] Qx[0,T]

In view of (1.19), (1.16) becomes

(119) -2 /ﬂ o v(3 fow)
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-_-—2/ ef Au)guifi, +2/ e? i(Au §
o7 Z( Jxuifik A > pi(Ou)pu

x[0,T) ik=1

+2/ e Z (Du)guk fii -2/ > efo(Du)ifiug
Qx[0,T]

ik=1 x[0.T] k=1

_2/(‘.2 Z ep(AU)zukfzk"'/ 0T ZP:fn(A“)z

X[O,T] ik=1

+ /Q o &3 f:)(bw)

i=1

=-2 ZeP(Au)k[Eut(.ﬂk +fk 1) ukasz‘*‘fk Zuzlh

QX[O T] k=1 i=1
—u S+ / &3 pifi(Au)? + / (> £.)(Bu)?.
; ' Qx[0,T] ; Qx[0,T] ;

We next look at

(1.20) / o e?|v Z fouil?
. / e Z pk(z fue(3 fyws)
Qx[0,T] j=1

‘/S; zep(z.ft kuz+Zf,u, k)k(Zf]u])

X [0 ﬂ k=1 i=1

(since (Z f,u.) Zf,u,) =0 on 00 x [0,T))

<e [ x[mepszf,uJF © /[ e”lelz(iju,-)z

j=1
[ Se f,kuak(z fius) - / ze«z o k»(z fyu3)
Qx[O k=1 i=1 i=1
¢ [ @ISt [ f?
Qx[0,T] j= ™ 4e Qx[0,T] g j=1 T
+/ ep(zzpkft kut)(z.f]u]) +/ e’ Z(Z ft kuz) Zf]u])k
Qx[0,T] 1i=1 J-—l 0.T] k=1 i=1 J—l
- [ 33 forusn)O frus) - / ep(zf,(Au) NS fru)
ax[0,T]  j—ji=1 j=1 j=1

(since (Z f,u,)[Z(Vf,)u,] v=0 ondQx[0,T)).

ij=1 i=2
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Let us estimate

(21 - /Q or” ;2__‘; fikuar) ( Z fu5)
/ (0.T) JZ_; fiws) ; Vii-vu
/Qx[o 1] ; fJuJ Z(Af,)u, ./x[o‘T] ;’lIiV[epj:ZI fjuj] - Vf,-

n

( since (iju,)u, =0,1<i<n, ond2x[0,T))
=1

/Qx{OT] ;u,Af, iju] / e"gu, Zp"f'k) ZfJuJ)
/Qx[oTjep; ;u‘f”‘) ZfJuJ
/Qx[o - ;u:Aft ]Z;f]‘u] /x[one” gm Zpkf1 ;fjuj)

Qx[ot] L, =1

+ Pv . .2+__ 14 ifi
s/nx[o,TIel ;fju]l 4 ¢ Z Z"f"

Put (1.22) into (1.21), we get

CE T NRC O3

p 2 2
<2 /Q o lv;fyugl [ o7 (,.Zl frus)?
+E ax[o.T] ep(§(§ fi, k‘Ut)2 +2/ 0] e”(g; prfi, kut)(; fJuJ)
+/ e"(Z(Af.)u,)(Z fJuJ)+/ zep(z fi, k“z)(z fiuk
ax[o,T i=1 J—l j=1
- p (Au); -
/Q o (§f( u) )(;f;ua)
24 - 2 - 1:)2
<sef e"IVJZ_;fJuJI / oy (,.; fru3)
1 mee"§(§f, i)t +2 / e"(’_;pk‘fi,kui)(g fiu3)

* /Qx 0,T] eP(Z(Af')“t)(Z fius) = [ ep(z f,(Au),)(Z fiuj)-

i=1 j=1 j=1
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Hence,

(1.23) (1 - 3¢) / e?|v ‘Zj fiusl?

j=1
l n n . 2
< 48/;2 o] e’|Vpl (}:f,u_.,) /Q o T]ep,;(gft,k“a)
p
+2 /S;X[O,T]e (1§1 Pkfz kut)(; fJuJ)+/ o] ep(§uzAf,)(JZIfJu’)
_ P ) ) g
-/QX[O,T] € (g f,(Au),)(J; f;,u,).
Put (1.20) and (1.24) into (1.15), we get
(1.24) eP(Au)2 .../ ep(Au)2
ax{T} ax{0}

< / e pi(Du)? — 2/ e’ Auvp - V(Du) +e/ e?(Au)?|vp)?
Qx[0,T} Qx[0,T] ax[0,T]

2 1 =
+=(1-3¢ "1—/ 1ol () fiu;)?
5( ) % Jaxom Vol (JZ_; i)

+- (1 —3) 1= /x[o - ef §(§ fi, ci)?

+—§-(1 —3¢)7t -2/ e’ ( Z pefi, kut)(z fiu;)

QX[O T] 1k 1

2 _
+20-397 /Q o }e"(Zu,Afz)(ZfJu:)

i=1

20 a1 (A, .
2(1- 30 /Q x[o’ne"(gf,(é\u),)(;fg )

+2 / |V (Vu)l -2 / |9(Bu)
ax[0,T] ax[0,T]

13

L ZeP(Au)k[z uz(ft k + fx, z) uka,p, + fr Zu,p, — Uk Z f, z]

X[OT]k =1

? fi(A 24 4 ¥ 2
*/gx[o,ne ,_Zl”f (@ + | x[o'ﬂe(;f,)(Au)
+2/ \ ePV(Au).V(V,u).

Qx[0,T}

Observe the following estimates

(1.25) —2/ e’ AuVp- V(Au)
ax[0,T)




Existence and Decay Estimates for DMZ equation 1089
1
<2 [ el [ el
Jaxpo,m 201 Jaxp,m

aw AT S L elvistiou
x[0,T} j= x[0,T]

(127 / eﬂ2<2f,ku,)2/ ey Y Xy

k=1 i=1 0,T) k=1 i=1

= / 19 12| vul?,
Qx[o,T]

where |V f|? = Z |v£il?.

i=1

(3 pefuru)(Y frug) = / @33 frusoe Zf, "

(1.28) /
Q><[0TI ik=1 ;—1 0.T] =1 j=1

_/Qx[o . eP(Z f,u1)2Zpk+ /X e° Z(Z firus)?

j=1 0Tl k=1 i=1

IN

- of [ & F21vul?| 9ol + / i)
Qx[0,T] ax[0,T]

2
am o Zu,Am(Z frus) < / PRy

=1

where |Af] = ,E(A f)?
i=1

Pl £12 . )2 pl£14 2
(1.30) /Q oV (Zf,«m < / oM

(131) - [)x o) Cp(z ft(AU Zf]uj) = “/ e? Z[(Z f]u])fl (Au)z .

= S5
<& [ xm’ﬂe";{(zxw Lo ";(;f,u, 2
<q [  emeilrg [ v
am - xme"g(Au»;ui(f,—,k + fud)
< af X[O,T]epk‘;[mu)k]’ % e TZ ;u.mn-fhn

= & /Qx[o,T] e’|v(Au)? +O(/ e?|vull|v £]?)

133 - /Q x[mePZ(Au)k(-usz,p. +szu;p,

k=1
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64 ef Z[(Au)klz + 4; e Z(“Uk z leh + fk Z “sz

QX[O,T] k=1 0 T] k=1 =1

_ 5 / 2|9 (D) +O( / | Tull P19 pf%)
Qx[0,T) ,T]

IN

ww -f ePZ(Au)kusz“

k—

n n
< 4 / e? Au) )2+— e" (ur Y fii)?
= 5 ax(0T] ;(( k 465 Jq Z Z
1
< & [ elwbul g 1uli(3" fis)?
< &) SO IE foom S f)

i=1
(1.35) 2 /9 X[OT]e"V(Au)~V(Vu)

1
< 26 / V(AP + = |V (V)P
ax[0,7] 205 Jax(o,)

Put the estimates (1.26) — (1.36) into (1.25), we get

2 _ 2(Au
(1.36) /ﬂ PR /Q e

< / e? py(Au)? + 26, / e?|V(Au)f? + = e’ (Au)|vpl?
Qx[0,T] Qx[0,T] 25 Qx[0,T]

‘e / e (Au)?|Vpl? + |V f 2 Vul?
Qx[0,T]

1
+._.—————-—
e2(1 = 3¢) Jax(o,1

2
+ eV fP|vu)?) + ——=
/nx[o,Tl 7P 1vuf) (1 - 3¢) Jax(o,1)
2 2 1

+-———-—5/ e?|V(Au 2+——-—/ eI f}|vul?
e(1-3) ax[0,T] V(&) €(1 - 3¢) 462 Jaxp,1) ol

+2 (V)P -2 / |9 (D)
€ Jax[o,T) Qx[0,T]

+265 / |9 (8P + O / ||V f1)
ax[0,T] Qx[0,T]

1
2e2(1 - 3¢) Jaxp,m
4
O SIT + O [ AP
X

e |vul’|fllAS|

+26, / e#|9(Dw)|? + O / | Tul2lfP1VPP)
Qx[0,T] ax[0,T] .
1 n
+26. / L1V (Aw)|? + — e?|vul2 (Y fii)?
® Jaxio) Iv(&ul 205 Jax(o,1] 7 ;

ifi(A p 3 5 i) (Au)?
+/Qx[0,ﬂe"§:pf( w)? +/ o " B8

i=1
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+ 265 / 1A + ~ e |9(Vu)|?
Qx[0,T] 206 Jax(o,T)

l n
= e?(Au)?lpe + (e + =)Vpl* + ifi +
[ SO b 4 I+ 3

26
— 24263+ 2 P 2
+ (281 + gy 24 26 26+ 25 +256)/Qx[0,ne v(Au)|

fiil
1

1=

+0( [ emaistma + [ et
Qx[0,T] 2x[0,T]

P A Pl £14 2
+ [9 WIS /Q oW

»

w2 ul? & - 32)
+f oI [ o TS0 )

i=1

. 2
Let 6, = 02 = 83 = 64 = 05 = 06 = €7 with 2 — 10e2 — —— > 0. Since@+(s+
n . 1-3¢ ot
1 . o
§'€7)|VP|2 +Z Pifi+Zf;,i <0, for 0 < t < T, by assumption, (1.36) implies (1.34).
i=1 i=1

g

In view of Theorem 1.1, we are interested in constructing functions g,h and p
which satisfy the conditions (i), (i) and (iii) in Theorem 1.1. The following theorem
is very useful in this regard.

THEOREM 1.2. Letk: QxR = R* and F : @ x R — R be a possibly time
dependent vector field and function respectively. Fiz a point (Zo,t0) € 2 x R. Let
(z,t) be an arbitrary point in 0 xR witht > to. Let P = { differentiable path 0 =
(01,02) : [0,1] = © x R such that 0(0) = (1(0),02(0)) = (o, to), 0(1) = (z,t), 02(s)

! o+
is linear in s with 02'(s) > 0 and / o1(s) ds = }. Define
0 .

2

1 a2 1 '¢ doi ! d
Eo)=1 [ 220 - [ L a0 oo G + [ FoonoF
s i=1
de(z,t) = gleupl E.(0)

Let o be the curve that minimizes the functional E (o). Then the following equa-
tions hold for almost all (z,t).
1 a1(1)
292(1) +¢

138) 3 Km0t = ~5k(EF + OLEHET) (@20 4)"
i=1

(1.37) vd, (z,1) = - %k(z,t)

i=1
. 1]2
(139 R e G
Os

In particular d.(z,t) satisfies the following equation

%e (2,0) + [9ae(@ 0 + LK@ AN = Fld) -

i=1

lk(z, )1

(1.40) ;
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Proof. If o = (01,02) € P is the path that realizes the minimum of E, (), then it
has to satisfy the Euler-Lagrange equations which we shall derive explicity as follows.
Consider an one parameter family of path in P:

a:(-€e)x[0,1]] > QxR
a(0,s) =o(s), V se0,1]
a(v,0) = (zo,%), VYV vE (—¢,¢)
a(v,1) =(z,t), V ve€E(-¢¢)

Denote a(v)(s) = (a1 (v)(s), @2(v)(s)) := a(v, s) = (a1 (v, 5), 22(v, 5)) and & (v)* := i-
th component of & (v).

dp SOEE 1 )
mEa)| =i 'azgf{g,f Y| > k(@) a0 ) L

1
/o F(a;(v)(s), @z (v)(s)) daZ(v) (3)}

1 2.0_01(1} S) 6vas (‘U S)
s

4 a—"‘z(v s)+e

v=0

_l 0.19 ’U,S)I Bvas(v S)
(%22 (v s)+e)

o

v=0

n

1 n
=1 Zg—(alw)(s),az(v)(s»—‘(v s)
i=1 j=1

+%’;—( 1(v )(S)ydz(v)(s))ﬁ(vy )] dax(v) (s )v—o
——/ ;k al(v)(s)’a2(”)(s))aval(v s) o
+A’1 L:l Ez—j(dl(’v)(s),dg(v)(s))_l_(v,s)

+o @00 00D G209 29|

+ [ e a0 o)

:1/ [ —;—L(O 8)31163 (O S) la_al(o S)P 808.9(0 3)}
4 /, 922 (p, s) +e€ (a—"Z(O s) +¢)?

-_/‘i[
Oa; ]da,(O )

+—(a1(0 s), @2(0,8)) 5=(0, 5)

»8),a2(0, S)) 1(0 s)

- / Zki(al(o,s),az(o,s)) o0

/ Z——(al(O 8),as(0,8))2 1(o 5)




T
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OF (0,9, ea(0 s»i;’; 0,9 52(0,9)
+‘/(; F(al(O,S),az(O:s))m(Oas)
L[ ) 4 )
"2 Jo 822(0,5) +eds” v 08
. U gm0, d da
z?m‘)—)‘as % O
__/ (al(o 3)),a2(0 ))aa’ (3 3) Bala(g 3)
z-lr‘l
3 [ S F 0,9, an0,00 G2 0,9 200
i=1
/ Zk (@1(0,),ea(0, ) (2%

/ Z—(al(o s), a2(0, ) a‘-‘J(O s) 6a23(g , S)

ij=1

v /0 O (01(0,9),2500, 3»3;*2 0.9%2(0,5)

3&2

/ Flan(0,5),00(0,9)) 3 (520, )

=_1/‘a[ 821(0,5) ] @l(’HI 921(0,5) Boy

2 Jo 8s|222(0,5) +¢ 2822(0,5) +¢ 3
1[0 lﬁ’?‘ﬂ(o s)|? Oay
+il as[(ﬁsn(o e
1 122(0,5)]> da, daz )"‘
4(3_01(0 s)+e)2 T N
——/ (01(0 s),a2(0, 8))6(!1 (o, ) 1(0 s)
1—13—1
! / a;(O s), a2(0, s))a"‘1 (o, )660‘2( s)
/ (01(0 9,00, ))Ba’(O ,5) aa1 %4 (0,5
1—11—

302

/ % (0,9, 2200, ) 200, 9280,

aal(o 5)|=!

