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ON A NECESSARY AND SUFFICIENT CONDITION FOR
FINITE DIMENSIONALITY OF ESTIMATION ALGEBRAS*

LUEN-FAI TAM{, WING SHING WONG#, AND STEPHEN S.-T. YAU$

Abstract. Ever since the technique of the Kalman-Bucy filter was popularized, there has been an intense
interest in finding new classes of finite dimensional recursive filters. In the late seventies, the concept of the
estimation algebra of a filtering system was introduced. It has proven to be an invaluable tool in the study
of nonlinear filtering problems. In this paper, a simple algebraic necessary and sufficient condition is
established for an estimation algebra of a special class of filtering systems to be finite-dimensional. Also
presented is a rigorous proof of the Wei-Norman program which allows one to construct finite-dimensional
recursive filters from finite dimensional estimation algebras.
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1. Introduction. The idea of using estimation algebras to construct finite-
dimensional nonlinear filters was first proposed in Brockett and Clark [1] and Brockett
[2]. The motivation came from the following Wei-Norman approach [3] of using Lie
algebraic ideas to solve time varying linear differential equations. Consider the equation

d m
(1.0) EX(I)=A(t)X(t)E Y a(AX(1),  X(0)=X,,
i=1
where X and A;’s are n by n matrices and a;’s are scalar-valued functions. Let
B,,---, B, be a basis of the Lie algebra generated by A,, -, A,,. Then the Wei-
Norman Theorem states that locally in ¢, X (¢) has a representation of the form,

(1.1) X(1)=exp (by(1)B,) - - - exp (bi(1) B)) X,
where b;’s satisfy an ordinary differential equation of the form
db;

E=Ci(b1,’ “L,by), b;(0)=0
for all i. The function ¢;’s in the above equation are determined by the structure
constants of the Lie algebra generated by the A;’s.

The extension of Wei-Norman’s approach to the nonlinear filtering problem is
much more complicated. Instead of an ordinary differential equation, we have to solve
the Duncan-Mortensen-Zakai (DMZ) equation, which is a stochastic partial differen-
tial equation. By working on the robust form of the DMZ equation we can reduce the
complexity of the problem to that of solving a time varying partial differential equation.
Working independently, Steinberg [4] applied the Wei-Norman approach to solve
some partial differential equations that are roughly related to the linear filtering
problem. Wong in [5] constructed some new finite-dimensional estimation algebras
and used the Wei-Norman approach to synthesize finite-dimensional filters. However,
the systems considered in [5] are quite specific and the question whether the Wei-
Norman approach works for a general system with finite-dimensional estimation algebra
remains open.
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In this paper we examine the properties of finite-dimensional estimation algebras
and the Wei-Norman approach in detail. We consider here a class of filtering systems
having the property that the drift-term f of the state evolution equation is a gradient
vector field. In [6], the concept of ) is introduced, which is defined as the matrix
whose i, j-element is (3f;/9x;) —(8f;/dx;). For this class of filtering systems, () is zero.
Conversely, if (1 =0, then by the Poincaré Lemma, f is a gradient vector field. So, the
class of filtering systems considered here is characterized by the fact that () =0.

Motivated by the results in Wong [6] and [7], we investigate the algebraic problem
of characterizing and classifying finite-dimensional exact estimation algebras. In [6],
a sufficient condition of finite dimensionality is derived for certain filtering systems.
In [7], a necessary condition and some theorems of the structure of the estimation
algebra are demonstrated. In this paper, we derive a simple necessary and sufficient
condition for an exact estimation algebra to be finite-dimensional. As an important
consequence of these algebraic results, we prove that for a system with finite-
dimensional exact estimation algebras, the Wei-Norman approach always leads to
finite dimensional filters. The proof will be presented in § 4. The necessary and sufficient
theorem presented here also leads us to prove some classification theorems of finite-
dimensional exact estimation algebras, which will be presented in a forthcoming paper.

2. Basic concepts. The filtering problem considered here is based on the following
signal observation model:

{dx(t) = f(x(1)) di +g(x(1)) dv(t) x(0) = x,,

dy(t) = h(x(t)) dt+dw(t) y(0)=0,

in which x, v, y, and w, are, respectively, R", R”, R™, and R™ valued processes, and v
and w have components which are independent, standard Brownian processes. We
further assume that n = p, f, h are C™ smooth, and that g is an orthogonal matrix. We
will refer to x(t) as the state of the system at time ¢t and y(¢) as the observation at
time t.

