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ABSTRACT In this paper, the filtering problem for the general time-invariant nonlinear state-observation
system is considered. Our work is based on the Yau-Yau filtering framework developed by S.-T. Yau and
the third author in 2008. The key problem of Yau-Yau filtering framework is how to compute the solution to
forward Kolmogorov equation (FKE) off-line effectively. Motivated by the supervised learning in machine
learning, we develop an efficient method to numerically solve the FKE off-line from the point of view of
optimization. Specifically, for the off-line computation part, the computation of the solution to a FKE is
reduced to computing a linear system of equations by making the temporal inverse transformation and the
loss function optimization, and we store the results for the preparation of on-line computation. For the on-
line computation part, the unnormalized density function is approximated by a complete polynomial basis,
and then the estimation of the state is computed using the stored off-line data. Our method has the merits of
easily implementing, real-time and memoryless. More importantly, it can be applicable for moderate-high
dimensional cases. Numerical experiments have been carried out to verify the feasibility of our method. Our
algorithm outperforms extended Kalman filter, unscented Kalman filter and particle filter both in accuracy
and costing time.

INDEX TERMS Duncan-Mortensen-Zakai equation, nonlinear filtering, forward Kolmogorov equation,
estimation theory, numerical algorithms.

I. INTRODUCTION
Ever since Kalman and Bucy proposed the famous Kalman
filter which has been widely used in various fields of industry
in the 1960s [1], [2], numerous researchers have devoted
many efforts to the study of nonlinear filtering (NLF) theory
and practical NLF algorithms. The central problem in NLF is
to seek the optimal estimate of the state given the observations
corrupted by the noises. It is known that the minimum mean
square error estimate of the state is its conditional expectation
based on the observation history [3].

To obtain the optimal estimate, one direction is to approx-
imate the conditional expectation directly, such as the
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widely used extended Kalman filter (EKF) [3], unscented
Kalman filter (UKF) [4], ensemble Kalman filter [5], etc.
EKF and UKF assume the posterior distribution of the states
is Gaussian or nearly Gaussian in essence which restricts their
applications.

The other direction of NLF problem is to compute the
conditional density function of the state. For instance, particle
filter (PF) [6] use the empirical distribution of the parti-
cles to approximate the posterior density. PF is well known
for its ability to be used in general NLF problem while it
cannot be implemented in real-time for high-dimensional
systems. In the late 1960s, Duncan, Mortensen and Zakai
independently derived the famous Duncan-Mortensen-Zakai
(DMZ) equation for nonlinear filtering problem, which is sat-
isfied by the unnormalized conditional density function of the
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states [7]–[9]. The DMZ equation is a stochastic differential
equation, and usually it does not has a closed form solu-
tion. For the purpose of real applications, we need to solve
the DMZ equation in a real-time and memoryless manner.
For finite dimensional filtering systems, the solution to the
corresponding DMZ equation can be explicitly constructed
by Lie algebra approach. However, only a few classes of
systems possess finite dimensional filters [10]–[13]. Since the
DMZ equation usually does not have a closed form solution,
many efforts have been devoted to find a good approximation
solution to the DMZ equation in some sense by mathemati-
cians. One of these methods is the splitting up method first
described by Bensoussan et al. [14], [15], and later studied
in [16]–[19]. In 1990s, Lototsky, Mikulevicius and Rozovskii
gave a recursive in time Wiener chaos representation of the
optimal nonlinear filter [20]. However, all these methods
require that the drift term and observation term, i.e. f (x) and
h(x) in system (1) are bounded. Another method to solve
the DMZ equation is the so-called direct method. Typically,
direct method can only be applied to Yau filtering system,
i.e. the drift term is a linear function plus a gradient function.
This method was introduced in [21] and later generalized in
[22]–[26]. In 2008, Yau and Yau developed a new algorithm
called Yau-Yau algorithm to solve the ‘‘pathwise-robust’’
DMZ equation for time-invariant system [27], and it has
been proved theoretically that the Yau-Yau algorithm can
converge to the true solution, as long as the growth rate of the
observation |h| is greater than that of the drift |f |. Later, Luo
and Yau generalized the Yau-Yau algorithm to time varying
case [28].