=0

.__Ek (0 (0,5), 2(0, 8) 222

1093

s=1

0,s)

=0
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/ Zj-a—(al(o 5),0a(0, 5)) 222 %) 86 (0,)

302

/ O (@1(0,5), 0200, s))a"“’ 0,5 %22(0,5)

- z——(alm 51,200, 280 80z g

6a2 Baz

2(0,5)52(0,9)

=1

/ a (a1(0, ), 20, )

+F(a1(0 8) 02(0 3)) (0 )

s=0
_1 9 921(0 s) 6a1
/as{-@ﬂ(o s)+e] TR
“_/ —-(al(O s), a2 (0, s)) 1(0 s)aa‘ (0,5)
i=1 ]"
*%/ ;; g: (a1(0,5), a2(0, s)) aa‘ --(0,5)
/ > (a1(0 s), a2(0, s))agzz( s)%%i(o, 5)

Baz

1 n j
/ (a1 (0,5),2(0,9) 520, s))%“}(o, 5)

1790 _Ii—"‘_*&s_)li_ day
+4/o as[(@ﬂ(o,s)wv]—(o’s)
1 n
__/ a,(O s),az2(0, s))aa‘( )aa2 (0,s)
602

Z—(ams) 012(03)) ( 5)5-(0,5)

In order that o mxmmizes E.(0), o must make the above integrals vanish for every

n(s) = (6(11 (0,s ) (O s)) which vanishes at s = 0 and s = 1. So we have derived
the followmg Euler-Lagrange equations
1d[ %) 1, 1(< 0k Ok; 802
~5% [Qf}(s) +J+§ <¥ 3z, (o1(8), 0’2(3)) 5t oz(s))gé-(s))
(1.41) L 2 o (3),02(5))——( )+ 3 ((6), 02N P2 (s) =
for 1 5 i<n

1d[ 1%2(s)P 1 o Ok; dot
ZI[W]_-2-.2—5{(01(3)’02(8))—5-8—(3)

i=1




e
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* OF doi
(1.42) -3 sl oo =
i=1 !

Now suppose ¢ is the path in P which minimizes E, (o). Notices that o depends
on (z,t). Then

M (2,0) = 5o Bel0)
1 1 |42;(s)|2 116 [ .o}
-1 /0 Elatrnl-1 ) E[gh(al(s),az<s))—5§(s)]
1
+ /0 %[F(UI('S))UZ(S))BBUZJ

_L /‘<%"a§—i%’;> 1 /‘ i
2 Jo o (32 +ep? +¢)2 0205

1 (1 Ok 50"601 1 & Ok; ba2 9o}
"2y ,‘;};azj("" 725z Bs /o Z 5t 75 B

1—1j—1
1 1z 601 602
"5/ Z’“("l"’z)aa / a ("1"’2)5 Bs
1 50’260’2 6602
+ o at(alya2)6 a /‘; F(UlsaZ)J a
_1/1 d %ﬁ d 601) 1 1 Ia—"’-[2 d(écro)
T2 3" +eds oz (8—’1+s)2ds oz
doi b0] dai doz
“/ 2_”_ ("" )55 5z 2/ Z a (1,055 52

d 3 Ooy 6
/ Zk(01)02) al / Za (017 2) 60-2 (50-1'1

003 6 d é
/at(ol, 2l [ Flono; (""’)

[ L2 u;'-i— |
1

s=1

=0
1 /1 i) |i'-xs2 bdo; 1 |%x| D
ds (?zz +e2) oz 43z e)z bz |,
Bk, dal bdai o} d02
_""/ (01) 2) 33 (5(6 / (ala 2) 68 _(S_I.
j=1li= l
i k,‘ 6 30'2 501
/ ; =1 3$'(01’02) Os Bt( 1,02) 63] oz
s=1
ot do2 &
""Zk(al,az)— / (01, 02) 602 al

=1
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LoF Joy 502
T/ 6t( Ly
/ ( 01,0 2) ( 1,02)302](;02 +F(01,02)—‘-‘
1—1 =0
o 1d ﬂﬁ(s)
_/0 ; { 2ds [i‘ﬂ(s)m}
. ( > %;e(al )02 Di(6) + Lo, ), 02<s))%(3))’
—%Fl S (01(5),02() 33 (s)+—<m(s),oz<s))@< )}""‘

(14 |4o1(s)[2 n o
+_/0. {4ds [m} - Z 0’1(3),0'2(3))_‘1181(3) _

1
2
> (o) oa(s) }33

Wiy s) bof| -1 |GG dof =
2~ 701(3)‘*‘5 5” =0 (M(3)+€)2 0z |,y
1 n s=1 150'2 s=1
‘2‘?; i(01(s), o +F(01(3),02(3))5—z' »
N O S O
2 i=1 .H‘ZZ.(S) +eé 62 =0 4 (éﬂ(s) +€)2 61: 8=0
1 n (50" s=1 s=1
—Eg;ki(dl(s)yaz(s))g i +F(Ul(s))'72(3)) 61: o

because of (1.43) and (1.44). Observe that we do not move ¢ in calculating %(x, t).
T

Hence §-a—2 = 0 and we obtain

oz
n do! i 1s=1
dd, 1 y ai =
143) —(z,t) == s 1 ki(o, 9
(143)  +(z,1) 2§%+m B ‘_; (o1 azxal,az) B

-, Zk @, )

It follows that
_ (Sde 1 Ul(l) 1
Vds(w,t)—-éz (z,t) = ETU-F_ 3k(z,2)
Similar calculation as above will show that
2 a,0)= Z 0l 501’ =1 LR s
P IS Em (g rep a |, 4(%2(s) +)2 ot |,

P
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, s=1 =1

.__Zk (o1(s), 0’2(8)) + F(01(5),02(5)) =

s=0 6t ls—o

50’2

s i
Observe that we do not move z in calculating %(z,t). Hence &Ltl- =0for1<i<n
and we obtain (1.41). Equation (1.42) follows immediately from (1.39), (1.40) and
(1.41).

Notice that Vd,. exists only almost everywhere as only for almost every (z,t) there
is a unique minimal curve ¢ joining (z,t) to (zo,to). Hence (1.39), (1.40), (1.41) and
(1.42) hold almost everywhere. O

COROLLARY 1 1. In Theorem 1.2, let ki(z,t) = —fi(z,t) end F(z,t) =

: gf'( 0+ = | (z,8)]® + V(z,t). Let ge(z,t) = 2d.(z,t). Then g(z,t) satisfies

condztzon (i) in Theorem 1.1.

COROLLARY 1.2. In Theorem 1.2, let ki(z,t) = 2fi(z,t) and F(z,t) = 2V (z,t) -
|VV (z,t)|%. Let he(z,t) = d.(z,t). Then he(z,t) satisfies condition (ii) in Theorem
1.1.

COROLLARY 1.3. In Theorem 1.2, let ki(z,t) = fi(z,t) and F(z,t) = %|f|2 _
2e} + 1 0f:
27 = dz;
in Theorem 1.1.

2
. Let pe(z,t) = d (s,t). Then p.(z,t) satisfies condition (iii)
et +

REMARK. Notice the difference between €; in Theorem 1.1 and ¢ in Theorem 1.2.

LEMMA 1.1. Let ¢ > 4 be a constant. Assume that

(1.44) |f(z,t)] <c(1+]z])

(1.45) IV f(z,1)| = ,IZ IVAI? < c(1+ =)
=1

(1.46) IV (z,t)| < c(1+|z*)

(1.47) |[VV(z,t)] <c(1+ |z])

Then the following statements holds.
(a) ge(z,t) in Corollary 1.1 has lower bound in terms of

1 302(11' +1)(t o) — c(5m? +3)]

2 .
[2(t “tote) 2 z* + lower order terms in .
(b) he(z,t) in Corollary 1.2 has lower bound in terms of

1 (572 +3) 32(t— to) (7% + 1)
(4(t—to+e)_ 4n? )

)z?+ lower order terms in .

%
(c) pe(z,t) in Corollary 1.3 has linear bound in terms of 53 :23 I [(4(t — 10 et

c 2}+1, 3¢ 3¢ 3c(n’+1) 2el+1 2
(t-to)e(G+ =5z )T "8 e )5+ = o

lower order terms in T.
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Proof.
@ IFEo=lg Zaf'< )+ 517 O +V(z,0)

s% 1251+ s o + V@)

i=1
1
< §c(1 +z|) + 74—(1 +z))? + (1 + |z|?)
< (1 +la))?
Recall that P consists of path ¢ = (01, 02) such that

T+ xo
2

1
(0) = (z0,%0),0(1) = (z,1),02(s) = (t —to)s + b, /0 a1(s)ds =

ge(z,t) = 2d.(z,t) = 2minE (o)

2
={,‘2£{ A Lj,jl‘s /Zk(m(s) ()% /Fcn s),gz(s))dﬂ}

_f1 ! 2
~ms{3 ?LU—(tzllTeJr/o fo““(s)"”(s))—;” / Plos(s), (o) 52 |

> {m/ o1 (s)? - /|f(01(s),gz(s))| 'flf_l_l

2 /0 A1+ oy ())P L2 }

1 1
2min (s [ 10O - [ et + (I
1
2(t-t0) [ 2+ ()

1 1
2min{ (g~ 3) | P - -0+ 5 [0r i)

“oeP | ‘2(t—to+¢)

1
25‘25{('2’@—_;7;5—) - -;-)/0 [61(8)1* = (2t ~ to)e? +3)

1 1
— (4t - to)c? + ) /o j02()] - (2t~ 1) + ) /0 |01(3)|2}

1
2 min {(m - %)/0 o1 (s)I? — (2(¢ — o) + g)

o€EP

1
— [6(t — to)c® + -::';Ec]/0 1+ Ial(s)l)z}

Recall that the Poincare inequality states that

1 1 1
/ o1 (s) - / o1(s)ds|2 < D / |61]2, where D = —
0 0 0 4n?
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Since
1 1
lo1(8)? < 2lon(s) / ol + 2 / )2,
(1] 0
we have
1 1 1 1
JACIEE [iore)= [ a2 [ o2
0 0 0 0
1 1
521)/ |znlz+2(/ 01)?
0 0
Hence

1
ge(z,t) > mm { [-2_(t_—-?10)—+3 5 (6(t — to)c? + gc)2D] /o lo(s)[?

1
- (2(t - to)c2 + 5) - (12(t - to)c2 + 36) (/ 0’1)2}
0
1 1
Observe that / |o1)? > | / 61| = |z — zo|? by Schwartz inequality. It follows that
0 0

[ 1
%@ t) > | — o -
L2(t—'to +E) 2

— (2(t - to)c® + 2) (12(t - to)c? + 3¢)|——1*

[ 1 c 3
=|l— = = 12(t - 2D — - 3(t— 2 _ Ze|z?
Gttt 2 (t—to)c®D — 3cD — 3(t — to)c 4c] T
+ lower order terms in z.

N 1 32 (n? +1)
B 12(t —to +¢) B 72 (8= to) =

+ lower order terms in z.

(12(t — to)c® + 3c)D] |z — zo?

+I0

472

c(57% + 3)}

®) Fla,t) = [2V(z,1) - |9V (z, t)||

<2lV(z, )| +1VV(z,t)|
< 2c(1+|zf?) + (1 + |z)
< (S +29(1 +z))?
=2c2(1 + |z])®

he(z,t) =de(z,t) = ngn E (o)

1. 2 1
=ffneig{% o l«%—l(ﬂ' 1/ Zk(UI(S),Uz(S))——‘-+/ F(al(s),az(s))%asl}

S +e
s

> min { gy [ P - [ e+ oo
1
~t-t0) [ 220+l

s
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c 1
2 {(4(t “to+e) / 1 () = (2t = to)” + 3) /0 (1 +-Ia1(s)|)2}
=B {(_l_— - 5) /0 o1 (s)[? = (2(t — to)c® + g)

4(t —tg +€)

~e- 0+ [ Inel - (2=t + ) | e
. 1 e b .
> { (i) 9 ) 1P - (=) +5)
1
-0+ ) [lner)

: 1 Z — (12(t - to)*D + 3cD)] / 1 lo1(s)P?
22%%{[4(t—to+s)_§_ ° 1

. 1 c 2 / .
S _3¢D-12(t-to)*D
nynel%{[4(t—to+e) 53¢ (t = to)e" D]| A ”‘l

1
—(2(t - to)? + -;-) — (12(t — to)* + 3c)(/0 01)2}

1 c(2r®+3) 3E(t—t)\, 2
= (4(t “to+e)  4m? - 72 )II To|
(2(t - to)? + 5) = (120~ to)e* +3¢)

1 e(5m2 +3)  32(t - to)(r? +1)
(4(t —to+¢) 4?2 w2

2

)1:2 + lower order terms in z.

Ofi
(©) |F(z,8)| = -}ilflz 261 - - Z ai,‘

1 6,
%UF 261+ ‘Z f

<l + B e + e
< c(z + 26; 1)1+ j2)?
pe(z,t) = 23+1d( zt)
sl [ g Treonog

+/0- F(al(s),ag(s)%}

2¢2

— — ! 1 ! d0’1
L i 51(s 2-—/C1+U s —_
‘>'2€‘I‘+1¥161%{4(t—to+€)./0 lo1(s)] 2 Jo (1 +lo (DI dsl
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—(t-t0) / oS+ 2L +1)(1+01(3)I)2
23 +1

2 ' 1
2L i {(——1—— -2 /o jgr(9)” = [(6 = to)e(g + =35—) + 5]

2 23 +10eP | 4(t —to +¢)
1
[ a+ien]
0
22 1 P c 23+1, ¢
__:,—-mln{(m - “)/ lo’l(s)l - [(t—to)C(Z + 26% )+ -2-]

T 23 +1oeP
263 +1)
1 +c/ 1 (s)]

—[(t“to)c(-g
~([[t — to)e(3 +281+1 / lo1(s)?
c 283 +1 c
‘2sl+1a (4(t—t S| f lov(s)I* = [(¢ = to)e(7 + —215%_)+§]}

(t—to)c(%"’(%‘“’ ] (o)
(

9 1
"251-!-1051’{ (t—to+e E’. 2 ((t_t")( + Elj-l)‘*'l)]/o lo1(s)I?
23+1, ¢ 3¢ c 23+1 1 2
[(t—tO)C( —;E%‘—)‘i‘i]—?[(t—to)(i-l- 15% )-}—1”/(; o1(s)
2 1 3c¢D 3 1
”25?;'6-:-12161%{(4@—1304-5) g— ; ((t_tO)(£+261;1)+1)]/ Idllz
—[(t—to)c(§+3€§€—‘;1)+§]-_[(t_to)( +2€1“ r1 |/ al(s);}
2¢2 1 3cD 2 1
=2€;j~1{[4(t—t0+5)_§ (; (G to)( €‘+ ) + 1)]|z - zo|?
3
_[(t—to)c(g-}-%—%e-%—l).*.g].._c[(t__to)(f+251€;1)+1”z-;zo| }

2¢? [ 1 (—t)c(i 253+1) 3¢ 3c
T2+ 14t —to +e) 016 T 8e2 4 82

3c(1r +1) c 2¥+1
(t )(‘ le% )]

z? + lower order term in .

