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In the late seventies, the concept of the estimation algebra of a filtering system was introduced.

It was proven to be an invaluable tool in the study of non-linear filtering problems. In the early

eighties, Brockett proposed to classify finite dimensional estimation algebras and Mitter con-

jectured that all functions in finite dimensional estimation algebras are necessarily polynomials

of total degree at most one. Despite the massive effort in understanding the finite dimensional

estimation algebras, the 20 year old problem of Brockett and Mitter conjecture remains open.

In this paper, we give a classification of finite dimensional estimation algebras of maximal rank

and solve the Mitter conjecture affirmatively for finite dimensional estimation algebras of

maximal rank. In particular, for an estimation algebra E of maximal rank, we give a necessary

and sufficient conditions for E to be finite dimensional in terms of the drift fi(x) and observa-

tion hj(x). As an important corollary, we show that the number of statistics needed to compute

the conditional density of the state given the observation fyðsÞ : 0 � s � tg by the algebraic

method is n where n is the dimension of the state.

1. Introduction

In 1960 and 1961, ASME’s Journal of Basic Engineering

published two historically important mathematics

papers on filtering by Kalman (1960), and Kalman

and Bucy (1961), respectively. Despite the usefulness

of the Kalman–Bucy filter, however, it is not perfect.

One of its weaknesses is that it needs a Gaussian

assumption for the initial data. Another weakness is

that it is restricted to linear dynamical systems. (In

1986, Makowski (1986) showed that the initial data

need not be Gaussian, and what is essential is that the

system is linear and driven by Brownian motion.) In

view of these weaknesses, Brockett and Clark (1980),

Brockett (1981) and Mitter (1939) proposed indepen-

dently the idea of using estimation algebras to construct

finite-dimensional non-linear filters. The idea is to imi-

tate the approaches Wei–Norman (1964), using the Lie

algebraic method to solve the Duncan–Mortensen–

Zakai (DMZ) equation, which the unnormalized

conditional probability density of the state x(t) must

satisfy. The advantage of this approach is that as long

as the estimation algebra is finite dimensional, one gets

a finite-dimensional recursive filter and there is no

need to make any assumption on the initial date.

Moreover, the approach applies well to non-linear dyna-

mical systems. More importantly, the number of suffi-

cient statistics in the Lie algebra method in computing

the conditional probability density is linear in n, where

n is the dimension of the state space. In fact, the finite

dimensional filters constructed by the Lie algebraic

method are universal in the sense of Chaleyat-Maurel

and Michel (1984) (see Corollary 5). Hence the Lie

algebraic method is of practical importance. For more

detail, we refer the readers to an excellent survey

article written by Marcus (1984). However, in the

Wei–Norman approach, one has to know explicitly

the basis of the estimation algebra in order to reduce

the DMZ equation to a finite system of ordinary

differential equations driven by y(t) and a Kolmogorov

equation that is independent of y(t). Therefore it is

very important to find out the basis of finite dimensional

estimation algebra.*Corresponding author. Email: yam@uic.edu
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In 1983, Brockett proposed to classify all finite-

dimensional estimation algebras. The fundamental

breakthrough in Brockett’s problem was due to Wong

(1987). In a series of papers Wong (1987a, b), gave a

new light on the classification problem of finite-

dimensional estimation algebras for the first time.

Specifically, under the hypothesis that the drift f in (1)

is real analytic and its first, second and third order par-

tial derivatives are bounded functions, Wong proved

that all finite-dimensional estimation algebras of (1)

are solvable and the observation h(x) in (1) is a polyno-

mial of degree one. Most strikingly, he was able to give a

structural description of finite dimensional estimation

algebras under these conditions. Nevertheless, without

the assumptions of the real analyticity of f and the

bounds of the first, second and third order partial deri-

vatives of f, the structure and classification of finite-

dimensional exact estimation algebras were studied in

detail only in the early 1990s (Chen and Yau 1996,

1997, Chen et al. 1996, 1997, Chiou and Yau 1994,

Tam et al. 1990, Yau 1994). In Wong (1987b) the

antisymmetric matrix � was introduced, which is

defined as the matrix whose ði, jÞ element is !ij ¼

@fj=@xi � @fi=@xj, where f is the drift term of the state

evolution equation. If the drift term has potential (i.e.,

if the drift term is a gradient vector field), the corre-

sponding estimation algebra is called exact. For an

exact filtering system, � is zero. Tam et al. (1990) and

Dong et al. (1991) classified all finite-dimensional exact

estimation algebras of maximal rank with arbitrary

state space dimension. Chiou and Yau (1994) intro-

duced the concept of a general estimation algebra of

maximal rank. They were able to classify all finite-

dimensional estimation algebras of maximal rank with

state space dimension less than or equal to two. Chen

et al. (1996, 1997) classified all finite-dimensional estima-

tion algebras of maximal rank with state space dimen-

sion three and four respectively. Recently Hu et al.

(2000), by using the quadratic theory developed in

Chen and Yau (1996) and partial constant structure of

� matrix proved in Wu et al. (2002) and Yau et al.

(1999), have classified all finite dimensional estimation

algebras of maximal rank with state space dimension

less than or equal to five. The novelty of their theorem

is that there is no assumption on the drift term of the

non-linear filtering system.
Despite the massive effort in understanding the finite

dimensional estimation algebras, the 20 years old pro-

blem of Brockett remains open. The purpose of this

paper is to solve the Brockett’s problem on classification

of finite dimensional estimation algebra of maximal

rank. Yau’s program of classifying finite dimensional

estimation algebras of maximal rank consists of four

crucial steps.

Step 1. In 1990, Yau first observed that Wong’s

�-matrix plays an important role. As the first crucial

step, Yau (1994) classified all finite dimensional estima-

tion algebras of maximal rank if Wong’s matrix has

entries in constant coefficients.
Step 2. The second crucial step was due to Chen

and Yau (1996). They developed quadratic structure

theory for finite dimensional estimation algebra. They

also laid down all the ingredients needed to give the

classification of finite dimensional estimation algebras

of maximal rank. In particular, they introduced the

notion of quadratic rank k. In this way, the Wong’s

�-matrix is divided into 3 parts

(1) ð!ijÞ, 1 � i, j � k;
(2) ð!ijÞ, kþ 1 � i, j � n; and
(3) ð!ijÞ, 1 � i � k, kþ 1 � j � n, or kþ 1 � i � n,

1 � j � n.

Chen and Yau (1996) proved among many other things

that part (1) ð!ijÞ, 1 � i, j � k, is a matrix with constant

coefficients.
Step 3. Chen et al. (1997) proved the weak Hessian

matrix non-decomposition theorem for n � 4. As a

result, part (2), ð!ijÞ, kþ 1 � i, j � n is a matrix with

constant coefficients. Wu et al. (2002) proved the weak

Hessian matrix non-decomposition theorem for general

n. Yau et al. (1999) proved the strong Hessian matrix

non-decomposition theorem for general n. Thus part

(2), ð!ijÞ, kþ 1 � i, j � n is also a matrix with constant

coefficients.
Step 4. This paper uses the full power of the quad-

ratic structure theory developed by Chen and Yau

(1996) to prove that the matrix ð!ijÞ, 1 � i � k,

kþ 1 � j � n and the matrix ð!ijÞ, kþ 1 � i � n,

1 � j � k are with the constant coefficients. This

finishes the 20 years old classification problem of finite

dimensional estimation algebras of maximal rank.

Theorem 1: Suppose that the state space of the filtering

system (1) is of dimension n. If E is the finite-dimensional

estimation algebra with maximal rank, then E is a real

vector space of dimensional 2nþ 2 with basis given by

1, x1, . . . , xn, D1, . . . ,Dn and L0.

Mitter conjectured a long time ago that all the functions

in finite dimensional estimation algebras are polyno-

mials of degree one. As an immediate consequence of

the above Main Theorem, following corollary applies.

Corollary 1 (Mitter Conjecture): Suppose that E is the

finite-dimensional estimation algebra with maximal

rank corresponding to the filtering system (1). Then any

function in E is a polynomial of degree one.

The following corollary is an immediate consequence of

Theorem 1 above and Theorem 7 of Yau (1994).
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Corollary 2: Suppose that the state space of the filtering
system (1) is of dimension n. If E is the finite-dimensional
estimation algebra with maximal rank, then the number of
statistics in order to compute the conditional density by
Lie algebraic method is n.

The following corollary is an immediate consequence of
Theorem 1 above and Theorem 5 of Yau (1994).

Corollary 3: Suppose that E is the estimation algebra
with maximal rank corresponding to the filtering
system (1). Then E is finite dimensional if and only if

(1) ð@fj=@xiÞ � ð@fi=@xjÞ ¼ cij where cij are constants for
all 1 � i, j � n,

(2) h1, . . . , hm are affine in x (i.e. polynomials of total
degree at most one),

(3)
Pn

i¼1 ð@fi=@xiÞ þ
Pn

i¼1 f
2

i þ
Pm

i¼1 h
2
i is a polynomial

of total degree at most two.

This paper is, in essence, a continuation of previous
papers (Chen and Yau 1996, Chen et al. 1996, 1997,
Chiou and Yau 1994, Hu et al. 2000, Wu et al. 2002,
Yau 1994, Yau et al. 1999). It is strongly recommend
that readers familiarize themselves with the results in
Chen and Yau (1996) and Yau and Wong (1999).
However, every effort is made to have this paper as
self-contained as possible without too much duplication
of the previous paper.
In x 2, some basic concepts and results are recalled. x 3

classifies finite-dimensional estimation algebras of max-
imal rank with arbitrary state space dimension. Section
4 gives a general construction of finite dimensional
estimation algebras beyond Kalman or Benés types.
Construction of finite dimensional filters from finite
dimensional estimation algebras are also given. These
finite dimensional filters turn out to be universal in the
sense of Chaleyat-Maurel and Michel (1984).

