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Abstract. For all known finite-dimensional filters, one always needs the conditon that the
observation terms are degree one polynomial. On the other hand, in many practical examples, e.g.,
tracking problem, the observation terms may be nonlinear. Our new method in this paper can treat
filtering problems with nonlinear observation terms in the first time, which includes Kalman—Bucy
filter as a special case.
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1. Introduction. In 1961, Kalman-Bucy first established the finite-dimensional
filters for linear filtering system with Gaussian initial distribution. In the sixties and
early seventies, the basic approach to nonlinear filtering theory was via the “innova-
tions method” originally proposed by Kailath and subsequently rigorously developed
by Fujisaki, Kallianpur, and Kunita in 1972 [10]. As pointed out by Mitter [13], the
difficulty with this approach is that the innovations process is not, in general, ex-
plicitly computable. In view of this weakness, Brockett [2] and Mitter [13] proposed,
independently, the idea of using estimation algebras to construct finite-dimensional
nonlinear filters. The idea is to imitate the Wei—Norman approach of using the Lie
algebraic method to solve the DMZ equation, which the unnormalized conditional
probability of the state must satisfy. Perhaps the most important merit of the Lie
algebra approach is the following. As long as the estimation algebra is finite dimen-
sional, not only the finite-dimensional filter can be constructed explicitly, but also
the filter so constructed is universal in the sense of Chaleyat—-Maurel and Michel [4].
In [23], [17], and [20] Yau proves that the number of sufficient statistics in the Lie
algebra method, which is required in the computation of conditional probability den-
sity, is linear in n, where n is the dimension of the state space. Recently, Stephen
Yau [17] and Tam, Wong, and Yau [14], [16], [5], [21], [20], and [6] have completely
classified all finite-dimensional estimation algebras of maximal rank. In particular,
they have proved that all the observation terms h;(x), 1 <4 < m must be degree one
polynomials.

However, in the Wei—-Norman approach, one has to know explicitly the basis as
vector space of the estimation algebra in order to reduce the DMZ equation to a
finite system of ordinary differential equations, Kolmogorov equation, and several
first-order linear partial differential equations. Classically, one knows the explicit
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basis for the estimation algebra only in the case that it has maximal rank. Typically
people assume that the linear system is controllable and observable. Recently, a new
direct method was introduced to study the linear filtering and exact filtering systems
with arbitrary initial condition for which f, ¢ and h in (2.1) are independent of time
(cf. [22], [23], [19], [18]). This approach offers several advantages. It is easy and the
derivation no longer needs controllability and observability. Thus, the algorithm is
universal for any linear filtering system. Furthermore, it eliminates the necessity of
integrating n first-order linear partial differential equations, as was the case in the
Lie algebra method. Finally, the number of sufficient statistics required to compute
the conditional probability density of the state in this direct method is n. In all the
direct methods in [22], [23], [18], and [19] they need to assume that all the observation
terms h;(z), 1 <i < m, are degree one polynomials.

In [26], we have proved the existence and decay estimates of the solution to the
DMZ equation under the assumption that f(z) and h(x) in (2.1) have linear growth. In
this paper, we use the theory developed in [26] to show that the real time computation
of the DMZ equation can be reduced to numerical solution of Kolmogorov equation if
f(x) and h(z) have linear growth. Similar results under a much stronger assumption
that f(x) and h(x) are bounded functions were treated by various authors including
Bensoussan, Glowinski, and Rascanu [1], Elliott and Glowinski [8], Florchinger and
LeGland [9], Mikulevicious and Rozovskii [12]. Unlike our results, however, their
results cannot cover Kalman—Bucy filters. Theorem 4.2 of this paper says that if the
drifts (f(z)) are affine and the observation terms (h(x)) are nonlinear with linear
growths, then the Kolmogorov equation can be solved in real time.

For all known finite-dimensional filters, one always needs the condition that the
observation terms are degree one polynomial. On the other hand, in many practical
examples, e.g., tracking problem, the observation terms may be nonlinear. Our new
method in this paper can treat filtering problems with nonlinear observation terms in
the first time, which includes Kalman—Bucy filter as a special case.

This paper is organized as follows. In section 2 we shall set up the notations and
recall the basic filtering problem. In section 3, we shall show that real time computa-
tion of the DMZ equation can be reduced to off time computation of the Kolmogorov
equation. An explicit algorithm of such a reduction is provided. In the appendix, we
give a rigorous proof that the solution of our algorithm converges to the solution of
the DMZ equation in pointwise and L? sense. In section 4, we show that if the drifts
are linear and the observation terms are nonlinear with linear growths, then the Kol-
mogorov equation can be solved in real time via a system of ODEs. Consequently, the
nonlinear filtering problem with linear drifts and nonlinear observations with linear
growth can be solved in real time and memoryless manner. In section 5, we give a
conclusion of this paper.