Our work is based on the Yau-Yau algorithm for general
time-invariant system. The key part of the Yau-Yau frame-
work is that the computation of the forward Kolmogorov
equation (FKE) can be moved off-line, which much accel-
erates the on-line running. Now the question is how to
solve FKE efficiently. Motived by the supervised learn-
ing in machine learning, we transform this problem into
an optimization problem, and finally into solving a linear
system of equations through temporal inverse transforma-
tion, spectral approximation and numerical approximation of
integral.

The proposed filtering method is easy-to-implement, fast,
efficient and can be easily applied for moderate-high dimen-
sional case. Besides, it also inherits the merits of real-time
and memoryless. By ‘‘memoryless’’ we mean a filtering
method uses each new observation to update a probability
distribution for the state of the system without referring
back to any earlier observations. The numerical simu-
lations verify the effectiveness of the proposed method.
Our method can track the notorious cubic sensor prob-
lem [29] while EKF totally fails and surpass PF in costing
time.

The paper is organized as follows. In section 2, we recall
the basic filtering problem and some preliminary results.
In section 3, we derive the approximation solution of
the FKE and give the off-line-on-line real-time filtering

algorithm. In section 4, several numerical experiments were
carried out to verify the feasibility and effectiveness of our
method.

II. PRELIMINARY
In this paper we consider the following continuous filtering
problemwith implicit time-dependence in the drift term f (xt ),
observation term h(xt ), diffusion term g(xt ) and the variances
of the noises: {

dxt = f (xt )dt + g(xt )dwt ,
dyt = h(xt )dt + dvt ,

(1)

where xt ∈ Rn is the state of the system at time t , yt ∈ Rm

is the observation with y0 = 0, f (xt ) ∈ Rn, h(xt ) ∈ Rm

are vector value drift term and observation term, respectively,
g(xt ) ∈ Rn×p is a matrix value diffusion term, and wt , vt
are independent p-vector andm-vector Brownian motion pro-
cesses with variance Q and S, respectively. We assume that
{wt }t≥0, {vt }t≥0 and x0 are independent.

The goal of filtering is to estimate the current state xt given
all observations till instant t under some criteria. According
to [3], we know that the minimum variance estimate of xt
is given by E[xt |Ft ], where Ft := σ {ys : 0 ≤ s ≤ t}.
Therefore, the filtering problem can be completely solved
once we know the conditional density function p(x, t) of the
state xt based on the observation history Ft . It is well known
that the unnormalized conditional density function σ (x, t) of
xt satisfies the following DMZ equation [7]–[9]:{

dσ (x, t) = L0σ (x, t)dt + hT (x)S−1σ (x, t)dyt
σ (x, 0) = σ0(x),

(2)

where the operator L0 is

L0(∗) :=
1
2

n∑
i,j=1

∂2

∂xi∂xj
(Gij(x)∗)−

n∑
i=1

∂(fi∗)
∂xi

, (3)

G(x) := g(x)TQg(x), and σ0(x) is the density of the initial
states x0.
In real applications, we are interested in considering robust

state estimator from observed sample paths with some prop-
erties of robustness. Davis considered this problem and pro-
posed some robust algorithms [30]. In our case, by making
the following gauge transformation

u(x, t) = exp(−hT (x)S−1yt )σ (x, t), (4)

the DMZ equation can be transformed into the follow-
ing deterministic partial differential equation (PDE) with
stochastic coefficients
∂u
∂t

(x, t) =
1
2

n∑
i,j=1

Gij(x)
∂2u
∂xi∂xj

(x, t)+ F(x)∇u(x, t)

+ J (x)u(x, t)
u(x, 0) = σ0(x),

(5)
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where

F(x) =

 n∑
j=1

∂Gij
∂xj
+

n∑
j=1

Gij
∂K
∂xj
− fi

n
i=1

,

J (x) =
1
2

n∑
i,j=1

∂2Gij
∂xi∂xj

+

n∑
i,j=1

∂Gij
∂xi

∂K
∂xj

+
1
2

n∑
i,j=1

Gij ×
[
∂2K
∂xi∂xj

+
∂K
∂xi

∂K
∂xj

]

−

n∑
i=1

∂fi
∂xi
−

n∑
i=1

fi
∂K
∂xi
−

1
2
hT S−1h

−
∂

∂t

(
hT S−1

)T
yt , (6)

in which

K (x, t) = hT (x)S−1yt . (7)

And (5) is equivalent to the following equation
∂u
∂t

(x, t) = exp(−hT S−1yt )
(
L0 −

1
2
hT S−1h

)
·

[
exp(hT S−1yt )u(x, t)

]
u(x, 0) = σ0(x).