2. Some basic concepts and results

In this section, some basic concepts and results are
recalled (Chen and Yau 1996, Chiou and Yau 1994,
Wu et al. 2002, Yau 1994, Yau et al. 1999). The filtering
problem considered here is based on the signal observa-
tion model

dxðtÞ ¼ f ðxðtÞÞ dtþ gðxðtÞÞ dvðtÞ xð0Þ ¼ x0
dyðtÞ ¼ hðxðtÞ dtþ dwðtÞ yð0Þ ¼ 0

�
ð1Þ

in which x, v, y and w are respectively Rn,Rp,Rm, and Rm

valued processes and v and w have components that are
independent, standard Brownian processes. It is further
assumed that n ¼ p; f , g and h are vector-valued, ortho-
gonal matrix-valued and vector-field C1 smooth func-
tions; y(t) is referred to as the observation at time t.

Let �ðt, xÞ denote the conditional probability density
of the state given the observation fyðsÞ : 0 � s � tg. It is
well known (see Davis and Marcus (1981), for example)
that �ðt, xÞ is given by normalizing a function �ðt, xÞ
that satisfies the following DMZ equations.

d�ðt, xÞ ¼ L0�ðt, xÞ dtþ
Xm
i¼1

Li�ðt, xÞ dyiðtÞ,

�ð0, xÞ ¼ �0ðxÞ

8<
: ð2Þ

where L0 ¼
1
2

Pn
i¼1 @2=@x2i �

Pn
i¼1 fi@=@xi

�
Pn

i¼1 @fi=@xi�
1
2

Pm
i¼1 h

2
i for i ¼ 1, . . . ,m,Li is the

zero-degree differential operator of multiplication by
hi, and �0 is the probability density of the initial point
x0.

Equation (2) is a stochastic partial differential
equation. In real applications, one is interested in con-
structing robust state estimators from observed sample
paths with some property of robustness. Davis in
(1980) studied this problem and proposed some robust
algorithms. In this case, his basic idea reduces to
defining a new unnormalized density

uðt, xÞ ¼ exp

�
�
Xm
i¼1

hiðxÞyiðtÞ

�
�ðt, xÞ:

Davis reduced (2) to the following time-varying partial
differential equation, which is called the robust DMZ
equation:

@u

@t
ðt, xÞ ¼ L0uðt, xÞ þ

Xm
i¼1

yiðtÞ½L0,Li�uðt, xÞ

þ
1

2

Xm
i, j¼1

yiðtÞyjðtÞ½½L0,Li�,Lj �uðt, xÞ,

uð0,xÞ ¼ �0ðxÞ,

8>>>>><
>>>>>:

ð3Þ

where ½� , �� is the Lie bracket.

Definition 1: The estimation algebra E of a filtering
problem (1) is defined as the Lie algebra generated by
fL0,L1, . . . ,Lmg. E is said to be an estimation algebra
of maximal rank if, for any 1 � i � n, there exists a
constant ci such that xi þ ci is in E.

Definition 2: Define matrix � ¼ ð!ijÞ, where

!ij ¼
@fj
@xi

�
@fi
@xj

, 8 1 � i, j � n: ð4Þ

Clearly � is skew symmetric and ð@!jk=@xiÞ þ
ð@!ki=@xjÞ þ ð@!ij=@xkÞ ¼ 0 for every 1 � i, j, k � n.

Define

Di ¼
@

@xi
� fi, � ¼

Xn
i¼1

@fi
@xi

þ
Xn
i¼1

f 2
i þ

Xm
i¼1

h2i : ð5Þ

Classification of finite-dimensional estimation algebras 691
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Since D2
i ¼ð@2=@x2i Þ�ð@=@xiÞfi�fið@=@xiÞþf 2

i ¼ð@2=@x2i Þ�
fið@=@xiÞ�ð@fi=@xiÞ�fið@=@xiÞþf 2

i ¼ð@2=@x2i Þ�2fið@=@xiÞ�
ð@fi=@xiÞþf 2i ,

L0 ¼
1

2

Xn
i¼1

D2
i � �

 !
: ð6Þ

The following basic results which play a fundamental

role in the classification of finite dimensional estimation

algebras are needed.

Theorem 2 (Ocone 1980): Let E be a finite-dimensional

estimation algebra. If a function  is in E, then  is a

polynomial of total degree � 2.

Theorem 3 (Yau 1994): Let E be a finite-dimensional

estimation algebra of (1) such that !ij are constant

functions. If E is of maximal rank, then E is a real
vector space of dimension 2nþ 2 with basis given by

1, x1, . . . , xn, D1, . . . ,Dn and L0.

Corollary 4 (Yau 1994): Let E be a finite-dimensional

estimation algebra with maximal rank. Then E contains

the real vector space spanned by 1, x, . . . , xn, D1 . . . ,Dn

and L0.

Let Q be the space of quadratic forms in n variables,

namely, real vector space spanned by xixj with

1 � i � j � n. Let X ¼ ðx1, . . . , xnÞ
T . For any quadratic

form p2Q, there exists a symmetric matrix A such

that pðxÞ ¼ XTAX . The rank of the quadratic form p

is denoted by r(p) and is defined to be the rank of the

matrix A. A fundamental quadratic form of the estima-

tion algebra E is an element p0 2E \Q with the greatest

positive rank, that is, rð p0Þ � rð pÞ for any p2E \Q.
The maximal rank of quadratic form in the estimation

algebra E is defined to be k ¼ rð p0Þ and is called the

quadratic rank of E.
After an orthogonal transformation on x, p0 can be

written as

p0ðxÞ ¼ c1x
2
1 þ c2x

2
2 þ � � � þ ckx

2
k, ci 6¼ 0, 0 � k � n:

ð7Þ

Notice that k is the quadratic rank defined right after

Corollary 4 and is fixed. A priori, k can be any

number from 0 to n. Following Wong (1987b) from

p0ðxÞ, we can construct a sequence of quadratic forms

in E \Q as follows:

q0ðxÞ ¼ p0ðxÞ ð8Þ

qjðxÞ ¼
�
½L0, qj�1�, q0

�
¼
Xk
i¼1

4 jc jþ1
i x2i : ð9Þ

In view of the invertibility of the Vandermonde matrix,
it can be assumed that

p0ðxÞ ¼ x21 þ x22 þ � � � þ x2k 2E:

Remark 1: A theorem of Brockett (Brockett 1979)
states that the estimation algebras are isomorphic
under a smooth non-singular change of coordinates.
Therefore for the problem of classification of finite
dimensional estimation algebras, one is free to change
coordinates.

Lemma 1 (Chen and Yau 1996): If p is a quadratic
form in estimation algebra E, then p is independent of xj
for j > k, where k ¼ rðp0Þ is the quadratic rank of E.
In other words, @p=@xj ¼ 0 for kþ 1 � j � n.

Let p1 2E \Q be an element with least positive rank,
that is, 0 < rð p1Þ � rðqÞ for any non-zero q2E \Q.
After an orthogonal transform that fixes xkþ1, . . . , xn
variables (i.e. an orthogonal transform on x1,x2, . . . ,xkÞ,
and the Vandermonde matrix procedure as above, we
can assume

p1 ¼
Xk1
i¼1

x2i 2E, 1 � k1 � k: ð10Þ

Note that the orthogonal transform on x1, . . . ,xk leaves
p0 invariant. In summary, we deduce that p0 ¼

Pk
i¼1 x

2
i

has the greatest positive rank and p1 ¼
Pk1

i¼1 x
2
i has

the least positive rank. Define

S1 ¼ f1, 2, . . . , k1g � S ¼ f1, 2, . . . , kg ð11Þ

and Q1 ¼ real vector space spanned by fxixj :k1 þ 1 �

i � j � kg � Q.
If k1 < k, then Q1 \ E is a non-trivial space, since

p� p0 2E \Q. In a similar procedure as above, there
exists

p2 ¼
Xk2

i¼k1þ1

x2i 2E \Q1 ð12Þ

with the least positive rank in E \Q1. By induction, one
can construct a series of Si,Qi and pi such that

Si ¼ fki�1 þ 1, . . . , kig, k0 ¼ 0, ki � k, ð13Þ

Qi ¼ real vector space spanned by fxlxj : ki þ 1 �

l � j � kg,

pi ¼
Xki

j¼ki�1þ1

x2j ¼
X
j 2Si

x2j , i > 0 ð14Þ

and pi has the least positive rank in E \Qi�1 for i > 0.
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Lemma 2 (Chen and Yau 1996): If p2E \Q, then

pð0, . . . , 0, xki�1þ1, . . . , xki , 0, . . . , 0Þ ¼ � pi, for i > 0,

where � is a real constant.

Lemma 3 (Chen and Yau 1996): If p2E \Q, then

pðx1, . . . , xki�1
, 0, . . . , 0, xkiþ1, . . . , xnÞ 2E for i > 0

Lemma 4 (Chiou and Yau 1994, Wong 1987, Yau
1994): Let �,� be differentiable functions defined on
R

n. Then

(i) ½XY ,Z� ¼ X ½Y ,Z� þ ½X,Z�Y , where X ,Y and Z
are differential operators;

(ii) ½�Di,�� ¼ �ð@�=@xiÞ, where Di ¼ ð@=@xiÞ � fi;
(iii) ½�Di,�Dj � ¼ ���!ij þ �ð@�=@xiÞDj � �ð@�=@xjÞDi,

where !ji ¼ ½Di,Dj� ¼ ð@fi=@xjÞ � ð@fj=@xiÞ;
(iv) ½�D2

i ,�� ¼ 2�ð@�=@xiÞDi þ �ð@
2�=@x2i Þ;

(v) ½D2
i ,�Dj� ¼ 2ð@�=@xiÞDiDj�2�!ijDiþð@2�=@x2i ÞDj�

�ð@!ij=@xiÞ;
(vi) ½D2

i ,D
2
j �¼4!jiDjDiþ2ð@!ji=@xjÞDi þ2ð@!ji=@xiÞDj þ

2ð@!ji=@xi@xjÞþ2!2
ji.