In view of Lemma 1.1, we have the following Lemma 1.2
LEMMA 1.2. Assume that (1.44) - (1.47) hold i.e. |f(z,t)| < c(1+|z]), Vf(z,t) <
c(1+]z]), [V (2, t)| < c(1+]z[?) and IVV(:r,, t)] < c(|1+|:c[), where ¢ > 4 is a constant.

C(l +1z[?)
T 43+2) Let p(z,t) = s . Then

the conditions (i), (i) and (iii) in Theorem 1. 1 are satisfied for t — tg + ¢ sufficiently
small i.e. ,

(i) Wpl2 Zf.p, Zf, i — 2V <0 for t — to + € sufficiently small.

i=1 i=1

Let € be a constant strictly less than mm(
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(u) = A f|2 2V + 1vV12 <0 for t — to + € sufficiently small

(m) o + (81 + |VP‘2 '*'szft +2 fii <0 fort— tO +¢ sufficiently small.

i=1 =1

Proof.

9p _ +lz®)  Op _ 2¢z; 42|z)?

op __ditlel) =P - D
ot (t—to+e)? Ozi t—tote (t —to+€)?

. 6 1 n n
M) oo+ l9l - D fepim Z fii—
i=1

—E(1+|xl2)+ 22|z
St —to+e)? (t —to +¢)?

+c(l+ |z|)—-—1—|_;— +nc(l + |zl)

+2¢(1 +|z))?
' S(%—__E’f_?f%(l Fla) 4 g (L ol el +e])” + 2e(L ¢ Jal)?
—¢(1-20)
S(m + {—_—t(—)—;z +2nc+4c)(1+ =)
<0

for t — to + ¢ sufficiently small because 0<e< i

(ii) %3 +vp+ fIP -2V +|7VP

=%— |9t +2vp- fHIfIP -2V + vV |?
<_ (1 +1=%) 42|z} 4¢cjz|
- (t—to+s)2 (t—to+€)2 t—to+e
+ (1 +|z?) +2c(1+ |:c|2) + 321+ z))?
< —¢(1-40)
- (t —to + 6)2
31 - 49
S[t—to+e)2 t—to+e
<0

e(1+|2))

1+ |z|?) + m(l + le)2 +22(1+ lz)? + 2¢(1 + |z|?)

+4c% + 2c] (1 +z1%)

.1
for t — to + € sufficiently small because 0 <c < -

-

) Pt gl S Y fu

i=1 i=1
T WS BN el
SE—tote) +et 25';’)(t—t0+s)2‘$l2 t—to
+c(1+|z)
f1-@a+E)?7) 4
S{ ETYTE +t—to+e+2c](1+|ﬂ2)

<0

c(l +z])

2
for t — t + € sufficiently small because 0 < t< Zﬁ—?ﬁ 1l
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Consider the parabolic differential equation

ou
5t

u(z,0) = ¥(z)

where f grows at most linearly and V' grows at most quadratically satisfying (1.44) -
(1.47) respectively. Let f2r and Vag be the functions obatined by multiplying f and
V respectively by a cut off function ¢ which is equal to one in the ball of radius R > 1
and equal to zero outside a ball of radius 2R. We can choose o such that

(1.48) A+Zf.—7—V  aR

4 4
4 v < — A <<
(149) o) S gy @4 1800l S
Consider the following equation

Buz

Ouzr
— — Vapuzr
1

(1.50) ek Dugg + Z(fzn)z

=1

in the ball Bsg of radius 2R with the Neumann condition, where (f2r): denotes the
i-th component of fop. Let ¥2r = ¥(z)o(z). Then the second initial-boundary
problem

Ouar

5 - Ausg + g(fm)x - Varuzr on Bap x (0,7
(1.51) w(z,0) = Yol on Bor

U2R

812/ =0 on 3B2R X (O,T]

has an unique solution (c.f. [Fr] p.144 Theorem 2) for t € [0, 0).

LEMMA 1.3. Assume that (1.44) - (1.47) hold, i.e., |f(z,t)] < c(1 + |z|),
|V f(z,t) < c(1+]z]), |V(z,t)| < c(l + |z}?) and |VV (z,t)] < c(1 + |z|) where ¢ > 4

is a constant. Let ¢ < mm( T ?4—;:—-) be a constant. Choose T and € suitably small
o o1+ =)
so that conclusions (i), (ii) and (i) in Lemma 1.2 hold for p(z,t) = v for
€
all0<t<T. Then for0<t<T
() e’ujp < euzp
Barx{t} B2rx{0} .
(i1) e?|Vuzr|® < / e’ (Vug)? + / / e”®9) (uyp(z, 5))?
ngx{t} BzaX{O} 0 J/B2gr
(iis) e’ (Auzg)® < / e?(Auzr)?
Barx{t} Barx{0}
2o ervallfalvunf + [ 10pmPivul
anx[o,t] . Bzax[o,t]
[ Apalvidfinsal+ [ kvl
Barx[0 t] Bagr x[0,t

v n
+/ e"lv(Vmum)Iz+/ eprU2R|2(Z(f2R)i,i)2)
Barx[0,t] Bzrx{0,] =1
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Proof. 1t is easy to show that | f2r|, |V f2r|,|VV2r| have linear growth while |Var|
has quadratic growth, so we can apply Lemma 1.2 and Theorem 1.1 to get our esti-
mates (i), (ii) and (iii) above. O

THEOREM 1.3. Let uag be the solution of (1.53) where R > 1 woth inital condition

uzr(z,0) = Yar(x). Assume that (1.44) - (1.47) hold i.e., |f(z,t)] < (1 + |z]),
|Vf(z,t)] < c(l+]z)), [V(z,t)| < c(1+]|z]?) and |VV(z,t)] < c(1 + l:z:l), where ¢ > 4
is a constant. Assume further that IA f(z, t)| < ¢(1+ |z|). Let & and ¢ be positive

constant such that ¢ := ¢+ 6 < mm( i 3 g 2) Choose T and ¢ suitably small so

that T + € < & and the conclusions (i), (zz) and (ii) in Lemma 1.3 hold for both

~ 2 = 2
1+ |z|?) and iz t) = 1l +|z]%)
t+e t+e

p(z,t) =

forany0<t<T. Then forany0<t<T

(i) eulp, (i) e?|Vuzg|?, (i) e?|Auapl?
Barx{t} B2rx{t} B2rx{t}

are bounded above independent of R and t.

Proof. By Lemma 1.3, we have
O [ eua<[ oup= [ eOn@)
Barx{t} Bag x {0} Bz2r

< / ¢#2:9) (3(z))?
R® t
(i) e"]VumI?S/ e"quzR|2+// () (uyp(z, 5))*
Bar x{t} Ean{O} 0 JBag
< / 2|y (2)]? +t / =0 ()2
B2r Bar
< / =0 (9ally] + |V¥)? + T / /=) (3(z))?
Bar Bar
<z eCOapiup ez [ ooy +T [ oty
Bzr Bap Bap -

<8 [ eIy +2 /

Bar Bar

SO +T [ Oy
Bzr
—@+T) [ SEOpP 42 / =0 |7y|?
R™ R™

(iii) e?(Augp)® < / e’ (Auzg)?
Bar x{t} Bapx{0}

+0 (/ e?|Vpl*| f2rl*| Vuzr)? +/ €|V f2r|*|Vuzr|?
Bgaxlo t] Bagn X[O,t]

+ / | f2rl|Vusr)A for] + / &1 forl*|Tuzrl?
B3 x[0,t]

Baopx [O,t]

n
L ) I Oy
Bagr x [0,t] Bar X[O,t] i=1
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We need to get upper estimate of the right hand side of the above inequality.

/ e(Duzg)? = / =N Aop)?
B2r x{0} Bar

= / e? @0 ((Ay)a +2Vy - Vo + Yo’
B2r

- / =0 [(AP)20? + 4T - T0)? + $2(D0)? + 4(A)a(VY - Vo)
Bar
+2(AY)op Ao + 4(VY - Va)¢Aa]
< / e?@O[|Ayla® +4(VY - Vo)? + 97 (A0)?]
Bar

+ f =0 ([| g + 4V - V0)?] + (|80 + ¥ (Bo)?]
Bar
+[4(vy-vo)? + @*A00)*]}
=3 e’ [|Ay20? +4(VY - Vo)? + 97 (D0)?]

B2r

<3 eﬂ(x,O) [(A‘l/)|2 + 4lv¢l2lva,|2 + ’(,[)2(A0')2]

Bzr

<3 / EO| Ay +48 [ vy’ +12 / e?(=00y?
B2r

Bag Bz2r

<3 / e’ @] Ay)? +48 / e’ =0 vy|? + 12 / er(=0)y?
n R» R»

t 2
4clz

/ e"WPl?szlzlVquP=/ / e"———-ﬂ1 ‘ s|lo f1?|Vuzrl?
Barx[0,t] 0 JB2rx{s} (s+¢)

t
< / p-iaa e?|z[*(1 + |z])?| Vuzrl*))

0 (S+€)2 Bar x{s}

Since s + &€ < J, we have

Hence

2121 + |z])*< 2)z? + 2=l
Saf? | &lal
s+e  (s+¢)?

__;'_ 8212 5(1+1=12)
= esteg ste = ¢ s+e

< ete (1+

+---)

/ e?|Vp|?| farl*|Vuzrl®
Bag X{O,t]

t 8?(;2 F+=l?)  sa+]=12) 2
< — e te e s+e (!Vu2RI)
0 (3+€) Barx{s}
t
- / il 9| Tuyp?
0 (3+E) anx{s}

t
< / ._8._{(:3_ eP(zyo)lV¢2R‘2
0

(s + E) Bar
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t
= 822
E(T + 6) Bar

1622t
~e(t+¢€) I,

1623T
~e(T +¢) Jrn

t n
2
[ Pyt < [ [ OOl +ovsf Tl
Bar x[0,t] 0 JBzrx{s}

i=1

t n
< / / & S (12 £2 + 0?19 £i2) Vuzal?
0 Bzax{s}

i=1

e?@0|(Va)y + a(vy)[?

Fe (ol + o Tyl)

0 (4y? + |vy|?)

t
< / / (8?12 + 2¢°|9 )| Vuznf?
BQR—BR)X{S}

t
</ / (1022 (1 + |])2|uzal?
BgR—BR)X{s}
// 10ee e |Vuzg|?
BQR‘BR)X{S}
=// 10c%e?|Vuap|?
0 (BzR—BR)X{S}

t o~
< 10c2/ / e“’(x’o)lvwml2
0 JB2r

<102T | B0 (4p? +|vy)?)
Rn

- .
/ e?| f2rl*| O forl|Vuzr)® “/ / e?|fal,| D 18(c £:) 2| Tuzrl?
B2rx[0,t] Barx{s} i=1

. /t /BzR—BR)x{s} ep'fl\] Z [(Afi)a. +2(vfi) - (Vo) + fiAallequP

i=1

t n
< / [ V3f1L| 3 18202 + 4|9 £iR1902 + |21 B0 Tuzl?
B2r—Br)x{s}

i=1

< ﬁ/t/ e?|f|(IollAF) + 4|0 |V F] + |1 Aall )| Vuzrl?
an—Bn)X{s}

t
<V3 / / ec(1+ Jal)(c + 16¢ + 4c)(1 + |z])|Vuzal?
B2r—-BRr)x{s}

¢
-3 / / 2122 (1 + |z])?|Vuzrl?
0 (ng-Bn)x{s}

5(1+]=]2

t
8 +|=]")
_<_21\/§c2// ePe” +e  |Vuagl?
] (BQR—BR)X{S}
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t
< 21\/562/ / e”quzRP
0 JBarx{s}
t
< 21V3c? / / P 0| vy p|?
0 JB2r

< V3T / @0 (492 + |9y?)

n

, |
[ elpalfvunt = [ ecariaiom
B2r x[0,t] 0 JBaax{s}

¢
S// €p8C4(1+l$|4)IV'U'2RI2
0 Bsz{s}

t 6!l+[z|2!
< / / 8ctefe” s+  |Vugr|
0 JBa2rx{s}

t
=8c4// e?|Vugrl?
0 JB2rx{s}

t
<8t / / P |Tahor]?
0 JB2r

<8!T | S04y’ +]vyf)
Rn

t
/ |9 (Varuzn)|? = / / €?|9(oVuzR)|
anX[O,t] 0 B;gx{s}

t .
=/ / e?|(Vo)Vuzr + 0(VV)u2r + oV (Vuzr))?
0 Bz}zx{s}
t
<3 [ eluofiVitunl +loF19V Plusal + oIV Tl
0 JB2ax{s}

t
< 3/ / e? (4c2(1 + |z1?)?|uzrl® + A1+ |z))?|uar)?
0 (Bza—BR)X{s}
+3(1 + |2%)?|vu2rl|?)
t
<sff & (821 + |allluzal? +26*(1 + la)hu2rl?
0 (Bza—Bn)X{s}
+262(1 + |z}*)| vuzrl?)
t
< 3/ / e?(10c*(1 + |z|*)|uzr|? +2¢°(1 + lz|*)|Vuzrl?)
0 (BQR—BR)X{S}
t (1+]=12)
< 3/ / ePe e (10c*juzr|? + 2¢%|Vuzr|?)
0 anx{s}
: _
=3 / / e? (10 |uzr® + 2¢°| Vuzr|?)
0 JBapx{s}
<37 [ =010 srl + 267 |VY2r]?)