Let p(t, x) denote the conditional probability density of the state given the
observation {y(s): 0= s = r}. It is well known (see [8], for example) that p(¢, x) is given
by normalizing a function, o (¢, x), which satisfies the following Duncan-Mortensen-
Zakai equation:

(2.0)

@2.1) do(t,x) = Loo(t,x) di+ Y Lo(6x) dy(t), o0, %) =0,

where

14 o roofi 1m o,
LO 2 ,21 8x ,21 f ax ,21 ax 2 .Zl h
and for i=1,---,m, L; is the zero degree differential operator of multiplication by
h;..! o, is the probability density of the initial point, x,.

Equation (2.1) is a stochastic partial differential equation. In real applications,
we are interested in constructing robust state estimators from observed sample paths
with some property of robustness. Davis in [9] studied this problem and proposed
some robust algorithms. In our case, his basic idea reduces to defining a new unnormal-
ized density

£(t,x) =exp (= £ h(x(0) o(1, ).

UIf p is a vector, we use the notation p; to represent the ith component of p.
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It is easy to show that £(¢, x) satisfies the following time varying partial differential

equation

dé(1, x)
dt

22) = Loé(t, %)+ £ ([ Lo, LIEG x)+3 £ ¥HOILLo, L], LIECK %),

§(0> x) =0y

where [ -, -] is the Lie bracket as described by the following definition.
DerintTION. If X and Y are differential operators, the Lie bracket of X and Y,
[X, Y], is defined by

[X, Y]{=X(Y) - Y(XO),

for any C* function ¢.

The objective of constructing a robust finite-dimensional filter to (2.0) is equivalent
to finding a smooth manifold M and complete C™ vector fields u; on M and C*
functions » on M xR xR" and w;’s on R™, such that £(¢, x) can be represented in the
form:

(230) Eo Y wGo 0w, 0eM,
(2.3b) &(t, x)=v(z(1), t, x).

Following [10], we say that system (2.0) has a robust universal finite-dimensional filter
if for each initial probability density o, there exists a z,, such that (2.3a) and (2.3b)
hold if z(0) = z,y, and u;, w; are independent of oy.

In § 5, we will use the Wei-Norman approach to construct a finite-dimensional
filter for (2.0). Before we can achieve that, we need to introduce the concept of the
estimation algebra of (2.0) and examine its algebraic structure.

DeriNITION. The estimation algebra E of a filtering problem (2.0), is defined to
be the Lie algebra generated by {L,, L,,* -, L,,}, or, E=(Ly,L,, -+, L) 4. Ifin
addition there exists a potential function ¢ such that f;=(3¢)/(9x;) for all 1=i=n,
then the estimation algebra is called exact.

From now on, unless stated otherwise, we assume the estimation algebra of (2.0)
is exact. We use Vp to denote the column vector

(ﬂz il_’_)T
9x,’ ox,/)
Hence, Vo =f.

In the case where n = 1, all estimation algebras are automatically exact. Note also,
all exact estimation algebras are characterized by the fact that O =0.
Define

Di =i—f;9

9X;

and

n 81 n m
n=3 Li % e ¥ on
i=10X; =1 i=1
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Then,

Recall that f; =(a¢)/(dx;). Hence,
(2.4) n=A¢+[Vel+ 3 b,

We need the following basic results for later discussion.

THEOREM 1. (Ocone). Let E be a finite-dimensional estimation algebra. If a function
(isin E, then { is a polynomial of degree =2.

Ocone’s theorem ([11], see [12] for an extension) says that h,,---, h, in a
finite-dimensional estimation algebra are polynomials of degree =2.

LEMMA 1. Let { be a C* function on R". Suppose E,({) is a polynomial of degree
at most k where E,=Z,I.:1 x; 8/(8x;). Then{ = pi(xy,**+, X,)+L(0, -+ <, 0, X410, *+, Xp)
where p, is a polynomial of degree k in x,, - - -, x,,.