Lemma 5 (Yau 1994): Let E be a finite dimensional
estimation algebra with maximal rank. Then the vector
space spanned by < 1, x1, . . . xn, D1, . . . ,Dn >� E.

Before going to the next section, we summary an
important Theorem from previous papers (Wu et al.
2002, Yau et al. 1999) that will appear frequently in
our subsequent discussion.

Theorem 4: Suppose that the estimation algebra
associated to (1) is finite dimensional with maximal
rank. Let k be the quadratic rank of E. Then !ij, for
1 � i, j � k or kþ 1 � i, j � n, are constants, and !ij,
for 1 � i � k, kþ 1 � j � n or kþ 1 � i � n, 1 � j � k,

are polynomials of degree one in x1, . . . , xk.
Furthermore, �j ¼

Pk
l¼1 xl!jl 2E, 8kþ 1 � j � n:

3. Proof of the main theorem

In the subsequent discussion, we shall denote k to be the
quadratic rank of the estimation algebra E, k1, k2, . . . be
those sequences defined in (11) and (13), and
piðxÞ ¼

Pki
j¼ki�1þ1 x

2
j in (14) be the quadratic polynomial

of E in xki�1þ1, . . . , xki variables with minimal rank.
We now sketch the idea of proving our Main

Theorem. In view of Theorem 3, we only need to
prove that !ij , 1 � i, j � n, are constant functions.
If the quadratic rank k is equal to zero, then our
Main Theorem follows from Theorem 4. Therefore
it remains to prove !ij , for 1 � i � k, kþ 1 � j � n or
kþ 1 � i � n, 1 � j � k, are constant functions if

k>0 by Theorem 4. Since ð!ijÞ is skew symmetric, it
suffices to prove that !ij, for 1 � i � k, kþ 1 � j � n,
are constant functions. We are going to prove that
these !ij functions are independent of x1, . . . , xk vari-
ables. On the other hand, Theorem 4 says that these
!ij are polynomials of degree one in x1, . . . , xk. This of
course implies that !ij , for 1 � i � k, kþ 1 � j � n, are
constant functions.

Now we describe briefly our strategy to prove that
these !j‘, 1 � j � k, kþ 1 � ‘ � n functions are inde-
pendent of x1, . . . , xk variables. The proof is highly non-
trivial. It took us several years to work it out! We first
observe that if x2kr�1þ1 þ � � � þ x2kr is a basic quadratic
form in E, then @!j‘=@xi ¼ 0 for all kþ 1 � ‘ � n,
kr�1 þ 1 � i, j � kr and i 6¼ j. This is Lemma 14 below
and it is not difficult to prove. The difficult part is to
prove Lemma 9 which asserts that @!j‘=@xi ¼ 0 even
for i ¼ j. The idea is to prove by contradiction in the fol-
lowing manner: if @!i‘=@xi 6¼ 0, then one can construct
an infinite sequence linearly independent elements in E.

We next prove the following fact. Let x2kr�1
þ � � � þ x2kr

and x2ks�1
þ � � � þ x2ks be two basic quadratic forms in E,

where kr�1 < kr � ks�1 < ks. Then @!j‘=@xi ¼ 0 for all
kþ 1 � ‘ � n, kr�1 þ 1 � i � kr and ks�1 þ 1 � j � ks.
This is Lemma 13 below and is the most difficult
part of our paper. We need to establish Lemma 10,
Lemma 4 and Lemma 12 in order to prove it. The idea
is to construct an infinite sequence of independent
elements in E. This time the construction is even harder
than the previous one because the appearance of even
and odd numbers of the infinite sequence are different.

Lemma 6: Any quadratic form qðxÞ of E in
xki�1þ1, . . . , xki variables is a constant multiple of piðxÞ.

Proof: This follows immediately from Lemma 2 Q.E.D

Let !ij ¼ ð@fj=@xiÞ � ð@fi=@xjÞ.

Lemma 7: Then @!il=@xj ¼ @!jl=@xi for all kþ 1 �

l � n, and 1 � i, j � k.

Proof: It is clear that for any i, j, l, we have

@!il

@xj
þ
@!ji

@xl
þ
@!lj

@xi
¼ 0:

Now suppose 1 � i, j � k and kþ 1 � l � n. By
Theorem 4, !ij is constant. Hence the above equality
is reduced to the following equality.

@!il

@xj
þ
@!lj

@xi
¼ 0, i.e.,

@!il

@xj
¼
@!jl

@xi
: Q.E.D.

Let Ui be the space of differential operators with order
at most i. The following lemmas will facilitate the proof
of our main theorem.
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Lemma 8: Let Di ¼ ð@=@xiÞ � fi and a, b be C1

differentiable functions defined on R
n. Then

½aDi1
1 � � �D

is
s , bD

j1
1 � � �Djt

t �

¼ i1a
@b

@x1
Di1�1

1 Di2
2 , . . . ,D

is
s D

j1
1 � � �Djt

t þ � � �

þ isa
@b

@xs
Di1

1 � � �D
is�1

s�1D
is�1
s D j1

1 � � �Djt
t

� j1b
@a

@x1
Di1

1 � � �D
is
s D

j1�1
1 Dj2

2 � � �Djt
t � � � �

� jtb
@a

@xt
Di1

1 � � �D
is
s D

j1
1 � � �Djt�1

t�1D
jt�1
t :

ðMod Ui1þ���þisþj1þ���jt�2Þ

Proof: We shall prove this by induction on the total

order of gDi1
1 � � �D

is
s and hDj1

1 � � �Djt
t .

½aDi1
1 � � �D

is
s ,bD

j1
1 � � �D

jt
t �

¼ ½D1aD
i1�1
1 Di2

2 � � �D
is
s ,bD

j1
1 � � �D

jt
t �

ðModUi1þ���þisþj1þ���jt�2Þ

¼D1½aD
i1�1
1 Di2

2 � � �D
is
s ,bD

j1
1 � � �D

jt
t �

þ ½D1,bD
j1
1 � � �D

jt
t �aD

i1�1
1 Di2

2 � � �D
is
s by Lemma 2.4 (i)

ðModUi1þ���þisþj1þ���jt�2Þ

¼D1

n
ði1�1Þa

@b

@x1
Di1�2

1 Di2
2 � � �D

is
s D

j1
1 � � �D

jt
t þ�� �

þ isa
@b

@xs
Di1�1

1 Di2
2 � � �D

is�1

s�1D
is�1
s Dj1

1 � � �D
jt
t

� j1b
@a

@x1
Di1�1

1 Di2
2 � � �D

is
s D

j1
1 � � �D

jt
t ��� �

� jtb
@a

@xt
Di1�1

1 Di2
2 � � �D

is
s D

j1
1 � � �D

jt�1
t

o

þ

h @b
@x1

Dj1
1 � � �D

jt
t

i
aDi1�1

1 Di2
2 � � �D

is
s

by induction hypothesis

ðModUi1þ���þisþj1þ���jt�2Þ

¼ i1a
@b

@x1
Di1�1

1 Di2
2 � � �D

is
s D

j1
1 � � �D

jt
t þ�� �

þ isa
@b

@xs
Di1

1 � � �D
is�1
s Dj

1 � � �D
jt
t

� j1b
@a

@x1
Di1

1 � � �D
is
s D

j1�1
1 Dj2

2 � � �D
jt
t ��� �

� jtb
@a

@xt
Di1

1 � � �D
is
s D

j1
1 � � �D

jt�1
t :

ðModUi1þ���þisþj1þ���jt�2Þ

Q.E.D.

Lemma 9: If x2kp�1þ1 þ � � � þ x2kp is a basic quadratic
form in E constructed in x 2 and @!jl=@xi ¼ 0 for all
kþ 1 � l � n, kp�1 þ 1 � i, j � kp and i 6¼ j, then
@!il=@xi ¼ 0 for all kp�1 þ 1 � i � kp.