(8)

The equation (5) or (8) is called ‘‘pathwise-robust’’ DMZ
equation. The existence and uniqueness of the ‘‘pathwise-
robust’’ DMZ equation have been investigated bymanymath-
ematicians. When f (x) and h(x) satisfy some mild growth
conditions, Yau and Yau obtained the well-posedness of (5)
in [27]. Generally, the equation (5) does not have closed
form solution. So many mathematicians devote to seeking
the efficient algorithm to construct a good approximation
solution. Yau and Yau first gave an off-line-on-line filtering
framework [27] and later Luo and Yau extended the result to
general time-varying case [31]. We will follow the Yau-Yau
filtering framework in this paper.

Let us assume the observation time sequence is PN = {0 =
τ0 < τ1 < · · · < τN = T }. Let ui be the solution of the robust
DMZ eqnarray (5) with yt = yτi−1 on the interval τi−1 ≤ t <
τi, i = 1, 2, · · · ,N , i.e.,

∂ui
∂t

(x, t) = exp(−hT S−1yτi−1)
(
L0 −

1
2
hT S−1h

)
·

[
exp(hT S−1yτi−1 )ui(x, t)

]
u1(x, 0) = σ0(x),
ui(x, τi−1) = ui−1(x, τi−1), for i = 2, 3, · · · ,N .

(9)

Define the norm of PN by |PN | := sup1≤i≤N (τi − τi−1).
It has been proved that in both point-wise sense and L2-sense,

u(x, t) = lim
|PN |→0

ui(x, τ ). (10)

Without loss of generality, we assume that we have equal
interval observations, i.e., τi − τi−1 = T0, ∀1 ≤ i ≤
N , where T0 > 0 is very small. Since the observations
yτi , i = 1, · · · ,N are contained in the coefficients of (9), it is

impractical to solve the PDE (9) in real-time. Fortunately, the
following proposition helps to move the heavy computations
of solving PDE off-line, which is the key part of Yau-Yau
filtering framework.
Proposition 1 (Yau-Yau [27]): For each τi−1 ≤ t <

τi, i = 1, 2, · · · ,N , ui(x, t) satisfies (9) if and only if

ρi(x, t) = exp
(
hT S−1yτi−1

)
ui(x, t), (11)

satisfies the FKE

∂ρi

∂t
(x, t) =

(
L0 −

1
2
hT S−1h

)
ρi(x, t), (12)

where L0 is defined in (3).
It is obvious that there is a one-to-one correspondence

between ρi(x, t) and ui(x, t), and the FKE (12) does not
depend on the information of the observations {yτi}. Hence
we can solve (12) in advance.

Considering that the states are always bounded, we can
denote the bounded domain as U = [−1, 1]n after appro-
priate scaling. We use L2(U ) to denote the square integrable
functions on U , equipped with the inner product 〈u, v〉 :=∫
U uvdx and the induced norm ‖u‖2 := 〈u, u〉, for ∀ u, v ∈
L2(U ).
The Yau-Yau filtering framework contains on-line and off-

line computation parts.
• Off-line computation: On a very small time interval
[0,T0], we compute the solution to (12) with initial con-
dition ρ(x, 0) = φl(x), l = 0, 1, · · · , where {φl(x)}∞l=0
is a complete basis in L2(U ). Assume that the solution
of FKE (12) with initial value φl(x) at time t = T0 is
8l(x), l = 0, 1, · · · . We need to store data {8l(x)}∞l=0 in
preparation of the on-line computation.

• On-line computation: In this part, for each time interval
τi−1 ≤ t < τi, i = 1, · · · ,N , we first project the initial
condition ρi(x, τi−1) ∈ L2(U ) of (12) onto the complete
basis {φl(x)}∞l=0 of L

2(U ), i.e.