Proof.

g(xlax?.,. T axn)_—g(o" T aOaxH—la' o )xn)

'd
ZJ‘ E—g(txlp."a‘txlaxl+la.'.,xn)dt
1
oL
:J [xl_(txla'“’txlaxl+la'."xn)+”‘
0 X

+x15_(tx19 Y txl’ Xi+1, """ ’xn)] dt

1
=J El(g)(txl, Y txla Xi41, """ ’xn) dt'
0

Since E;({) is a polynomial of degree k, we see that I; E({) %
(txy, -+, X, X119, * *, X,) dt is also a polynomial of degree k. 0

LEMMA 2. Let { be a C* function on R". Suppose E,{ +2{ is a sum of polynomials
of degree two and a C™ function on R" which depends only on x,.,, - -+, x, variables.
Then for any (a;,," -+, a,)€R"™, {(x,, "+, X, @y, ", a,) is a polynomial of degree
two in x,, * -+, X; variables.

Proof. Let £(x,,,x)=C(X1, X1, Quaq, - ° ,a,). Then

El(g)(xla e ’xl)+2z(x1, T ,xl)zEl(g)(xl, s X Ayttt an)
+2§('x15 s X, Aryy ’an)

is a polynomial of degree two in x,, - - -, x; variables. It is well known that f can be
written in the following form

Z(x,, -+ +,Xx;) =polynomial of degree two+ Y, a;x:x;X
isj=k
where a; are C™ functions on R’ Clearly E(d)= polynomial of degree two+
Lizj=r (Eilay) +3a)xxx,  and E,(Z)+2f=polynomial of degree two+
Zigjék (Ei(ay) + 5a,.)x;x;x,. This implies Z,.é]gk (Ei(ayk) +5a;.)%:x;%, is a polynomial
of degree two. It follows that for each i=j=k, we have E;(ay)+5a; =0. Observe
that E;(xa) = 5x3a,+ x3E/(a;) =0. In view of Lemma 1, we know that xjay is a
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polynomial of degree zero, i.e., xfa,,»k = constant. Since a;; is a C* function on R’ we
conclude that the constant is actually zero. So {(x;, -, X, Gy, ", Q)=
(%, +, %) is a polynomial of degree two in x,, - - -, x; variables. 0

3. Structure theorems. The following theorem plays a fundamental role in the
classification of exact estimation algebra. It is similar to Theorem 1 in [7], although
assuming the estimation algebra is exact allows us to drop certain technical requirements
on f, g and h.

THEOREM 2. Let E be a finite-dimensional exact estimation algebra. Thenh,, - - -, h,,
are polynomials of degree at most one.

Proof. By Theorem 1, each h; is a polynomial of degree at most two. Suppose h;,
is of degree two, then by using the affine transformation X = Ax-+b, where A is
orthogonal, we may assume h, is of the form

1 n
> Cif?‘*‘ Y Xt co,
=1 i=1+1

where ¢, -, ¢ are nonzero real nulnbers, and ~l = n.~(If I = n, the second summation
vanishes.) Define f(X) = Af(x) and D; =9/4x; — f;. If ¢(X) = ¢(x), it is easy to see that

EIAY
(5. 3

Under the transformation, L, is mapped into:

where

)= § 20

i=1

+ () TF(®) + Z hi(%) ]

and h is transformed into
h(X) = h(x).

E is isomorphic to the Lie algebra generated by Lo and ;. Note that the degree of h;
in x is the same as the degree of h, in £ Without causing any confusion, from now
on, we drop the tilde notation.

Since h, is not of degree one, then /=1. We shall produce a contradiction. Let
Xo=h,, and define X; for i=1 recursively by X;=[[L,, X;_1], Xo]. Since L,=
53X, Di—m), it is easy to see that

1 n
X1:4 Z C?x?‘l" Z C?,
i=1 i=l+1
and for j>1
]
X;=4Y cl'x}.
i=1

By the invertibility of the Vandermonde matrix, it follows after some relabeling, if
necessary, that

Ml'—‘

Zx
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is an element in E. Let Y, be the zero degree differential operator defined by multiplica-
tion by p. Define

I
Y, =[Lo, Yol= Y x;.D;+1/2,
i=1

o, 1y e L1
Y,=[L,, Y,]=i§1 Di+5i§1 xi8_>€i=i}=:1 D,~+E E/(m),
and
! 1
Y;=[Y,, Y]=2 El D%——Z-E%(n).
Then,

2Y,— Y3;=3E(n)+ E(n) =3E(Em+2n).