Bar

<37 | E0183E +28vf?)
Rn

1107
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n t n_
2
| usal (3 (far)ss g// nef|Vuzal? 3 (far)2s
-/;QR x[0,t] ( Z 3) 0 JBzrx{s} : Z : '

i=1 =1

¢
<[ [ nelosPlvul
0 BQRX{S}
t
5]/ ne?c(1 + |z|)?|Vuzr|?
0 BzRX{s}
¢
S// 2nc2<a"(1-&-lat:l2)!\7um|2
0 JBarx{s}
t
5// 2nc?e?|Vuzg|®
0 BzRX{S}

t
_<_/ / 2P| 94znl’
0 JB2r

S <omdT [ S04 +|vY)

R'n
a
We see from Theorem 1.3 that for 0 < ¢ < T', we have estimates of efulp,
Baog x {t}
/ e?|Vuzg|® and e?|Auapg|* which are independent of R. Hence we
Bar x{t} Barx{t}

can take R — oo and obtain a global solution u up to time T'.

THEOREM 1.4. Assume that |f(z,t)] < c(1+]z)), |V f(z, )] < c(1+|z]),|A f(z, 1)
< c(1+]z)), [V(z, t)| £ c(1+|z|?) and |[VV (z,t)] < c(1+]|z]) wherec > 4 is 0 constant.
2

~ - =~ .1
Let § and € be positive constant such that ¢ := ¢ + 6 < mm(Z’ZE:_:—_Z)' Choose T
1

and e suitably small so that T +€ < § and the conclusions (i), (i) and (#i) of Lemma
1.3 hold for both

1 +|2?)
t+e¢

_ 1 +lz’)

p(x’t) - t+e and p(z).t) =

for any 0 < t < T. Then for any initial data ¢(z) with / e’ (W2 +|vy +1Ay]%) <
. -

. Ou A
oo, there ezist a solution of the equation —— = Au+ Z fi— —Vu up to time T
6t im1 62,‘

and u(z,0) = Y(z).

2. Gradient estimate of the solution. We shall first derive the following
maximal principle for the parabolic equation which we are interested in.

THEOREM 2.1. Let u > 0 be a positive solution of the equation.

(2.1) %%(z, t) = Du(z,t) + Y filz, t)%(z, t) - V(z, t)u(z,t)
i=1 '
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defined on a compact domain Q. Let p(z,t) = —loguq(z,t) and
(2.2)

U= + |9 - Zf,—— —V = a()VIVeP + Blz, 1) — o2 — 2V/nc(t)

j=1
where
(2.3) 0<alt) < 3VBGD,
(24) |V f(z,t)| < c(t)
Assume that there exists c1(t) such that
(2.5) 1f(z, t)? < c®)?(1 + |2])? < e1(t)B(=, 1)
(2.6) |VB(z, t)|< ei )V B(z, 1)

Suppose P < 0 on Q x [0,29) and the following inequalities hold

30 Bt n
(2.7) 2t+-2——4—t—2—>0

o)+ — \/_

1
——(c1 +cf/2)a >0

a|vV|

(2.8) 2B

—aX—VnlAf| -

3c2 A ;
(2.9) 2fc(t)+——Av GZ(fJ';f] 724 3\;} a\%ﬁzo

fij+ fi,i)
2

i,j=1

where \ is the absolute value of the greatest eigenvalue of ( . Then ¥ cannot

have an interior mazimum with ¥ =0 at t = to.

Proof.
op_ 1, Op _ 10u
ot u ’ 0z; ulz;’
Oy 1 (Bu) 10%
Bz';’ u? \dz; udz?
Hence
1 1 1 1
_ 2 Lo - 2Au— Svulr= =
Dy — |Vl 1lleuI uAu u2|Vu| uAu
(2.10) Yt = —lug = —l(Au + if'u- - Vu)
u u ~ v
n
= Ay —|Vyl® + Zfi‘Pi +V

i=1

U= pu+2) (9)e05 — S (Feps = Y filpi)e = Ve — eV |Vol* + 8

j=1 j=1 j=1

T
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Zz%(% ¢+ B (Ivel* +8)% + Eﬁ 2v/nc;
=

U, = (i) + 22‘?}:% Zf]n% Zf]%t -V

j=1 j=1

—% [2 Z wips +Bi](IVel* +8)72

j=1

Ui = (i)t +2 Z Y + 22 PjiiPj — Z fiwpi - 2Zf1 iPji

j=1 j=1 Jj=1

—ZfJ‘PJu - Vi - Z‘P_n "'22%%“ + Bl (vl + 8) %
j=1

j=1

N
83
+Z(2-§ i + B:)* (V) + B) 3/
=1

AT = (Dp); +2 Z o+ 22(&9)]% Z(AL)% -2 Z fii0ji

i,j=1 i,j=1
—ijij—AV Z¢J;+QZ%A%+ OBV +p)-2
j'-l i,j=1
+OZ(Z%%: —) 2(1vgl? + p)32
i=1 j=1

By computation, we have
(2.11) ¥, - AT
= —(|vpf? - Zfap, V) -2 Z 0% - 22% (Ivof? - Z fioi = V),

1]"1 j=1 i=1
+2 Z i, 1(PJ:+ZfJ lv‘Pl —Zf,(p, V)i +Z (fj)t’*'Afj]SOJ
i,j=1 7=1
2 i=1 ‘PJ(IV‘P' - Zi—.:l fipi = V)j OZ’-‘ - tp?-
+AV -V, + —2 =1 ¥ij
t VIvel? + 8 * VIVel? + 8

$(8 - 08) e XL (E5 eivs + 5
) _ i j :
IVsol2 +8 (Il + B)3/2 —a/|Vel? + 8+ -2-5 - 2v/nc

= "22(902)]901 + Z(ft)t(pl + th(‘ﬁt)t +Vi-2 Z <PJ,

»Jl

_2Z¢J (¥ =t +a/|Vp|2 + 8 + +C)] +2 Z f):‘P]x

i,j=1

+ij(‘1’—<p:+a Vo2 + B+ +c),+2 =)+ Ofj)e;
ij=1
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a Z?:l 0;(Ivepl® = Z;’l:x fipi = V); + aZZj=1 ¢?j
VIVel2+ 8 VIve| + 8

28— 08) @i (Tio eies + 5

\/IVtsOP + B Elwlzlé);ﬁ = (o0~ D) V[Tl + 5

+— - 2\/776t

+AV -V +

= -2 }: o5~ 22% aZ% 22%%1 +8,)(Ivel?) + 8)~}

i,j=1 j=1 j=1 i=1
n n
+2 Z fiipji + Z fi¥;
]—-1 ij=1
+2 Zf, <z 20i055 + B;) (199l + B) 7 + Z(Afa)so: +AV
,—-1 i=1 j=1
4 S 0 (T 20i0i = L fujos — i figsi — Vi) N aYlio1 ¥l
VIvelr +8 VIvel* + 8

a A :1=( ?: . 'i+&2
('——_—lit(pP 9 _2x zl;?dz:ag;;/z 2) -at\/ﬁ;l—z—-i'—+-——2\/—0t

= —22@‘1’,- + ij -2 Z ol +2 Z fiipsi + Z(AfJ)‘PJ
j=1

i,j=1 i,j=1
+AV — C!Z‘ ,J=1 f1 iPiPj + aZ]-l (IDJ aZ‘c ,J=1 (pu _ E(ﬂt - ArB)
VIvel +8 VIVeP+8 199 + 8

oY (T v + 5y
FT "

(Ivel? +B)%/?
azj:l ‘P]ﬁJ + 2 ZJ:]. f]ﬂ]

vV |V<F’|2 +8 \/ |Vel? +

= —22%‘1’ + Zfa -2 Z 0% +2 Z fiiii + Z(Af,)ga, LAV
Jj=1 j=1 i,j=1 i,j=1
aZ‘IJ—I f‘J(p’SOJ-i-aZ:]“l(pJ az:,] 1(p11 _ 5( t"Aﬂ)
fvl“ﬁ \/|V¢|2+ﬁ VIVel? +8

aYr (Tiy vivii + &

- Jol? i
(ver g e/ lvel B g~/

_oXiaibi | 5 L= fibs
VIveP+ 8 VIvel* +8

Recall that ¥ <0 for 0 < t < to. If ¥ = 0 at some interior point when ¢ = to,
then at such a point, we have

(2.12) (:L‘o,to) > 0 V\I’(zo, to) = 0 A‘I’(:L‘o,to) < 0
(2.13)  Ap(zo,to) = a(z0,to)V|Vp(zo, to)* + Blzo, to) + 5~ + 2v/nc(to)

(2.13) follows from (2.2) and (2.10).
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In view of the arithmetic-geometric inequality Za > ;(Z a;)?, we have at
i=1 =1

the point (zg, o).

Qa

a 1 -1 2
(214) (2- m) g_‘:l [ps; — 5(2 - m——l—;—‘;—g) (fij + f34)]

1 a

-2 ————=)|8v—-(2- tt
25 «m’“’ ( «W e

1 ToE+ 8 -1
1 n n?

~(2- —"——W) [@*(190l* + 8) + TaVI|vel + B+ 4—t-2-

+(2\/ﬁc (2 —\/-l—v-.—l—_z-—_r— -1 ; fi:i)2 + (2av/ |Vl + 8+ ’?)

(2v/ne - (2- W)_ ;fi,i)]

On the other hand from (2.11) and the fact that ¥, — Ay > 0 at the point (zo, to),
we have

(2.15) (2- ) Z Pi = 5(2 — )
’ \/IWP = v VIvel? + 8
< Z(Af,-)goj + AV + 2(2 - _ﬁ)‘l Z (fij + fia)?

j=1 i,j=1

_aYyii fuipies ta Y19V 2B - AP

-l(fi,j + fj,i)]2

VIVeP + B VIV ¥ B
nY i + B)2
R N TEa I
_aXiLeiBi  § X5 fibi
VIVelP+8  VIvel? +8

= 1 a 1 2
< Z(Afj)%' +AV + 2(2 - W) > (fig + fii)

i=1 ij=1
- Y - —a:/|Ve|* + B
VIvel? + 8 VIvel? +8
a 7}_ 3. a ’}_ ﬂ
"2 —2/mc, — i1 %ibi 42 2 j=1 fibBi
t VIVelP+8  VIve]* +8

since a > 0 by assumption. Equation (2.14) and (2.15) imply

1 a 2 2 na n?
(216) (2 - —====) |o2(196 + 8) + T VIVRP B+ I

VIvel2 + 8
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+(2ﬁc—(2—-m?/——|2=—:‘-12f” + ay/|Vel? + 6+ < )2\/—0

i_

-(2- ”—'_lw»l‘*’+ “gfn ]

n 1 o . n 2
s Dfie; + BV + 72— === i+ Jii
= FZI( fi)ei 4( \/l_V‘F'P—+ﬂ) iJZ;l(f i+ fi )
_ aZZ‘,j=1 fijpip; +a2}‘=1 o;Vj _ a(B; — AB) )
\/IV_<pl2_+_ﬂ 2\/"W alm

aY i, vibi N ay i, fib;

- 2\/ﬁct -
2 VIVeE+8 2v/1Vel* + B
Let z = 1/|]Vy]? + 3. In view of (2.3), we have
a_ 3
—>=:
2- z 2

Observe that

741 = \]Zw > JZ (GEy > fz ol

1

Hence
2vmc— (2= 2)7! z;f > 2v/c— SVl

> 2y/nc— g\/r_zc= -‘/‘Q—Ec

The left hand side of (2.16) can be estimated from below as follow

—(2——)[az + taz+ + (2vne — ( 2—‘")_ qu

+ (202 + ’t—‘)wﬁc -@-97 Zfi,i)]
n, VA

3
22n[az + 22,2 cz+(2 z+—)—] (2——)4t2
3a?2? 3az 3 2 3\/_ mc n na
=M B S et N b g i

(2.6) implies

2|v9||AB| < 2¢1|V9lV/B < a(|Vel* + B)

which is equivalent to

Ivellv8l . &
IVel2+8 ~ 2

1113
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In view of (2.5), (2.6) and the above inequality, the right hand side of (2.16) can

be estimated from above as follow. -

n

S ()i + AV + 7 (2 - —)- Z (fij + fii)?

j=1 i,j=1

""'(0‘ Z fiipipi '*‘O‘Z‘PJV)_ ( - AP) - oz

i,j=1 j=1

+2 _9/ne — —E%ﬂ; Zfzﬂj

i 2
j=1 J"‘l
Al (8 £ b AV 4 (2 - —)‘ Z (fij+ fia) +
j=1

= i,j=1
a a(B — AB)
+21vellvVi- =

/\alvwlz

az+2—-2-—2\/—c¢
a

+Z196l1v8] + 517119l

RIS e+ AV + S (s £+ daz DA
j=1 »J—l 2‘/3

—-———-———a(ﬂt %) a'(t)z+ Eﬁ —2v/nc'(t) + —ci;ﬁaz
oz 1778
2 |Vol2+ 8
<VRIDflz+ AV + JZ_I(f,,+f, )4 daz+ 2'\/;'
(5= ) -+ = 2V + E s

Putting the upper estimate of R.H.S. of (2.16) and lower estimate of L.H.S. of (2.16)

together, we have

30222 3az mna 3, , 3 3ync
(2.17) _E;l_+—2—t——:1§—+§c +-7_7-;azc+-—4—¥
'A%
SN TN SUNTE D IR B veRs: L4
z ,i=1 2\/‘8
c + C?/z

_;‘_z(ﬁ, ~AB) - (t)z + az — 2v/nd (t)

(2.17) can be rewritten in the following form

3/
3—2‘%'2 +( (t)z+5-7_——Aaz—\/ﬁ|Af|z_a2|Y/;| C1 +2C1 Zaz)
(2\/-C(t)+ =C "AV"Z(fz,+f,,)2 3\/56 52%_[2)

i,j=1
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3az afy na
+( 2t + 2z —4t22) -
The above inequality implies

/2
(2.18) %:;zz-l—z( '(t)+7-Aa \/ﬁlAfl—azlf/;‘—cl +2c'“;' )
4 (VRC(D) + 2~ BV = ¢ 3 (i + i)’ gome_olb
;_:1 it YT T B
1,3af  of no

(Hrt7 @S

However (2.18) contradicts with (2.3), (2.7), (2.8) and (2. 9). Therefore we conclude
that ¥ cannot have an interior maximum with? =0att=12p. 0

LEMMA 2.1. Let ug > 0 be a positive solution of the equation (2.1) defined on a
compact domain Q = {zeR*:0(z) < 0} with the Neumann condition