2. Basic filtering problem. The filtering problem considered here is based on
the following signal observation model in It6 form:

{dx(t) = f(z(t))dt + g(x(t))dv(t) 2(0) = o

1) dy(t) = h(x(t))dt + dw(t) y(0) =0

in which x,v,y and w are, respectively, R” RP R™, and R™ valued processes and
v and w independent, standard Brownian processes. We further assume that n =
p; f,g, and h are vector-valued, orthogonal matrix-valued and vector-valued C'*°
smooth functions. We shall refer to x(t) as the state and y(t) as the observation at
time ¢.
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Let p(t,z) denote the conditional probability density of the state given the ob-
servation {y(s) : 0 < s < t}. It is well known that p(¢,x) is given by normalizing a
function o(t, ) that satisfies the following DMZ equation in Fisk—Stratonovich form:

22) do(t,z) = Loo(t, z)dt + f::l Lio(t,x)dy;(t)
c(0,z) = oo(x),

where
I 02 & o) fZ 1=,
S N SUIERCED S ERE ST
i=1 "t =1 ¢ 7,:1
and for i = 1,...,m, L; is the zero-degree differential operator of multiplication by

h; and o is the probability density of the initial point xg.
Davis introduced a new unnormalized density

(2.3) u(t, x) = exp ( Zh ) o(t,x).

He reduced (2.2) to the following time-varying partial differential equation which is
called the robust DMZ-equation:

Sut,) = Lou(t,2) + Y w0l Lo, LiJu(t, )

(2.4) 1 &
23 (O OllLo. L. Lju(t. 2
ij=1
u(0,z) = oo(z),
where [, -] is the Lie bracket as described in [14]. It is easy to show [24] that (2.4)

is equivalent to the following time-varying partial differential equation:
(2.5)

ou 1n U ou
afz 1
—[ 3 ZhQ —§;yi(t)Ahi(x)

5 S)IMUTACLIERED 9) SO %k()gﬁk@]u(t,x)

1j=1 ij=1k=1
).

M:

.
Il

IR

K2

u(0,2) = op(x

In this paper we shall solve the filtering problem in the case f;(x), 1 <i <n, are
degree one polynomials and h;(x), 1 < j < m, may be nonlinear with linear growth,
ie., |h;j(z)| < C(1+ |z|) for some constant C'.

3. Reduction from robust DMZ equation to Kolmogorov equation. The
fundamental problem of nonlinear filtering theory is how to solve the robust DMZ
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equation (2.5) in real time and memoryless manner. In this section, we shall describe
our algorithm which achieves this goal for a large class of filtering system with arbi-
trary initial distribution by reducing it to solve Kolmogorov equation. Our algorithm
is based on the following proposition.

PROPOSITION 3.1. For any 11, T2 with 71 < T2, u(t,x) satisfies the following
Kolmogorov equation:

(3.1)
816 —~ o 8& 5 '3 2
5 (o) = fAu(t,:v) —Zfi(a:)azi (t,z) — (i 3 f Zh )

i=1

for i <t < 7 if and only if

= yi(r)hi(z)
u(t,z) =e =1 u(t, )

satisfies the robust DMZ equation with observation being freezed at y(r1),

%( r) = *Aut:c +Z< +Zyi (n) >§Z(t,x)
_< > e+ ;;h?(x) - ;;yimmhi@)

i=1 =
D HWIOCEE
(32 5303w g <x>§jjjc<x>>u<t,x>
k=1i,j=1

Proof. 1t is straightforward to show that

Z yi(T1)hi(x)

ol +A+z( )
_< afz ZhQ —%Zyz(ﬁ)Ahz(:E)
=1 i=1

=1 j—1 833]-
_Z En E yi(m1)y, (1) Ohi Oh u(t, x)
= J 8$k al‘k ’
k=11,5=1
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Proposition (3.1) follows immediately from (3.3). O

We remark that (3.2) is obtained from the robust DMZ equation by freezing the
observation y(t) to y(71). Based on Proposition (3.1), we shall formulate our algorithm
to solve the robust DMZ equation and we shall show in Appendices A and B that the
solution of our algorithm approximates the solution of the robust DMZ equation very
well in both pointwise and L?-sense.

Suppose that u(t, x) is the solution of the robust DMZ equation and we want to
compute u(7,z). Let P, ={0 =17 <7 <72 <--- <7, =7} be a partition of [0, 7].
Let u;(t, z) be a solution of the following partial differential equation for 7;_1 <t < 7;:

88Uz( ) Aul t,x —i—Z( +Zy3 Ti_ 1 )) Zz;(t,l‘)
—(Z )+ 5Dt - %Zym_lmhj(x)
=1 =1 j=1
3.4 no2
oy F Y w5 @)
j=1¢=1 Te
—i;; (el G ) 3 (w))uxt,x)
Ui(Tz‘—l,Sﬂ) = Ui—l(Ti—l,f)'

Define the norm of the partition Py by |Px| = sup;<;<{|7 — 7—1|}. In Appendices
A and B, we shall show that in both pointwise and L? sense

3.5 uw(t,x) = lim wug(7, ).

(35 (ra)= Jim wi(r.a)

Therefore it remains to describe an algorithm to compute wug (7, x). By Proposi-
tion 3.1, uy (71, ) can be computed by w1 (71, z) where @y (¢, ) for 0 < t < 7y satisfies
the following Kolmogorov equation:

(3.6)
%(t, x) = Aulta: ij 8u1 <z_:5f Zh2 >u1tx)
3 05 (0 (@)
u1(0,2) = go(x)e’=° = oo(x).

In fact, by the uniqueness solution of the Kolmogorov equation, we have
(37) ul(t,x):ﬂl(t,x), OStSTl.