By Lemma 1, we know that E;(n)+27 is a sum of polynomial of degree two and
a C” function which depends on x,.,, " * -, x, variables. By Lemma 2, it follows that

7 is a polynomial of degree two in x;, - - -, x;, with coefficients which are C* functions
in x4, *, X, only. Recall that
(3.0) Ap+[Vo’=—3 hi+n.

i=1

Let ¢ € Cy be any C™ function with compact support. Multiply (3.0) with > and
integrate the equation over R".

—J(ﬁ h?—n)¢2=J ¢2A¢+J YV el
R" \i=1 R" R"

(3.1)
== J 24V, V) + J WVel
R R

By the Schwartz inequality

(32) 2 J RATALTE J IVyl+ f WVl
R R, R"

Putting (3.2) into (3.1), we get

(33) [ wor=] (% n-n)ur=o

which is true for all ¢ € Cg. Take any nonzero C* function 6 with compact support.
Define ¢ to be 6 followed by a translation in x;, - - -, x; variables direction. Observe
that [g» |Vi|? is independent of the translation selected. On the other hand, since 7 is
quadratic in x,, - - -, x; variables and h, is of degree four in x;, -, X, Y., hi—n
becomes very positive when one of the x,,- - -, x; tends to infinity while the other
variables remain fixed. We can choose translation in directions, x;, - -+, Xx;, in such a

way that
J (2) h?—n)tf
R" \i=1
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is arbitrarily large while [z |Vi|* is bounded. This of course contradicts the inequality
(3.3). 0

The argument above actually proves the following theorem.

THEOREM 3. Let F(x,," "+, x,) be a C* function on R". Suppose that there exists
a path C :R~->R" and 8 > 0 such that lim . || C(t)|| = 0 and lim,« Sup g,(c(ry F = —00,
where Bs(C (1)) ={xeR"|||x — C(t)| < 8}. Then there is no C* function ¢ on R" satisfy-
ing the equation

Ay +|Vy[*=F.

CoroLLARY. Let F(x,,- -, x,) be a polynomial on R". Suppose that there exists
a polynomial path C:R—-R" such that lim,_. ||C(¢)| =0 and lim,,., F o C(t)=—c0.
Then there is no C™ function  on R" satisfying the equation

Ay+|Vy|’=F.

Proof. It suffices to prove that lim,.. Supp,cy F(X1,*, %,) =—0, where
B;(C(1))={xeR"|||x—C(t)|]| <8} for some §>0. Let C(2)=(Cy(t), -, C,(1)),
where

Cl(t)= a“tk+a12tk_1+' M '+a1kt+b1
Cy(t)=as t"+ apnt* '+ -+ayut+b,

C,(1) = apt“+a,t" '+ -+aut+bh,.
Since F is a polynomial, we have
(FeC)(t)= 71’d +'}’21d_]+ ot Yasa,

where vy,, -, y44+, are polynomials in a; and b; for i=n and 1=j=k. v, must be
negative since lim,_, o, (F o C)(t) = —c0. By continuity, we know that there exists a § >0,
and a sphere center at (b,, -, b,) with radius 5, Bs(b), such that for any point
(b}, -+, by) in it, the following bounds hold:

Yl(aij; by, -, b:l)g%')’l(aii; by,---,b,)<0
|72(aij; b;’ e ,b;n)“yz(auﬁ bla Tt abn)|§1

|'Yd+1(aij§ by, --,bn)— 7d+1(aij; by, -, bn)lé 1.
It follows that for ¢t>0,
Sup F(xly.."xn)

Bs(C(1))
= sup F(at+---+a,+b,, - Attt ta,+bh)
b'e Bs(b)
= sup {yi(ay; bi, -, b))t +yay; bi, -, byt
b’e Bs(b)

+Yd+l(ay; bi) T, b:l)}
-§%’)’1(aij; by, -, bn)td+(1+')’2(aij§ by,---, bn))td_l"" t
+(1+'Yd+1(aij§ by, -+, b,)).

As yi(ay; by, - -+, b,) is negative, the right-hand side tends to —0 as ¢ tends to 0. The
assertion follows immediately. 0
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The following result provides a simple characterization of when the dimension of
an estimation algebra is finite.

THEOREM 4. Suppose E is an exact estimation algebra. Then, E is finite-dimensional
if and only if Vh]J/ is a constant for 1=i=m and all j=0,1,---, where J,=
(8°n)/(x: 6x;), denote the Hessian matrix of m.

