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ABSTRACT

In this paper, we shall discuss the convergence of the continuous-discrete feedback particle filter (FPF) pro-
posed in Yang et al. (2014). The FPF is an interacting system of N particles where the interaction is designed
such that the empirical distribution of the particles approximates the posterior distribution by an inno-
vation error-based feedback control structure. Under some assumptions, it is proved that, for a class of
functions ¢ and Vp > 2, the estimate of ¢ (X;,) by FPF converges to its optimal estimate E[¢ (X;,) | %#,]in
LP sense, as the number of particles goes to infinity and the numerical approximation error of computing
the control input U goes to zero. Furthermore, the bound of the estimation error is also delicately analyzed.

1. Introduction

The aim of the stochastic filtering is to obtain a good esti-
mate of the state in the stochastic dynamic system recursively
in time, based on the noisy observations of the state. There
are three properties that the estimate is required to have (Bain
& Dan, 2009):

e Causal: The state at time f to be estimated should use the
observations up to time ¢.

e Optimal: The estimate should minimize the mean squared
error (MSE).

e Real-time: At arbitrary time ¢, the estimate should be
obtained on the spot, while the observation data keep coming
in.

It is well known that the conditional expectation of the
state at time t based on the observations till ¢ is the optimal
estimate (Jazwinski, 1970).

The study of the stochastic filtering problems has a long
history which can be dated back to 1940s, when Wiener and
Kolmogorov firstly investigated in the pioneering work (Kol-
mogorov, 1941; Wiener, 1950). The next major development
in stochastic filtering was the introduction of the Kalman
filter (KF) for linear Gaussian systems proposed in 1960
Kalman (1960). Subsequently, Kalman and Bucy proposed the
continuous version of the KF, the so-called Kalman-Bucy filter
(Kalman & Bucy, 1961). The KF is optimal and can be easily
computed, enabling it to gain widespread success since 1960s.
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For example, it was used by NASA to get the Apollo missions
off the ground and to the moon (Cipra, 1993). However, the
KF only works for linear Gaussian systems, which urges math-
ematicians and engineers to pursue a computationally efficient,
recursive optimal solution applicable to the general nonlinear
filtering (NLF) problems.

There have been a lot of works that aim to solve the NLF
problems, such as the extended Kalman filter (EKF) (Jazwin-
ski, 1970), ensemble Kalman filter (Evensen, 2003), unscented
Kalman filter (Julier et al., 2000), particle filter (PF) (Gordon
et al,, 1993), Yau-Yau algorithm (Luo & Yau, 2013a, 2013b; Yau
& Yau, 2008), estimation algebra method (Shi & Yau, 2017),
direct method (Chen et al., 2019) and so on. As for the systems
with unknown nonlinear functions arising in the control and
filtering problems, we can first estimate the unknown functions
(Lietal., 2020; Li, Yang et al., 2020), and then estimate the state
(Parlos et al.,, 2001). In PE, one use a large number of indepen-
dent random particles to approximate the apriori probability,
and update the posterior by the latest observation. The parti-
cles are properly located, weighted and propagated recursively
by the Bayes’ rule. However, the PF suffers from several draw-
backs, such as ‘particle degeneracy’ and ‘curse of dimensional-
ity’. Therefore, there have been various variants of PE, and the
interested readers can refer to the survey paper (Chen, 2003).

Recently, Yang et al. proposed a novel PF, named Feedback
Particle Filter (FPF) (Yang et al., 2014, 2013). The importance
sampling step and resampling step in traditional PF are avoided
by a feedback control-based approach. The numerical efficiency
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of FPF has been examined by many works, such as Bern-
torp (2015), Radhakrishnan and Meyn (2019) and Yang (2014).
Despite the success of the experiments, the convergence result
of FPF for general nonlinear systems remains open. As far as
we know, there are only some convergence results of FPF for
linear Gaussian systems (Taghvaei & Mehta, 2018a, 2018b). To
fill in the blank and take the consideration that, in most real
applications, the observations often arrive and are processed at
discrete time instant, we shall investigate the convergence of FPF
for systems with continuous state and discrete observation, i.e.
continuous-discrete FPE.

The central problem considered in this paper is that, under
what conditions and for which functions ¢, does the estimate of
¢ (X;) by FPF converge to its optimal estimate E[¢ (X, ) | F; |2
The main contribution of this work is that we prove the con-
vergence of the FPF in the L?-sense for Vp > 2, under certain
conditions, and give an explicit error bound. More specifically,
we study the L?-error between the estimate of ¢ (X;,) by FPF and
its optimal estimate E[¢ (X},) | %] for certain class of function
¢. The estimate error of FPF are introduced in two aspects. The
one is the finite number of particles and the other one is the
numerical approximation error of computing the optimal con-
trol input U (or {K, u}) in (6). We prove that, the estimate error
converges to zero as the number of the particle tends to infinity
and the numerical approximation error of computing the opti-
mal control input U vanishes. It needs to be stressed that there
are two key mechanisms which help us to complete the proof.

(1) Inthe updating step, by the use of Markov transition kernel
k2, which is dependent on the observations, we give the key
evolution equation (38) for conditional distribution from
Tn|n—1 O 7Ty |», and this equation plays an important role
in the proof of the main theorem.

(2) We make a slight modification to the standard FPF, and
call it modified FPF in this paper. The modification is
that, in prediction step, the particles are sampled from
% Zfil K1(dxy, |X§n71) instead of ki (dxy, |X;"H) in the
standard FPF, which can be seen in Figure 3. This is stan-
dard and is used by nearly all existing theoretical analysis
for PF, see Crisan and Doucet (2002), Hu et al. (2008) and
Hu et al. (2011).

Notations: |*| is the Euclidean norm of . Some important
notations are summarized in Table 1, after all of them have been
introduced in the subsequent sections.

The organization of the paper is as follows. We introduce
some preliminary results of FPF in Section 2. The theoretical
FPF with the optimal control input U and the standard FPF with
the numerical approximation U have also been stated there. In
order to complete the proof of the convergence of the standard
FPE, we have made a slight modification to the standard FPF,
motivated by the theoretical analysis of PF in the literature. The
modified FPF and its convergence result have been stated in
Section 3, while the detailed proof is in Section 4. A benchmark
numerical simulation has been included to show the efficiencies
of FPF and modified FPF in Section 5. In addition, we also inves-
tigate the MSE versus the number of particles of this particular
numerical experiment. The conclusion have been drawn in the
end.
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2. Preliminary

The continuous-discrete time NLF system considered in this
paper is

dX; = a(Xy) dt + dB;, (1)
Y, = h(Xs,) + Wy, (2)

where X; € R?*! is the state at time f, B; is an d-dimensional
standard Brownian motion process independent of Xy, g |0 is
the distribution of the initial state Xy, Y,, € R"™*! is the observa-
tion arriving at discrete time t = ¢, = nAt (At > 0),and W, is
the white noise independent of {X;}. Here, we assume that a(x)
is a global Lipschitz function such that (1) has a pathwise unique
solution for each initial X, (Bain & Dan, 2009), and h(x) € C2.
The probability space we considered is denoted as (©, .%, P).
Let us denote the observation history as .%#; L2o({Y,:t, <
t}), and denote px as the conditional density function of the
state X; based on .%;. More specifically, for any measurable set

Ae Z,
/ px(x.t)dx = P(X; € A| F0), 3)
A

where px(x,0) = 7| is the density function of the initial state
Xo. And px can be approximated by the empirical distribution of
the particles generated by the FPF proposed in Yang et al. (2014).