8ug
v

=0 on 0N

where v = V8 is an outward normal of Q. Let p(z,t) = —logua(z,t) and U(z,t)
be defined in (2.2). If -——(xo,to) > 0 for zo € 0N, then at (Zo,to)

ov
(219) £ S_Z(l I\:( 1)2 +P ) Z 0ijpu05 = Z gl 3,73

i,j=1 i,j=1
. a(t) Vi, 8B
+ 0, fipi — — i
,»,‘,2 T 2 IVeP + B

Proof. Since

op 0 1 0u
.a_y_—au(logu)_—;—a——o on N,

we have Q“‘:,_‘ =0 on 9. On the other hand,

-a—V——O on 0N

@z@--a—ﬁ_ on 80

n n
=>20,-,-(p,- + Z&-cp;,— =0 on 00 forall 1<j<n.
i=1 i=1

Observe that
2 89 9 5
2S5 (S =23 S ey
i=1 j=1
= —2229im¢j

i=1 j=1
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Therefore, at (o, %), o € 052, we have

0< [ +19l? - S fy0s ~V — alOVIToF T B - & — 2y )]
J—l

n 6 n
=-2 Z 0ijpipsi = Z 0 "zj‘% Z 0 fipji — %K

ivj=l J"‘l : .sj—l

a(t) [ 2 }: Bi50i05 + Z ozﬂz}

i,j=1

2VIVel? + 8
_ a(t) = af. =
= 2(1- 520 ) 3 b= X g+ 3t

1,j=1 i,j=1 i,7=1

a(t))_6:f:
—_— =1
o 2/|Vef +8

(2.19) follows immediately from the above inequality. O

LEMMA 2.2. Let ur > 0 be a positive solution of the equation (2.1) defined on
the closed ball Br = {z € R" : 6(z) = |z| — R < 0} with the Neumann condition

du Our
v

Suppose f] < c(t)(1 + |z, V1] = ,IZIVf.-P < eft), 0 <alt) < 5VBED) and
i=1

V8| < c1(t)V/B(z,t). Let p(z,t) = —logugr(z,t) and ¥(z,t) be defined in (2.2). If
%% > 0 at (zo,t0) with To € Bk, then

=0 on OBRr wherev=V0

(2.20) v _ER =1+ ‘[Tl)2 4+ o)

61/ 6 B 5 c1(t) at (zo,to) -

Proof. Since 8 = |z| — R, we have

i dij  Tizj
0,= 2 y= (0, ,0,) and B = 3 — T4
gy 2 ¥ = @ Ba) and By = =

The last equality implies

Z Oijpip; = IV‘PI2 "-_‘IR;;_'_ on 0Bgr

i,j=1
1
= —|Vy| on JOBp
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Observe that

n

X Za,af’)so,\_ S0 02hy vl

j=1 i=1 ]—1 i=1

< [T Z(af’P V¢l
\]:1 i=1
= |1V Vel = V11194l

=

< c()|Vy|
| 5 o,,fjso,|< S (308" 194
i,j=1 1—1 j=1
< IS M Ivel
\'.-.—1 =1 j=1

=\ S 6, 194119l
ij=1

N 6,-- iT; %
[Z ||2 Z ‘z‘s - Z i‘i“l‘;—J)] V£l Vel

i,7=1 i,j=1
= lz} IV 1Vl < ———VR’ |Vy| on 8B
a a 1
N ET R =1
21— —2 ) <3
2|Vl +8" = 2
—a) 85
g <o [Vevel _ « VA
Ve +B - 2VIVeP+B  2VIVeP+B
< %LV% < %Cl(t)
Therefore (2.19) implies
%‘5 |V<p|2+c(t)(1+ 2 )lV‘PH"Cl(t)
2R J -1 J
=-—[|v PR Loyl + e Y20
\/ 2
+—6-(1+ 5 ) +§Cl(t)
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e - 2 2 s Far 2 4 Sa
S‘?(l'*' nR— )? +agt)61(t)

THEOREM 2.2. Let ur > 0 be a positive solution of the equation

%? =AU+Zfiui-Vu

i=1

defined on the closed ball B = {z € R* : §(z) = |z| — R < 0}, wth the Neumann
condition

OUR _ on OBg where v=V0
ov

Let p(z,t) = —logur(z,t) and

(2.21)

¥(z,t) = ¢ + | Vol —Zf,—— —V - a(t)VVeP + B(z, t) — —-m e(t)

Suppose

(2.22) If1? < e®)*(1+|z])* < e1(t)B(z,2)

(223)  |Vfl= .IZ IV£il2 < e(t)
i=1

(2.24) 0<at) < %\/ﬁ(z, t)
(2:25) VBl < ci(t)VB(z,t)

B , 30 n

(2.26) —2"+*§£—4t—2>0
3c |VV| 3/2

@21) () +a(2\/_ i —-(c +a)*/?) = Va [94] 20

! _§_ _ 1 ft,] +fJ,x
(2.28) c(t)+——-—16\/1_1c2+8tc 2\/1_113 12\/_ ,Z-l $hi T 152

alg >0
“2ynVB T

where ) is the absolute value of the greatest eigenvalue of ( )

6V R vn— a
(2.29) £ 6 (1+ 7 ) ()c (t) on 8Bg for t>0

If ¥(z,0) <0, then\Il(x t) <0 forallt >0, ie.
o +|Vol? - Zf: -V <a®)VIVel +B(z1) + 5 + 2v/7 c(t) for all t > 0.

=1
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Proof. If the conclusion is not true, then there exists to such that ¥ < 0 for
0 <t<tyand ¥ = 0 at some point zg when t = to. In view of the hypothesis
(2.22)-(2.28), we can apply Theorem 2.1 to conclude that zo € OBg. It is clear that

—aa-‘g(a:o,to) > 0. In view of Lemma 2.2, we have inequality (2.20) which contradicts
to our assumptions (2.29). O

THEOREM 2.3. Let ug > 0 be a positive solution of the equation

defined on the local ball B = {z € B* : 6(z) = |z| — R < 0} with the Neumann
condition

(2.30) %"‘f:o on OBr where v=V0

Let p(z,t) = —logur(z,t) end
¥(o,) = o+ IVl = 3 fy 3 =V o) VITgT Bai) = 3 = 2/ )
ji=1

Let B(z,t) = ca(t)|z|? + 402 (t) + 5 with ca(t) > 0 and a(t) > 0. Suppose that there
ezists c1(t) > 0 such that

(2.31) |f] < ()1 + =)
(2.32) IVil=, lz IV£il2 < c(t),IVV] < c(1 +|z])
i=1

(2.33) |AV| < ¢ |Afl<Le
(2.34) 2c%(t) < ei(t)ea(t)
(2.35) 22(t) < a1(8)(402(t) + 3)
(2.36) dea(t) < (1)
(2.37) c + %C2 >0
(2.38) 2(a?) + g-az + 21% >0
(2.39) a'(t)+a[%-z\—%(\/c_1+c1 +ci/2] —nc>0

) ) 3 1
(2.40) () + 15\7_7—1-62 + (gi - m)C— %5-62 >0
where \ is the absolute value of the greatest eigenvlaue of (éj—;—f—u)
(2.41)

%‘3 %(1_,______“";;1)2_;.2(51 a() on 08Bgfor t>0

Py
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If ¥(z,0) < 0, then ¥(z,t) <0 for allt >0, i.e.,

(242) N o

=1 H

a(t) |V<p|2+ﬁ:1:t+ +2\/7_lc(t) forall t>0.

Proof. We only need to prove that (2.31)—(2.40) imply (2.22)-(2.28).
Observe that

c(t)?(1+ |2])* < 2¢(t)*(1 + |zf?)
n .
<a®e®)lE’+ (5 + 40’ (1)) a1 (t) = e1(t) = a1 (D)B(z, t)
by (2.34) and (2.35). Hence (2.22) follows. (2.23) is part of our assumption (2.32)
while (2.24) follows from our definition of 3(z,t) and the hypothesis c3(¢) > 0.

(2.25) is equivalent to 2cz|z| < e1v/cofz]? + 4a? + 2, ie., 48|z < (ealz]? +
4a’ + £). Hence (2.36) implies (2.25)

B 38 _n _1 2 3¢z, 1o 3n n
2 T 4t2‘2(62'z! + 800~ 57) + 3 H+—_+4t T
2 4 6 n
( cz)lxl +4aa+;a +@
Therefore (2.37) and (2.38) 1mp1y (2.26)
3c IVvV] 1 32
(t)+a[2\/—-/\“m-—(1+ Y2 - valag)
3c C(l + I:ED 3/2
> )\ -
a(t)+a[2\/_ A SV ( +¢/)] -vne
3c

a(t)+a[v—/\——(\/—+c1+cl/ )] -vac

Hence (2.39) implies (2.27).
Observe that

Z (f1]+f]1 z f'2] z fi,jfj,i

i,5=1 x]:l ',j_.l
1
§Zf3] Zf123+zf1,
i,j=1 i,j=1 i,j=1
=3 =Y IAP = VS <&
i,j=1 i=1
—c — _1_. fz +f ; OAﬂ
C(t)+16\/— 5° 2\/1_1 12\/_2 d T SN
' 3 1 1 2nc; 1
ZC(t)+1—6’762+"‘C—mC(t)-i—27 2—m.§
=c'(t)+48\/_c2+(%-57) —‘/77_1'62
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(2.28) follows immediately from (2.40). O
THEOREM 2.4. Let u > 0 be a positive solution of the equation

ou

5 = Du +Zf,u,+Vu

i=1
on R*. Let p(z,t) = —logu(z,t) and
U(z,t) = oo + Vel = Zf,—— —V = a(t)VVeE + Bz t) — 5= — 2V <(t)
j=1

Let B(z,t) = c2(t)|z]? + 402 (t) + 2 with c(t) > 0 and () > 0. Suppose that there
exists ¢1(t) > 0 such that :

(2.43) If] < e(®)(1 +|zl)

(2.44) \Vfl = ‘Z IV£il2 < c(t), IVV] < e(1 + Jz])

(2.45) |aV| < ¢ |Afl<e

(2.46) 2c%(t) < ci(t)ea(t)

(2.47) 262(1) < e (t)(4a(t) + %)

(2.48) dea(t) < 6 (8)

(2.49) &) + §cz >0

(2.50) 2(a?) +3 LA Ei >0

(2.51) (t)+a[2f A—-(\/5f+c1+cl/ )] Vne>0
(2.52) c(t)+—= 48f ¢+ (-:i - -2—1\/—1_1)c— —\/2:62 >0

where \ is the absolute value of the greatest eigenvalue of (Ii%-f—u) If¥(z,0) <0,
then ¥(z,t) <0 for all t> 0, i.e.

(253) Do = e+ Vel —Ef,gz——v
j=1

< a(t)y|Vel? + B(z,t) + 55 + 2y/nc(t) for allt > 0.

Proof. Choose a function Ag(z,t) which is convex in z direction with the following
properties.

(2.54) Ag(z,t) =0 for |z| < R/2
(2.55) |VVa| < c(1+2l),|AVR] < €
0Vr

R vn-1
(2.56) > —6-(1 + —1—%——)2 + ﬁ(z-tlcl(t) on 0Bg fort >0

3
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where Ve =V + Ag. Let fr=f -0 where o is a cut off function with the following
properties

(2.57) o(z) =1for |z| < %2— and o(z) =0 for |z|] > R
(2.58) IVirl < |Af|<c

Let up be the positive solution of the equation

ou Our

s =Du R+Z(fR) (ur)i — Vrur

i=1

defined on the closed ball Bg = {z € R* : 6(z) = |z| — R < 0} with the Neumann
condition ?}t__ = 0 on 0Bg where v = V. In view of Theorem 2.3, we know that

(2.42) holds for ug. Since u is the limit of ugr as R goes to infinity, we conclude that

(2.53) holds. O
Remark : It is easy to choose c,c;,c; and a such that (2.43)-(2.52) are satisfied. For

instance, we can take ¢; = 2¢*/3,¢c, = /3

1
and aft) = T3 where ¢ and T are
positive constant and T is sufficiently small.

3. Harnack Inequality. In this section, we shall use the gradient estimate ob-
tained in Theorem 2.3 to deduce Harnack inequality.

PROPOSITION 3.1. Let ug > 0 be a positive solution of the equation

Ju Z  Ou
(3-1) E’—AU"";fia—xi—

defined on the closed ball Bp = {z € R* : §(z) = |z| — R < 0} with the Neumann
condition

(3.2) a;‘—j=0 on dBr where v =V

Let ¢(z,t) = —logug(z,t) and B(z,t) = c2(t)|z|® + 4a?(t) + n/(2t) with co(t) > 0
and a(t) > 0. Suppose that

(B3) o+ IVe =3 5% =V < o)V IVaP B0 + 5 +24A o)
j=1

Lett >ty and P = {differentiable path o = (01, 02) : [0,1] — Br xR such that a(0)
= (01(0), 02(0)) = (z0,t0), 0(1) = (z,t),05(s) > 0}. Define

. 1! do
(3.4) d((zo, t0), (z,t)) = auelg{ﬁ/(; <ahf>ds+4/0 dz[l‘%'ll+\/—]
' do Ifl"’
+/0 gf(\/— += +V+ Zﬂds}

Then
(05 25 () Fen (-

ug(zo,to) ~

t2\/ﬁ c(‘r)dr) exp [- d((zo, %), (z, t))]

to
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Proof. We shall rewrite the inequality (3.1) in the following form

(3.6) o1+ |V - glz i

<a|Vel2+ 8+ —2—t +2v/n c(t)
o090 - 141Dy 54 2 v 2vm et

~V =g +|Vol® - Efup,

=1

\[ZIW 2! lfl +8+ 5 +2¢Ec(t)

=a\/§\/lv<p—'2"2+‘l‘:'fl'+§+—+2\/7—lc(t)
<ava(ive- L1 /204 By L 2 o e

Let ¢ = (01,02) be a path in P. Then

14
(B1) —pl@t) +olanto) == [ Tplor(e),oale)ds

1 R 1d0’23§0
=—/0 <0’1,V<p>— A E'B-t-
o o1 Lo doy _
Z—L <01, Ve 5 > 2/0 <01,f>+/ (|V |
2 2
i oot U o)

Z——;—/:<a'1,f>—-/; (xf mz 2 'f4| +V+ +2\/—c(02(s)))
v [ 22[vp- gf-(aﬁ+%>lw— A

=_%/01<o'1,f>-/0 [\/- |1 2+|_-%E+V+%:—l(-§)‘+2\/ﬁc(ag(s))]
4/ d0'2( ‘/‘_!_lall)