Proof: We shall construct a sequence of elements in E
in the following manner

Z1 ¼ ½L0, x
2
kp�1þ1 þ � � � þ x2kp �

¼
Xkp

i¼kp�1þ1

xiDi þ kp � kp�1

Z2 ¼ ½L0,Z1� ¼
1

2

Xn
i¼1

Xkp
j¼kp�1þ1

½D2
i , xjDj �

¼
Xn
i¼1

Xkp
j¼kp�1þ1

@xj
@xi

DiDj � xj!ijDi

� �
ðMod U0Þ

¼
Xkp

j¼kp�1þ1

D2
j þ

Xn
i¼1

Xkp
j¼kp�1þ1

xj!jiDi ðMod U0Þ

Z3 ¼ ½L0,Z2� ¼
1

2

Xn
i¼1

Xkp
j¼kp�1þ1

½D2
i ,D

2
j �

þ
1

2

Xn
i¼1

Xn
l¼1

Xkp
j¼kp�1þ1

½D2
i , xj!jlDl� ðMod U1Þ

¼ 2
Xn
i¼1

Xkp
j¼kp�1þ1

!jiDjDi

þ
Xn
i¼1

Xn
l¼1

Xkp
j¼kp�1þ1

@ðxj!jlÞ

@xi
DiDl ðMod U1Þ

¼ 2
Xn
i¼1

Xkp
j¼kp�1þ1

!jiDjDi þ
Xn
l¼1

Xkp
j¼kp�1þ1

!jlDjDl

þ
Xk
i¼1

Xn
l¼kþ1

Xkp
j¼kp�1þ1

xj
@!jl

@xi
DiDl

ðMod U1Þ by Theorem 2:3

¼ 3
Xn
i¼1

Xkp
j¼kp�1þ1

!jiDjDi

þ
Xk
i¼1

Xn
l¼kþ1

Xkp
j¼kp�1þ1

xj
@!jl

@xi
DiDl ðMod U1Þ
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½Z3,Z1�

¼3
Xn
i¼1

Xkp
j¼kp�1þ1

Xkp
l¼kp�1þ1

½!jiDjDi,xlDl �

þ
Xk
i¼1

Xn
l¼kþ1

Xkp
j¼kp�1þ1

Xkp
q¼kp�1þ1

½xj
@!jl

@xi
DiDl,xqDq� ðModU1Þ

¼3
Xn
i¼1

Xkp
j¼kp�1þ1

Xkp
l¼kp�1þ1

�
!ji
@xl
@xi

DjDlþ!ji
@xl
@xj

DiDl�xl
@!ji

@xl
DjDi

�

þ
Xk
i¼1

Xn
l¼kþ1

Xkp
j¼kp�1þ1

Xkp
q¼kp�1þ1

�
xj
@!jl

@xi

@xq
@xi

DlDqþxj
@!jl

@xi

@xq
@xl

DiDq

�xq
@xj
@xq

@!jl

@xi
DiDl

�
ðModU1Þ

¼3
Xkp

j¼kp�1þ1

Xkp
l¼kp�1þ1

!jlDjDl þ 3
Xn
i¼1

Xkp
j¼kp�1þ1

!jiDiDj

�3
Xn
i¼kþ1

Xkp
j¼kp�1þ1

Xkp
l¼kp�1þ1

xl
@!ji

@xl
DjDi

þ
Xkp

i¼kp�1þ1

Xn
l¼kþ1

Xkp
j¼kp�1þ1

xj
@!jl

@xi
DlDi

�
Xk
i¼1

Xn
l¼kþ1

Xkp
j¼kp�1þ1

xj
@!jl

@xi
DiDl ðModU1Þ

¼3
Xn
i¼1

Xkp
j¼kp�1þ1

!jiDiDj�2
Xkp

i¼kp�1þ1

Xn
l¼kþ1

Xkp
j¼kp�1þ1

xj
@!jl

@xi
DiDl

�
Xk
i¼1

Xn
l¼kþ1

Xkp
j¼kp�1þ1

xj
@!jl

@xi
DiDl ðModU1Þ byLemma7

Z4¼
1

2
ð½Z3,Z1�þZ3Þ¼3

Xn
i¼1

Xkp
j¼kp�1þ1

!jiDiDj

�
Xkp

i¼kp�1þ1

Xn
l¼kþ1

Xkp
j¼kp�1þ1

xj
@!jl

@xi
DiDl ðModU1Þ

½Z4,Z1�¼3
Xn
i¼1

Xkp
j¼kp�1þ1

Xkp
l¼kp�1þ1

½!jiDiDj,xlDl�

�
Xkp

i¼kp�1þ1

Xn
l¼kþ1

Xkp
j¼kp�1þ1

Xkp
q¼kp�1þ1

h
xj
@!jl

@xi
DiDl,xqDq

i

ðModU1Þ

¼ 3
Xn
i¼1

Xkp
j¼kp�1þ1

Xkp
l¼kp�1þ1

�
!ji
@xl
@xi

DjDl þ !ji
@xl
@xj

DiDl

� xl
@!ji

@xl
DiDj

	

�
Xkp

i¼kp�1þ1

Xn
l¼kþ1

Xkp
j¼kp�1þ1

Xkp
q¼kp�1þ1

�
xj
@!jl

@xi

@xq
@xi

DlDq

þ xj
@!jl

@xi

@xq
@xl

DiDq

�xq
@xj
@xq

@!jl

@xi
DiDl

	

¼ 3
Xkp

j¼kp�1þ1

Xkp
l¼kp�1þ1

!jlDjDl þ 3
Xn
i¼1

Xkp
j¼kp�1þ1

!jiDiDj

� 3
Xn
i¼1

Xkp
j¼kp�1þ1

Xkp
l¼kp�1þ1

xl
@!ji

@xl
DiDj

�
Xkp

i¼kp�1þ1

Xn
l¼kþ1

Xkp
j¼kp�1þ1

xj
@!jl

@xi
DlDi

þ
Xkp

i¼kp�1þ1

Xn
l¼kþ1

Xkp
j¼kp�1þ1

xj
@!jl

@xi
DiDl ðMod U1Þ

¼ 3
Xn
i¼1

Xkp
j¼kp�1þ1

!jiDiDj

� 3
Xn
i¼kþ1

Xkp
j¼kp�1þ1

Xkp
l¼kp�1þ1

xl
@!ji

@xl
DiDj ðMod U1Þ

¼ 3
Xn
i¼1

Xkp
j¼kp�1þ1

!jiDiDj

� 3
Xkp

i¼kp�1þ1

Xn
l¼kþ1

Xkp
j¼kp�1þ1

xj
@!il

@xj
DlDi ðMod U1Þ

¼ 3
Xn
i¼1

Xkp
j¼kp�1þ1

!jiDiDj

� 3
Xkp

i¼kp�1þ1

Xn
l¼kþ1

Xkp
j¼kp�1þ1

xj
@!jl

@xi
DlDi

ðMod U1Þ by Lemma 7

Z5 ¼
1

2
ðZ4 � ½Z4,Z1�Þ

¼
Xkp

i¼kp�1þ1

Xn
l¼kþ1

Xkp
j¼kp�1þ1

xj
@!jl

@xi
DiDl: ðMod U1Þ
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Since ð@!jl=@xiÞ ¼ 0, 8 kþ 1 � l � n, kp�1 þ 1 � i,
j � kp, i 6¼ j by hypothesis, we have

Z5 ¼
Xkp

i¼kp�1þ1

Xn
l¼kþ1

xi
@!il

@xi
DiDl

¼
Xkp

i¼kp�1þ1

xi
Xn
l¼kþ1

@!il

@xi
Dl

 !
Di ðMod U1Þ

Að1Þ ¼ ½L0,Z5�

¼
1

2

Xn
q¼1

Xkp
i¼kp�1þ1

Xn
l¼kþ1

h
D2

q, xi
@!il

@xi
DiDl

i
ðMod U2Þ

¼
Xn
q¼1

Xkp
i¼kp�1þ1

Xn
l¼kþ1

@ðxið@!il=@xiÞÞ

@xq
DqDiDl

¼
Xkp

i¼kp�1þ1

Xn
l¼kþ1

@!il

@xi
D2

i Dl ðMod U2Þ

¼
Xkp

i¼kp�1þ1

Xn
l¼kþ1

@!il

@xi
Dl

 !
D2

i ðMod U2Þ

Að2Þ

¼½Að1Þ,Z5�

¼
Xkp

i¼kp�1þ1

Xn
l¼kþ1

Xkp
q¼kp�1þ1

Xn
r¼kþ1

@!il

@xi
D2

i Dl,xq
@!qr

@xq
DqDr

� 	

ðModU3Þ

¼
Xkp

i¼kp�1þ1

Xn
l¼kþ1

Xkp
q¼kp�1þ1

Xn
r¼kþ1

2
@!il

@xi

@ðxqð@!qr=@xqÞÞ

@xi
DiDlDqDr

ðModU3Þ

¼2
Xkp

i¼kp�1þ1

Xn
l¼kþ1

Xn
r¼kþ1

@!il

@xi

@!ir

@xi
DlDrD

2
i ðModU3Þ

¼2
Xkp

i¼kp�1þ1

Xn
l¼kþ1

@!il

@xi
Dl

 !2

D2
i : ðModU3Þ

Let AðsÞ :¼ ½Aðs�1Þ,Z5�. We claim that

AðsÞ ¼ 2s�1
Xkp

i¼kp�1þ1

Xn
l¼kþ1

@!il

@xi
Dl

 !s

D2
i : ðMod Usþ1Þ

This can be seen as follow

AðsÞ ¼ 2s�2
Xkp

i¼kp�1þ1

Xn
l¼kþ1

@!il

@xi
Dl

 !s�1
2
4 D2

i ,

Xkp
i¼kp�1þ1

xi
Xn
l¼kþ1

@!il

@xi
Dl

 !
Di

3
5 ðMod Usþ1Þ

by induction hypothesis

¼ 2s�1
Xkp

i¼kp�1þ1

Xn
l¼kþ1

@!il

@xi
Dl

 !s

D2
i : ðMod Usþ1Þ

by Lemma 8

Since fAð1Þ,Að2Þ, . . . ,AðsÞ, . . . , g � E and E is finite

dimensional, we conclude that

@!il

@xi
¼ 0 8 kþ 1 � l � n, kp�1 þ 1 � i � kp: Q.E.D

Lemma 10: Let x2kr�1þ1 þ � � � þ x2kr 2E and

x2ks�1þ1 þ � � � þ x2ks 2E be the basic quadratic forms

constructed in x2, where kr�1 < kr � ks�1 < ks. Let

�ij ¼
Pn

l¼kþ1 ð@!jl=@xiÞDl. Suppose
Pks

j¼ks�1þ1 �pj�qj ¼ 0

for all kr�1 þ 1 � p, q � kr, p 6¼ q. Then ð@!jl=@xiÞ ¼ 0

for all kþ 1 � l � n, kr�1 þ 1 � i � kr, and ks�1 þ 1 �

j � ks.