ρi(x, τi−1) =
∞∑
l=0

ci,lφl(x). (13)

Second, by the superposition principle of linear differ-
ential equation, the solution of (12) at τi is given by

ρi(x, τi) =
∞∑
l=0

ci,l8l(x). (14)

Last, update the initial condition ρi+1(x, τi) for next time
interval τi ≤ t < τi+1:

ρi+1(x, τi) = exp(hT S−1(yτi − yτi−1)) · ρi(x, τi). (15)

We can obtain ui(x, t), i = 1, · · · ,N , from ρi(x, t) and (11).
Let us denote the approximation of u(x, t) as û(x, t) which is

û(x, t) =
N∑
i=1

1[τi−1,τi](t)ui(x, t), (16)

where 1[τi−1,τi](·) is the indicator function. It has been proved
that u(x, t) is well approximated by û(x, t) [31].
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III. NUMERICAL APPROXIMATION OF THE SOLUTION TO
FKE
In this section, we shall develop a new efficient algorithm
to compute the FKE (12) by reducing the problem to solv-
ing a linear system of equations, since the key part of the
Yau-Yau filtering framework is how to solve the (12) effi-
ciently. We omit the subscript in (12) for convenience and
consider how to solve the following FKE on a very small time
interval [0,T0]:

∂ρ

∂t
(x, t) = (L0 −

1
2
hT S−1h)ρ(x, t)

ρ(x, 0) = σ0(x),
(17)

where L0 is defined in (3) and σ0(x) ∈ C∞(U ). Here C∞(U )
is the set of infinitely differentiable functions on U .

A. METHODOLOGY
In this part, we shall give a numerical approximation of
ρ(x,T0), which is the solution of (17) at time T0. We first
do a temporal inverse transformation

v(x, t) := ρ(x,T0 − t), (18)

then the equation (17) can be transformed into the following
eqnarray (19) with terminal condition:

∂v
∂t

(x, t) = Lv(x, t)

v(x,T0) = σ0(x),
(19)

where the operator L is defined as:

L := −(L0 −
1
2
hT S−1h). (20)

Observing that the operator L is time-invariant, we have

v(x,T0) = Av(x, 0), (21)

with a certain operator A : L2(U ) → L2(U ), which is
determined by T0 and the operator L [31].
Now the problem is how to compute v(x, 0) since

ρ(x,T0) = v(x, 0).
Let K be the subspace generated by finite basis functions
{φl(x)}

N1
l=0 of L

2(U ) with coefficientswl, l = 0, 1, 2, · · · ,N1.
We project v(x, 0) onto K and obtain ṽ(x, 0), i.e.,

ṽ(x, 0) =
N1∑
l=0

wlφl(x), (22)

and we want to obtain a good approximation of v(x, 0) on the
subspace K. Hence, the problem is transferred into how to
determine wl, l = 0, · · · ,N1.
Let PN ′ := {0 = s0 < s1 < · · · < sN ′ = T0} be an

equal spacing partition of [0,T0], where1s = si− si−1, i =
1, · · · ,N ′. Since T0 is very small, we can use Euler’s method
to discrete the equation (19) in temporal dimension, i.e., we

compute the numerical approximation ṽ(x, t) of v(x, t) as
follows:

ṽ(x, s1)− ṽ(x, s0) = 1sLṽ(x, s0),
ṽ(x, s2)− ṽ(x, s1) = 1sLṽ(x, s1),
...

ṽ(x, sN ′ )− ṽ(x, sN ′−1) = 1sLṽ(x, sN ′−1).

(23)

Adding up all the terms on the left hand side and the right
hand side of (23) respectively, we have

ṽ(x,T0) = ṽ(x, sN ′ )

= 1sL(ṽ(x, sN ′−1)+ · · · + ṽ(x, s1)+ ṽ(x, s0))
+ ṽ(x, s0)

= ((1sL)N
′

+ N ′(1sL)N
′
−1

+ · · · + N ′1sL+ 1)ṽ(x, s0)

= (1sL+ 1)N
′

ṽ(x, s0). (24)

Let

AN ′ := (1sL+ 1)N
′

, (25)

then AN ′ can be regarded as the numerical approximation of
A, and

ṽ(x,T0) = AN ′ ṽ(x, 0) (26)

is the numerical approximation of v(x,T0) by Euler’s method
with initial value ṽ(x, 0). Substituting ṽ(x, 0) in (26)with (22),
we have

ṽ(x,T0) = AN ′ ṽ(x, 0) =
N1∑
l=0

wlZl(x), (27)

where

Zl := AN ′φl(x). (28)

It is important to observe that for some complete bases
{φl(x)}∞l=0, (28) can be calculated explicitly since L only
involves derivations with respect to x, which much simplifies
the off-line computations. For example we can choose gener-
alized Legendre polynomials introduced in [32]. More details
about this basis can be found in appendix V and it is obvious
that the corresponding {Zl(x)}

N1
l=0 can be explicitly calculated.