Proof. The sufficiency of the condition follows from the main theorem of [2]. For
completeness reason, we provide the proof here. Assume the condition in Theorem 4
holds. Note that E is generated by Ly, L,,- - -, L,,. Recall that for i=1,---, m we
define

L,.= [Lo, Li] =Vh;rD,
where D denotes the vector
(Dla Y Dn)T'

Define F to be the linear space generated by first and zero degree differential
operators of the form VA J) D and Vh]J.Vxn, fori=1,---,m,j=0,1,- - - . Clearly,
L,.,---,L,,areelementsinF. Using our stated assumption, it is also straightforward
to check that

(i) [X, Y]=constant if X, Y€eF,

(i) [Lo, X]eF if X €F,

(iii) [h;, X]=constant for i=1,---,m and X in F.

Conditions (i), (ii), and (iii) imply that

dim E=dimspan{Ly, hy," - -, h,,, 1}+dimF.
By our stated assumption,
Fcspan{on/ax,, -« +,dm/8X,, 8/0%1, + +,3/3%n}.

It follows that dimension of E is finite.

To prove the necessary condition, assume E is finite-dimensional and the condition
in Theorem 4 does not hold. Without loss of generality, we may assume there is a
k=0, such that Vh{, Vh{J,,---,Vh{J% are constant vectors, but Vh{J<™" is not.
(Notice that Vh, is a constant vector by Theorem 2.) Let ¢ =Vh,. Hence, ¢'x, ¢V,
¢"J,Vn, -+, c"T57 'V all have degrees at most 1. (If k=0, only the first term is
present.) It follows that

k+1

2 2

. 1 .
(3.42) Adi’o“h,:? cID o i=0,---

. 1 .
(3.4b) A i’oh1=—2—,. Iy =1, k+ 1.

Let b" =c"J%. There exists an orthogonal matrix, Q, such that
bTQI(dlaOaOa e 90)EdT'
Define an orthogonal transformation on the state space by X = Q"x. Under this new
coordinate, ¢"x is mapped to ¢"Q%, n(x) is mapped to 7(QxX), and ¢"J% is mapped
to d”. So we may assume b = d. Equation (3.4) implies that D, and b V7 =d,(3n/dx,)
are both in E. By Ocone’s Theorem, (d1)/(dx,) is a polynomial with degree at most

2. By the assumption that Vh{J Z“ is not a constant vector, it follows that the degree
of (am)/(dx,) is exactly 2. So,

n=xq+tr,
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where g is a polynomial with degree 2, r is independent of x,. Depending on the
degree of g in x;, we have three possible cases.

(i) Degree 2 case. Clearly, n—Y  h} can be arbitrarily negative on some
polynomial path as the path tends to infinity.

(ii) Degree 1 case. It follows that n =Y , a;x;x;+ Bx,+r, where a;’s are con-
stants, at least one of them nonzero, B and r are independent of x,. Clearly, n — Y-, h}
can be arbitrarily negative on some polynomial path as the path tends to infinity.

(iii) Degree 0 case. Since q is independent of x,, n = sx;,+t, where s and t are
independent of x,. If Y., h? is independent of x,, then n—Y |, h} can be arbitrarily
negative. If |, h7 is dependent on x,, it must be of degree 2 in x,. Again, n =Y, h?
can be arbitrarily negative on some polynomial path as the path tends to infinity.

In all three cases, there is a contradiction to the Corollary of Theorem 3. 0

If E is finite-dimensional, then Vh,TJ{7 isaconstantforl=i=nandallj=0,1,---.
It is easy to show by inductive argument that the following theorem holds.

THEOREM 5. Suppose E is an exact finite-dimensional estimation algebra. Then it
has a basis consisting of one second degree differential operator L, first degree differential
operator(s) with constant coefficients, and zero degree differential operator(s) affine in
x. Moreover, if X and Y are in E with degree less than or equal to 1, then [X, Y] is a
constant.

Theorem 6 follows from Theorem 5.

THEOREM 6. An exact finite-dimensional estimation algebra is solvable.

4. The Wei-Norman approach. In this section we will use the structural results of
previous sections to derive finite-dimensional filters by the Wei-Norman-Brockett
approach. To do this, the first step we have to establish is a representation analogous
to (1.1).