In general, Proposition 3.1 tells us that for ¢ > 2, w;(7;,2) can be computed by
u; (14, x), where w;(t, ) for 7,1 <t < 7; satisfies the following Kolmogorov equation:

(3.8)
65? (t,z) = Aul t,x) ij 8u, t,x) — ( af] ZhQ )uz (t,x)
=

Z(yj(nfl)—yxnfz))hj(x)
wi(Ti—1, ) = €71 i—1(Ti—1,2),
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where the last initial condition comes from

> yi(rim)hy () > yi(ric1)h;(2)

Ui(Ti-1, ) = i (Ti—1, )€’ = uj—1(m—1, x)e’=!

D (s (Tim1) =y (Ti—2))h; (@)

= ei=1 Ui—1(Ti—1, ).
In fact, we have
= > yi(Tim)h (@)
(3.9) ui(ri,r) =e I (73, ).

In view of (2.3), (3.5), and (3.9), we have the following theorem.
THEOREM 3.2. The unnormalized density o can be computed via solution u of
the Kolmogorov equation (3.8). More specifically,

3.10 ,z)= lim u ,
( ) o(r,x) IPi\H—1>0 Uk (T, )
Proof.

o(r,z) = u(T, z) exp (Z hz(x)yl(7)> by (2.3)

i=1

= lim wug(7,z)exp <Z hz(x)yz(7)>, by (3.5)
i=1

|Pr|—0
where P, ={0=10<m < -+ <Tp =T}

In view of (3.9), we have

— S s (s (@) S ha(@)ys(r)
o(r,z) = \7>li|ni»oe i=1 ug (1, z)e=1
= lim (7, z). 0
|Pr|—0

Observe that in our algorithm at step i (Lemma B.2), we only need the observation
at time 7;_1 and 7,_s. We do not need any other previous observation data. Observe
also that the Kolmogorov equation (3.8) is uniform for all time steps and it depends
on observation y(t) only via initial condition.

4. Filtering problem with nonlinear observations. Consider the filtering
system (2.1) with affine drift,

j=1

where ¢;;, ¢; are constants, and nonlinear observation

(4.2) Zh?(f) = Z qijTiTj + Zqixi + qo,
i=1 1=1

i,j=1
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where ¢;; = q;i, i, qo are constants.
We first remark that if h;(z), 1 <4 < m, are nonlinear observation with linear
growths as follows:

(4.3) hZ(z) < m(1+ |z|?), 1<i<m-—1,

where M is a constant, and

(4.4) B2, (z) = (m — 1)M(1 + |z]?) Zh2

then condition (4.2) is satisfied. The purpose of this section is to prove the following
theorem.

THEOREM 4.1. The unnormalized density of the filtering system (2.1) with affine
drift (4.1), nonlinear observation (4.2), and Gaussian initial distribution can be com-
puted in real time in a memoryless way.

In view of Theorem 3.2, in order to solve the nonlinear filtering problem with
conditions (4.1), (4.2) it suffices to solve the following Kolmogorov equation in real
time. For 71 <t < 7y,

(4.5)

o i ot of; 2
& (t,3) = -3 hle Z a:J; Zh it )
u(0,2) = ¢(m)

It is well known that any ¢(x) is well approximated by finite linear combination of
Gaussians of the form ayG1 + -+ 4+ a,G)p, where oys are real numbers and Gs are
Gaussian distributions. Let @; be the solution of (4.5) with initial distribution Gj;.
Since (4.5) is a linear partial differential equation, it follows that the solution of (4.5) is
of the form a1 % +- - -+ ptU,. Therefore it remains to solve (4.5) with Gaussian initial
distribution. Theorem 4.2 gives an explicit solution of (4.5) with linear drift (4.1),
nonlinear observation (4.2), and Gaussian initial distribution in terms of solutions of
ODE:s.

THEOREM 4.2. Consider the filtering system (2.1) with linear drift (4.1), nonlin-
ear observation (4.2), and Kolmogorov equation. For 71 <t < 7o,

(4.6)

8ﬂ a j m 2
a(t,x) fAu t,x) Zf] ,x) — (j_ Ji Zh )
u(r, ) = explaT A(m)x + BT(Tl)I +C(n)),

where A(t1) = (Aij(11)) is a n x n matriz, BT (1) = (B1(m1),...,Bn(11)), 21 =
(z1,...,&,) are 1 X n matriz and C (1) is a scalar. Then the solution of (4.6) is of
the following form:

(4.7 u(t,z) = exp(z’ Az + BTz + C),

where A = AT = (A;;(t)) is a n x n matriz valued function of t, BT = (B (t),...,
B, (t)) is a 1 X n matriz valued function of t, and C(t) is a scalar function of t.
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Moreover, A(t), BT (t), and C(t) satisfy the following system of nonlinear ODEs:

(4.8) { C%(t) =2A4%(t) — A()L — LT A(t) — %Q
A(t)|t=r, = A(71)

T
(4.9) { %(t) =2B"(t)A(t) — BT (t)L — 20T A(t) — %q
BT (t)]¢=r, = BT (1)
(4.10) { ) =t AW + BB — 7B 30— tr I
CO)li=r, = C(n1),

where L = (£i;), Q = (i), 1 <i,5 <n, {7 = (b1,...,4,), ¢F = (q1,... ,qn) as in
(4.1) and (4.2).

