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Outlier-Robust Iterative Extended Kalman Filtering
Yangtianze Tao and Stephen Shing-Toung Yau , Life Fellow, IEEE

Abstract—In this letter, we develop OR-IEKF which is a novel
outlier-robust iterative extended Kalman filtering (IEKF) frame-
work based on nonlinear regression formulation of update step. A
new Kalman-type update step with reweighted prediction covari-
ance and reweighted observation noise covariance are produced
under the OR-IEKF framework, which could cut off the large
outliers in observations causing by unknown outlier noises. By
using various robust cost functions to solve such special nonlinear
regression problems, we derive three algorithms. The performances
of these new filters are evaluated in a nonlinear system simulation
study.

Index Terms—Heavy-tailed noise, iterative extended Kalman
filter, Kalman filter, outliers.

I. INTRODUCTION

THE Kalman filtering (KF) [1] is a well-known state
estimator for linear Gaussian system, which is derived

based on minimum mean-square-error (MMSE) criterion [2].
For nonlinear system with Gaussian noises, people develop
different Kalman-type filtering algorithms such as extended
Kalman filter (EKF) [3], iterative extended Kalman filter
(IEKF) [4], unscented Kalman filter (UKF) [5]. They are
widely used in a large number of real-world applications of
engineering [6], [7]. However, these filters are derived by
MMSE criterion making them very sensitive to heavy-tailed
observation noises, which are frequently encountered in
practical applications. For instance, noises in target tracking,
audio communication, and power systems are frequently
non-Gaussian heavy-tailed, and are brought on by state and
observation outliers from outside interference or defective
sensors [8]. Therefore, the above mentioned KF and their
extensions performances can be much degraded in such cases.

How to improve state estimate robustness against non-
Gaussian heavy-tailed observation noises has been the focus
of many recent works. One perspective is to model distribution
of heavy-tailed observation noises by pre-selected distribution
family. For instance, the authors in [9] used variational Bayes
to do inference while assuming t-distributed observation noise.
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Nevertheless, these filters are not useful for handling multiple
dimensions system. The sequential Monte Carlo sampling based
methods (or say Particle filter) [10] can also be used to handle the
non-Gaussian noises. However, in order to mimic non-Gaussian
state and observation noises, their performances largely rely
on the pre-selected distribution family. Unfortunately, choosing
the appropriate distribution family to characterize the above-
mentioned unknown non-Gaussian noises is quite challenging.
Using inaccurate or even erroneous noise distributions will
drastically reduce the estimation performance. Moreover, high
computational complexity of these methods makes them signif-
icantly more difficult to implement in real time. More practical
approach is regression-based filtering. The resulting algorithm
exhibits a similar framework of Kalman-type update step but
with a modified prediction covariance and modified observation
noise covariance. For example, a classical robust regression
technique called M-estimation [11] has been used to develop
robust Kalman filer called Huber-based KF [12]. It is derived by
Huber function, which is a cost function combining l1 norm and
l2 norm. Besides Huber’s robust statistics, information theoretic
quantities (e.g., correntropy [13], Renyi’s entropy [14]) can also
be used as a robust cost for estimation problems to derive new
filters [15], [16], [17]. However, these filters are based on the
robust linear regression formulation. Therefore, the natural gen-
eralization in nonlinear regression became the main motivation
of this letter. More explicitly, we note that, for nonlinear system
the update step of Kalman-type filtering can be transformed
as a special nonlinear regression problem. This gives rise to
an optimization framework to modify its update step. Then the
iteratively reweighted least squares (IRLS) [18] can be applied
to solve such nonlinear regression problems. With different
robust cost function, we get new iterative extended Kalman
filtering (IEKF) framework as outlier-robust IEKF (OR-IEKF).
We apply Huber function [11], t-likelihood [19] and correntropy
and correntropy to derive three new algorithms. It is necessary
to note that the robustness of these cost functions is controlled
by specific tuning factors. And these derived filters and effects
of different tuning factors are evaluated in a nonlinear system
with presence of Gaussian mixture noise with large outliers and
multi-modal noise.

II. OUTLIER-ROBUST FILTERING PROBLEMS

Throughout this article, we consider the nonlinear au-
tonomous system with statexk ∈ R

n and observationyk ∈ R
m.