2.1 Theoretical feedback particle filter

The continuous-discrete FPF proposed in Yang et al. (2014) is
a controlled system where the state evolves in two alternating
steps forn =1,2,3, .. ..

(1) Prediction: given N particles XéH eRY i=1,2,...,N
(they are sampled ii.d. from px(x,0) at time t = 0), the
particles evolve according to (1) in the time interval ¢ €
[th—1>tn):

dx! = a(x}) dt + dBl, (4)

with initial value X;;H , where X! € R? is the state for the

i-th particle at time ¢ and {Bi} are mutually independent
standard Wiener processes. We denote the left limit as:

X' = lim X (5)
bty

(2) Updating: let S;(O) = X;_,i =1,...,N, SL(A) evolves

n
according to the following equation

dsi . .
df (A) = K(S,(1), VY, + u(S, (L), 1), (6)

optimal U,i n)

with initial condition S;(O) for i=1,2,...,N, and the
pseudo-time A € [0, 1]. The control input Uﬁl (A) (or {K, u})
is designed such that the empirical distribution of the
ensemble {Si,(l)}fi | approximates the posterior distribu-
tion. The initial condition for the next interval is assigned
asXZn = SL(I) fori=1,2,...,N.
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And the evolution structure of the continuous-discrete FPF
is shown in Figure 1 (Yang et al., 2014). '
Let us denote the conditional distribution of the particle X
given .%; as pxi, i.e.
/pxi(x, Hdx=PX. € A|F), YAeZ. ()
A
Similarly, we denote the conditional distribution of the particle
Sy (1) given .F, as pgi, i.e.

/psil(x,k)dsz(S;()\) €A|F), VYVAe.F. (8)
A

The goal of FPF is to choose the optimal control input U’ (%)
in (6) such that pxi can well approximate px in (3). Now we need
to review the evolution of the conditional density px before we
give the optimal control.

Given the initial density px (x, 0) and the increasing filtration
Fy, the evolution of the posterior px(x, t) is obtained by two
alternative steps: prediction and updating, which is shown in
the following proposition.

Proposition 2.1 (Proposition 4.2.1 in Yang (2014)): Con-
sider the filtering problem (1)-(2) over time interval [t,_1, t,].
For t € [ty—1,tn), px(x,t) satisfies the following Fokker-Planck
equation (Jazwinski, 1970):

8pX

—, o= ZLpx(x,1),

(9)

1
where Tpx = —V - (pxa) + EAPX is the forward generator of

the diffusion process Xy, A denotes the Laplacian in R?, and V- is
the divergence operator. Then we have

px(x,t,) = th}? px(x,1).

Note px(x, t,;) is the apriori distribution of X;, given F;,_,.

- €xXp [_%(Yn — h(e)) " (Y, — h(x))} /Cn> (10)

where C,, is the normalization constant.
The two Equations (9)-(10) define the mapping of px from
th_1 to tp.

Apparently, pyi(x, t) satisfies the same evolution equation (9)
fort € [ty,—1,ty) according to (1) and (4), and we list the evolu-
tion equations of px (x, t) and pyi (x, t) in Figure 2.

Recall that our aim is to approximate px by pyi. Now it
is known that they have the same initial value at t = 0 and
they satisfy the same evolution equation in the prediction step.
Obviously, if they satisfy the same evolution equation in the
updating step, then we have px = pyi. According to Figure 2,
we know that the evolution equation of pyi in the updating
step is equivalent to the evolution equation of pgi (x, A) which
is determined by the control input {K, u}. Therefore the func-
tions {K(x, 1), u(x,A)} (or say the control input U;(k)) in (6)
are said to be optimal if px = pxi. That is, given px(x,t,) =
psi (x,0) (= pxi(x,t,,)), our goal is to choose {K, u} in (6) such
that px (x, t,) = psi (x,1) (= pxi(x, ty)). The optimal {K, u} are
given in Yang (2014).

Theorem 2.1 (Theorem 4.2.3, Yang (2014)): Let p, be the
solution of the following equation:

0P A 1 1—
%(x, A) = pn(x, 1) [(h(x) —hoN"Y, - 3 |h(x)|* + Elhlz} ;

(11)
where p,(x,0) = px(x,t,), fl(k) = fR,,, 0on(x, Mh(x) dx, and

|h? == [pa pu(x,2) [R()]? dox.
For each fixed A € [0, 1], let nj be the solution of:

V- (ouV) = — (b — h)oms / s el ) d = 0,
R

At the discrete time instant t = t, when the observation is (12)
made, the posterior density is updated using Bayes’ rule: forj=1,...,m. Then the optimal gain function is
— - _ T T T
pX(xs ti’l) _pX(x!tn) K= [anivnz’“-)vnm]' (13)
conti . tln tnl—l—l
ontinuous-time
evolution Xtin =5'(1) XZ7.+1 _ S:H,l(l) )t
i(0) = X! SE(0)= X1
Discrete?timesn’(o) XI‘Q | iﬂ( ) ’nl+1 Ly,
evolution 0 1 0 1
Figure 1. Anillustration of the two-step evolution structure in the continuous-discrete time FPF.
i redict N update :
Xe: px (2, tn-1) 7 px(z,t, L . px(2,tn) :
_______________________________ S () N,
1} approximate
E , predict B update '
PoXD pxi(®, o) T pxi(@, 1) = pgi (2,0) ————>  pgi (2, 1) = pxs(@,tn) |

Figure 2. Evolutions of the conditional density functions px (x, t) and pyi (x, t).



The optimal function u is obtained as

u(x, 1) = —%K(x, A (h(x) + h) + %Q(x, A, (14)

where Q2 = Vo, ¢ is a scalar function, and it is a solution to

V- (onVe) = —(g — &)pn, /d @(x, 1) pn(x, A) dx = 0,
R
(15)
and g := [pa pu(x, 1)g(x) dx =
- th Substituting the optimal {K,u} in (13) and (14)

into (6), we have

where g:=3 ", V- thT

RS0 +

) = ks, 000 [Yn : } +50500,2),

(16)
If S' () evolves according to (16) with the optimal control input
{K,u} obtained by (13)-(15), then px(x,t,) = psi x1) (=

pxi(x,ty)), provided that px(x,t,)) = psi (x,0) (= pxi(x,t,)).

Proof: The complete proof can be found in Yang (2014) and the
idea of the proof can be found in Appendix 1. |

In summary, the particles in the theoretical FPF evolve
according to (4) in prediction step and (16) in updating step,
with {K, u} obtained from (13)-(15).