Proof. Differentiating (4.7) with respect to ¢ and z, respectively, we get the
following equations:

L (rid, 08T, )
ot dt dt dt
Vi = [(A+AT)x+B]erTAz+BTm+C
At = {2trA+ [(A+ AT)z + B|T[(A + AT)z + BJe* Av+BTe+C
= [2T(AAT + ATA +2A4%)z + 2BT (A + ATz +2trA+ BT Blu

Z fi(z (Lz + )TV

(4.11)

=27 (AT + A)Lx + (BY'L+(TA+ (" AT)x + (" Blu,
where L = (&j),ET = (61, ce ,fn)

af] 1 S 2 ~ _ } T 1 T 1 _
(Z 3% 2;@(96)) u(t,x) = (290 Qz + 54 T+ 2q0+trL u(t, z),

where Q = (Qij)7qT = (Q17 v 7Q7L)
Therefore the R.H.S. of (4.6) is given by

7Au t, ) E 8:% ( > ai +5 g 1 h?(x)) u(t, x)
]:

= [xT <2AAT + 5ATA + AQ) z+ BT (A+ AT)z +trA+ ;BTB] u
—[2T (AT + A)Lax + (BTL4+(TA+ (T AT)x + (" Blu
1 1, 1 _
—( = = - L
(236 Qr + 54 x+2q0—|—tr >u(t,x)
= [xT (;AAT + %ATA + A2 - ATL — AL - ;Q) z+ (BYA+BTAT - BTL

(4.12) —(TA—(TAT — %qT)z +trA+ %BTB —'B — %qo - trL] u
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By comparing (4.11) and (4.12), we get (4.8), (4.9), and (4.10), which are necessary
and sufficient conditions for (4.7) to be a solution of (4.6). O

5. Conclusion. All the known finite dimensional filters require observation terms
linear in nature. In this paper we have solved the nonlinear filtering problem with
linear drift and nonlinear observations in real time and memoryless manner. We
first show that the solution of the DMZ equation can be obtained by solving the
Kolmogorov equation. We also show that the Kolmogorov equation can be solved
via solutions of systems of ODEs if the summation of observations is a quadratic
polynomial (cf. (4.2)).

Appendix A: Pointwise Convergence of (3.5). By changing variables from
x; to \/2z; and by letting

(A1) alt, ) = u (t, \”/”i)

we get
@(t )_@ ti
at ’x - t ’\/i )
%(t )_L({?u ti
oz; 't 20x; \ ' 2)’

where

(A3)  Filt,w) = \/5[— fi (55) +iy-f<t>gg <\%)]

(A4) V()= i gﬁ (\J/cg) +3 0 (

1 U - 8h2 X ahJ x
-3 3 Ywomog (75) 5 (75)
For any 7 > 0, we shall consider the following parabolic equations on [0, 7] x R™.

(A.5) %(t’ x) = Au(t, ) + Zﬁ(t, x)—?(t, z) — V(t, z)ult, z)

u(0,z) = ()
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ou _ n o B
(A.6) E(t’x) = Au(t,z) + ; fi(0, 17)8 Z (t,z) — V(0,2)u(t, )
(0,7) = (x),

where f;(0,z) := f;(0,z) and V (0, z) := V(0, z) are obtained from f,(t, z) and V (¢, z)
by freezing the time variable at 0. For simplicity, we shall assume that the first, second,
and third derivatives of h(x) are bounded.

The goal of this appendix is to prove that if ¢(z) is close to ¥
then (7, z) is close to u(r, z) uniformly in z. From (A.5) and (A.

(z) uniformly in z,
6), we deduce that

(A7)
o —u Tu—u 7 T
XD 1,2) = - u)(t,zHZfi(t’m)(Ti)

i=1

(t,2)=V(t,z)(u —u)(t,z)

+Z 0. o

g

(t,z) — (V(t,z) — V(0,2))u(t, )

= (- V)@ o)+ Y 7t D 4w 4 G r,),
i=1 v
where

(AS) GT(t’I) - Z(?’L(t7x) - ﬁ(oax))%(tvx) - (V(ta :L') - ‘7(07x))a(tax)

LEMMA A.1. There exists a nonnegative function a(t,z,y) such that

gt(txy) Aza(t,z,y) — Zf (txy)

A9 —
(4.9) — V(T—t,x)+28£:(7'—t z)|alt,z,y)

=1

(0, z,y) = by(x), [, (0,2, y)dz =1,

where fm denotes the integration with respect to x variable.
Proof. Let B,(x,y) be a sequence of Gaussian with

(A.10) /ﬂn(x,y)dm =1 and nhHH;O Br(z,y) = 6y(x).

In view of [26], there exists a solution a,(t,z,y) with initial condition a,(0,z,y) =
Bn(x,y). By maximal principle, a(t,z,y) > 0 for all ¢ > 0. We shall take a(t,z,y) =
limy, 00 i (8, 2, y). d

THEOREM A.2. Let w(t,z) = u(t,z) —u(t, z), where @ and u are the solutions of
the parabolic equations (A.5) and (A.6), respectively. Let a(t,x,y) be the nonnegative
function in Lemma A.1. Then

w(T,y) :/xa(T,:C,y)w(Ow)dm—&—/OT/xa(t,x,y)GT(t,a?)dx,
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where G, (t,x) is given in (A.8).
Proof.