It is given by the following state and observation equations:

xk = f (xk−1) +wk (state equation), (1a)

yk = h(xk) + vk (observation equation), (1b)

where f : Rn → R
n and h : Rn → R

m are nonlinear functions
called state function and observation function, respectively. State
noisewk and observation noise vk are uncorrelated multivariate
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Gaussian with zero means and nominal covariance matrices
Qk ∈ R

n×n and Rk ∈ R
m×m, respectively. In what follows,

we assume that the real distribution of observation noise is
unknown to us. And the real distribution of observation noise
is (1− ε)N (0,Rk) + ε S(0,Sk) rather than N (0,Rk), where
0 < ε� 1 is the unknown probability, and S(0,Sk) is an ar-
bitrary unknown distribution with large covariance Sk. Here
Rk is known to us, so it is called the nominal covariance
matrix. Let y1:k denote the σ-algebra generated by noisy obser-
vations {y1, . . . ,yk} induced by unknown large outliers. The
outlier-robust filtering problem refers to solving the following
conditional estimation problem:

ϕ̂k = argmin
ϕk

E
[‖ϕk − ϕ(xk)‖2 | y1:k

]
, (2)

where ϕ(x) is a function of estimation interest (e.g., ϕ(x) = x
or ϕ(x) = xx�).

III. NONLINEAR REGRESSION FORM AND ROBUST

OPTIMIZATION FRAMEWORK

To facilitate the subsequent discussion, x̂k|k−1 and x̂k|k will
be denoted as desired estimation means of prediction at time
steps k − 1 and k respectively. Pk|k−1 and Pk|k will be corre-
sponding prediction covariances respectively.

A. Nonlinear Regression Form

Here we shall first illustrate how to view the update step of
extended Kalman filtering as a nonlinear regression problem.
Assume that we have obtained x̂k|k−1 and observation yk. Then
let us first consider the augmented model, which is given by[

x̂k|k−1

yk

]
=

[
xk

h(xk)

]
+Vk, (3)

where Vk is given by

Vk =

[−(xk − x̂k|k−1)
vk

]
. (4)

Then it is easy to see that

E
[
VkV

�
k

]
=

[
Pk|k−1 0

0 Rk

]
= BkB

�
k , (5)

with

Bk =

[
Bp

k|k−1 0

0 Br
k

]
, (6)

where Bp
k|k−1 and Br

k are Cholesky decompositions of Pk|k−1

and Rk, respectively. Left multiplying both sides of (3) by B−1
k ,

we obtain

dk = mk(xk) + ek, (7)

where dk =

[
(Bp

k|k−1)
−1x̂k|k−1

(Br
k)

−1yk

]
, mk(xk) =[

(Bp
k|k−1)

−1xk

(Br
k)

−1h(xk)

]
. Note that ek = B−1

k Vk, which implies

E[eke
�
k ] = In+m. Hence the residual error ek is white noise,

which makes (7) become a nonlinear regression function.

B. Robust Optimization Framework

With the help of regression function (7), we can formulate a
optimization-based filtering update step. It is given by

x̂k|k = argmin
xk

L (xk) , (8)

where the cost function L(·) is regression-induced in nature. It
is given by

L (xk) =
n+m∑
i=1

ρ (ek,i) , (9)

with ek,i is i-th component of the residual vector ek. ρ is a
robust cost function that is used to cut off the outliers. Note that
for L(xk), we have

∇xk
L (xk) =

m+n∑
i=1

∂ρ (ek,i)

∂ek,i

∂ek,i
∂xk

. (10)

Let we consider the following diagonal matrices,

Ψx (ek) = diag [ψ(ek,1), ψ(ek,2), . . . , ψ(ek,n)]

Ψy (ek) = diag [ψ(ek,n+1), ψ(ek,2), . . . , ψ(ek,m+n)] , (11)

and

Ψ (ek) =

[
Ψx (ek) 0

0 Ψy (ek)

]
(12)

with weight function ψ(ek,i) =
∂ρ(ek,i)
∂ek,i

/ek,i. Notice that dk

does not depend on xk. We can denote

M(xk) = ∇xk
ek =

∂ (dk −mk(xk))

∂xk
= −∂mk(xk)

∂xk

∇ek
L (xk) = Ψ (ek) (dk −mk(xk)) .

(13)
Then the gradient (10) can be rewritten by

∇xk
L (xk) =

(
∂ (dk −mk(xk))

∂xk

)�
Ψ (ek) (dk −mk(xk))

= M(xk)
�∇ek

L (xk) .
(14)

The solution of ∇xk
L(xk) = 0 can be derived using iteratively

reweighted least squares (IRLS) [18], which is of the form

x
(j+1)
k = x

(j)
k −

(
M(x

(j)
k )�Ψ(e

(j)
k )M(x

(j)
k )

)−1

×M(x
(j)
k )�Ψ(e

(j)
k )

(
dk −mk(x

(j)
k )

)
, (15)

where the superscript (j) refers to the iteration index.
Remark III.1: Equation (15) is similar to the derivation pro-

cess of standard IEKF in [4], where the IEKF is equivalent to
Gauss-Newton method from an optimization perspective.