Apparently, we have px(x,t) = pyi(x,t) with the optimal
control input. Since we are concerned about the apriori and pos-
terior distributions, and for the conciseness of the notations in
the proof, let

Vn>1.
(17)

Tnin—1(X) == px (%, 1),  Tu n(x) = px(x, tn),

Then we have

Psi,(-’@o) = Ty n-1(%), Ps;(x’ D) = 7y n(x), (18)
since px(x,t) = pX, (x, 1).
We shall use n|n—1 and boM 2| n t0 denote the empirical distri-

butions formed by the N particles:

1 N
=N Z‘SX' =5 2 %0
fn i=1
1 N
5 2 s
i=1

(19)

1
N _ R
"N Z‘sxén -
i=1
where § is the Dirac delta measure.

2.2 Standard feedback particle filter

In this subsection, we shall analyze the FPF with the numeri-
cal errors introduced by the approximations of (12)-(15). In the
theoretical FPF, the optimal control in (12)-(15) are assumed to
be obtained exactly, without any approximation. However, it is
known that the approximations of the solutions are inevitable,
since the closed-form solutions of the boundary value prob-
lems (12) and (15) can only be obtained in certain special cases,

INTERNATIONAL JOURNAL OF CONTROL 2975

say the linear Gaussian system in Proposition A.2. For general
nonlinear system, various numerical approximations of U can
be found in the paper (Berntorp, 2018).

The FPF with numerical approximations of {K,u} (or
{K, 2, ]:l}) is named standard FPF which is described in
Yang (2014). Let us use X‘ to denote the particles obtained in
standard FPF, which is hsted as follows: Forn = 1,2,3,.

(1) Prediction: given N particles )V(;'nil eRY i=1,2,...,N
(they are sampled i.i.d. from g | ¢ at time ¢ = 0), the parti-
cles evolve according to (1) at time interval t € [t,_1,,):

dX! = a(X}) dt + dB! (20)

,» where X! € R4 is the state for the

i-th particle at time t and {Bi} are mutually independent
standard Wiener processes. We denote the left limit as:

with initial value )V(gn_

X' = lim X' (21)
In t 'ty

(2) Updating: let S’ 0) : _X’ ,i=1,..,N, 3;()\) evolve

according to the following equatlon

K1) + fa}

= RS (), 1) |:Yn - ;

1~ Qi
+ 528,30, (22)
with initial condition Si,(0) for i =1,2,...,N when 1 €

[0,1], where K, €, h are numerical approximations of
K, Q, h, and they are computed as follows:

K~ R = % i 8,00 (1 (3109) — h (§;<x>))T,
= (23)
~ v 1 N .. .. — /e T
2~ Q@)= 5350 (¢(5m) -i(5w))
i=1 (24)
whereé = ‘}:1‘2 — |/h_|\2, and

B (S, = Zh(S’ ),

P~ PG = S HEOTHEW). 25

i=1

Then N particles are updated according to )v(;'n = 8 (1) for
i=12,...,N.

Remark 2.1: The difference of S’n and S, are mainly due to the
numerical approximations of {K, €2, ]:l} from (23)-(25). S, is the
exact solution of (16), while S,, is obtained by (22), with {K, €, fz}
from (23)-(25).
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2.3 Markov transition Kernel

Before we start the error analysis, we need to introduce the
Markov kernel, which is a main tool in our proof. The sys-
tem (1)-(2) will be represented in a sightly different frame-
work. The d-dimensional state X; is a Markov process with
initial state X obeying the distribution g ¢ (dxp). The dynamic
Equation (1) describing the state evolution over time can be
modeled by a Markov transition kernel ! «;(dx;, 1 1 x,) (Hu
et al., 2008), so that

P(Xt,, € Al Xy, =xt,) = / K (doxr,,y | x1,) (26)
A

forall A € B(RY), where Z(R?) is the Borel algebra on R4,
Similarly, for Eﬁq ()»),_ which evolves according to (22) with

approximated {K, €, fz}, we can define the following Markov
transition kernel i,

PEL(1) € A|5(0) = 500 Yo) = f Zon(dar [ 5000 o). (27)
A

Meanwhile, we need to define the Markov transition kernel for
S;,(A) which evolves according to (16) with exact {K, €2, h}:

P(S,,(1) € A|S(0) = sy, Y) = / K2 (dsn1 | $n0, Yn).  (28)

A

It is obvious that K, and kj, are Markov transition kernels
depending on Y.

Based on the Markov transition kernels defined above, we list
the standard FPF in Algorithm 1.

Algorithm 1 Standard Continuous-Discrete Time FPF Yang
(2014)
INITTIALIZATION
Setn =0
fori=1to N do
Sample )v(é ~ o0
n=n+1
ITERATION 1: Prediction
2: fori:lto{\ldo 5
3: Sample X;; ~ k1(dxy, | X; ) by (20)

—_

ITERATION 2: Updating
SetA =0
fori:vl‘toNdo ‘

Set §,,(0) = X;;

fori =1to N do 3
Calculate the gain function K by (23)
Calculate the function €2 by (24)
Calculate h by (25)
Sample S, (1) ~ &2, (5,1 | SE(0), Y,,) by (22)
10: fori = lto Nvdo
11: SetX; =S§,(1)
122n=n+1
13: goto ITERATION 1

° »® N v

For convenience, we assume that «1, K3, and k3, have densi-
ties with respect to a Lebesgue measure (Hu et al., 2008), i.e.

Kl(dxtn+1 |xtn) =K1 (xthr] |xty,) dxtrH,la
Kan(dsy |50, Yn) = K2u(s1 | S0, Vi) ds1,

Kk2n(dsy |50, Yin) = kan(s1 | S0, ) dsi. (29)

According to the law of total probability, we have the following
evolution of the real conditional density (Hu et al., 2008):

”nlnfl(dxty,) = f

] Tn—1|n—10dxs,_x1(dxs, [ x4,_,).  (30)
R

Now we use the Markov transition kernel to give the evolu-
tion equation between 7, |, and 7, | ,—1. Recalling that Xt,? and
S; (0) have conditional density 77, ,—1 and p, (x, 0), respectively.
If pu(x,0) = 7| n—1, then we have p,(x,1) = 7y, for S, (1)
and X; , by Theorem 2.1. It follows that

T n(dty,) = /Rd P(S(0) € dz| F,)
x P(S' (1) € dx, | S1(0) = 2, Yy)
= f P(S(0) € dz| F, )
R4
x P(Si(1) € dxy, | S(0) =2, Yy)
= /d nn\n—l(dz)KZrt(dxtV, |z, Yn), (31)
R

where the second equality in (31) follows from the fact that

P(S(0) € dz| #,) = P(SL(0) € dz| F, ). (32)

This is because, by the construction of S; (0), it can be known
that S;(O) depends on {Yy,1 <k <n—1} and {Bi,s < tu}.
Therefore, we have (32) by (2), since W, is independent of
{Yr,1 <k<n-—1}and {Bé,s < t,}, i.e. W, is independent of
$:,(0).

3. The convergence analysis of modified FPF

In this section, we shall analyze the error between the con-
ditional density function 7 and its numerical approximation
formed by FPE.

3.1 Modified FPF

Similar to the treatments in Crisan and Doucet (2002) and Hu
etal. (2011), we need to make a slight modification to the stan-
dard FPF in Algorithm 1 for the technical treatment in the proof
in Section 4.