All/ / —t,z,y)w(t, x)dx //015 T —t,z,y)w(t,x)de
// —t,x,y) 8t(t,x)dx

L.H.S. of (A.11) =w(1,y) — / a(r, z,y)w(0, z)dx

R.H.S. of (A.11) =— /OT /w Aga(r —t,z, y)w(t, z)dx
g
+/T/ +Za ] —t,z,y)w(t, v)ds

/ / —t,x y (t,x)dx
// txy[aa(tm) Aw(t,x) Zj: 8xzt;v)
+V(t,z)w(t, :c)] dx

/ / 2, y) Gt 7)da by (A.7)

In the above computation, we have used the fact proved in [26] that «(t,x,y) has
Gaussian decay in . O

PROPOSITION A.3. Let a(t,z,y) be the nonnegative function in Lemma A.l.
Suppose that V (t,x) > —cy for some positive constant c¢i. Then

T —tz,y)w(t, z)dr

(A.12) /a(r,z,y)d:ﬁ < eam.

Proof.

d da
cit —cit —
e (e /xa(t,x,y)dx) ClLa(t7$,y)d$+L T (t,z,y)dx

= fcl/a(t,x,y)da:Jr/Ama(t,x,y)dx—/Zﬁ-(T—t?x)gﬁ(t,x,y)dl’
2

_L +Z§xl ] a(t,z,y)dx
= —cl/xa(t,:c,y)dx—/V(T—t7x)a(taxyy)d$

T

= _ /[V(T —t,z) + c1]alt,z,y)dz < 0.

xT
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It follows that e ' [ a(t,z,y)dr is a decreasing function of ¢ and (A.12)
follows. O

THEOREM A.4. With the assumption of Proposition A.3, let w(t,x) = u(t, x) —
u(t,z), where w and U are the solutions of the parabolic equations (A.5) and (A.6),
respectively. If T is small and w(0,x) is small uniformly in 7, then w(r,x) is small
uniformly in x. More precisely, we have

(A.13) sup lw(T,y)| < e sup |w(0,x)] + 7e?” sup |G,(t, )],
y€ER TER™ zERM
0<t<r

where G, (t,z) is given in (A.8).
Proof. In view of (A.3), (A.4), and (A.8), we have

Grlt,) = Y (Ft) ~ 00D 2 1,2) — (Vit ) V0.0, 2)
S0 (3) Zoo
£ somsn(5) 5 Fw o ()22
;i§1§<yi<t>yg<t> - yi<o>yjz<o>;§x"; (%) (2) ]au,x).

Therefore if 7 is small, then G (¢, ) is uniformly small in z for 0 < ¢ < 7, because

both u(t, z) and 8“ " (t,x) have Gaussian decay by [26]. The estimate (A.13) follows
readily from Theorem A2 1]

Now we consider the global situation. For a fixed T" > 0, we want to find the
solution %(t, z) of the following parabolic equation on [0, 7] x R™:

ou B no_ o o B
(A.14) ¢ (b@) = Au(t @) + ; fy(t.0) g (t0) = Vit (e, o)
u(0,7) = ().

Let {0 <71 <7y < - <7, =T} be a partition of [0, T]. Let @;(t,x) be the solution
of the following parabolic equation on [1;_1,7;] x R™:

ou; ~ 2~ o ~ _
(A15 %(t,x) = AT (t, ) + ; fj(n,l,x)%(t, ) — VT, 2)(t, x)

J
ui(Ti—1,%) = Ui—1(Ti-1, ),
where 13 (0, ) = »(x); fL(Ti_l,LE) and ‘7(7'7;_1,1”) are functions independent of ¢ and
equal to f;(7i—1,r) and V(7;_1, ), respectively.
LEMMA A5, Fiz T, let G (t,z) = Y0 (F;(t.z) — fi(ric1,2)) o (t,w) —

(V(t,x) — V(7i_1,2))Ui(t, ). For any given € > 0, we can choose k sufficiently large
so that

sup sup sup |G, (t,z)] <e.
1<i<n 1,-1<t<7; x€Rn

Proof. This follows from the proof of Theorem A.4. 0
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We are now ready to prove the main theorem in this appendix.

THEOREM A.6. Let u(t,x) and ug(t,x) be the solutions of (A.14) and (A.15),
respectively. For any € > 0, let k be sufficiently large so that Lemma A.5 holds. Then

[w(T, z) — up (T, x)| < eTer T,

where ¢y is the constant in Proposition A.3.
Proof. In view of 41 (0, z) = ¢(x) = w(0,x) and Theorem A.4, we have

[U(r1,0) — U1(T12)] < T2 sup |Gy (¢, 7).
r n
Oéing

By Theorem A.4 and induction, we have

U(T2,0) — Uz (T2,0)| < 71T sup |G, (¢, 7))

zERT
0<t<m
+(r2 —)e T sup |G, (¢, 7))
weRn,
T1<t<T2
[@(7h2) = b (Th0)| < T1EA™ sUD |G, (8,2)] + (72 = 71)e? FT sup Gy (1)
02?%7’1 T1I§€tRST2
+ -+ (Ti —Ti_l)ecl(ﬂ“_n_l) sup |GT1(ta'T)|
T ERM
Ti—1 <t<7;
4+ (Tk —Tk_l)ecl(TkiTk_l) sup |G'rk(ta‘r)|
TijSRtnSm

< e[re? ™ + (r — 7)e? T o (7 — 1y e (i)
oo (T — T )et R

Sefnt(n—n)+ o+ (mi—mio) + oo (T = Tamn)le”

= Te T, a

THEOREM A.7. FizT >0, let P, ={0 <7 <72 <--- <7, =T} be a partition
of [0,T]. Let u(t,x) be the solution of the following parabolic equation on [0,T] x R™:

%(t,x) = Au(t,z) + ;?g (t, z)aa;j(t, x) = V(t,x)u(t, x)
(0, x) = Y(x).