[ e Lo T

2—%/01<0'1,f>—/0 [\/- i 2+IJ;‘2+V+ +2fc(az(s))]
/ (\/'+|01|)

=—%/01<a'1,f>—-/0 ‘%—[a\/i ¥+§+¥+V]
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_i_/ = ( V2 + Ido;ll) /1 " )daz(s) /l 2v/nc(o2(s))doa(s)
1 2
=—%/0 <a‘1,f>—/0 [\/— i 4+¥+V]

—%/0 — ( Va+ ﬁ") ilog(g)-—/to 2v/n c(r)dr

Since (3.7) is true for all ¢ € P, we have

(38) log u(z, t) — log u(zo, to)
1
zsup{—éf0 <a'1,f>—/0 Loz [ava M+ 2 Ly

o€P 2 4

do lcrl n
__4_/0 dsz( 1) }_glog(g)-—/tu 2v/n c(r)dr

1 [t 1 2 2
-5 {3 ), <"’1’f>+/ R Sl
0 0

g€P 4
1 [ldo a2 t

+Z/0 —(ﬁ(a\/ﬁ+ %} - %log(i) /. 2v/n c(r)dr
(a0, 10, (2,0) - loe(z0) = [ 2 elrin

It follows that

u t
__(_:z:_t)_ > ( t ) z exp ( / 2vn C(T)dT) exp [— d((zo, to), (:t:,t))]

u(zo,t0) ~ “to to

PROPOSITION 3.2. Let d((zo,t0), (z,t)) be defined by (3.4) in Proposition 3.1.
Then

2 1
|~T( I;)l) %—ilz _ zolfo a((1 - s)to + st)ds

/ a?((1 - s)to + st)ds
0

(3.9) d((zo,t0), (z,t)) <

+t—-to

1 1
+§/° <z — 39, f(1 — 8)To + 5z, (1 — 8)to + st) > ds
1 n
+(t — to) /0 {\/504(1 — 8)to + st) [i- E F2((1 = 8)zo + sz, (1 — s)to + st)
i=1
+-8((1 — s)zo + 57, (1 — 8)to + st)]%

+

Wl DN -

Z F2((1 = s)zo + 52, (1 — 8)to + 5t) + V((1 - s)zo + 57, (1 — s)to + st) }ds

i=1
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Proof. Let (01,02) = ((1—s)zo+ sz, (1—s)to+st). Then 61 = T —zo and dos =

ds
t — to. By the definition of d((zo, to), (z,t)), we have
1 1
d((zo, to), (z,1)) < —2-/ <z -z, f((1—8)zo + sz, (1 — 8)to + st) > ds
0

+ [ - ) [VBa(1 - sy + )

|f(1 = 8)zo + sz, (1 — s)to + st)|? + B((1 = 8)zo + sz, (1 — s)to + st)

4 2
4 (= s)zo + 3“: (1= s)to + st)? +V((1 - s)zo + sz, (1 — s)to + st)]ds
/ (t—to) \/—a(l—s)to-!—st) 'I z°|) ds
— o
|z — :l:ol2 V2

S4(t ) —2_"|1?—1'0i‘/0 a((l—s)t0+st)d3+ t;to Alaz((l_s)t0+3t)d$

1
5/ <z —zo, f((1 - s)zo + sz,(1 — s)to + st) > ds

+(t—t0)/ Zf2 (1 = s)zo + sz, (1 — s)to + st)
+V((1 = s)zo + sz, (1 — s)to + st)

+v2a((1 - s)to + st) E i FE((1= 8)zo + s, (1 — s)to + st)
=1

+ %ﬁ((l — 8)zo + sz,(1 — s)to + St)] %]ds

Similarly we can use Theorem 2.4 to deduce Harnack inequality on R”.

THEOREM 3.3. Let u > 0 be a positive solution of the equation

Ou d
—B-;—Au+§f,~u,-—Vu

on R*. Let o(z,t) = —logu(z,t) and
¥(z,t) = ¢; + |Vl - Zfaa—‘ -V —a)V|Ve]? + B(z,t) - 5; —2\/7_1 c(t)

Let B(z,t) = c2(t)|z)? + 4a2(t) + % with c2(t) > 0 and a(t) > 0. Suppose that there
exists ¢ (t) such that

(3100 - |fl<c(l+]z])

(3.11) IVf] = ,IZ IVfil? < |VV] < e(1 +|z])
i=1
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(3.12) AV <elnfl<e
(3.13) 2¢%(t) < cr(t)ea ()
(3.14) 223(t) < c1(t)(402(t) + -;‘—t)
(3.15) dey(t) < (1)
(3.16) cy(t) + §c2 >0
(3.17) 2(a?) + b2+ ™ 50
t 4t2
(3.18) a'(t)+a[23 —/\—--(\/_+cl+c?’/ )]—\/ﬁczo
(3.19) c(t)+48\/_ +(3—2—\1/—ﬁ)c—g-C2>0
where ) is the absolute value of the greatest eigenvalue of (ﬁj—;—_—&—’)

Let t >ty and P = { differentiable path 0 = (01,02) : [0,1] = R x R such that
7(0) = (01(0),02(0)) = (z0,t0),0(1) = (z,1),05(s) > 0}. Define

(3.20) d((xo,to),(m,t)) := inf {; /1 <o, f> ds+/ doy (\/— ]f[z
0

oc€P 0 2

+V + - ZF )ds + =~ / dgz’[!all+\/—a] ds}

If ¥(z,0) <0, then

u(z,t)
u(Zo, o)

> (5) Few (- / 'aic(r)ir) exp | - d{(zo, o). (2.1)]

0 to

(3.21)

Proof. The proof is same as the proof of Proposition 3.1. O

4. L! and Pointwise Estimate. Let us first recall some general theory of
parabolic equations for the sake of convenience to the readers.

THEOREM 4.1. (c.f. P.43 of [Fr]) Consider the operator

= Ju
Lu .—i;Ia,,(z t)a 8 +Zb z, t) x,t)u—é-;

on R* x [0,T]. Assume that L is parabolic in R* x [0,T], i.e. for every (z,t) €

R™ x [0,T] and for every real vector ¢ # 0,3 a;;(z,t)¢:(; > 0. Assume also that

the coefficients of L are continous functions in R* x [0, T] with the following growth

conditions

(4.1) laij(z,)] < M, |bi(z,t)] < M(1+|a]),c(z,t) < M(L+|zl*)
fori,j,=1,--- ,n,(z,t) € R* x (0,T], M = positive constant .

Assume further that Lu < 0 in R* x (0,T] and that
(4.2) u(z,t) > -Bexp[Blz]?] in R x[0,T]
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for some positive constants B, . Ifu(z,0) >0 in R*, then u(z,t) > 0 in K" x [0,T].
THEOREM 4.2. (c.f. P. 44[Fr]) Consider the parabolic operator

- 0%u n 8z 4
Lu:= EAuk Dy bi yY) ) —_—
’ i§=:1 ’ J(I )31&'3:1:]- + ; (Z ) 9z +c(z thu 5

with continous coefficients in R* x (0,T]. Let (4.1) be satisfied. then there ezists at
most one solution to the Cauchy problem

Lu = f(z,t) in R* x(0,T]
(43) {u(z, t)=¢p(z) in R
satisfying
(4.4) u(z, t)| < Bexp[flz/*]

for some positive constant B, 8.

Let ug > 0 be a positive solution of the equation

ou 2. Ou
(4.5) 5 = Ou+ gf,-a—xi ~Vu

on the ball B = {z € R" : §(z) = |z| — R < 0} with the Neumann condition %@' =
14
0 on 8Bg where v = V0. Assume that (2.31)-(2.41) hold. Then for = —logug, we

have
.0
o+ IVl =Y fig =V <a/[Vel + B+ g + 2V c(t)
j=1 J

on Bpg as long as it holds for ¢t = 0.

From now on, we shall study the behaviour of the solution of equation (4.5) in
R™. If the initial data is nonnegative, then in view of Theorem 4.1 the solution is
nonnegative. Hence we can assume that the solution of (4.5) is nonnegative.

THEOREM 4.3. Let u be a nonnegative solution of the equatoin

Ou =, Ou
EE—AU-F;f.'é;—V‘u

(3

on R*. Suppose that u(z,0) has compact support”,

|f(z, )] < ()1 + 2], VS8l = ,lz VA2 < c(®)(1 +zl)
i=1

IV (z,1)| < et)(1 + =),

and

*1t is sufficient for u(z,0) to decay like Gaussian.
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Let a1(t), az(t) and a3(t) satisfy the following ordinary differential equations

(4.6) (log a1) +2naz + a3 +4ac+c=0
(4.7) a; +4a2 + dazc+¢c=0
(4.8) a'3 +2a3c— V2nc=0

with initial conditions suitably chosen (e.g. a1 (0) > 0,a2(0) > %03(0) > 0) so that
a1(t) > 0,a2(t) > Las(t) >0 forall0<t<T for some T > 0. Then, for0<t<T,

(4.9) a0) [ ule ) explax(ilal’ = aa(t)vT+ )
<0 [ e 0) exploa O)af - as(0) VI TP

Proof. Let p be any smooth function and Br = {z € R* : |z| < R}. We have
d

- pu = piu + pu
dt /gy Br Br '
", Bu
= pgu+/ pAu+/ p f'————/ Vu
/Bn BR BR g 1a$i Bap

dp du
= u+ A u—/ u—-ds+/ —d
/ngt LR( f) 9Bx OV aBRpaV °

—/BR (pzn:fi,i+gpifi)u+LBRupf-vds—/BRqu

i=1

by Divergence Theorem and Green’s first identity. Now we can use simple cut off
argument to otbain the following

d n n
(4.10) a;/nlm= /Ru(Pt‘*‘AP—;fiPi*}_:lf,-,ip—Vp)u
Observe that

Iifi,i + Vl < 2": |fis] + 1V
i=1

i=1
< VR | Y fil? + (1 + 12
i=1
<V e(l+|z)) + (1 +Jzf?)
<V2n c(1+]z|?)? +c(1 +z?)
| > aufi| < lallf] < clal(1 + )
=1

< (1 +|z))? < 2e(1 +2?)
Set

p = a1(t)exp [az(t)mz -a3(t)V1+ I-’”P]
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Then

pe = (a; + a1(D)ag()lzf? — a1 ()ag(t)v/1+ [21?) explas () |2l® - as(t) V1 + [z]?]
((logar)' + aslal® — agy/1+]zF%)p

pi = (2$ia2(t) - a.3(t) ﬁ;)p
as(t) a3 (t)z?
2aalt) =~ ¥ T )

Il
raue

+ (22?1',02 (t) et GS(t)_\/]%T‘f)zp
2
= [2a20t) - \/%EI)W +q Tf:tz)lfﬁ =+ (2a2(t) - \/ﬁfﬁiﬁ)z o
2
Dp= [2n02(t~) - \;lia—_::_(r% + (la_:_(ltl::)lslz + (202(t) \/ﬂF) | '2]

It follows that
n n
(411) pe+Dp - Z fipi — (Z fii+V)p
=1 i=1

((n=1)|z] +n)as
[(logal) + aglz|® - az\/1+ |$|2 +2nap - 1+ |z2)%2

a3 yroe (g 8 Zﬂ Z V)
+(2az - 1+ |x|2) =t = (202 \/_W mifi G ]
Recall that

az(t)

=2 0<t<T
V1+ |z

Therefore (4.11) has the following upper estimates

2a2(t) > as(t) 2

(412) p+ Doy fipi= (Y fui+V)p
i=1

i-1

, ' 2 [} ((n - l)IZP + n)a3
< [(logal) + ay|z)° - a3/1 + |z|% + 2ne; - a7 L)

4
+(4a - \/11?%[_2 1+lzI2)' z? + (202—\/——*———ﬁ5)2c(1+lxl2)

+V2n (1 +[2P)} +c(1+12)]

_ ’ ’ 2 ’ (n - 1)a3
= [(log a1) + ay|z|’ — az\/1+|z|? + 2na; — ‘(1 + g])17

___ G dagaslal’ | o 6]
(1+|2[?)3/ VI+E  ° 1+aP
+dage + dagelz)? — 2asey/1+ 22 + V20 c(1 + |2[?)

+c+ cl:z:lz] p

+4a3|z|® -

P
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= [(log a1) +2naz + a3 +4dact+c+ (a; + 402 + dasc + o)|z|*
| (n —1)ag

_ y — 2 %— 1+ 2V 5
+(—as 203c+\/§;c)(1+|$|) (1+|xl2)%

as 4aza3|xl a? ]
Ar e~ Jiree  1+1eP)’

< [(log al)' + 2na; + a3 +4asc+c+ (a; + 4a2 + dasc + o)z

+(~aj — 2asc+ V2ne)(1 + |z|2)%] p
<0

because of (4.6), (4.7) and (4.8) and the assumption ap(t) > %ag(t) > 0 for all
0 <t<T (4.10) and (4.12) imply

d
— <
dt Rn‘"‘—g

(4.9) follows immediately from the above inequality. O

Theorem 4.3 above gives L!-estimate for u. Combining the Harnack inequality of
§3, we shall have the following pointwise estimate of u.

THEOREM 4.4. Let u be a nonnegative solution of the equation

on R*. Suppose that u(z,0) has compact support! and |f(z,t)] < c(t)(1 + |zl),

Vi@ )] = | SIVAE < e +z1),IV(z,0)] < c(t)(1 + |z[?). Let a1(t), a2(t)
i=1

and a3(t) satisfy the ordinary differential equations (4.6), (4.7) and (4.8) with ini-
tial conditions suitably chosen (e.g. a1 (0) > 0,a2(0) > —;—03(0) > 0) so that ay(t) >

1
0,ax(t) > §ag(t) > 0 for all 0 < t < 2T for some T > 0. Assume that the Harnack
inequality holds

n t
U(I’ t) > (_t_)—i [exp ( - t 2\/1'_), C(T)dT)] exp [ - d((IOatO)a (:1:, t))]

u(Zo, to) to
where

1
d((zo, o), (2, 1)) :=dir€1f{-1-[) <U'1,f>ds+/ (\/' lfl +5 +V

. Zﬁ)d Ry "’"+f] s}

11t is sufficient for u(z,0) to decay like Gaussian
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Here P = { differentiable path o = (01,02) [0,1] = R® x R such that o(0) =

(01(0),02(0)) = (2o,%0),0(1) = (z,1), o4(s) > 0} and a,B are defined in Theorem
2.9. Then fort<T,

u(z, t) <27 —== 1(22) exp /2‘ 2v/nc(r)dr)

[/, w0 o0 0l = a0 T )
([ sp (=, 0200 xp @l - sV}

Proof By the L'-estimate for u and Harnack inequality, we have

a1(0) u(z,0) exp [ag(O)lx]2 —a3(0)y/1+ IxP]

z€R™
a(20) | wly,2)exp [a2(20)ly)* - as(2t) /1 + [y
e VI+F]
s [ et H[en ([ 2vierin)] e (- e, 20)]

yeR

[exp (az(2t Nyl — as(2t)V/1+ lyP)]
=(§)ia1(2t)u(z,t) [exp (- /t 2\/ﬁC(T)dT)] /eR [exp (- d(z,1), (y,2t))]
y n
[exp (a20) Iyl - as(26) VT + )|

The conclusion follows immediately. O

COROLLARY 4.1. Under the assumptions of Theorem 2.4, Theorem 4.4, u(z,t)
decays like a Gaussian.