Proof: By considering x2ks�1þ1 þ � � � þ x2ks 2E and using

the proof of Lemma 9, we have the following three

elements in E

½Z3,Z1� ¼ 3
Xn
i¼1

Xks
j¼ks�1þ1

!jiDiDj

� 2
Xks

i¼ks�1þ1

Xn
l¼kþ1

Xks
j¼ks�1þ1

xj
@!jl

@xi
DiDl

�
Xk
i¼1

Xn
l¼kþ1

Xks
j¼ks�1þ1

xj
@!jl

@xi
DiDl ðMod U1Þ

Z4 ¼ 3
Xn
i¼1

Xks
j¼ks�1þ1

!jiDiDj

�
Xks

i¼ks�1þ1

Xn
l¼kþ1

Xks
j¼ks�1þ1

xj
@!jl

@xi
DiDl ðMod U1Þ

Z5 ¼
Xks

i¼ks�1þ1

Xn
l¼kþ1

Xks
j¼ks�1þ1

xj
@!jl

@xi
DiDl: ðMod U1Þ
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From these, we can construct more elements in E in the
following manners

Z4 þ Z5 ¼ 3
Xn
i¼1

Xks
j¼ks�1þ1

!jiDiDj ðMod U1Þ

�ZZ4 ¼ �½Z3,Z1� þ Z4 � Z5

¼
Xk
i¼1

Xn
l¼kþ1

Xks
j¼ks�1þ1

xj
@!jl

@xi
DiDl : ðMod U1Þ

Since ½L0,x
2
kr�1þ1þ���þx2kr �¼

Xkr

i¼kr�1þ1
xiDi þkr�kr�1

is in E, we have

�ZZ5 ¼ �ZZ4,
Xkr

p¼kr�1þ1

xpDp þ kr � kr�1

" #

¼
Xk
i¼1

Xn
l¼kþ1

Xks
j¼ks�1þ1

Xkr
p¼kr�1þ1

xj
@!jl

@xi
DiDl , xpDp

� 	

ðMod U1Þ

¼
Xk
i¼1

Xn
l¼kþ1

Xks
j¼ks�1þ1

Xkr
p¼kr�1þ1

"
xj
@!jl

@xi
�ipDlDp

þ xj
@!jl

@xi
�lpDiDp � xp�jp

@!jl

@xi
DiDl

#

ðMod U1Þ

¼
Xkr

i¼kr�1þ1

Xn
l¼kþ1

Xks
j¼ks�1þ1

xj
@!jl

@xi
DlDi

¼
Xks

j¼ks�1þ1

xj
Xkr

i¼kr�1þ1

Xn
l¼kþ1

@!jl

@xi
DlDi ðMod U1Þ

¼
Xks

j¼ks�1þ1

xj
Xkr

i¼kr�1þ1

�ijDi

 !
: ðMod U1Þ

Similarly by considering x2kr�1þ1 þ � � � þ x2kr 2E and
repeating the above procedure, we have the following
element in E.

�ZZ6 ¼
Xkr

i¼kr�1þ1

Xn
l¼kþ1

Xks
j¼ks�1þ1

xi
@!il

@xj
DjDl

¼
Xkr

i¼kr�1þ1

Xn
l¼kþ1

Xks
j¼ks�1þ1

xi
@!jl

@xi
DjDl ðMod U1Þ

by Lemma 7

We shall construct an infinite sequence of elements in E

�AAð1Þ ¼ ½L0, �ZZ5�

¼
1

2

Xn
p¼1

Xkr
i¼kr�1þ1

Xn
l¼kþ1

Xks
j¼ks�1þ1

D2
p, xj

@!jl

@xi
DiDl

� 	

ðMod U2Þ

¼
Xn
p¼1

Xkr
i¼kr�1þ1

Xn
l¼kþ1

Xks
j¼ks�1þ1

@ðxjð@!jl=@xiÞÞ

@xp
DpDiDl

ðMod U2Þ

¼
Xkr

i¼kr�1þ1

Xn
l¼kþ1

Xks
j¼ks�1þ1

@!jl

@xi
DjDiDl

¼
Xkr

i¼kr�1þ1

Xks
j¼ks�1þ1

�ijDiDj ðMod U2Þ

�AAð2Þ ¼ ½ �AAð1Þ, �ZZ5�

¼
Xkr

i¼kr�1þ1

Xks
j¼ks�1þ1

�ijDiDj,
Xks

q¼ks�1þ1

Xkr
p¼kr�1þ1

xq�pqDp

" #

ðModU3Þ

¼
Xkr

i¼kr�1þ1

Xks
j¼ks�1þ1

Xkr
p¼kr�1þ1

Xks
q¼ks�1þ1

�
@xq
@xi

�ij�pqDjDp

þ
@xq
@xj

�ij�pqDiDp

	
ðModU3Þ

¼
Xkr

i¼kr�1þ1

Xks
j¼ks�1þ1

Xkr
p¼kr�1þ1

�ij�pjDiDp

ðModU3Þ

¼
Xks

j¼ks�1þ1

Xkr
i¼kr�1þ1

�2ijD
2
i þ

Xkr
i¼kr�1þ1

Xkr
p¼kr�1þ1

p 6¼i

�ij�pjDiDp

0
BBB@

1
CCCA

ðModU3Þ

¼
Xkr

i¼kr�1þ1

Xks
j¼ks�1þ1

�2ij

 !
D2

i

þ
Xkr

i¼kr�1þ1

Xkr
p¼kr�1þ1

p6¼i

Xks
j¼ks�1þ1

�ij�pj

 !
DiDp ðModU3Þ

¼
Xkr

i¼kr�1þ1

�iD
2
i by the assumption

Xks
j¼ks�1þ1

�ij�pj ¼ 0 for i 6¼ p ðModU3Þ
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where �i ¼
Pks

j¼ks�1þ1 �
2
ij :

�AAð3Þ ¼ ½ �AAð2Þ, �ZZ6�

¼
Xkr

i¼kr�1þ1

�iD
2
i ,

Xkr
p¼kr�1þ1

Xks
j¼ks�1þ1

xp�pjDj

" #

ðMod U4Þ

¼
Xkr

i¼kr�1þ1

Xkr
p¼kr�1þ1

Xks
j¼ks�1þ1

2�pi�i�pjDiDj

¼ 2
Xkr

i¼kr�1þ1

Xks
j¼ks�1þ1

�i�ijDiDj ðMod U4Þ

�AAð4Þ

¼ ½ �AAð3Þ, �ZZ5�

¼ 2
Xkr

i¼kr�1þ1

Xks
j¼ks�1þ1

�i�ijDiDj,
Xks

q¼ks�1þ1

Xkr
p¼kr�1þ1

xq�pqDp

" #

ðModU5Þ

¼2
Xkr

i¼kr�1þ1

Xks
j¼ks�1þ1

Xkr
p¼kr�1þ1

Xks
q¼ks�1þ1

½�i�ijDiDj,xq�pqDp�

ðModU5Þ

¼2
Xkr

i¼kr�1þ1

Xks
j¼ks�1þ1

Xkr
p¼kr�1þ1

�i�ij�pjDiDp

ðModU5Þ

¼2
Xks

j¼ks�1þ1

Xkr
i¼kr�1þ1

�i�
2
ijD

2
i þ

Xkr
i¼kr�1þ1

Xkr
p¼kr�1þ1

p 6¼i

�i�ij�pjDiDp

0
BBB@

1
CCCA

ðModU5Þ

¼2
Xkr

i¼kr�1þ1

�2i D
2
i

þ 2
Xkr

i,p¼kr�1þ1

i 6¼p

�i
Xks

j¼ks�1þ1

�ij�pj

 !
DiDp¼2

Xkr
i¼kr�1þ1

�2i D
2
i :

ðModU5Þ

Let �AAð2sþ1Þ ¼ ½ �AAð2sÞ, �ZZ6� and �AAð2sþ2Þ ¼ ½ �AAð2sþ1Þ, �ZZ5�. We
claim that

�AAð2sþ1Þ ¼ 2s
Xkr

i¼kr�1þ1

Xks
j¼ks�1þ1

�si �ijDiDj ðMod U2sþ2Þ

�AAð2sþ2Þ ¼ 2s
Xkr

i¼kr�1þ1

�sþ1
i D2

i ðMod U2sþ3Þ

We shall prove this by induction

�AAð2sþ1Þ ¼ ½ �AAð2sÞ, �ZZ6�

¼ 2s�1
Xkr

i¼kr�1þ1

�siD
2
i ,

Xkr
p¼kr�1þ1

Xks
j¼ks�1þ1

xp�pjDj

" #

ðMod U2sþ2Þ

¼ 2s�1
Xkr

i, p¼kr�1þ1

Xks
j¼ks�1þ1

½�siD
2
i , xp�pjDj�

¼ 2s
Xkr

i¼kr�1þ1

Xks
j¼ks�1þ1

�2i �ijDiDj ðMod U2sþ2Þ

�AAð2sþ2Þ

¼ ½ �AAð2sþ1Þ, �ZZ5�

¼ 2s
Xkr

i¼kr�1þ1

Xks
j¼ks�1þ1

�si �ijDiDj ,
Xks

q¼ks�1þ1

Xkr
p¼kr�1þ1

xq�pqDp

" #

ðMod U2sþ3Þ

¼ 2s
Xkr

i¼kr�1þ1

Xks
j¼ks�1þ1

Xkr
p¼kr�1þ1

Xks
q¼ks�1þ1

½�si �ijDiDj, xq�pqDp�

ðMod U2sþ3Þ

¼ 2s
Xkr

i¼kr�1þ1

Xks
j¼ks�1þ1

Xkr
p¼kr�1þ1

�si �ij�pjDiDp ðMod U2sþ3Þ

¼ 2s
Xks

j¼ks�1þ1

Xkr
i¼kr�1þ1

�si �
2
ijD

2
i þ

Xkr
i, p¼kr�1þ1

i 6¼p

�si �ij�pjDiDp

0
BBB@

1
CCCA

ðMod U2sþ3Þ

¼ 2s
Xkr

i¼kr�1þ1

�sþ1
i D2

i

þ
Xkr

i, p¼kr�1þ1
i 6¼p

�si
Xks

j¼ks�1þ1

�ij�pj

 !
DiDp

¼ 2s
Xkr

i¼kr�1þ1

�sþ1
i D2

i : ðMod U2sþ3Þ

Since E is finite dimensional, we conclude that

�i ¼
Xks

j¼ks�1þ1

�2ij ¼
Xks

j¼ks�1þ1

Xn
l1¼kþ1

Xn
l2¼kþ1

@!jl1

@xi

@!jl2

@xi
Dl1Dl2 ¼ 0,

for all kr�1 þ 1 � i � kr. By considering the coefficient
of D2

l in �i, we have ð@wjl=@xiÞ ¼ 0 for kr�1 þ 1 �

i � kr, ks�1 þ 1 � j � ks, and kþ 1 � l � n Q.E.D.