Let w,;(t, z) be the solution of the following parabolic equation on [1;—1,T;] X R™:

ot _ n 0, . _
6%(75, z) = Ati(t,x) + > Fi(ri1, x)ai(t, ) — Vi1, 2)t(t, 7)
j=1

J

az‘(Tifl»x) = 171‘71(7'1'71@),
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where w;(0,2) = ¥(x) and E(Ti_l,x) = fi(ric1, @), V(tie1, @) = V(ri_1,x) are
obtained from ?j (t,z) and V(t,x) by freezing time variable at T;_1. Then

u(r,x) = |7>lil\qi>o U (T, ) uniformly in .

Appendix B: L? Convergence of (3.5). In Appendix A we have shown that
the solution u(t,z) of (A.6) is uniformly close to the solution %(t,z) of (A.5) for
0 <t <Tif P(z) = u(0,z) is uniformly close to ¥(z) = u(0,z). In this section, we
shall show that @(t,z) is also close to (t, ) in L2-sense, if ¢ (z) is close to ¥ (x) in
L? sense. We first recall the following lemma.

LEMMA B.1. If 92 (1) < ca(t)+B(t), where c is a constant, then e~“'a(t)—a(0) <
fot e~ 3(s)ds.

Let fog, ng, Vg, and ‘N/QR be the functions obtained by multiplying ?,f,v,

and V, respectively, by a cut off function o which is equal to one in the ball of radius
R > 1 and equal to zero outside a ball of radius 2R. We can choose o such that

4 4
d |A < —.

(B.1) [Vo(x)| <

Consider the following equations:

ou _ " Ou —
(B.2) aiR = Ausp + ;(fm)iai;f — VarlUar

ou ~ "~ ou ~
(B?)) 8§R — AUQR + le(sz)zaTiR - VQRUQR

in the ball Bsg of radius 2R with the Neumann condition, where (for); and (fg R)i
denote the ith components of for and fag, respectively. Let typ(x) = 1h(z)o () and
Yor(z) = ¥(x)o(z) to be the initial conditions of (B.2) and (B.3), respectively. Then
(B.2) and (B.3) have unique solutions, respectively, for ¢t € [0,00) with Neumann
condition on dByr x (0, 7.

LEMMA B.2. Assume that (4.1)~(4.3) hold and the first, second, and third deriva-

tives of h;(x) are bounded. Let¢ and § be positive constants such that T=CT+6 < 25%.

Choose T and € suitably small with T+ € < 6. Then the following conclusions hold
for any 0 < t < 7 for both pe{p,p}, v € {w,u}, and where p(t,xz) = c(i+lzl®)

t+e 7
~ _ (e,
p(t,ﬂ?) - t+e -

(i) / eﬁﬂgRﬁ/ g
{t}XBzR {O}XBQR
t
(ii) / eP|Viagr|? < / e?|Viagr|? + / / P30 Uy (s, )
{t}xBz2r {0} xB2r 0 JBzr

(iii) / eﬂAﬂzRFg/ e’ | Atiag|?
{t}xBar {0}xBzr
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+O</ |V’ farl*|Va2rR]* + / |V forl*|Var/?
[0 t]XB2R Ot]XBQR

t [ PalVaanPIaTonl + [ lFnl! Vel
[0,t]xBar [0,t]x Bar

_ 2
_ — "9 i
+/ e?|V(Vartizr)|? +/ e’ | Vg (ng) :
[O,t]XBzR [O,t]XB2R i=1 Li

Moreover, the following inequalities hold for both {p, f,V'}, or {p, J?, ‘7} or {p, f,V}
or {p, f,V} if 6 is small enough,

. 0p o 0P O o
et - TN 9 <.
(iv) o + 2|V ;f’axi ; oy 2V <0

Proof. (i), (ii), and (iii) follow from Lemma 1.3 of [26] by setting e; = 1 in that
lemma. In equality (iv), it follows from

+2|v~|2 Zf Z B, L oy

(1—80) 2 ¢
t+¢€)? t+e

+ (n+2)c| (14 x])?

Aﬁl

as1—8¢>0. O

PROPOSITION B.3. Consider the parabolic differential equations (A.5) and (A.6).
Let ¢ be any smooth function defined on R™ with compact support contained in a
domain Q). Let p be any smooth function on Ry x R™ satisfying

_ oF B
B4 2|Vp|? L2V <0.
(B.4) L4 2vp Zfz Zaxl V<o
Then

% PP (u —u)? < 2P (u —u)? + 10/ e (u —u)?|Ve|*

{t}xQ {t}xQ {t}xQ
N = ap 2
7,00 u—u2+4/ 6| S (7, - T
/{t}xﬂ ; ) {t}xQ zz:l( ) :

+ 2/ eP Q%) f — ﬂQ + 4/ ePP* Ut |V — V|2
{t}xQ {t}xQ

~(of, ofi\ [

(B.5) +2/ eﬁ¢2|f—f|262+4/ P 20>
{t}xQ {t}xQ

Proof. From (A.5) and (A.6), we deduce that
(B.6)