Now we consider how to compute coefficients wl, l =
0, 1, · · · ,N1 in (22). Firstly we define the approximation loss
function as follows:

J (W ) : = ‖ṽ(x,T0)− v(x,T0)‖
2

=

∥∥∥∥∥
N1∑
l=0

wlZl(x)− σ0(x)

∥∥∥∥∥
2

=

∥∥∥∥∥
N1∑
l=0

wlZl(x)

∥∥∥∥∥
2

− 2
N1∑
l=0

wl〈σ0(x),Zl(x)〉

+ ‖σ0(x)‖2, (29)

where W = [w0,w1, · · · ,wN1 ]
T .
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The optimal coefficientsW ∗ are determined byminimizing
the loss function J (W ), i.e.

W ∗ = argmin
w0,w1,··· ,wN1

J (W ). (30)

It is easy to see that J (W ) is a convex function with
respect toW . Therefore, the critical point of J (W ) is its min-
imum point. The derivative of J (W ) with respect to wj, j =
0, 1, 2, · · · ,N1 is

∂J (W )
∂wj

= 2
∥∥Zj(x)∥∥2wj + 2

N1∑
i6=j

wi〈Zi(x),Zj(x)〉

− 2〈σ0(x),Zj(x)〉. (31)

The critical point of J (W ) is determined by the following
equation:

∂J (W ∗)
∂w0

=
∂J (W ∗)
∂w1

= · · · =
∂J (W ∗)
∂wN1

= 0. (32)

From (31) and (32), we have
〈Z0,Z0〉 〈Z0,Z1〉 · · · 〈Z0,ZN1〉

〈Z1,Z0〉 〈Z1,Z1〉 · · · 〈Z1,ZN1〉

...
...

. . .
...

〈ZN1 ,Z0〉 〈ZN1 ,Z1〉 · · · 〈ZN1 ,ZN1〉

W ∗

=


〈σ0(x),Z0(x)〉
〈σ0(x),Z1(x)〉

...

〈σ0(x),ZN1 (x)〉

 . (33)

Therefore, the coefficients of the approximation to the solu-
tion ṽ(0, x) on the subspace K are determined by the above
linear system of equations (33), i.e.,

ṽ∗(x, 0) =
N1∑
l=0

w∗l φl(x) (34)

can be regarded as a good numerical approximation of v(x, 0).
According to (18), we know that

ρ̃∗(x,T0) = ṽ∗(x, 0) =
N1∑
l=0

w∗l φl(x) (35)

is a good approximation of ρ(x,T0). Now we summarize the
procedures of computing ρ̃∗(x,T0) in the following frame-
work:
Framework: Suppose {φl(x)}∞l=0 is a complete basis of

L2(U ). Under the assumption that T0 is very small, a good
approximation of the solution to the FKE (17) at time T0 on
the subspace K = span{φ0(x), · · · , φN1 (x)} is given by

ρ̃∗(x,T0) =
N1∑
l=0

w∗l φl(x), (36)

where the coefficients W ∗ := [w∗0,w
∗

1, · · · ,w
∗
N1
]T is deter-

mined by the following linear system of equations

AW ∗ = D, (37)

in which the matrix A and the vector D are defined as follows:

A =


〈Z0,Z0〉 〈Z0,Z1〉 · · · 〈Z0,ZN1〉

〈Z1,Z0〉 〈Z1,Z1〉 · · · 〈Z1,ZN1〉

...
...

. . .
...

〈ZN1 ,Z0〉 〈ZN1 ,Z1〉 · · · 〈ZN1 ,ZN1〉

 ,

D =


〈σ0(x),Z0(x)〉
〈σ0(x),Z1(x)〉

...

〈σ0(x),ZN1 (x)〉

 , (38)

and {Zl}
N1
l=0 are defined in (28). With specific chosen

complete basis such as generalized Legendre polynomials,
{Zl(x)}

N1
l=0 in equation (38) can be explicitly calculated, and

then the matrix A and vector D can be explicitly calculated.