Instead of sampling from )V(;, ~ k1 (dxy, I)V(fn_ ,) in the stan-
dard FPE, we sample '

N

~ 1 oy

X;; ~ K] E K1 (dxtn |X;n—l> 5
i=1

where X! denotes the i-th particle in modified FPE. The proce-
dures of modified FPF are described in Algorithm 2.

(33)



Algorithm 2 Modified Continuous-Discrete Time FPF
1. INITIALIZATION
2: Setn =0
3. fori=1to N do
4 Sample Xé ~ 0|0

ssn=n+1

1: ITERATION 1: Prediction

2: fori=1to N do

3: Sample X;; ~ % SN ki (dx, |XE )

th—1

ITERATION 2: Updating
SetA =0
fori=~1‘toNd0 .

Set S1,(0) = X:”_

fori =1to Ndo
Calculate the gain function K by (23)
Calculate the function €2 by (24)
Calculate h by (25)
Sample

o ® N NG

Si(1) ~ Ron(d5n11S(0), Yy) (34)

10: fori = lto N~do

11: SetX; =S, (1)
122n=n—+1

13: goto ITERATION 1

We use 7 to denote the empirical distribution formed by
the N particles of the modified FPF, i.e.

1 N 1 N
=N E o = E .y
nnln = (SX;W = N (Ssln(l))
i=1 i=1

1 N
=5 2550
i=1

To help the readers understand the paper better, we list theoreti-
cal FPF, standard FPF and modified FPF in Figure 3. It is shown
that the difference between theoretical FPF and standard FPF
is that there are numerical approximations of {K, u} in updating
step of FPE. The only difference between standard FPF and mod-
ified FPF is that they have different Markov transition kernel in
prediction step.

Notations: Given a measure v, a function ¢ and a Markov
transition kernel «, denote

1 N
~N § :
T[nlnfl = N 85(1‘_ (35)
i=1

tn

0, ¢) 2 f SOV, Kp() 2 / c(dz]06@). (36)
R4 R4

Hence, we have E[¢(X;,) | Z1,]1 = (74| > #), and

(37)
(38)

(nn\nflﬂf’) = (7Tn71|n71>'€1¢),
(nn\ns ) = (ﬂnln—1>K2n¢)x
by (30) and (31), respectively.

Besides, we clarify and restate the three types of particles
considered in this paper:
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(1) {X!,Si} denote the particles in theoretical FPF proposed
in Yang et al. (2014), and the optimal control input U
is exact without any approximation in the updating step.

. .« . . . . N N .
Their empirical distributions are 7,, In—1 and 7, ;5

() {Xi, :9’,1} denote the particles in standard FPF (Algorithm 1)
proposed in Yang et al. (2014), and there are numeri-
cal approximations of the optimal control input U in the
updating step;

(3) {xi, g’n} denote the particles in modified FPF (Algorithm 2),
and it differs from the standard FPF in the prediction step.

The notations are listed in Table 1 and the connections
between these three types of particles are clearly shown in
Figure 3.

3.2 Error analysis

In this part, we shall analyze the estimation error of the modified
FPF. For a class of functions ¢ and arbitrary p > 2, the LP-error
between the estimate of ¢ (X;,) by modified FPF and its optimal
estimate E[¢ (X},) | #,] will be analyzed. More explicitly, we
shall give an error bound of E[| (ﬁff‘ w® — (Tu|n> @)IP], which
is composed of two parts: the one is caused by finite N parti-
cles, and the other one is from the numerical approximations of
{K,u} (or {K, €2, }Az}) in updating step. We declare that, the error
caused by Euler scheme used in Algorithm 2 is not taken into
consideration in this paper. We shall put some mild restrictions
on the function ¢ (x):

Assumption 3.1: The function ¢ (x) has bounded p-th moment
forp>2,ie.Vn > 1,

E U |¢(X)|Pﬂk|k(dx)} <00, 0<k=<n, (39)

ie.

Ellecf | <00 0sk<n (40)

The class of functions ¢ satisfying Assumption 3.1 will be
denoted by L‘Z. For any ¢ (x) € 12, we define

I@llnp = max (LEY [(rip l01)])

Table 1. Notations.

Variable Notation Equation
State of the hidden process X (1)
Particles in theoretical FPF X;, = 5,(0) (4)
=50 0
Particles in standard FPF X:_ =5(0) (20)
7 =50 2
Particles in modified FPF X:, =50 (33)
X= S 34)
Conditional densities T n=1(-) = pn(-,0) (A6),(17)
) 7Tnin(-) = pn(, 1) (A7),(17)
Empirical distribution ofX{n T ln—1Tn|n (19)
Empirical distribution of)?{n ﬁ,’,\" e ﬁ,’;" n (35)
Markov transition kernel K1, K2n (26),(28)
Kan 27)
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! . (X3, ) Ran(155(0),Yn) § 5
| standard FPF Xi ' Xi_ =5,(0) Siy=Xxi |
i ¢ ’il( | 1n_1) i % /iZn("SZL(O)vyn) ’ . i
| theoretical FPF Xi | - Xz = 52(0) Sn(l) = X3, i
E emplrlcal ﬂ-rjyflmfl ﬂnln—l 7T711\\rn E
; distribution
% approximate
E conditional predict update _
i B P n—1|n— Tnln—10) = Pn ',0 P (71) _Trnn() i
distribution Tn—1|n-1 K1 I 1() = #n(-,0) Kon " |
% approximate
i irical . ) 3 i
i ?mplrlc-a 71-7]:,71|nfl 7-‘—nln—l ,/T'rI:qn i
: distribution !
§ T & T mCIXE ) T L Ran(1S(0),Yn) I e
¢ modified FPF Xi . X, = S (0) Sh(l) =X} i
: " I T
| o Rea(lSE0),Ya) |
: 5,(0) = S57,(0 Sn(1) i
Figure 3. Framework of the FPF.
= max {L,EY? [|¢>(th)|1’]}, (41) and

k=0,1,2,...,n B - =

dsi . h(S, () +h

which is introduced in Hu et al. (2008). d_):l()t) = K(S,,(A), 1) |:Yn - nf

Assumption 3.2: Given p > 2, ¢ and ¢P are Lipschitz func-
tions, i.e. for all x, y € RY,

>

|p(x) —d ()| <Cy|x—y
|97 (x) — #P ()| < Cpp|x—y

, (42)

where Cy and Cy , are Lipschitz constants.

Remark 3.1: One sufficient condition for Assumption 3.2 to
hold is that the function ¢ is bounded and Lipschitz, say the
trigonometry functions sin(x), cos(x), the inverse trigonomet-
ric functions arctan(x), arccot(x), and 1/(x? + 1).

Now we need to analyze the error caused by the approxima-
tions of K, 2 and & in (16). It has been declared that S’n (A) is the
solution of (22) with the initial value S’n (0), and we denote the
solution of (16) with initial value 3;(0) as Sil (A), ie.