Lemma 11: Let x2kr�1þ1 þ � � � þ x2kr 2E and x2ks�1þ1 þ

� � � þ x2ks 2E be the basic quadratic forms constructed in
x 2wherekr�1<kr�ks�1<ks.Let�ij¼

Pn
l¼kþ1 ð@!jl=@xiÞDl.
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Then
Pks

j¼ks�1þ1�pj�qj¼0 for all kr�1þ1�p,q�kr, p 6¼q
if and only if

Pks
j¼ks�1þ1a

p
jl1
a
q
jl2
¼0 for all kþ1� l1,

l2�n, kr�1þ1�p,q�kr, p 6¼q, where a
p
jl¼ð@!jl=@xpÞ.

Proof:Xks
j¼ks�1þ1

�pj�qj ¼ 0

,
Xks

j¼ks�1þ1

Xn
l1¼kþ1

@!jl1

@xp
Dl1

 ! Xn
l2¼kþ1

@!jl2

@xq
Dl2

 !
¼ 0

,
Xn

l1, l2¼kþ1

Xks
j¼ks�1þ1

a
p
jl1
a
q
jl2

 !
Dl1Dl2 ¼ 0

,
Xks

j¼ks�1þ1

a
p
jl1
a
q
jl2
¼ 0 for all kþ 1� l1, l2 � n Q.E.D.

Lemma 12: Let x2kr�1þ1 þ � � � þ x2kr 2E and x2ks�1þ1 þ

� � � þ x2ks 2E be the basic quadratic forms constructed
in x2, where kr�1 < kr � ks�1 < ks. Assume that Ql ¼Pkr

i¼kr�1þ1

Pks
j¼ks�1þ1 a

i
jlxixj 2E for all kþ 1 � l � n

where aijl ¼ @!jl=@xi. Then
Pks

j¼ks�1þ1 a
p
jl1
a
q
jl2

¼ 0 for all
kþ 1 � l1, l2 � n, kr�1 þ 1 � p, q � kr, p 6¼ q.

Proof:

Rl1 ¼ ½L0,Ql1 �

¼
1

2

Xn
i¼1

D2
i ,

Xkr
p¼kr�1þ1

Xks
j¼ks�1þ1

a
p
jl1
xpxj

" #

¼
Xn
i¼1

Xkr
p¼kr�1þ1

Xks
j¼ks�1þ1

a
p
jl1

xj
@xp
@xi

Di þ xp
@xj
@xi

Di

� �

¼
Xkr

p¼kr�1þ1

Xks
j¼ks�1þ1

a
p
jl1
ðxjDp þ xpDjÞ 2E

½Rl1 ,Ql2 �

¼

" Xkr
p¼kr�1þ1

Xks
j¼ks�1þ1

a
p
jl1
ðxjDpþxpDjÞ,

�
Xkr

u¼kr�1þ1

Xks
v¼ks�1þ1

auvl2xuxv

#

¼
Xkr

p,u¼kr�1þ1

Xks
j,v¼ks�1þ1

a
p
jl1
xja

u
vl2

@xu
@xp

xvþa
p
jl1
xja

u
vl2
xu
@xv
@xp

� �

þ
Xkr

p,u¼kr�1þ1

Xks
j,v¼ks�1þ1

a
p
jl1
xpa

u
vl2
xv
@xu
@xj

þa
p
jl1
xpa

u
vl2
xu
@xv
@xj

� �

¼
Xkr

p¼kr�1þ1

Xks
j,v¼ks�1þ1

a
p
jl1
a
p
vl2
xjxv

þ
Xkr

p,u¼kr�1þ1

Xks
j¼ks�1þ1

a
p
jl1
aujl2xpxu2E:

In view of Lemma 3, by setting xj ¼ 0 for ks�1 þ 1 �

j � ks in the above expression, we get the following
quadratic form in E

Xkr
p, u¼kr�1þ1

Xks
j¼ks�1þ1

a
p
jl1
aujl2xpxu

¼
Xkr

p¼kr�1þ1

Xks
j¼ks�1þ1

a
p
jl1
a
p
jl2
x2p

þ
Xkr

p, u¼kr�1þ1
p6¼u

Xks
j¼ks�1þ1

a
p
jl1
aujl2xpxu 2E:

By Lemma 6, we know that the above quadratic
form must be a constant multiple of x2kr�1þ1 þ � � � þ x2kr .

This implies that

Xks
j¼ks�1þ1

a
p
jl1
aujl2 ¼ 0

for all kþ 1 � l1, l2 � n, kr�1 þ 1 � p, u � kr, p 6¼ u:

Q.E.D.

Lemma 13: Let x2kr�1
þ � � � þ x2kr 2E and x2ks�1þ1 þ

� � � þ x2ks 2E be the basic quadratic forms constructed in

x 2, where kr�1 < kr � ks�1 < ks. Then
aijl ¼ @!jl=@xi ¼ 0 for all kþ 1 � l � n, kr�1 þ 1 � i � kr
and ks�1 þ 1 � j � ks.

Proof: In view of Theorem 3, we have for

kþ 1 � l � n, ��lðx1, . . . , xkÞ ¼ �
Pk

j¼1 xj!lj ¼
Pk

j¼1 xjPk
i¼1 a

i
jlxi ¼

Pk
i, j¼1 a

i
jlxixj 2E. Let

Sr ¼ fkr�1 þ 1, . . . ,krg and Ss ¼ fks�1 þ 1, . . . ,ksg. Then

by Lemma 2, we have the following elements in E

X
i, j 2Sr

aijlxixj ¼ ��lð0, . . . , 0, xkr�1þ1, . . . , xkr , 0, . . . , 0ÞX
i, j 2Ss

aijlxixj ¼ ��lð0, . . . , 0, xks�1þ1, . . . , xks , 0, . . . , 0Þ:

By repeatedly using Lemma 3, we have

X
i, j 2Sr[Ss

aijlxixj ¼ ��lð0, . . . , 0, xkr�1þ1, . . . , xkr , 0, . . . , 0,

xks�1þ1, . . . , xks , 0, . . . , 0Þ 2E:

Recall that aijl ¼ @!jl=@xi ¼ @!il=@xj ¼ ajil for 1 � i, j � k

and kþ 1 � l � n by Lemma 3.2 Since Ql ¼Pkr
i¼kr�1þ1

Pks
j¼ks�1þ1 a

i
jlxixj is a linear combination of

the above three elements ðQl ¼
1
2
ð
P

i, j 2Sr[Ss
aijlxixj �P

i, j 2Sr
aijlxixj �

P
i, j 2Ss

aijlxixjÞÞ, we have Ql 2E.
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Our Lemma now follows immediately from Lemma 10,

Lemma 11 and Lemma 12 Q.E.D.

Lemma 14: If x2kr�1þ1 þ � � � þ x2kr is a basic quadratic

form in E constructed in x 2, then ð@!jl=@xiÞ ¼ 0 for all

kþ 1 � l � n, kr�1 þ 1 � i, j � kr and i 6¼ j.

Proof: In view of Theorem 4, we have for kþ 1� l � n,

��lðx1,...,xkÞ¼�
Pk

j¼1xj!lj

¼
Pk

j¼1xj
Pk

i¼1 ð@!jl=@xiÞxi¼
Pk

i,j¼1 ð@!jl=@xiÞxixj. By

Lemma 2, we have the following element in E

Xkr
i, j¼kr�1þ1

@!jl

@xi
xixj ¼��lð0, . . . ,0,xkr�1þ1, . . . ,xkr ,0, . . . ,0Þ:

Recall that @!jl=@xi ¼ @!il=@xj for kr�1 þ 1 � i, j � kr
by Lemma 7. Therefore the quadratic formPkr

i, j¼kr�1þ1 ð@!jl=@xiÞxixj is a constant multiple of

x2kr�1þ1þ � � � þ x2kr by Lemma 6. Therefore @!jl=@xi ¼ 0

for all kþ 1 � l � n, kr�1 þ 1 � i, j � kr and

i 6¼ j. Q.E.D.

Proof of Theorem 1: By Theorem 3, we only need

to prove that !ij are constant functions for all

1 � i, j � n. In view of Theorem 3, we only need to

prove that !jl , 1 � j � k, kþ 1 � l � n, are constants.

By Lemma 9, Lemma 14 and Lemma 13, we know

that !jl, 1 � j � k, kþ 1 � l � n are independent of

x1, . . . , xk variables. On the other hand Theorem 4

says that !jl , 1 � j � k, kþ 1 � l � n, depend only on

x1, . . . , xk variables. Therefore !jl, 1 � j � k, kþ 1 �

l � n, are constants Q.E.D.

4. Finite dimensional estimation algebra beyond

Kalman or Benés types and implementation

of finite dimensional filter

For the sake of convenience to the readers, we include a

construction of a large class of finite dimensional estima-

tion algebras which are neither of Kalman types nor of

Benés types. We also show how a finite-dimensional

filter can be implemented from a finite-dimensional esti-

mation algebra. Most of the materials in this section can

be found in Dong et al. (1997) and yau (1994). For

practical applications, it is important that the finite-

dimensional filter is universal in the sense that

Chaleyat-Maurel and Michel (1984). It turns out that

all finite-dimensional filters constructed from finite-

dimensional estimation algebras in this section are

necessarily universal. Let 	 be a C1 function defined

on R
n. For any ðx1, . . . , xnÞ in R

n, let r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2
1
þ � � � þ x2n

q
.

r is called a radial function.

Lemma 15: Let a, c be positive real numbers. Then

�	þ jr	j2 ¼ ar2 � c ð15Þ

has a radical solution (i.e. 	 is a function of r) if c < 2
ffiffiffi
a

p
.