B. ALGORITHM
In this part, we shall give a detailed description of the
Yau-Yau filtering method based on the proposed numerical
approximation of ρ(x,T0). We firstly introduce the off-line
part, which is listed in Algorithm 1, and we store up the data
{ρ̃∗k (x,T0)}

N2
k=0.

Algorithm 1 Off-Line Computation
1: Initialization: Given the complete basis {φl(x)}, the

number of the off-line approximation basis N1, the num-
ber of the on-line approximation basis N2, the time T0
and the number of the partition N ′.

2: Calculate Zl, l = 0, 1, 2, · · · ,N1 and the matrix A
in (38).

3: for k = 0 : N2 do
4: Calculate the vector D with σ0(x) = φk (x).
5: Solve equation (37) with the matrix A and vector D,

and the solution isW ∗k = [wk,0,wk,1, · · · ,wk,N1 ]
T .

6: Calculate the approximation solution ρ̃∗k (x,T0) =∑N1
l=0 w

∗
k,lφl(x) and store up ρ̃∗k (x,T0) for the prepa-

ration of the on-line computation.
7: end for

With the ready off-line data {ρ̃∗k (x,T0)}
N2
k=0, now we are

ready to describe the on-line computation algorithm, which
is listed in Algorithm 2.

Combining Algorithm 1 and Algorithm 2, we obtain the
complete procedure of our DMZ method based on Yau-Yau
filtering framework.

IV. NUMERICAL SIMULATIONS
In this section, we investigate the approximation property
and costing time of our DMZ method by two NLF examples.
The first example is the cubic sensor problem which has been
discussed in detail in [29]. It has been proved that for noncon-
stantψ , there cannot exist a recursive finite-dimensional filter
for ψ̂ driven by the observations, where ψ̂ = E[ψ(xt )|Ft ]
is the optimal estimate of ψ(xt ). And it is a classic example
in testing the efficiency of the filtering algorithm [28], [33].

VOLUME 9, 2021 119347



J. Shi et al.: Novel Real-Time Filtering Method to General NLF Problem Without Memory

Algorithm 2 On-Line Computation
1: Initialization: Given the number of the partition N , and

the off-line data {ρ̃∗k (x,T0)}
N2
k=0.

2: for i = 1, · · · ,N do
3: Project ρi(x, τi−1) into span{φ0(x), · · · , φN2 (x)}, cal-

culate the coefficients of projection {ci,k}
N2
k=0, i.e.,

ρi(x, τi−1) ≈
N2∑
l=0

ci,lφl(x). (39)

4: Calculate ρi(x, τi) by {ci,k}
N2
k=0 and the off-line data

{ρ̃∗k (x,T0)}
N2
k=0, i.e.,

ρi(x, τi) ≈
N2∑
k=1

ci,k ρ̃k (x,T0). (40)

5: Calculate ui(x, τi) by ρi(x, τi) and (11).
6: Calculate the estimate of the state at time τi by ui(x, τi),

i.e.

x̂i =

∫
Rn x · ui(x, τi)dx∫
Rn ui(x, τi)dx

. (41)

7: Update the initial value of ρi+1(t, x) in the next time
interval [τi, τi+1) by (15), i.e.

ρi+1(x, τi) = exp(hT S−1(yτi − yτi−1)) · ρi(x, τi). (42)

8: end for

The second one is used to show that our DMZ method can
also work well for two dimensional systems.

In the simulations, our DMZ method is compared with
EKF, UKF and PF. As we will see, our algorithm can track
the state well while EKF and UKF totally fail and surpass PF
both in accuracy and costing time. For the purpose of com-
paring the performance of different methods, we introduce
the mean of the squared estimation error (MSE) and average
absolute error emean(τk ) at instant τk based on 100 realiza-
tions, and they are defined as follows:

MSE :=
1
100

100∑
i=1

1
N + 1

N∑
k=0

(x(i)τk − x̂
(i)
τk
)2,

emean(τk ) :=
1
100

100∑
i=1

∣∣∣x(i)τk − x̂(i)τk ∣∣∣ , (43)

where x(i)τk is the real state at instant τk in the i-th experiment
and x̂(i)τk is the estimation of x(i)τk , with 0 ≤ τk ≤ T , 0 ≤ k ≤
N . The total simulation time is T = 5s, and we use Euler’s
method in time discretization with the time step1t = 0.01s.
Example 1: The cubic sensor problem is as follows:{

dxt = dvt
dyt = x3t dt + dwt ,

(44)

where xt , yt ∈ R, vt ,wt are independent standard
scalar Brownian motion processes. Assume that the ini-
tial distribution of the state is p0(x) = exp(− (x−1)2