Consider the filtering system as defined by (2.0). In the following discussion it is
not necessary to assume that the estimation algebra of (2.0) is exact. However, we will
retain all the notation introduced earlier. In particular, notice that (2.2) still holds. We
assume that the estimation algebra is finite dimensional and has a basis consisting of
E, = L,, differential operators, E;, - - -, E,, (for some p) of the form

> a;D;+ B,
Jj=1
where a;’s are constants and B;’s are polynomial in x, and zero degree differential
operators, E,.,, -, E,, (for some g>p) affine in x. Moreover, we assume for
1=i, j=p, [E;, E;] is a constant and that all zero degree differential operators in the
estimation algebra are spanned by E,.,," - -, Eq.2
It follows from Theorem 5 that if the estimation algebra of (2.0) is exact and
finite-dimensional then it possesses such a basis. However, the exactness is not always
necessary. For example, in [6] sufficient conditions are provided for nonexact systems
to possess finite-dimensional estimation algebras.
It is clear that by the assumption on the basis that for 1=, j=gq,

LE;, E;]= constant.
Forp+1=i,j=q,
[Ei’ E}]=0,

and for 1 =i = q the degree of [ E,, E;] as a differential operator is not greater than one.

2 Qur earlier definition of L; still holds. Notice that the L,’s may not form a basis of the estimation algebra.
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Since [[L(,,Zi=1 ¢x;+d], Z£~=1 ¢x;+d] =Zi=1 c2, if ¢;’s and d are constants, the
constant function is in the estimation algebra. Without loss of generality, we assume
that E, is the constant function 1.

For a filtering system with such a basis, [[ Ly, L;], L;] = constantforalli=1,- - -, m.
Hence, 3Y -, [[ Lo, L:], L;]yi(t), denoted by u(t), is a function of ¢ independent of x.
Equation (2.2) becomes

d. m
40) LD g2+ £ [Lo, LIEC 00 + (086 ).

DerINITION. Suppose X is a differential operator, ¢, is in the domain of X, r is
a continuous function, and R(t) = {; r(s) ds. We denote by e*"*¢, the solution at
time ¢-of the following equation:

dag(1)

“m=r XU, {0)=,

if it is well defined.

For 1=i=gq, e"{(x) can be expressed in the form [ k(t, x, r){(r) dr, for some
integrable kernel k. Hence, we can extend the definition of e'%¢(x) to e'%{(t, x), where
{ is also a function of t.

ProposiTION 1. If { is a C™ function in x, then for all 0= s, the following Baker-
Campbell- Hausdorff type relations hold:

(1) For 1si<q,

9
e Byl = (E0+s x aijEj+s26i> e*fig,
i=1

where a;’s and 8;’s are constants.
(2) For1si=p,1=sj<g,or1si<q, 1=j=p,

esE‘EjZ =(E+ S')’ji)eSE'g,

where v;’s are constants in x.
(3) Forp+1=i,j=q,ori=q,1=Sj=q, orj=p, 1=i=q,

eSEi Ejg = EjeSEi g.

Proof. If E; is a zero degree differential operator, e*% is simply exp (sE;). If it is
a first degree differential operator, we may assume it is of the form: Z,Ll ayD;+ B;.
Define «; to be column nth-dimensional vector whose jth component is a;;. Then, it
is well known that

s

e*Fif(x)=exp <¢(X) - d>(x+sa,~)+J'

0

Bi(x+ai(s—r)) d”) ¢(x+sa;)
(4.1) .
=exp (d)(x) —p(x+sa;)+ J Bi(x+ayr) dr) {(x+ sa;).
0
Assume first that ¢ and { are analytic functions. Let { be an arbitrary analytic
function in x. From our discussion, it is clear that e*®/ is well defined for all real s

and 1 =i = q. Moreover, for any fixed x, eSE"Eoe,’“SE"{~ is analytic in s. Hence, the classical
Baker-Campbell-Hausdorft formula holds from the Taylor series expansion. That is:

2
eSE"Eoe_SE" 5= (Eo+ s[E;, Eo]"'s? LE;, [E;, Eo]]) f
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Now let £ = e*Fif. By using the previously stated properties of the basis, it is easy
to see that (1) holds under the analytic assumption.