Proof. In view of Theorem 4.4, we need the following lower estimate of

/yenn [e"p ‘d(((f‘»t), (y,2t)))] [exp (a2(28)|y]* — as(2t)v/1 + |y;2)]

+t/0l {\/ia((l — s)t + 2st)

[;11' zn:fz?((l —s)z + sy, (1 — s)t +2st) + %,3((1 ~s)z+sy,(1-5) +2st)]%

>/eR [exp{-%/ol<y-:z:,f(_(1—s):r:+sy,(1—s)t+23t)>ds
yeR™

+ = Z 1=z +sy,(1—s)t+2st) + V(1 - s)z +sy,(1 - s)t + 2st)}ds

t—-l
+ v —af ;txl + ?ly - :L'l/o a((1 - s)t +2st)ds + 3 /0 a?((1-s)t+ 23t)ds}]

exp (a2(2t)|y]2 —a3(2t)\/1+ lylz)
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Observe that in view of the Remark after Theorem 2.4, we have

[lf((l —8)z + sy, (1 + s)t)|? N B((1 - s)z +sy,(1+ s)t)]%

4 2

s e ‘*‘23% e M '1—\ﬂ3((1 — 9z + sy, (1+3)t)

%(1 + (1= 9)lzl + slyl) + 7—‘ c4/:‘I(l s+ sy + g = : 5t o n

%(1 +(1-9)lal +slyl) + ((1 — )|a| + sly]) + 7((T f - %) 3

213
<(5+55)a- el + (5 + f)s|y|+ T 7«%
Hence
V2a((1 - s)t + 2st) ['f((l — 5)z + sy, (1 + 8)t)[*
4
B((1-s)z+sy,(1-s)t+ 2st)]%
2
V2 c &3 c &3 c 9 /A
2 ;D[ S0 lel G+ )l 54 5+

On the other hand, we also have the following estimates
V((1-s)z+sy,(1-9)t+ 2st) < c(1+](1 - s)z +syl?)
< c(l +2(1 - 8)|z|? + 25%|y)?)
—|f (1-s)z+sy,(1 —s)t+2st)| (1+ I —s)a:+sy|)

< -C;(l +1(1 - 8)z +syl?)

< %(1 +2(1 - s)?z)? + 25 Jy)?)
<y-z,f((1-s)z+sy(1-9)t+ 2st) >

<ly—=||F((1-9)z+sy,(1 +39)t)]

< (I=] +lyDe(1 + (1 = )izl + sly])

=c((1 - 8|zl + lally] + || + slyl” + Ivl)

Therefore

/. {eel-dE@0.w20)] }exp (a2(2)lyP? - as(26) T+ IoP)
e

1
C
> [ew{-5 [ [0-sleP +lell + el sl + il
yER™ 0

_t/O {T?(\?T?)? ——)((1—3)|:c|+s|y|)+ b 2 :gt]

2
+—é-(1 +2(1-8)%z)* +28% + lyl?) +e(1+2(1- s)%|z)® + 232|y|2)}ds
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lz—y> | V2 ! ds t ! ds
LT +’2—l”'y'/0 T—(1+s)t+§/0 {T—(1+s)t]2}]

exp (a2 (2t)|y|® —as(2t)v/1+ ly?)

C t o 1 2 .
= exp{[— = — =( +2¢) + ]|z|° + lower order term in |z
/yew {-3-3 i 1}
exp (a2(2t)ly[* — as(2t)v/'1 + yl?)

. . 1t
Observe that when t is sufficiently small, i —2-(c2 +2c) —-z- is very positive. Therefore
u(z,t) decays like a Gaussian. 0

5. The Duncan-Mortensen-Zakai equation. In the nonlinear filtering, we
have the following signal observation model:

| {dz(t) = f(z(t)dt + glz(®)dv(t) , z(0) =20

(5-1) dy(t) = h(z(®))dt + du(t) . y(0)=0

in which z, v,y and w are vector valued processes and v and w have components which
are independent, standard Brownian processes.

Let p denote the conditional probability density of the state given the observation
{yt):0<s<th T hen p can be obtained by normalizing o which satisfies the
Duncan-Mortensen-Zakai equation.

do = Lo(o)dt + Z Li(o)dy; , 0(0,z) = 0o
i=1

where Lo = lA - z": f;-é- - ; ?i'- _1 3 h? and L; is the multiplication operator
2 P 0z; £ 0r; 2 1‘ '
by hi.
While (5.2) is a stochastic differential equation, Davis reduces it to a time vary-
ing partial differential equation by introducing a new unnormalized density u =
m

=1

i=

exp(%Zh? (z)yi(t))o, which satisfies the following equation
i=1

n

(5.2) % = Lou+ Y 4i(t)[Lo, Lilu + % > wi®)y; ([Lo, L], Ljlu

i=1 ij=1

We can rewrite this equation as

(5.3)
du 1 i ™ Bh;, & i 1Y
«6—1:-=§Au+;("fi(x)+;yj5'i %-(;ﬁ,i‘!—i;h?
1 ML LBkl dh; Oh;
-Ezyil\hi‘"zzyifja—xj—QZZZyingz—kéz—i)u
i=1 i=1 j=1 i=1 j=1 k=1

By changing variables from z; to V2 z; and by letting

az,t) = u(%,t)
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file) = f,-(%)

- T
hi(z) = hi(ﬁ),
we obtain
(5.4)
ou LA o
5;=A g( \/—f¢+2zyza’)—— ﬁ;fi,i+%Zh?
A -ah L ah ah
i=1 j=1 i=1 j=1k= 1

Hence (5.4) can be rewritten as

n
(5.5) =0+ fi;-Va
i=1
where
=\ Oh;
(5.6) ~V2fi+2 Zy,
j=1

- n I 1 m m
(5.7) V-\/igfi,i+§§ Z:ly.Ah +\/'§§ ,f,a
Z z i vi; Oh; Oh;
- Y
i=1 j=1k=1 6$k al'k
THEOREM 5.1. Let g > 0 equatio_n (5.5) on the closed ball Bp = {z € R* :
|z| < R} with the Neumann condition aau—VR =0 on 0Bg. Let ¢(z,t) = —logir(z,t)

and
¥(z,t) = g + Vol - Zf, =V = a0/ IVl + Bz, 1) ~ = ~ 27 )
j=1

Let B(z,t) = ca(t)]z]? + 4a°(t) + £ with &(t) > 0 and a(t) > 0. Suppose that
there ezists ¢;(t) > 0 such that

(5.8) If] < &)1 +]al)

(5.9) IVfl=, , Y IVAP <), IVV] < (1 + Ja))
i=1

(5.10) AV <g|Afl<éE

(5.11) 28%(t) < & (e (t)

(5.12) 28°(1) < & (1) (46°(1) + 32)
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(5.13) 42,(t) < &)
3
-2 4 .
(5.15) 2(a%) + 24 4t2 >0
(5.16) &'(t)+a[2—-f—A——\/—+c1+c1/2)]—\/1_1:620
3 1. Vn.
(5.17) C(t)+48\/— +(§—m)c— 2 >0
3. . f,_, + f,,
where \ is the absolute value of the greatest eigenvalue of (——2——)
V Vn— t
(5.18) %%>§(1+ ) +°‘()'(t) on OBg fort >0 .

If ¥(z,0) <0, then U(z,t) <0 forallt >0, ie.,
no_ oG _
(5.19) B+ Vol =Y fizt -
ji=1 zj
< a(\/IVal? + Bz, t) + % +2v/m &(t) for allt >0

PROPOSITION 5.2. Assume

If] < e(1+12)), IV Sl = ,lZsz < |H(f)
=1
n n n a f, n
= (z—2)? <c, l IVASi|2 < ¢,|VA]
\ J;Z—;; 0z 0z; ;

m n n 6
- Z |Vhj|2 < ¢ |H(R)| = Zzz(azkax, =1 :|zl

\ j=1 J=l i=1 k=1

;|VAh,~|2 < 1+ and ‘g(z.\m,)z <c

Let f; and V be defined as in (5.6) and (5.7). then

@) 11 <Vae(1+, Izyf) (1+1=)

=1

(i) VA < VEe(1+ ‘iy,z.)

(i) V] < (ﬁ;ﬁ +c2) (1+ l .m y§)2(1+ |z(2)

i=1
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(i) V7] < (Fe+25) (1+ ,lf:y?Y(l +a))
i=1

) 1871 < (1+ | 02)e

j=1
(vi) |AV] < 32@c+c2) (1+ yf

j=1
Proof.
(6) 1fl = |V2f +2V)_yshil

i=1

<V VL TR

< V2e(1+ 1/!_ +\/-J2y,\‘}:lv’1 i1%( \/—)

7j=1 Jj=1

<V2c(1+z) +V2 e ,iyf
j=1
<V2e(1+ ,Iiyf)(lﬂxl)
j=1

(i) |Vfl = \ 2IVAF = JZI VIV 429
i=1 i=1 =1 '

l2

m

- \ ;| - (Vf,-)(%) + {V(;yig—:’;)}(%)’z

m

5\/5\ Zjl(vm( f)l +Zl ;yg’; )]«

7—')

I2

m

BN AN Zy:azkax =

\ i=1k=1 j=1

n 2 id Oh;
< VA SR+ V2, ;I[V(gw‘az)]‘

VB Va3 () Zlaik’éz ()

\ i=l1k=1 j=1

<V2Zc+V2 iyf\J Zzi(axk&c

\ j=1 j=li=lk=1

V2

T )|2
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<\/§c+\/§c\2y1 2c(1+ lZyJ

n m

(3i1) |V| = lV E fn 2Zh2 ZyzAha + ‘/_ZZyth Z Zyi‘g_:::
k=1 i=1

=1 i=1 l—-l]"l

= |Eiz=;fi,i(‘f) + 'Zh?(—‘/:) - Ezyi(Ahi)('J—E)
+ YDl () - Z(Zy. 5|

i=1j=1 k

< leaf‘l( 2+ th f)+-\]2y.\j2mho2( —)
+z|y,\lzlf,t’( 7% \JZ prall WOl

j=1

n

3y S%) ;(azk

k=1 i=1

+\l‘if3 ﬂ\)z Jzz f;";uf LS Il

j=1 =1 i=1j=1 i=1 i=1

o \X;y?+°2(1+%)«l;”?+ %2@?)

< \/; c+ —(1 +1z%) + \ Zly? +cz(1 +|z|) A l ;y,z Zy?)

i=1
<[Lere+ +c2).~;y?+c2—2i§=:ly?](l+|$|2)

< (V2 1+,lzy, Y21+ [2)

(i) [VV|= [V2D_V i + ZV(h Zy,vmh,)w E:Zy,V(f,

i=1 t=l =1 i=1j=1

ﬁfjvf:-,,-+ -Zv(ﬁ?>

af, (Z)+ -
_|fz (%) g )(Vh )(\/-

1137

)l
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fz};;yz(vm )(f)+f;; (f’a (ﬁ)

Mzz o (f)][Z (V5 )<f]

i=1 k=1

_th V() + IR

i=1

+2—ﬁ\] ;yf\‘ ZWN%IZ(%)

i=1

%\ngf\Ji{i‘V" P}

o Valu Ji(ﬁf V(G| LIV g
"\Jz";l vy \szfl\;lvmf

+§%\j§,§yz\J gwamﬁ—}y

=1

B[S B

i=1 =1 j=1

o f:yzzmu DS SIv

i=1 i=lk=1 i=1 i=lk=1

n n n a A z T
{JZZ (arte)) " (75) + Z5IMSIv( 7

i=lk=1

1 = = 2/ T
+2—\/§J ny\l Y IV(Ah)] ('\72‘)

i=1 =1

LI I3y =z
+ﬁ"f_§‘\J;;'w’”8 |+ IV ()

L3 \lzw P2 \]zzz o))

1=1j=1k=1

Vi lwl 1 "‘2
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+-—J>:mjzhi s

i=1 i=1 j=1

o (}_:y?)c2
<oy
-2

1AV gl ()

(1 +le) + 57 Zy,

L m? 3 nﬂ LI
vl gy,\zz 2 Vil la ()

i=1 j=1

i=1 i=1 j=1

+_;§\iyi\zznzu,mva (%) + (e

NIS

._.(1 +lz]) + —= 2\/_ Zy, + —\JZy,\JZn&ZIVh | \/_)

i=1 i=1

zyt\]wzzz T+ B

i=1 i=1j=1k=1

%.4___

B

< _c_ 2, 1|52 /a2
< 5 c+ 2(1+|z|)+2\/§ i§=1y, 4—\/§ ?zly, 2nc
1 = 2 2 n e 2
— E 2, /onc® + —— z 2\ c2
+\/5 izly‘ ne 2v2 ('= %)

<[Ler o (——+2fc2)«l§y, ]+

< (i;w %ﬁ) 1+, ! > ) (1 +1a))
i=1

n

i(Afi)z = \IZ( \/—Af; + 223/1

i=1 j=1

() |8 fl=

P
W

i

L= geng)+ \,Z N

/

i=1 i=1

\]ZZ(AM‘*’(WHZQ Z &c )(f)]

s
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\JZ(AL)’( f)+\JZ Zy,(A__ ) )2

i=1 =1 j=1

n m

5c+\§Zy Z; : \/—))

& aAh
=et ;y’\zz 31:,

i=1j=1

ij=1 j=1

S(l-&-@c

(vi) 1A7] = [VZY AFi + Zahz Zy,AAh +V2 § Z% f’a

-Sa gy
=|vZ ZAfzz+Zh by +ZIV" I - Zy*AN‘ NEZ”’

i=1j=1
+\/_Z Zyt(AfJ

i=1j=1 i=1j=1

mor )| SIv(an)E =)

Oh;

V-V

m

NI (zy.-"”’ 2513w ;m

k=1 i=1 k=1 i=1

_, Z(Af”)(\/_)-l- =(hihy )(\/_)+2Z|Vh I2(\/§)

i=1

"“ZyzAAh + 222% fil 51_1)(_\/—_)

i=1j=1
+ i(Vfi-V )+ 1(A.f1
,‘_\:I;y 1 2{:1;1’ (f)
EEEEE)- Rers

"’Af‘l( H+3 \JZhZ( % \Jth i f)+2Zth,I2 3

+2 \J Zy,\J Y (anry (S vl 2ZIy, J D )\I Xn: ghj] (72-)

i=1 j=1
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+5 Zlyz \jz Af;)? \12(%)2(%)

1 i 9 i 6h T ah,‘
-"22—:\)2:9"\]z - (9.’1:]; 75)\12‘1”?\]2“363:,‘)2(\%)

k=1 \ i=1
1w =
+5 y, V 2=
Vi |~ 082 1 Iz, ¢ &
5'5" ;( azi) +§C(1+—2—)1+L;l+§.
+7 f:yzc+1c(1+| Ny ii( 9 An)*(Z)
4 =1 ' 2 2 i=1 ' i=1j=1 0 J \/i

+c\‘ Zy?JZZW%lz(%) +3 Z:y?\J Zz(a:c]'-f(ﬁ)

8h T e, Ohi\2, T
A \jzz o, TJk Salepi

k=11=1

Sy S

i=1 k=1li=1

ZWA,‘,P +—-+ ,li?