2v0
)

with v0 = 0.1.
In this case the corresponding 1-d FKE for (44) is

∂ρ

∂t
(x, t) =

1
2
∂2ρ

∂x2
(x, t)−

1
2
x6ρ(x, t). (45)

The initial value of real state is x0 = 1. The initial mean and
covariance for EKF, UKF and PF are x̂0 = 1 and P̂0 = 0.1,
respectively. And the parameters used in UKF are chosen as
α = 0.05, β = 2 and κ = 0 [34]. As for our method,
N ′ = 1 and we use N1 = 10,N2 = 15 generalized
Legendre basis functions [32]. The performances of different
methods in one experiment are shown in FIGURE 1 and the
average absolute errors of our DMZ method and PF with
four different number of particles based on 100 experiments
are shown in FIGURE 2. Here, NPF denotes the number of
PF. It can be clearly seen that our method can track the
real state better than the EKF, UKF and PF in one experi-
ment. Besides, in 100 experiments, on average, our method
performs better than the PF with four different numbers of
particles. To obtain the average performance of different
algorithms, we repeat the experiment for 100 times and the
MSE, emean and the costing times are shown in TABLE 1.
EKF and UKF will blow up in some experiments and their
MSEs are meaningless. It can be concluded that our method
outperforms the EKF, UKF and PF both in MSE and costing
time.

TABLE 1. The average performance of different methods based
on 100 simulations in Example 1.

Example 2: The 2-d numerical example considered here is
as follows:
d

[
x1(t)
x2(t)

]
=

[
−0.4 0.1
0 − 0.6

][
x1(t)
x2(t)

]
dt+

[
dv1(t)
dv2(t)

]
,

d

[
y1(t)
y2(t)

]
=

[
x31 (t)
x32 (t)

]
dt +

[
dw1(t)
dw2(t)

]
,

(46)

where x = [x1, x2]T is the two dimensional state, y =
[y1, y2]T is the two dimensional observation, and v =
[v1, v2]T ,w = [w1,w2]T are two dimensional independent
standard Brownian motions. Assume the initial distribution
is p0(x) = exp(− (x1−1)2+(x2−1)2

2v0
) with v0 = 0.1.
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FIGURE 1. One estimation results of different methods in Example 1.

FIGURE 2. Average estimation error of x by DMZ method and PF with
different number of particles in Example 1.

TABLE 2. The average performance of different methods based
on 20 simulations in Example 2.

The corresponding 2-d FKE for (46) is

∂ρ

∂t
(x, t) =

1
2
∂2ρ

∂x21
(x, t)+

1
2
∂2ρ

∂x22
(x, t)

− (−0.4x1 + 0.1x2)
∂ρ

∂x1
(x, t)+ (0.6x2)

∂ρ

∂x2
(x, t)

+

(
1−

1
2
(x61 + x

6
2 )
)
ρ(x, t). (47)

FIGURE 3. One estimation results of state x1 by different methods in
Example 2.

FIGURE 4. One estimation results of state x2 by different methods in
Example 2.

FIGURE 5. Average estimation error of x1 by DMZ method and PF with
different number of particles in Example 2.

The initial value of real state is x0 = [1, 1]T , and N ′ = 1. For
our method, we use N1 = N2 = 225 generalized Legendre
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FIGURE 6. Average estimation error of x2 by DMZ method and PF with
different number of particles in Example 2.

basis functions [32] to solve the filtering problem on-line and
off-line, respectively. The parameters used in UKF are chosen
as α = 0.01, β = 2 and κ = 0 [34]. The initial mean and
covariance for EKF, UKF and PF are x̂0 = [1, 1]T and P̂0 =
0.1I2 respectively, where I2 is the 2× 2 identity matrix.
The estimation results in one experiment can be seen from

Fig. 3 - Fig. 4. It is obvious that EKF and UKF fail tracking
the real state and our method can track the real state better
than the PF. Similarly, we also plot the estimation error of
our DMZ method and PF with four different number of par-
ticles in FIGURE 5- FIGURE 6. The average performances
including MSE and the costing times in 100 experiments are
shown in the Table 2 and from which we can arrive at the
conclusion that our method has the best performance.