%(A) = K(S, (M), ) |:Yn _ M}

2
1 _.
+ 52,000
2 £,(S5,(0), 1),

S (0) = i (0), (43)

+ %fz@:;m,x)

£ £u(8L00, 1), (44)
with S;(O) = :9; (0), where K, €2, and h are the approximations
of K, €2 and h, respectively. It is clear that the error between
S$;,(1) and S} (1) is caused by the numerical approximations of

{K, €, ]:l} from Figure 3. The bound of the error is given in
Theorem 3.1 under the following assumption.

Assumption 3.3: f,(S, A) is Lipschitz with respect to (w.r.t.) S,
and the error between f, (S’n (1), A) and its numerical approxi-
mationﬁ, (S; (1), A) isbounded, i.e. for A € [0, 1], there exist 71,
and 7, which are functions w.r.t. Y,,, such that

o [fu(S1,A) = fu(S2, M| < 71a IS1 — S, forall §1, S, € R

S ACK RS R ACK ARSI

Remark 3.2: (i) The first inequality in Assumption 3.3 holds,

if K, Kh and Q are Lipschitz functions, and h is bounded,
since

Fa(SL(A), 1) — fu (S, (M), 1)
— [K(E"n(x),,\) - K(S;(x),m] Y,
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1 i i i i by Cauchy-Schwarz inequality and Assumption 3.3, respec-
2 [K(S” (3), Mh(S, ) = K(S, (1), MIA(S, ()\))] tively. Meanwhile, the second term can be controlled by

1 i 3 h . . -
-3 [x&®.0 - k&0 ] ER AR ACT SRS ACHCANA]

1 _ - .
] LICTARSERICAARA B <213 — 5| 72 (50)

(ii) The second inequality is satisfied, if K, €, i can be well by Assumption 3.3. Substituting (49) and (50) back to (48), then
x we can estimate the norm’s p-th power as

)

numerically approximated by K, € and h, since
S-S,
da

FuSL(,A) — F 8L, 1) d (
= [K@00.0) = KE,00,0)]

o)
: [Y,, - % (nG0 + h)] _ T

1. - A X . 12
— K@, [ ] o 4=
==(IS,=5 -
1 G = i 2\ dx
+5 26,00 - a8 w.n].
Now we can give an error bound between qu(l) and gfq(l). < pin S; _ ~§In p + pian 3; B :g; p—1 51)
Theorem 3.1: If Assumption 3.3 is satisfied, then for any p > 2, Integrating (51) with respect to % from 0 to 1, one has
we have
—. ~ p - _. . P 1 _. ~ P
5,0 = 8,0 = g (45) S0 -850 = f (P70 [5,00 - 80|
0
where Sil(l) and 3;(1) are the solutions to (43) and (44), . » p—1
respectively, + pyan |S, (M) = S, ()»)‘ ] da,
~ Yon Vn 4 —. -
Ynp = Tin (e - 1) > (46)  with S§:,(0) = §,(0). By Lemma A.1 in Appendix 3, it yields that
n
with Y1, and Y,y are defined in Assumption 3.3. _ - P L
o e et ’ S0 -8 = {(l/p) / PP
0
Proof: According to (43)-(44), we have .
£ d =(p-D/p
d(Si _gi) . » » X exp |:—/ PYin r} s}
= = H 000 = iS00, 1) + fu(S,(3, ) e ,
=~ o @ (e?ln — 1)
— (S, (1), ). (47) i .
Multiplying both sides of (47) by 2(S!, — §1)T, we get |
allsi — s 2 L According to Assumption 3.3, it is known that y,, is a
nTonl ) 2§ _§ )Td(S’n -8 function w.r.t. Y;,. Therefore we define
di S dx . N
i . - Ynp = Max {E [yk,p] ,k=0,1,2,..., n} , (52)
=268} = 3 (hGL0 1)~ £E00.0))
o » o where 7y is defined in (46). Furthermore, we assume that y,,
+2(8 - §)T (f,,(S’,,(A), ) — FuS ), x)) is bounded.
£ +D. (48)  Assumption 3.4: y,,, is bounded by a positive constant, i.e.
The first term on the right-hand side of (48) can be easily Yup < T, for Vn>0, (53)

estimated as
where I is a positive constant.

Ih1=<2]S, =S,

69,2 = fuE,09,2)

) Remark 3.3: It is known from Remark 3.2 that y,,, indicates

(499)  how well (K, 2, ]:l} can be approximated by (K, Q, }Az}. If{K, €2, PAz}

S, =S

n n

= 2)7171
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in (16) can be exactly computed without any approximation,
then y,,, = 0.

Since [|¢|lnp > 1 according to (41), we can easily see that
Yap < Tll@llnp- (54)

Under the assumptions above, we state the main result of this
paper here.

Theorem 3.2 (Main Theorem): Under Assumptions 3.1-3.4,

for any ¢ € Lﬁ,forp > 2, there exist constants Ay |, By|n and
Cn|n» independent of N and y,, p, such that
P
E[ |10 8) = Goum )| ]
<A 111y P +B + Can(Yup)'/? (55)
nln 75 NP2 n|n¥np n|nVnp >

where ﬁf;’ln defined in (35) is the empirical conditional density
formed by the N particles of modified FPF in Algorithm 2, |,
defined in (17) is the conditional posterior density of the state,
@llnp is defined in (41), and yy,p is defined in (52).

Theorem 3.2 tells us that the error between the optimal esti-
mate (77, | », ¢) and the numerical estimate (nn .» @) by FPF can
be divided into two parts. The first part is due to the fact that
we can only use finite N particles in FPE, and this part of error
will tend to zero as the number of particles N goes to infinity at
the rate of O(N—1/2). The second part is due to the numerical
approximations of K, €, hin (23)-(25) in the updating step. It
is clear that if y,, , goes to zero, i.e. the approximation errors of
K, @, h go to zero, then this part of error will tend to zero.

Corollary 3.1: If (1)-(2) is a linear Gaussian system, under
Assumptions 3.1-3.4, then for any ¢ € Lk, for p > 2, there exists
constant Ay |, independent of N and yyp, such that

lpllh,
NP2

E[| @20 - (nn\n,qb)m < Anjn (56)

We refer the interested readers to see the details in
Appendix 2.

Furthermore, by the Borel-Cantelli lemma, we have a
corollary as follows.

Corollary 3.2: Under Assumptions 3.1-3.4, for any ¢ € Lk,

lim
N—00,y4p,—>0

Fp s ®) = (Tu|n> ), as. (57)

4. Proof of the main Theorem

In this section we shall give the proof of Theorem 3.2. The proof
is by induction as in Crisan and Doucet (2002). Some technical
lemmas are listed in Appendix 3.