M —am-a +Zfl @Dy - ﬁ)aﬂi 7 - V)i

=1
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Then using (B.6) and integrating by part, we obtain

d 2(7 _ 2P D 42(— _ ~\2 dp —12 n*, "8?1 —
af, pa-irds[  dea-n <8t+z|w PHEDY axi—2v>
1 P2V (u — )2 P(a — )2 |Vl
3OS [ S wrv
—2 p ”,_i u— 1)’ —4 g ",._:‘ i| u(@w—u
/{t}mqse (;m)w i) /{t}mesb >0 f)sb]U(u i)
_ n o . aifv _ _ N -
_2/{t} Q@P¢2 (fi_fi)agf»u(u_u)+2/{t} Q€P¢2u2|f_f|2
X i=1 ¢ X
2w (0F _ of PR o
(B.7) —2/{t}xgepq’> (u—u)uizz1 <(’9xi — 8xi> —2/{t}xgeﬂ¢ (@—uw)u(V-V).

In view of (B.4), (B.7) implies that

d 2

@ {t}xQ

P (u —u)? < 8/

{t}xQ
1 52— ~2, L P2 2
+ - PP (u—u)” + - e’ " (u—u)
4 Jiyxa 4 Jiyxa
_ .~ 0p
+4/ e’ ¢ fi— i
[t1xQ Z( )&Ei

=1
1 _ ~ e — o~
+f/ eﬂ¢2(u—u)2+4/ eP PPt |V — V|?
4 Jinxa {t}xQ

e (T —u)?|Vo|* + 4/ e (u—u)?

{t}xQ

Y5
1—1

99
(%ci

2
i’ + 2/ P O* WP |f — fI?
{t}xQ

1 - _ 1 = o= To~
5/ e?(a—W)*|Ve|* + 5/ P Q?|f - fQuQ]
{t}xQ {t}xQ

_ ~\ 2
1 5o~ 7 02|~ (OFi  Of;
+2 ,/ P2 (T — 2+2/ P 4272 i '
[8 {t}xﬂeqs -5 {t}xﬂe¢u 2 Oz; O

i=1
Inequality (B.5) follows immediately. d
The following theorem states that when 7 is sufficiently small and () close to
¢(z) in L2-sense, then the solution @i(t, ) of (A.6) approximates the solution u(t, z)
of (A.5) well in L?-sense.
THEOREM B.4. Consider the parabolic differential equation (A.5) and (A.6).
Assume that (4.1)-(4.3) hold and the first, second, and third derivatives of h;(x) are

+4

bounded. Let ¢ and & be positive constants such that T=C+6< ﬁ. Let
_ a1+ |z?) _ ¢ (1+ 2%
t = - t =
p(t,x) i 0 PEo) romp

Suppose that
| OO G@F + V3@ + AT@E) < o

/Rn 0D (|4h(2) 2 + [V ()2 + |Ad(2)[?) < oo.
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Choose T and € suitably small so that T + € < 6 and the conclusions of Lemma B.2
hold. Suppose that for 0 <t <7,

(B.8) [t @) — f(t, @) < Ee(l + |2])

" (a7, of; _
(B.9) ; (axi(t,x) axl( )) ’ < ¥¢c
(B.10) V(t,x) — V(t,z)| < &e(l+|z|?)
(B.11) s OB [ih(z) — ()|? < &.
Then

_ t ~
/ e (U —u)* < Gel +16e2c*c? ———e'dy + 24teicPetd;
{t} xR e(t+e€)

<ee’ + 21276701,

where di = f]R" eﬁ(o’i)({/;(x))2, c = 16‘{# +24c%dy, and c is a constant for linear
growth of VV and VV , i.e., [VV (t,2)| < ¢(1+ |z|), and |VV (¢, z)| < c(1 + |z]).
Proof. Let Rg > 1 and By, = {z € R" : [x| > Ro} and

1 for |z| < Ro
(z) = § (2Bl for Ry < |z| < R=2Rq
0 for |z| > R =2R,.

Let 2 be defined as Bg in Proposition B.3. In view of Lemma B.1 and (B.5), we
have

e_t/ ¢2€ﬁ(ﬂ—ﬂ)2—/ ¢*e?(u —u)*
{t}xQ {orxQ
<10/ / P(u — 1) \V¢I2+4/ /
{ }><Q {s}XQ i=1
+4/ / ~2+2/ / LW~ [P
fpxa Z; {s}x@
+4/ efs/ eﬁ¢2ﬂ2lv—x7|2+2/ e*s/ Pf — P
0 {s}xQ 0 {s}xQ
2
~ of;, 0fi
4 D 42~2
* / /{ }><Qe ¢ (8@ 8xi> I
10eP(0: ) / / 2
< e S u—u
- Rz(logR—logRo 2 {s}x(BE, nBR)( )

N A(1+ R)2ePHR) / / 72
(Tw—u
Rg(logR log Ro)? {s}x(Bg, NBxr)

u—ﬂ)2

Z l(’?xz




Downloaded 01/07/13 to 166.111.153.49. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1036 STEPHEN S.-T. YAU AND SHING-TUNG YAU
t n
5ol O
vaf e[ TR E R
0 {s}xQ ; ' Ox;
t _ o - t _ o .
+4/ e*S/ ep¢2172|f—f|2+4/ e*S/ PRV — V2
{s}xQ 0 {s}xQ