+§(1 + ‘—;—l)\] Zy?\} ZIVNHF(\%)
+C\J2y‘\]zzz 0z; aa,-,,) (f)

i=1j=1lk=
—«l : 2 | S IVAR(E), | S IVARP ()
+ ;y 211 \jz \/— \J;l (\/—
1 m n m n
+§§y3,§§§ 8z, sz) (f)
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m ‘m m
T SRRty 3 FE 3
i=1 i=1 i=1

= —§c+02 + —\J A +202\J2y, +02(ny)

i=1

= (-‘%ﬁ+c)c+(zic—+2c2 ,lzyz +°2(Z-'h
=1
<(._\./_._.c+62 1+«|Zy‘g

Remark 5.1 Under the assumptions of Proposition 5.2, we can take

0 = [Se+ B 14 5 ge)?

=1

so that (5.8), (5.9), (5.10) are satisfied. O

In view of Proposition 3.1, we have the following Harnack inequality.

THEOREM 5.3. Let ig > 0 be a positive solution of the equation (5.5) on the

closed ball Bg = {z € R : |z] < R} with the Neumann condition %}3 =0 on dBpg.

Let §(z,t) = —logir(z,t) and B(z,t) = &(t)|z]? + 4a°(t) + ;—t with &;(t) > 0 and
&(t) > 0. Suppose that (5.8)-(5.18) hold so that

0P - -
G +1Ver =Y fjgie_‘ -V <a(t)/|Vel? + B(z,t) + % +2v/ne(t)
i=1 7

for allt > 0. Lett > to and P = { differentiable path o = (01,0,) : [0,1] —
Bpr x R such that 0(0) = (01(0),02(0)) = (o, t0),o(1) = (z, 1), 02(3) > 0}. Define

(5.20)
1 1 f
d((z0,to), (1)) = inf {l/ <"’1’f>ds+/ %(‘fd L{;I_ g

+V+ Zf. )ds +4/ doy l”" ards}

Then

_ _ ti-2 O
(5:21) Ba(z, ) 2 (a0, to) (77) F exp (- /t 2vm(r)dr) exp | - d((ao, o), (z, 1))

Similarly Theorem 3.3 gives us the following Harnack inequality.
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THEOREM 5.4. Let @ > 0 be a positive solution of the equation
n
@ =Ad+ ) fiti-Va
i=1

on B*. Let @(z,t) = —logi(z,t) and B(z,t) = &(t)|z|? + 4a°(t) + % with &(t) >
0 and &(t) > 0. Suppose that

(5.22) IFl < &®)(+ =)

(5.23) Vil =, |Z IVFil? < &), IVV] < &1+ |z])
i=1

(5:24) lav|<glafi<e

(5.25) 28 (t) < & (t)e(t)

(5.26) 28 (t) < & (t)(4a2(t) + -2’lt

(5.27) 45,(t) < G (2)

(5.28) g+ ?’t-ez >0

(5.29) 2@2) + %cﬁ + 4—':2- >0

(5.30) d'(t)+a[2:%—/\——(\/—+cl+cl ] -vne>0

(5.31) g+ ;4?5\/—56*(% - %)é ‘g_ >0

(————fi‘j ;fj’i). Let

where X is the absolute value of the greatest eigenvalue of

B(a,0) = o+ Vel = 3 g =V = a(y/IVel +Blat) - 7 ~ 2/()
j=1 g

= B = a0y IVl + Bzt - = — 2vme(t)

Lett>to and P = { dzferentzable path o = (01,02) : [0,1] = R® x R such that o(0)
= (01(0), 02(0)) = (o, 20),0(1) = (2, t),05(s) > 0}. Define

(5.32) d((zo,t0), (3,1)) = inf {3 /<01,f>ds+/ 2 (vaa W g

0

+V 4+ - fo)dé‘-*- /d;%[ldl!.}.\/_}ds}

If ¥(z,0) <0, then

(6:39) ae,) 2 e, 1) () ¥ exp (- [ 2vmetrIdr) exp [ - dl(avs o), (3.0)]
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It is a very interesting question to find path o that maximize the right hand side

of (5.33). It is likely that such a path carries most information of how probability
density propagates in time.
In order to apply (5.33) for proving decay of the solution @, we need some integral

estimate of a.
THEOREM 5.5. Let @ be a nonnegatie solution of the equation

0u =0T

on R™, where f and V are given by (5.6) and (5.7). Suppose that

n

1] S e@) @+ 2, [VF] = | DO IVAPR < e)(1+2])
\ s

7=1

(5.34)
|h| < e(®) (1 + |2[*),|VR] =, Z [Vhi|2 < c(t)

Let €5 and T be small enough so that for 0 <t < T,

|z|| Flv2 3n |z|? 3 /= o7 (22
el 4(t+52)S 4(t + e2) CX 64(t +e2)2 5(; VA1)
1 — A B gl kB
_§;(Ah,) £ Q;h? L 7; (;fjaxj)
Then

75 m T m

/np(z',t)ﬂ(m,t) < {exp [%/0 (;ng)z + 1+2\/§/O jgoy]]}
| plz.0a(z,0)

where p(z,t) = (t +e2) ™ exp (LP—)
i 8(t + e2)
Proof. Let p be any smooth function on R™. We have

i ), on= [, o [ o
— [ pi= [ pa+ | piy
dt /gy Br Br

- 01 .
= pa+/ Aﬁ+/ ,-——/ Vi
/BR e e e p;fazi ey

Br 1
_0p / ot
U—ds + —ds

8Br pal/

= ﬂ+/ Apﬁ—/
/Bnpt BR( ) 8Br ov

n n
= ~”+ i;ﬂ-i-/ 7] ~-I/ds—/ Vi
/BR (P> f ;pf) aBRqu e

=1
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by Divergence Theorem and Green’s first identity. Now we can use simple cut off
argument to obtain the following

(5.36)
d n n_ _
s u= Ap iPi — wip—Vp)u
dt/npu /Rn(p“L p ;fp ;f,p p)i

2
p= (t +e2)""exp [%]
|z[? }: zip
8(t+62) 4(t+€2)

pi= (t 4+ e2) "x; exp [

4(t + €2)
p__, g
d(t+e3) 16(t +¢€2)?

n |z|?
A=
a [4(t+52) ¥ 16(t+52)2]p

pPii=

+ Ap= —n(t+e5) " Lex [ |2 ]— Ll (t+ ) "ex [—ﬁ]
4 S . PI8G 22u)) . Blren)" ool TR v o)
n |z|?
+[4(t+52) 16(t+52)2]p
. =a || n |z[?
. [t+62 T 8(t+e2)?  A(t+ea) 16(t+€2)2]

__[ 3n b |z|? ]
T T3t rer) T 160t +e2)2”

Observe that
=y fimi < [Zfiml
=1 3

‘Z‘ff’x’”z:i‘”’y’axﬁ (t+2)

V2p |z|* —~ x~. Ohj.,
St ”f’+2(t+52)[16(t+5) 4(”52)Z(Zﬂax)]

i=1 g=1

_ [l=llflv2 |z|? — <~ Ok,
_[4(t+€2)+3 t+€2)2 ;Zly]a.’ltz)]p

= [T (-vaR+2) D) +f§;f“ +3I R
Zy Ah +\/_zzyzf]6

2= =1 j=1
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i Oh; Oh;
_Zzzy'yjax Bxk]
i=1 j=1 k=1

[ ﬁanHZy,Ah +\/'Zf,, 2Zh2

=1 i=1
n

—ZyiAﬁi'*‘\/ﬁZZyszgh— _izzy' jah al ]

i=1 i=1 j=1 i=1 j=1 k=1 Oz, Oz}

i oh; Oh;
";J_Zl;y‘y’azkaz ]

Hence

i [ 30 P Jallfve
E,/npus_/,.p[cl(t-l-eg) 16(t+£2)2 + 4(t + &5)

e N T
+32(tlaiez)2 Z Z% —ZyjAhj~_Zhg
i=1

i=1 j=1

m n

Oh; Oh;
—\/—ZZy,fJa +Zzzy'y18:z 6:r]

i=1 j=1 =1 j=1 k=1

- [ ol e

P 4(t+82) 32t +e2)? | 4(t+e2)

n m

#33 (Lug) - Lwoh -5 2K
i=1 j=1 =1 i=1
m n —ah
i=1 j=1

By Schwartz inequality, we have

n m n m

> (Lng )<Z 2_4) Zyj (SIVEF)

i=1 j=1 i=1 ]"‘1 J—"l j=1

1 m

J=1 J—-l
ZyJAh i< I;yzﬂh il < 2231, 2;}(&1‘1 i)
= ah
—\/.Z Zytfjé_< ‘/_IZZ(fJa
i=1 j=1 i=1 j=1

Zf, —}Ci

i=1 j=1 =1
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Hence

i I
dt Rnpusfnp[4(t+62) 32(t +€2)2  4(t+er)

"%(2%2')2 + %(Z IVR;1%)* + % Y i+ %Z(AE,Y

i=1 j=1 ji=1 i=1

1 m \/i mo M Sh. \/§ m )

—EZh?+TZ(ijaz;)2+—é—Zy?]u
i= i=1 j=1 =1

) 3 =P V2llfl 3 <5 oy
- A“p[4(t+a) T 32t +€2)? T it ter) i §(§y?)

(S Ivh e+ 2 S LSk - L3R

J=1 j=1 j=1 =1

25 (L A5 s

i=1 j=1

+

[ AR

Choose € and T small enough so that for 0 <t < T, we have

]Z”f|\/§ 3n IJ;P 3 m _ 2 1 m _
ft+ey) S Aiter)  6At+er)? E(;'V"ilz) -3 J_;(Ahj)?

13 \/ﬁ m n —371,‘
+§Z;h?*72;(z;fj3};)2
1= 1= =

Then we have

d - 3 = 292 1+\/§ i 2 _
3 Jo. PR S [g(jzzlyj) +— Zyj]/“pu
This implies

/R’*x{t}pﬁ s {eXp [g/oT(iy?)2+ 1+2\/§/0T§:y?]}/knx{o}pﬁ

j:l j:]

Now we are ready to do the pointwise estimate.
THEOREM 5.6. Let @ be a nonnegative solution of the equation

ou

oz, -Va

Ou e
E—AU*‘;};

1147

Suppose that the assumptions of Proposition 5.2 hold. Suppose further that (5.22)-
(5.31) hold. Let €2 and 2T be chosen small enough so that for 0 <t < 2T, (5.35)

holds. Then for T € Bgy».
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R ,-n —(§ - |a))?
(5.37) az < — [ml [exp (_“8(3t+é2) )]

(2)%[exp/z 2\/ﬁé(s)ds] _max exp [d((:c, t),(z,2t))]

—z|<R/2

{exp[ / (Z v3)? + 1+‘/_/2t 3 L"p(a:,O)ﬁ(z,O)

where p(z,t) = (t +€2) " exp (E(Jt%!;;j) and w, =volume of unit ball.
Proof. For z € Bry, and z € Bg. Theorem 5.4 implies

2t
i(z, 2t) > @(z, t)(%)nﬂ [exp (- /t 2\/ﬁé(s)ds)] exp [- d((z,1), (z, 2t))]

which is equivalent to
2t
(538)  alz,t) < a(z, 262" [exp / 2n¢(s)ds) exp [d((z, 1), (=, 21))]
t

Multiplying both sides of (5.38) by p(z,2t) and integrating over a closed ball with
center T and radius R/2, we get

(5.39) ﬁ(:c,t)/ p(z,2t)dz < 2“/2[exp /:h Qﬁé(s)ds]

lz—z|<R/2

/ i(z, 20)0(z, 26) exp [d((z, 1), (2,20)  dz
lz—z|<R/2

2"/2 exp/ 2\/_c(s)ds] maog2 d((z,t), (2, 2t))/ ip
R

nx {2t}

< 2n/2[exp[ 2\/55(5)(18] ) m|a)§z d((r, t), (z,2t))

2t m 2t m
(o3 [ 2+ ”f / i1} [ ple0)ite0)

j=1

by Theorem 5.5. Let z =1z + i;-zl. Then

1 |2/?
S RN YAy S RN S
(5:40) z—z|<R/2 Pz 2) lz—z]<r/2 (2t +&2)" p[8(2t+ez)] ‘

_ (3)" lz| + 2,2

B [z;[ﬁ] (2t +e2)" P [ 8(2t j €2) ]dzl
n (|z| - &)

2 Wn [2(2t ¥ 62)] P [8(2t +252)]

Combining (5.39) and (5.40), we get
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i n (el - )
(5.41) u(z,t)wn[m} e"p(m)

<u(z,t) p(z,2t)dz
|z—z|<R/2

o er /tztzﬁé(s)ds]{ max _exp [d((z, 1), (z,26))] }

lz—z|<R/2

(e[} /0 ”(_2’:: 2y 12 /0 DY) /R p(z,0)a(z,0)

i=1

(5.37) follows immediately from (5.41). O
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