1. Initialization

Let {Xé}fi | be independent random variables with the same
distribution 7o (see Algorithm 2), then by (35) and (36) we
have:

N N
- 1 . 1 iy
To=52 0% = @od) =y ¢X.

i=1 i=1

Consequently, we have
- p
B[ | @0 ®) = (o100 ]
p

N
> (6 (X — Elp (X))
i=1

(412 C(p) ZE[|¢(X°) - Elp(X)] |p]

p/2
c(p) (ZE (o) - [¢><5<6>]|2])

(413 ZPC(p)

< E [l¢(X)F]
2 C<p> y
+ WEP/Z [lo )17
(A19) 2PT1C(p) i
= G E[leE)r]
AW .
=Aojlogp2 +Bo\oV0p+C0|o(7/0p) (58)

where Ag|o = 2p+1C(p),Bo|o = Cp|o = 0, and C(p) is a con-
stant that depends only on p.
With the similar argument as in (58), we deduce that

gl

@] #17) = (o0, 617

1
= —E
N [

Note that X} have the same distribution for all 7, so the expecta-
tion does not depend on i. Hence, one has

B[ @0 1610)|] < E[ |00 1819) = (o0, #17)]]
+E[| (010, 1619)]]
< 3E[lp X1 £ Mool llf

N

> (oG — E[|¢<5<z;>|f’])H < 2E[lp X)IP].

i=1

where Moo = 3, 1i.e.

E[ | @0 810)]] = Mojollg I, (59)
2. Prediction

Based on (58) and (59), by induction, we assume that for
n—1, for n > 1, there exist the generic nonnegative constants
An—l |n—1> Bn—l |n—1> Cn—l |n—1> and Mn—l | n—1> independent
of N and y;,—1,p, such that

E[| G e1o8) = Gt 10190 |



< Ap-1|n- 1%
+ (Buet | n=1Vn-1p + Cuet | n—1 V1) /P)  (60)
and
B[ e 101)]] = Macrjaealiollyy, (61
hold for all ¢ € L5,
2.1 Welook at E[| (7] ,_1>#) = (Tu|n-1,$)I’].
Let G, be the o-algebra generated by {X; ,i=1,...N},
1.€.
Gn1 20X} ,i=1,...N}. (62)
Notice that
I @Y 1) — (Tnjn-1,9)
= Ty ne12®) = Tl | uo1-K19)
+ (ﬂn,1|n,1,K1¢) — (Thin-1,9)
AL +D. (63)

In the sequel, we shall estimate E[|I;|P] and E[|L,|P], respec-
tively. '
As for I, according to Algorithm 2, we know that X:, ~

(/N Y e (dxr, | X ) =70,y (dxg,). 2
easily checked that

It can be

(”n 1|n— pK1P) = / K1¢(x)77n 1|n— 1d~x
/ / 2| DP@FY ||, ()

-1 Z[ Qdz| X)),

and

E[¢(X)|Ga1]

Z/ k1 (dz| X}, o (2).

Then we have

E[¢(F)|Gunt] = @ pporkio) (69
It follows that
1 .
L= [$G0) ~EleED)| 6] (69)
i=1
Then similarly as argued in (58), we have
E[IL1P|Gp1]
1 al ’
=Wk | [ [0 —E[6K)| Gumi ]]| |Gos

(A12)——(A14) 2PC(p)

= NP— ~No—1 ( T, 1) n— 1;K1|¢|P)
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M(ﬁf\’ K1]61P)
Np/z n—1|n—1"%1

2+ Cp)

e (66)

( T, 1|n— 1’K1|¢|p)’

where C(p) is a constant that depends only on p.
It can be easily checked that

E [(tx 6 k11917)] = E [i116 1 (Xy)] =

then it follows that

(et I1E

E [|¢|P(th+1)] > (67)

@ pomax {1>E[(7Tk\k,K1|¢|P)]}
=, nax {LE [k 1010)]} < ll9ll%, (68)

Now we obtain the estimate of E[|I;|P] by the tower property of
the conditional expectation
E[IL1F] = E[E[IL | Gur]]

(66)(61) 2P C(p)

= T MaunetliGale) Iy

lplh,
Np/2

(68)
< 22T1C(P)My—1|n—1

(69)
As for I,

E[IP] L B[, 0k0) — Gtk |

(60) 1ol
< Ay el
+ (anl [n—1¥Yn—1,p + Cu—1|n-1 (anl,p)l/p)
17,
SAn—lln 1—7—F7» Np/z +Bn 1|n—1¥Yn—1p
+ Cu1 n—l()’n—l,p)l/p, (70)
where the last inequality is due to the fact that
(41
gl , = max  ALE[(rxip gl ]}
=0,1,2,...,n—1
< Jpax (LE[I¢p Ky, DPT} < llihp  (7D)

since

p
E [(ti o 19 17)] = fR P, [ aazivee

< / P(X,, € dx) f (2|9l
R4 R4
— E 16X, 7].

where the first equality is due to the tower property of the
conditional expectation.
Combining (63), (69) and (70), we have

E[| 6N ors#) = Gonin10)| ]
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<N E[ILF] +E[ILF])

(69),(70) llo ||
Np/2
+ Zp_an—l [n—1Vn—1,p + zp_lcn—l | n—l(yn—l,p) Yp
||¢>||
Np/2

2 PTIC(PIMy—1 |1 + At | nm1) —

nln—1"7>--75

by Minkowski inequality and Jensen’s inequality, where
An |n—1 = 2p—1 (Z‘D—HC(P)MVHI |n—1 + Anfl | nfl),

-1 -1
Bnlnfl =27 anllnfb Cnlnfl =27 Cnfl\nfl-

2.2 We analyze E[| (%, ,,_;> [91P)]1.
Similarly as in (63), we have

T n1s 1O — (Tn a1, 191P)
= FEp oo 101) = @y k1loP)

+ @Yy k1ldl) = (T pao1s 101 £ T + 1.
As for I, we have

(ﬂn|n 1>|¢| )_(ﬁn 1 n— 1>K1|¢|p)

_ %; (0GP ~B[10GP| 6,4]].

Taking conditional expectation of |T; | with respect to G,,_, one

has
~ 2 N s
E[|L]Gu] = < D B[ 18| o]
i=1

= 2(7%711\] 1 ‘n_pK1|¢|p)-
Consequently, we have

(61),(68)

E[L]] =E[E[Tl|Gi1]] = 2Mu—1jn-1ldllh,

by tower property.
As for I, one obtain that

+Bn|n 1Vn— 1p+cn|n 1(Yn— lp) /p

(72)

(73)

(74)

B[R] 5 B[ @ o6 = (et p-nra i)

(41),(61)
< (Muctpnet + 1) lGea gD 210

(68)
< (My—1yn—1 + 1) oI5,
Therefore, we have

H(?Tnm 1’|¢|p)‘]

B[ 119 — o 6]

+ E[| (Taet  n—1, k11017 | | <M a1 1015

(75)

(76)

where M, | n—1 := 3M;_1|4—1 + 2, and the last inequality is due
to (61), (71), and (73)-(75).

3. Updating

In this step we analyze ]E[|(r~cfl\’| o ®) — (Tnins®)IP] and
E[|(#N T o |¢|P)|] from the apriori estimation (72) and (76).

3.1 We analyze E[|(Z)), ,, #) — (Tn| > ) |P].

By (38) we have

= (ﬁlivlw(b) - (”n|n>¢)
1 & .
= @) — 5 D E[9G11)| Guo]
i=1
1 o g LN )
+ 3 ;E [¢(Sn(1))‘ Qno] Y, ;]E[¢(sn(1))| Guo]

N
1 _.
+ 5 2 E[@GL )] Guo] = (1o 200)

i=1
+ T oo k2n®) = (Tn| 1> K2n®)
ST+ T, + T3 4 Ty, (77)

where G := 0({3’ (0)},Y,), apparently G, C Gno with G,
defined in (62). Sl (1) denotes the solution of (43) at A = 1 with
initial value S’n (0) for every i. It can be seen that both S’n(l) and
3;(1) are measurable w.r.t. G, by (43) and (44).