Next, we relax the condition that ¢ is analytic to that it is C*. If E; is a zero
degree differential operator, then clearly e*5 Eye 5 { is still analytic in s and (1) holds
as proven before. Hence, we assume that E, = Z _, a;D; + B (Recall that B; is a
polynomial in x.) We can find a polynomial sequence, {d) }, so that q,‘>, converges to ¢
and the first and second order derivatives of qS, converge to the respectlve first and
second order derivatives of ¢. Define ﬁ, to be (a¢,)/(ax) and D,; to be §/(dx;) —fj»,,-.
Define E,, tobe Y, _ , @D, + B;. Finally, define

8
10X

T

b
=}

Foo Y 1§ g2

xk k=1 0X 2 k=1

N | =
||lVJ=
\

n
=X
k=1

It is easy to show by (4.1) that there exist functions u and v such that:

B, ge Bl
(12 ), 12 afilxtsa)
_< 2k 1 axk Z f]k( ) 2kz=:1 axk

3 3 Pt sa) B+ § Fuoouts x)+ ots, 0,

and

(_1 "of(x) 1R, . 12 9fi(x+sa;)

2 k=1 09X

1 n
—= X felx+sa;)
p

N—

20+ ¥ floyuls, x)+ ol %)

It follows then, that

}le e*EiE g e Bl = eFE, e B

Similarly,

2

lgg( 10+s[ Jois 0]+ [E]U[ jyis j,O]]) (E0+S[E1,EO]+ [Eu[EuEO]]>-

Hence, (1) holds in this case also. For the general case, for any given x, construct
sequences of analytic functions {Z}, so that they converge to £ It follows that (1) holds
in the general case as well. Statements (2), (3), and (4) can be proved similarly. 0

THEOREM 7. If the estimation algebra of (2.0) has a basis as described earlier, then
its robust DMZ equation (4.0) has a solution for all t 20 of the form:

(4.2) £(t, x) = e VE . en(E otEoy

where r;’s satisfy an ordinary differential equation for all ¢ It follows then that a
universal finite-dimensional filter exists for (2.0).
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Proof. Since E, is elliptic, for any t> 0, e'"oo, is C*. By differentiating £(¢, x) we
have

(LX) _ o,

E E
eI E, e'ogy,

dt
dr, dr,
+.-—-e PLIN e’zEzE‘1 e EL e’Eoo-O+. o4 Eq e"dfa. .. erlE! etE00'0~
dt dt
By applying Proposition 1,
q
e"Fa. . enFIE  ePogy= e - - e’zEl(E0+ r Y ayE+ r%&l) e"Fie®ogy

Ji=1

(EO+ Y Z ra;E; +K0) &(t, x),

i=1j=1

where K, is a polynomial in ry, - - -, r,_; and constant in x and r,.
Forl=i=p,

dr;
—! erqEq e eri+lEi+lEieriEi eri——lEi~l e e’EOUO
dt
dri , g ti0nE, rioi B tE,
=—¢'d"a .. pli+2 '+2(Ei+ri+17i+1,i) e'itiZiv ... ePogy
dt
dr,

= (E + ;) &(8, x),

where «; is a polynomial with degree 1 in r; for i+1=j<g and constant in the
remaining r;’s and x.

For p+1§1§q,
dr; , E . dr;
T Fa oo @imBinE, e gl Fior e‘Eﬂa(,:E E&(t, x).
Hence,
dé(e,
(4.3) ig-x—)=< 0+Z Z ra,JE+Z-—E+Z K+K0)§(t x).
d’ i=1j=1 i= ld i= ld

By substituting (4.3) into (4.0), it is clear that £, is a solution to (4.0), if for 1=j<gq,

dj m q-—1
and
dr, q-1 rdr,
(4.5) Fimu 4 3 yl)eq— T rag— 3 = k= ko,
dt i=1 i=1 i—1 dt

where we represent [L,, L;] as Zj=1 e;E;.

By the aforementioned property of «;, it is clear that (4.4) and (4.5) have solutions
for all ¢

To see that these results lead to a finite-dimensional filter for (2.0), notice that if
we let the r’s play the role of the z’s in (2.3a), then (4.4) and (4.5) are of the form
(2.3a). By using (4.1), it is easy to check that (4.2) is of the form (2.3b). O
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Remark. For the Benes systems, the B;’s are all linear. It is well known that
finite-dimensional filters exist in those cases [13].
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