(B.12) +4/ / ep¢~2zn: of\ |
{s}xQ im1 8961 axl

Observe that (B.11) implies

2
aQ

(B.13) e / ef(u —u)?* < el
{O}XBR

By Corollary 4.1 of [26], v and @ decay like Gaussian in z variables. So we shall
assume

(B.14) max(|ul, @) < Dye” Dalz® for ¢ small,
e n

for some Dy, Dy > 0. In view of the proof of Corollary 4.1 of [26], we can take
Dy > 4c < + 1 for sufficiently small ¢

[10 + 4¢*(1 + R)? ep(OR)/ / (@ — )2
R3(log R —log Ry)? {s}x (B, NBr)

AWASALRUTID [ i
R2(log R — log Ry)? ¢ B,

- 4D1[10 4 4c2(1 + R)?]tePO:1)
B R3(log R —log Ry)?

dwoD1 R™M10 + 4c2(1 + R)?]t c 4e )
- ‘(¥ -D,) R
R2(log R — log Ry)? A P )

2
ORn€7D2R0

4wy D1 R™[10 + 4¢%(1 + R)?]t C
(B.15 o (R34 )
€

- R2(log R — log Ry)?

2
a2

%

where wy is the volume of the unit ball in R™. Recall that |Vp|? = &1z’ Hence
> (=g

(t+¢€)?
(B.8) implies
t p—
4/ efs/ ePp?
0 {s}xQ i—1
t ~

s4/ [ e fvera

{s}xQ
<4/ / E202 1+ 4e* x| P2

(1% l=D* (s+e?"

1 ~
(B.16) < 16€2c%c / 7/ ePu>.
! o (5+6? JisyxBa
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Similarly, we can prove that

t ~
(B.17) / / *u?(f — f|? < 166162/ / e’u’
{s }><Q 0 J{s}xBr
t ~
(B.18) / / PPV — V[ < 48 2/ / ePu?
{ }XQ 0 {S}XBR
n ’ t -~
(B.19) / / Z of; < 4e? 2/ / P,
{s }><Q pt 3%  Ou (s}xBg

Hence (B.12)—(B.18) and Lemma B.2 imply that

/ &7 (T — )2
{t} XBRO

4t6twORnD1[10 + 482(1 + R)Q] X R2 E
R%(log R — log Ry)? P

t
1
+166t6120202/ 72/ e”u +166t616 // epu
o (5+6? JisyxBa (s}xBn

—|—4€t61262/ / P2 + 4€2c? t/ / P2
{s}xBr {s}xBr

4tetwy Dy R™[10 + 4c*(1 + R)? R +
R2(log R — log Ry)? 0

+16e"¢; 20252 /t 71 / e;ﬁz
o (5+6? JioyxBa

t ~
+246t61202/ / ePu?
{O}XBR

e(t+e)
dtetwo D1 R™M10 + 4¢2(1 + R)?] 5, C
_R — .
R2(log R — log Ry)? o o

< gel +

< ée + 24te' € c?d;

(B.20)

Let R = 2Ry go to infinity in (5.20), we obtain the estimate in the statement of
Theorem B.4. |

Now we are ready to consider the global situation. For a fixed T' > 0, we want to
find the solution (¢, z) of (A.5).

THEOREM B.5. Let u(t,z) and u;(t,z) be the solutions of (A.14) and (A.15),
respectively. For €y > 0, let |Py| = sup;{|t; — ti—1|} be sufficiently small so that the
following estimates hold:

(B.21) 1F(t,2) — f(rie1,@)| < Ge(l + |]), for 7oy <t <,
(B.22) Z (822(75795) — ga{j(n 1,96)) ’ <€c
j=1
(B.23) [V(t.2) = V(ri1,2)| < &e(l+ Jz)).
Then

/ PO (W(T, ) — Up(T, x))? < €2c1k|Prle’ < €2c1eo(T),
R’n
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where p(t, x) = C(ljilmlz) so that the conclusion of Theorem B.4 holds, ¢y is the constant

in Theorem B.4, and co(T') is a constant that depends only on T.
Proof. In view of @1 (0,2) = ¢(x) = u(0,z) and Theorem B.4, we have

/ eP (@ —u)? < Eme™ ey
{Tl}XRn
/ e (@ —u)? < Elei[re™ 4 (ro — m)e™ .
{TQ}X]R"
By Theorem B.4 and induction, we have
/ e (u—u)? =efer[re™ + (1o — 1)e™ T 4 (13 — o)™
{Tk}XR”

+ -4 (Tk — Tkil)e"—k*ﬂc—l]
€2cik|Prle”

E1201 C2 (T) . 0

VANVAN

As a consequence of Theorem B.5, we have the following L?-convergent theorem.
THEOREM B.6. Fiz T > 0, let P, = {0 <14 <72 < -+ <71, =T} be a
partition of [0,T). Let u(t,z) be the solution of (A.14) on [0,T] x R™. Let u;(t,x) be

the solution of (A.15) on [r;—1,7;] x R™. Let p(t,x) = % so that the conclusion
of Theorem B.5 holds. Then

lim (T — ;) = 0.
[Pr|—=0 J{1} xRN Al ¢
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