As for Iy, we have

m=- > (@0 - B[@|Gu]) =0, 9

i=1

where the last equation is due to the fact that Sil(l), 1<i<N
are measurable w.r.t. G,.
As for IT,, we have

1 N = 1 N -
=FLE (66| G - > E (oS0 G

N
1 i i
=32 (#G,) - #G1)). 79)

To estimate E[|TT|P] at the end, ‘we take the conditional expec-
tation of |IT,|? first. Since both S}, (1) and S}, (1) are measurable
w.r.t. G0, we have

1 N » . P
5 2 (66w -6,
1=1

N

1
SNEC{;
=

where the inequality is due to Jensen’s inequality and Assump-
tion 3.2. By the tower property of the conditional expectation,
we have

E[ 2P| Guo] =

Sy -8,

(80)

E[TLP] = E[E[IT2| Guo]]



Sa)—§ (1)‘ ]

(45) 1 ZE[

(52)
< Chvmp. (81)
As for I3, let us look at the second term in IT; first,
1 & )
1 Kon) = < D konb (85,(0))
i=1
1 N
=— ds|Si (0), Y,
N;/dezn( $13,(0), Y ()
) 1w
= — S d
P ETTEL
1S
=5 2_ G, (82)
i=1

Thus, we have

N
1 _.
= 2 E[6G, )] Gw] = Gl 1:k209)
i=1
@ 1 iuz[mf )| Guo] %cp(éf (1) =0
SN i=1 " " N i=1 ' o
(83)

where the last equality holds due to g;(l) is G,,0- measurable.
As for Iy, one has

=Kl 41> K2n) —

(72) 7
S An|n ICV’ p/2 +Bn|n 1Vn— Lp

E[|T14/7] (T n—1>k2n®) IF]

+ Cu i1 (1) P, (84)

where C,, = max{1/Cy, 1 <k < n}, and Cy is the normaliza-
tion constant in (10). This is because

(70 o 1209 IP)

(10)
< (7k k=1, Kk2n [#IP) /Ck

(18

2 / P(S}(0) € dx| Fy, )
R4
. /R PSL(D) € d2S}0) = % Y0 [P /Cr

=/ / P(SL(0) € dx| Fy )
R4 JRA
x P(Si(1) € dz|8,(0) = x, V) - [¢(2)P /Cy
) / f P(S.(0) € dx| )
R4 JR4
x P(Si(1) = dz| $;(0) = x, F4,) - 16 @) /Ci

= [P0 = 8217 @I /Ci = (o 81) /G

(85)
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where the first and last equalities follow from Theorem 2.1.

Similarly as in (72),

B[], ) — G|

OB g (1, + T1P] < 2271 (B[ITP] + E [ITLPP)

81,84 el
= 2P 1( nln— lcn +(C§+Bn|n—1)yn,p

Np/2
+ Cuin—1 (Vn,p)l/p)

P
—r + By [nVnp + Gy | n(Vn,p)l/p’ (86)

where An,n =24 n1Cus  Bupn =20"1(Ch + Buju-1),
Cn\n = 2P~ Cn |n—1-

3.2 As for the E[l(n | [@1P)1], firstly we can get

N (ﬁ% e |¢|p) - (nn\m |¢|p)

N
= G 161 = = SB[ 190G Guo
i=1
1 o »
+ ﬁ;E[W(Sn(l)NP’%o]
1 .
— 5 2 E[1#G, )] Guo]
i=1

N
1 i ~
+ 5 ;E[Icﬁ(sz(l))lf’! Gro] = &N 1o k2uld 1P
+ | n1s K2nl@lP) = (T ne1, k20 |B1F)
2 Iy 4 Iz + I3 + M. (87)

Using the similar procedures as for IT;, IT3 and I14, we can
obtain that

M, =0 T3=0, (88)
and
B[] "5 MapaCalgil, (59)
Now we only need to deal with IT,.
B[|fa] = < i E[[loGanr - s anr]
AT
< 5 2 E[Cop S = S,0]]
i=1
<Cop(rnp)"?, (90)

where the last inequality follows from Theorem 3.1.
It follows that

o] "= e f]ne]] =[]
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(89),(90) _
My n1Cull @115, + Copp (Yup) /P

<My n-1Cullp by + Cop(Tn) 2B 110

o1)

where the last inequality is due to the fact that ||¢||ﬁ,p > 1and
Ynp < I by (41) and Assumption 3.4.
Therefore we have

B[ o] T B[ 0 168) — i 16|
+E [|(7Tn|n> |¢|p)|] = Mnln”d)

where My | = (Myjn—1Cy + Cpp(I)/P) + 1, and the last
inequality is due to the fact that ||¢ ||ﬁ,p is non-decreasing w.r.t.
n.

In summary, (55) holds for all » > 0 by induction. W

p
n,p>

5. Simulation

In this section, we verify our theoretic result by a benchmark
numerical experiment (Yang et al., 2014). Let us consider the
following linear continuous-discrete filtering system:

idxt — AX, dt + dB,, )

Yl’l = Hth + GWWH)

where A = —0.5, H=23, og =1, ow =2, {B;} is the stan-
dard Brownian motion process, {W,} is the standard Gaussian
white noise, and {B;}, {W,} are mutually independent. Discrete
observations are available at time t,, = 0.5, 1.0, .. ., 10.

To compare the performance, we introduce the MSE based
on 500 realizations which is defined as follows:

N;
5 (x

n=0

1 500 1

':ﬁizl N, +1

$)?
MSE ~%0), 09

where Xt(i) is the real state at instant t,, in the i-th experiment and

)A(t(;) is the estimation oth(;), with0<t,<10,0<n<N; =
100. We use Euler’s method in time discretization with the same
time step of 0.05 s in both ¢ and A.

Here N is the number of particles. Firstly, we use N = 100
particles in FPF and modified FPE. The estimation results of KE,
FPF and modified FPF in one trail is displayed in Figure 4. It
can be seen that both FPF and modified FPF have a well per-
formance as that of optimal KE The average running times of
KE FPF and modified FPF with 500 simulations are 0.0016,
0.0034 and 0.0031, respectively. Apparently, these three algo-
rithms can track the real state very fast and can be implemented
in a realtime manner (Luo & Yau, 2013a).

Furthermore, to investigate the performance of modified
FPF with different number of particles, we choose the num-
ber of particles ranging from 20 to 110. As suggested by our
theoretical result (56) with p = 2, the MSE of modified FPF is
bounded by O(1/N). We plot the MSE of modified FPF with
different number of particles in Figure 5. It is shown that, when
the number of particles N is relatively small, the error is approx-
imately linear with 1/N. But we cannot reduce the error further
by increasing the number of particles, since the MSE has a lower
bound (Jazwinski, 1970).