V. CONCLUSION
In this paper we consider the filtering problem for the gen-
eral time-invariant NLF systems. In the Yau-Yau algorithm
framework, the key problem is to solve the FKE off-line
and efficiently. By temporal inverse transformation and loss
function optimization, the computation of solving the FKE on
a small interval is now reduced to solving a linear system of
equations. The proposed method enjoys the merits of easy-to-
implement, fast, efficient and can be used in moderate-high
dimensional problem. The method also inherits the advan-
tages of Yau-Yau filtering algorithm, i.e., our algorithm can
be implemented in a real-time and memoryless manner. Two
numerical experiments have been done to verify the effec-
tiveness of our algorithm. Compared with EKF and UKF,
our method is very stable and can track the states of the
classic cubic sensor problem very well. Compared with PF,
our method has higher accuracy and needs less costing time.
However, in our method, we need to know the system model
and the statistics of the noises. In this respect, H∞ filtering
has the advantage of no statistical assumptions required on
the noises [35], [36], which can be an interesting direction in
our future work.

APPENDIX
GENERALIZED LEGENDRE POLYNOMIALS
In this part, we shall introduce the generalized Legendre
polynomials {φk (x)} constructed in [32].

Firstlywe introduce the Legendre polynomials {ϕk (x), k =
0, 1, · · · , }, and for any k:

ϕk (x) =
1
2k

[k/2]∑
l=0

(−1)l
(
k
l

)(
2k − 2l

k

)
xk−2l

where [k/2] denotes the integral part of k/2. Besides, the
Legendre polynomials satisfy the recurrence relation:

ϕ0(x) = 1

ϕ1(x) = x

ϕk+1(x) =
2k + 1
k + 1

xϕk (x)−
k

k + 1
ϕk−1(x),

for k = 1, 2, · · · , x ∈ [−1, 1]. It is easy to see that Legendre
polynomials are a system of complete and orthogonal poly-
nomials in L2([−1, 1]), and their inner product is as follows:

〈
ϕk (x), ϕj(x)

〉
=


2

2k + 1
, if j = k

0, otherwise.

Let us denote

SN := span{ϕ0, ϕ1, · · · , ϕN },

VN := {v ∈ SN : v(−1) = v(1) = 0}.

Apparently VN ⊂ SN .
For high dimensional case, i.e., U = [−1, 1]n, n ≥ 2,

we use SnN to represent the space spanned by multivariate
Legendre polynomials of degree up to N of x. Let us define
the tensor product of the Legendre polynomials:

ϕk(x) := ϕk1 (x1) · ϕk2 (x2) · · ·ϕkn (xn),

k = (k1, · · · , kn) ∈ {0, 1, · · · ,N }n. And we denote the
orthogonal projection operator from L2(U ) upon SnN , i.e.,
PN : L2(U )→ SnN , such that for all v ∈ L2(U ),

PN v =
∑
‖k‖∞≤N

wkϕk(x),

〈v− PN v, φ〉 = 0, ∀φ ∈ SnN . (48)

Similarly, we can define

V n
N :=

{
v ∈ SnN : v

∣∣
∂U = 0

}
.

The subspace V n
N can be spanned by the multivariate gen-

eralized Legendre polynomials introduced in [32]. The one
dimensional generalized Legendre polynomials {φk (x)} is
defined in the following lemma.
Lemma 1 [32]: Let us define the generalized Legendre

polynomials {φk (x)} as

φk (x) := ck (ϕk (x)− ϕk+2(x)) ,

ck =
1

√
4k + 6

, k ∈ N,

119350 VOLUME 9, 2021



J. Shi et al.: Novel Real-Time Filtering Method to General NLF Problem Without Memory

bk,j := 〈φk (x), φj(x)〉, k, j ∈ N. (49)

Then

bj,k = bk,j =


ckcj

(
2

2k + 1
+

2
2k + 5

)
, k = j,

−ckcj
2

2j+ 1
, k = j− 2,

0 otherwise,

and

V n
N = span

{
φk̃1

(x) · φk̃2 (x) · · ·φk̃n (x) :

0 ≤ k̃j ≤ N − 2, j = 1, 2, · · · , n
}

:= span
{
φk̃(x) : k̃ ∈ {0, 1, · · · ,N − 2}n, x ∈ Rn

}
.
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