Proof: In view of Theorem 12 of Dong et al. (1991),

there exists a solution g of the equation (15). It is an

easy exercise to show that u¼ eg satisfies the following

linear partial differential equation

�u ¼ ðar2 � cÞu: ð16Þ

Let GðxÞ ¼
Ð

 2Oe

gð
�xÞ where the integral takes place

over O the group of all orthogonal transformations.

G is still a positive solution which depends only on r.

The radial function 	 ¼ lnG solves (15). Q.E.D.

Example 1: In this example, we give a class of finite-

dimensional estimation algebras which are neither of

Kalman types nor of Benés types. We shall take n¼ 2

in equation (1), and let

f1 ¼
@	

@x1
þ �x2

f2 ¼
@	

@x2
� �x1

h1 ¼ a11x1 þ a12x2 þ b1

h2 ¼ a21x1 þ a22x2 þ b2

where �, a11, a12, a21, a22, b1, b2 are real constants,

a11a22 � a21a12 6¼ 0, and 	 is the radial solution of the

equation (15) in Lemma 15. Then

ð1Þ
@f2
@x1

�
@f1
@x2

¼
@

@x1

@	

@x2
� �x1

� 	
�

@

@x2

@	

@x1
þ �x2

� 	

¼
@2	

@x1@x2
� ��

@2	

@x2@x1
þ � ¼ 0

ð2Þ
@f1
@x1

þ
@f2
@x2

þ f 2
1 þ f 2

2 þ h21þ h22

¼
@

@x1

@	

@x1
þ�x2

� 	
þ

@

@x2

@	

@x2
��x1

� 	

þ
@	

@x1
þ �x2

� �2

þ
@	

@x2
��x1

� �2

þða11x1þ a12x2þ b1Þ
2
þða21x1þ a22x2þ b2Þ

2

¼�	þjr	j2þ�2ðx21þx22Þþ 2� x2
@	

@x1
�x1

@	

@x2

� �
þða11x1þ a12x2þ b1Þ

2
þða21x1þ a22x2þ b2Þ

2: ð17Þ
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Recall that 	 is a radial solution of (15). We have

�	þ jr	j2 ¼ aðx21 þ x22Þ � c ð18Þ

x2
@	

@x1
� x1

@	

@x2
¼ x2

@	

@r

@r

@x1
� x1

@	

@r

@r

@x2

¼
x1x2

r

@	

@r
�
x1x2

r

@	

@r
¼ 0: ð19Þ

Put (18) and (19) into (17). We have deduced that

@f1
@x1

þ
@f2
@x2

þ f 2
1 þ f 2

2 þ h21 þ h22 ¼ ðaþ �2Þðx21 þ x22Þ � C

þ ða11x1 þ a12x2 þ b1Þ
2

þ ða21x1 þ a22x2 þ b2Þ
2,

which is a polynomial of total degree at most two.
Thus by Corollary 3 the estimation algebra E is of
finite dimensional.
From what follows, we shall show how a finite-dimen-

sional filter can be constructed from a finite-dimensional
estimation algebra. We shall begin with the following
Baker–Campbell–Hausdorff type relations.

Lemma: 16 Consider the filtering system (1) with
@fj=@xj ¼ cij where cij are constants for all 1 � i, j � n.
Suppose � ¼

P1

i, j¼1 �ijxixj þ
Pn

i¼1 �ixi þ �0 where �ij , �i
and �0 are constants for all 1 � i, j � n. Then the
following relations hold.

(1) For 1 � i � n,

esiðtÞDiL0 ¼

"
L0 � siðtÞ

Xn
j¼1

cijDj �
siðtÞ

2

�

 Xn
j¼1

ð�ij þ �jiÞxj þ �i

!

þ
s2i ðtÞ

2

Xn
j¼1

c2ij � �ii

!#
esiðtÞDi :

 

(2) For 1 � i, k � n,

eskðtÞDkMi ¼

"
Mi � siðtÞskðtÞ

�

 Xn
j¼1

cijcjk þ
1

2
ð�ik þ �kiÞ

!#
eskðtÞDk ,

where

Mi ¼ �siðtÞ
Xn
j¼1

cijDj

�
siðtÞ

2

Xn
j¼1

ð�ij þ �jiÞxj þ �i

 !
þ
s2i ðtÞ

2

Xn
j¼1

c2ij � �ii

 !
:

(3) For 1 � i � n,

eriðtÞxiL0 ¼ L0 � riðtÞDi þ
r2i ðtÞ

2

� 	
eriðtÞxi :

(4) For 1 � i � n,

eriðtÞxiN ¼ N þ riðtÞ
Xn
k¼1

skðtÞcki

" #
eriðtÞxi

where

N ¼ �
Xn
i, j¼1

siðtÞcijDj

�
1

2

Xn
i¼1

siðtÞ
Xn
j¼1

ð�ij þ �jiÞxj þ �i

 !

þ
1

2

Xn
i¼1

s2i ðtÞ
Xn
j¼1

c2ij � �ii

 !

�
X

1�i<k�n

siðtÞskðtÞ
Xn
j¼1

cijcjk þ
1

2
ð�ik þ �kiÞ

 !
:

(5) For 1 � i, k � n,

erkðtÞxkDi ¼ ½Di � rkðtÞ�ik�e
rkðtÞxk :

(6) For 1 � i, k � n,

eskðtÞDkDi ¼ ½Di þ skðtÞcik�e
skðtÞDk :

Proof: The following computations using the adjoint
representation formula are legitimate by the argument
given in Proposition 1 of Tam et al. (1990)

ð1Þ esiðtÞDiL0

¼

�
L0 þ siðtÞ½Di,L0�

þ
s2i ðtÞ

2
½Di, ½Di,L0��

þ
s3i ðtÞ

3!
½Di½Di½DiL0��� þ � � �

�
esiðtÞDi

¼ L0 þ siðtÞ �
Xn
j¼1

cijDj �
1

2

Xn
j¼1

ð�ij þ �jiÞxj �
1

2
�i

 !(

þ
s2i ðtÞ

2

Xn
j¼1

c2ij � �ii

 !)
esiðtÞDi

¼ L0 � siðtÞ
Xn
j¼1

cijDj �
siðtÞ

2

Xn
j¼1

ð�ij þ �jiÞxj þ �i

 !"

þ
s2i ðtÞ

2

Xn
j¼1

c2ij � �ii

 !#
esiðtÞDi :
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ð2Þ eskðtÞDkMi

¼ MiþskðtÞ½Dk,Mi�þ
s2kðtÞ

2
½Dk,½Dk,Mi��

�

þ
s3i ðtÞ

3!
½Dk,½Dk,½Dk,Mi���þ���

�
eskðtÞDk

¼ miþskðtÞ �siðtÞ
Xn
j¼1

cijcjk�
siðtÞ

2
ð�ikþ�kiÞ

" #( )
eskðtÞDk

¼ Mi�siðtÞskðtÞ
Xn
j¼1

cijcjkþ
1

2
ð�ikþ�kiÞ

 !( )
eskðtÞDk :

The proofs of (3)–(6) are similar. Q.E.D.

We are now ready to construct finite-dimensional
filter from finite-dimensional estimation algebra.

Theorem 5: Let E be a finite-dimensional estimation
algebra with maximal rank of (1) satisfying
ð@fj=@xiÞ � ð@fi=@xjÞ ¼ cij with �ðxÞ ¼

Pn
i, j¼1 �ijxixj þPn

i¼1 �ixi þ �0 where cij , �ij, �i, and �0 are constants.
Then the robust Duncan–Morten–Zakai equation (3) has
a solution for all t � 0 of the following form

uðt,xÞ ¼ eTðtÞernðtÞxn . . . er1ðtÞx1esnðtÞDn . . . es1ðtÞD1etL0�0 ð20Þ

where TðtÞ, r1ðtÞ, . . . , rnðtÞ, s1ðtÞ, . . . , snðtÞ satisfy the fol-
lowing ordinary differential equations (21), (22) and (23).

For 1 � i � n,

dsi

dt
ðtÞ ¼ riðtÞ þ

Xn
j¼1

sjðtÞcji þ
Xm
k¼1

hkiykðtÞ, ð21Þ

where hkðxÞ ¼
Pn

j¼1 hkjxj þ ek, for 1 � k � m. Here hkj
and ek are constants.

For 1 � j � n,

drj

dt
ðtÞ ¼

1

2

Xn
i¼1

siðtÞð�ij þ �jiÞ, ð22Þ

and

dT

dt
ðtÞ ¼ �

1

2

Xn
i¼1

r2i ðtÞ �
1

2

Xn
i¼1

s2i ðtÞ
Xn
j¼1

c2ij � �ii

 !

þ
X

1�i<k�n

siðtÞskðtÞ
Xn
j¼1

cijcjk þ
1

2
ð�ik þ �kiÞ

 !

þ
1

2

Xn
i¼1

siðtÞbi þ
Xn
i¼1

riðtÞ
dsi

dt
ðtÞ

�
X

1�i<j�n

dsi

dt
ðtÞsjðtÞcij �

Xn
i, j¼1

siðtÞrjðtÞcij

þ
1

2

Xm
i, j¼1

yiðtÞyj ðtÞ
Xn
k¼1

hikhjk

 !
: ð23Þ

Proof: Since L0 is uniformly elliptic, for any t>0,
etL0�0 is C1. By differentiating �ðt, xÞ, we have

@u

@t
ðt, xÞ

¼ eTðtÞernðtÞxn . . . er1ðtÞx1esnðtÞDn . . . es1ðtÞD1L0e
tL0�0

þ
ds1

dt
ðtÞeTðtÞernðtÞxn . . . er1ðtÞx1esnðtÞDn . . . es2ðtÞD2

�D1e
s1ðtÞD1etL0�0 þ � � �

þ
dsn

dt
ðtÞeTðtÞernðtÞxn . . . er1ðtÞx1Dne

snðtÞDn . . . es1ðtÞD1etL0�0

þ
dr1

dt
ðtÞeTðtÞernðtÞxn . . . er2ðtÞx2x1e

r1ðtÞx1esnðtÞDn . . .