—¥— Real state
- == KF

1.5
2oL L L L L
0 2 4 6 8 10
time(s)
Figure 4. The estimation results of different methods with N = 100.
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Figure 5. The relationship between MSE and 1/N.

6. Conclusion

In this paper, we investigate the convergence of FPE. For some
technical reason, we modified the standard FPF in predicting
step, called modified FPF in our paper. Under some assump-
tions, we prove that, for a class of function ¢, the estimate given
by the modified FPF converges to its optimal estimate as the
number of the particles tends to infinity and the approximation
errors of {K, €, ]:l} go to zero. The estimate error is controlled
by two factors, the one is the number of particles, and the other
one is from the numerical error in computing the control input
in updating step. The theoretical results have also been verified
by a benchmark numerical experiment.

Notes

1. k() : (RY, BRY)) — [0, 1] isa Markov transition kernel on Z(R%)
if, for any x € R% «(-|x) is a probability measure and, for any A €
B[R, k(A |-) is a measurable function.



2. According to the standard FPF, one samples from 5(;, ~k1(dxy, X ).

tn—1

Therefore, {5(;,} have different distributions, for each i = 1,2,...,N,
but X ~ § 3, «1(dx, [X], ) in modified FPF are i.id..
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Appendices
Appendix 1. About Theorem 2.1

Let us take a logarithm of both sides of (10):

Inp*(x,t,) = Inp*(x,t,) + |:h(x)T(Yn — %h(x))] —InC,, (A1)

where C;l is a constant that does not depend on x, and this constant can be
dropped to obtain the recursion for the unnormalized density g* (¢, x):

Ing*(x, t,) = Ing*(x, £;) + [h(x)T(Y,, - %h(x))] , (A2)

where
*(x,t .l (x
p*(x)tn):u, o (o) _a )
/q* (o tn) A’ fq* (. t,) dx’

Let us define two homotopy functions ¢, (x, A) and p;; (x, A) as follows:

Cn(x,A) :=1In q* (x’ t;) + )‘h(x)T (Yn - %h(x)> >

exp (§n(x:A)

(A3)
f exp (£n (¥, 1)) dx’

on(x, 1) ==

where A € [0, 1] is the pseudo-time parameter.
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By construction, it can be easily checked that, for A = 0and A = I:

£n(x,0) =Ing* (x, t;) , tn(x, 1) =Ing* (x, t,)

Pr50) = p* (6.6, ) P26 1) = p* (x5 b). (ad)

And the evolution of p}; (x, 1) is described in the following proposition.

Proposition A.1 (Proposition 2 Yang et al. 2014): Consider the normal-
ized density function p};(x, 1) as defined in (A3) with A € [0,1]. Then its
evolution is given by the following partial differential equation: For A € [0, 1]

*

88/;:’ (6A) = p, (%, 1) [(h(X) —hoNTY, - %Ih(x)l2 + %W] » (A5)

where fl()») = [ pf (e, Mh(x) dx, |h()|? := h()Th(-) and |/h|\2 = [ pix,
MNhx)|? dx.

Let us denote 0, (x, A) the distribution of Si, (1) in (6). More specifically,
we have

pn(dx, 0) := P(S,(0) € dx| .F,_,), (A6)

on(dx, 1) := P(S'(1) € dx| ). (A7)

And the evolution equation for p,(x,2) is given by the following Kol-
mogorov’s forward equation (Jazwinski, 1970):

J
L02) = =V - (0K Ya = V - (1)

(A8)
If we can choose control input Uil (A) in (6), such that p,(x, 1) = p}(x, 1),
then by (A4), we have

on(60) =p* (0.1;),  palx1) =p* (x1,). (A9)

Therefore the functions {u(x, 1), K(x, )} (or control input U,i (A))in (6) are
said to be optimal if p, = pji. That is, given p,(-,0) = p;:(-,0), our goal is
to choose {u, K} in (6) such that the evolution equations of these distribu-
tions p, (x, A) and p*(x, 1) coincide (see (A5) and (A8) and thus p,(x,1) =
P*(x, ty). And the optimal {u, K} is given in the following Theorem 2.1.

Appendix 2. Linear gaussian case
If the filtering system (1)-(2) is linear and Gaussian, i.e.
dX; = AX, dt + dB,,

Yn = Hth + Wn; (AIO)

where A € R4, H ¢ R"*4 (B}, W, and X are independent of each
other. The initial distribution px (x, 0) is Gaussian with mean vector 1o and
covariance matrix Xy. The following proposition in Yang et al. (2014) gives
the optimal control input {K, Q} for the system (A10).

Proposition A.2 (Proposition 3 Yang et al. 2014): Consider the d-
dimensional linear system (A10). Suppose the homotopy density function p,
in (11) is Gaussian, i.e.
_ 1 T 51

prl2) = ————exp| =2 (=) T = ) |
@m)z %2
wherex = (x1,..,x) T, = (1A, ..., waG) T is the mean, T, is the
covariance matrix, and | X, | > 0 denotes the determinant. A solution of the
boundary value problem (12) and (15) is:

d

meen) =3 [BHT] GO0, j=1m
k=1
Qx, 1) =(0,...,0),

where [x]y; is the (k, j)-th entry of the matrix x. Using K = [anT, ces V’?Z:;]n
we obtain K(x,A) = £; HL.

Appendix 3. Some Technical Lemmas

Lemma A.1 (Gronwall’s inequality): Let u(t) be a nonlinear function that
satisfies the integral inequality

t
u(t) < C+/ (b1()u(s) + ba()u” () ds,

to

(A11)

where ¢ > 0, o > 0, by (t) and by (t) are continuous nonnegative functions
fort > ty. For 0 < o < 1, we have

t
u(t) < {clf"‘ exp [(1 - oz)/ bi(s) ds]
to
: ¢ =
+(1 - o{)/ b (s) exp [(l—a)/ by(r) dr] ds} ;
to s

t
[b1(s) + ba(5)] ds;;
to

and for o > 1 with the additional hypothesis

to+h ﬁ
c< {exp |:(1 —a) by(s) dsj“
to

we also get for ty < t <ty + h, forh >0,

fora =1,

u(t) < cexp{
to+h —a
( — l)f by(s) ds}
ty

t 1 t
u(t) <c {exp |:(1 - a)f bi(s)ds| —c Yo — 1)/ by (s)
to J to

t 7 a—1
X exp [(1 —a)f by(r)dr ds} .

Lemma A.2 (Rosenthal type inequality Hu et al,, 2011): Let p > 0, and
let {&;, i=1,...,n} be conditionally independent random variables given
o —algebra G such that E[&; | G] = 0 and E[|£|P|G] < oo. Then

n n n p/2
E[ D& g}sap) [ZE(IEI"IQ)Jr(ZE(ISIZIQ)) }
i=1 i=1 i=1

4

(A12)
where C(p) is a constant that depends only on p. This inequality holds in the
almost sure sense.

Lemma A.3 (Hu et al., 2008): IfE[|£]P] < oo, then
E[Is —E&P] < 2PE[151], (A13)

foranyp > 1.

Lemma A.4 (Hu et al., 2008): If1 < r; < ryand E[|§]"?] < oo, then

BV [le] = BV igl]. (A1
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