� esðtÞD1etL0�0 þ � � �

þ
drn

dt
ðtÞeTðtÞxne

rnðtÞxn . . . er1ðtÞx1esnðtÞDn . . . es1ðtÞD1etL0�0

þ
dT

dt
ðtÞeTðtÞernðtÞxn . . . er1ðtÞx1esnðtÞDn . . . es1ðtÞD1etL0�0:

ð24Þ

Let

Mi ¼ �siðtÞ
Xn
j¼1

cijDj �
siðtÞ

2

Xn
j¼1

ð�ij þ �jiÞxj þ �i

 !

þ
s2i ðtÞ

2

Xn
j¼1

c2ij � �ii

 !
,

N ¼ �
Xn
i, j¼1

siðtÞcijDj �
1

2

Xn
i¼1

siðtÞ
Xn
j¼1

ð�ij þ �jiÞxj þ �i

 !

þ
1

2

Xn
i¼1

s2i ðtÞ
Xn
j¼1

c2ij � �ii

 !

�
X

1�i<k�n

siðtÞskðtÞ
Xn
j¼1

cijcjk þ
1

2
ð�ik þ �kiÞ

 !

¼
Xn
i¼1

Mi �
X

1�i<k�n

siðtÞskðtÞ
Xn
j¼1

cijcjk þ
1

2
ð�ik þ �kiÞ

 !
:
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By applying Lemma 16, we have

eTðtÞernðtÞxn . . .er1ðtÞx1esnðtÞDn . . .es1ðtÞD1L0e
tL0�0

¼ eTðtÞernðtÞxn . . .er1ðtÞx1esnðtÞDn . . .es2ðtÞD2

�fL0þM1ge
s1ðtÞD1etL0�

¼ eTðtÞernðtÞxn . . .er1ðtÞx1esnðtÞDn . . .es3ðtÞD3

�

(
L0þM2þM1� s1ðtÞs2ðtÞ

�
Xn
j¼1

c1jcj2þ
1

2
ð�12þ�21Þ

" #)
es2ðtÞD2es1ðtÞD1etL0�

¼ eTðtÞernðtÞxn . . .er1ðtÞx1esnðtÞDn . . .es4ðtÞD4

� L0þ
X3
i¼1

Mi�
X

1�i<k�3

siðtÞskðtÞ

(

�

"Xn
j¼1

cijcjkþ
1

2
ð�ikþ�kiÞ

#)
es3ðtÞD3es2ðtÞD2es1ðtÞD1etL0�

¼ eTðtÞernðtÞxn . . .er1ðtÞx1fL0þNgesnðtÞDn . . .es1ðtÞD1etL0�0

¼ eTðtÞernðtÞxn . . .er2ðtÞx2

(
L0� r1ðtÞD1þ

r21ðtÞ

2
þN

þ r1ðtÞ
Xn
k¼1

skðtÞck1

)
er1ðtÞx1esnðtÞDn . . .es1ðtÞD1etL0�0

¼ eTðtÞ

(
L0�

Xn
i¼1

riðtÞDiþ
Xn
i¼1

r2i ðtÞ

2
þN

þ
Xn
i,k¼1

riðtÞskðtÞcki

)
ernðtÞxn . . .er1ðtÞx1esnðtÞDn . . .es1ðtÞD1etL0�0

¼

(
L0�

Xn
i¼1

riðtÞdiþ
Xn
i¼1

r2i ðtÞ

2
þN

þ
Xn
i,k¼1

riðtÞskðtÞcki

)
uðt,xÞ: ð25Þ

On the other hand,

eTðtÞernðtÞxn . . .er1ðtÞx1esnðtÞDn . . .esiþ1ðtÞDiþ1Die
siðtÞ . . .es1ðtÞD1etL0�0

¼ eTðtÞernðtÞxn . . .er1ðtÞx1esnðtÞDn . . .esiþ2ðtÞDiþ2

�½Diþsiþ1ðtÞci,iþ1�e
siþ1ðtÞDiþ1 . . .es1ðtÞD1etL0�0

¼ eTðtÞernðtÞxn . . .er1ðtÞx1

�½DiþsnðtÞci,nþsn�1ðtÞci,n�1þ���þsiþ1ðtÞci, iþ1�

�esnðtÞDn . . .es1ðtÞD1etL0�0

¼ Di�riðtÞþ
Xn
j¼iþ1

sjðtÞci, j

" #
uðt,xÞ: ð26Þ

Putting (25) and (26) in (24), we have

@u

@t
ðt,xÞ

¼

(
L0 �

Xn
i¼1

riðtÞDi þ
1

2

Xn
i¼1

r2i ðtÞ

�
Xn
i, j¼1

siðtÞcijDj �
1

2

Xn
i¼1

siðtÞ

�
Xn
j¼1

ð�ij þ �jiÞxj þ �i

" #

þ
1

2

Xn
i¼1

s2i ðtÞð
Xn
j¼1

c2ij � �iiÞ

�
X

1�i<k�n

siðtÞskðtÞ
Xn
j¼1

cijcjk þ
1

2
ð�ik þ �kiÞ

" #

þ
X
j,k¼1

skðtÞrjðtÞckjguðt,xÞ

þ
ds1

dt
ðtÞ½D1 � r1ðtÞ þ snðtÞc1n

þ sn�1ðtÞc1,n�1 þ � � � þ s2ðtÞc12�uðt,xÞ

þ
ds2

dt
ðtÞ½D2 � r2ðtÞ þ snðtÞc2n

þ sn�1ðtÞc2,n�1 þ � � � þ s3ðtÞc23�uðt,xÞ

þ � � � þ
dsn

dt
ðtÞ½Dn � rnðtÞ�uðt,xÞ

þ
dr1

dt
ðtÞx1uðt,xÞ þ

dr2

dt
ðtÞx2uðt,xÞ þ � � �

þ
drn

dt
ðtÞxnuðt,xÞ þ

dT

dt
ðtÞuðt,xÞ

¼ L0uðt,xÞ þ
Xn
i¼1

�riðtÞ �
Xn
j¼1

sjðtÞcji þ
dsi

dt
ðtÞ

" #

�Diuðt,xÞ þ
Xn
j¼1

drj

dt
ðtÞ �

1

2

Xn
j¼1

ð�ij þ �jiÞsiðtÞ

" #
xjuðt,xÞ

�

(
�
1

2

Xn
i¼1

r2i ðtÞ �
1

2

Xn
i¼1

s2i ðtÞ

 Xn
j¼1

c2ij � �ii

!

þ
X

1�i<k�n

siðtÞskðtÞ

"Xn
j¼1

cijcjk þ
1

2
ð�ik þ �kiÞ

#

�
Xn
j,k¼1

skðtÞrjðtÞckj þ
1

2

Xn
i¼1

siðtÞ�i

þ
Xn
i¼1

riðtÞ
dsi

dt
ðtÞ �

X
1�i<j�n

dsi

dt
ðtÞsjðtÞcij �

dT

dt
ðtÞ

)
uðt,xÞ:

ð27Þ
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On the other hand, recall that for 1 � i � n, Li is the
zero degree differential operator of multiplication by
hi ¼

Pn
j¼1 hijxj þ ei where hij and ei are constants.

Then the right hand side of (3) is of the form

@u

@t
ðt, xÞ

¼ L0uðt, xÞ þ
Xm
i¼1

yiðtÞ½L0,Li�uðt, xÞ

þ
1

2

Xm
i, j¼1

yiðtÞyjðtÞ½½L0,Li�,Lj�uðt, xÞ

¼ L0uðt, xÞ þ
Xm
i¼1

yiðtÞ
Xn
j¼1

hijDjuðt, xÞ

þ
1

2

Xn
i, j¼1

yiðtÞyjðtÞ
Xn
‘¼1

hi‘D‘,
Xn
k¼1

hjkxk þ ej

" #
uðt, xÞ

¼ L0uðt, xÞ þ
Xn
i¼1

Xm
j¼1

hjiyjðtÞ

 !
Diuðt, xÞ

þ
1

2

Xn
i, j¼1

yiðtÞyjðtÞ
Xn
k¼1

hikhjk

 !
uðt,xÞ: ð28Þ

By comparing (27) and (28), it is clear that u(t, x) is a
solution of (3) if (21), (22) and (23) are satisfied. It is
also clear that (21), (22) are (23) have solutions for
all t. Q.E.D.

Corollary 5: The finite dimensional filter construction
in Theorem 5 is a universal finite dimensional filter in
the sense of Chaleyat-Maurel and Michel (1984).

Proof: ODEs (21), (22) and (23) are independent of
the initial data �0ðxÞ in (2). Q.E.D.

5. Conclusion

In the early eighties, Brockett proposed to classify finite
dimensional estimation algebras and Mitter conjectured
that all functions in finite dimensional estimation alge-
bras are necessarily polynomials of total degree at
most one. Despite the massive effort in understanding
the finite dimensional estimation algebras, the 20 years
old problem of Brockett and Mitter conjecture remain
open. In this paper, we give a classification of finite
dimensional estimation algebras of maximal rank and
solve the Mitter conjecture affirmatively for finite
dimensional estimation algebra of maximal rank. In
particular, for an estimation algebra E of maximal
rank, we give a necessary and sufficient condition for
E to be finite dimensional in terms of the drift fi(x)
and observation hj(x). As an important corollary, we
show that the number of statistics in order to compute

the conditional density of the state given the observation
fyðsÞ : 0 � s � tg by Lie algebras method is n where n
is the dimension of the state. We construct a large
class of finite dimensional estimation algebras which
are neither of Kalman types nor of Benés types. We
also give explicit construction of finite dimensional
filters from finite dimensional estimation algebras. For
practical applications, it is important that the finite
dimensional filter is universal in the sense of
Chaleyat-Maurel and Michel. It turns out that our
finite dimensional filters are necessarily universal.
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