IV. ITERATIVE OUTLIER-ROBUST EXTENDED KALMAN

FILTERING

In this section, the novel OR-IEKF framework is presented.
Its prediction step is the same with the common EKF, i.e.,

x̂k|k−1 = f
(
x̂k−1|k−1

)
Pk|k−1 = FkPk−1|k−1F

�
k +Qk, (16)
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Algorithm 1: OR-IEKF.

1: Input: f(·), h(·), Qk, Rk, ρ(·), ε, α
2: Output: x̂k|k for k = 1, 2, . . . , N
3: Intitialization. Start with initial filtering mean x̂0|0

and filtering covariance P0|0.
4: for k = 1, 2, . . . , N do
5: Compute prior mean x̂k|k−1 and prior covariance

Pk|k−1 via (16).;

6: Let x(0)
k = x̂k|k−1 and compute x

(1)
k via (17).

7: while ‖x(j+1)
k −x

(j)
k ‖

‖x(j)
k ‖ > ε do

8: Compute iterative solution x
(j+1)
k via (19) with

corresponding update of K(j+1)
k in (18).

9: end while
10: Update filtering covariance matrix Pk|k using (21).
11: end for

where Fk = ∂f
∂xk

|xk=x̂k−1|k−1
. The update step is given in (15).

With initial point x(0)
k = x̂k|k−1, we can further simplify (15)

by using the matrix inversion lemma [20]. The result is

x
(j+1)
k = x̂k|k−1 +K

(j)
k

[
yk − h

(
x
(j)
k

)

− H
(
x
(j)
k

)(
x̂k|k−1 − x

(j)
k

)]
, (17)

where

K
(j)
k = P

(j)
k|k−1H

(
x
(j)
k

)� (
H

(
x
(j)
k

)

× P
(j)
k|k−1H

(
x
(j)
k

)�
+R

(j)
k

)
, (18)

with P
(j)
k|k−1 = Bp

k|k−1(Ψx(e
(j)
k ))−1Bp

k|k−1, R
(j)
k = Br

k

(Ψy(e
(j)
k ))−1Br

k and H(x
(j)
k ) = ∂h

∂xk
|
xk=x

(j)
k

. For numerical

stability, when k ≥ 1, we introduce the step parameter
0 < α ≤ 1 for modification. This means that we first use
(17) to compute x

(1)
k without using step parameter α. For

k ≥ 1, we shall use step parameter α with initial guess x
(1)
k ,

which means that (17) can be rewritten as

x
(j+1)
k = x̂k|k−1 + αp

(j)
k , (19)

where the direction p
(j)
k is given by

p
(j)
k = K

(j)
k

[
yk − h

(
x
(j)
k

)
−H

(
x
(j)
k

)(
x̂k|k−1 − x

(j)
k

)]
.

(20)
After iterations, we shall obtain converged solutions xk and ek.
The recursion of filtering covariance can be computed by

Pk|k = (In −KkH (xk))B
p
k|k−1 (Ψx(ek))

−1 Bp
k|k−1. (21)

Here we summarise the steps of OR-IEKF in Algorithm 1.
Remark IV.1: Note that, if Ψ(ek) = In+m, the above iter-

ations reduces to the IEKF solution. In addition, when the
observation is linear, the solution reduces to the standard linear
KF update.

TABLE I
THREE ROBUST COST FUNCTION EXAMPLES

A. Robust Cost Functions

Note that in (12), the itemψ(ek,i) =
∂ρ(ek,i)
∂ek,i

/ek,i plays an im-
portant role in cutting of large outliers. We shall call it the weight
function. The scalar function ρ(x) is called robust cost function.
Let us denote ρ, ψ by ρτ , wτ , where τ ∈ R is a tuning factor.
Here we consider three examples, which are given in Table I.
They correspond to the three new iterative filtering algorithms;
namely, Huber-IEKF, t-likelihood-IEKF and Correntropy-IEKF.

Remark IV.2: While there are several other robust cost func-
tions available, such as Andrew, Biweight, Hampel, Logistic,
and more [21], [22], this letter focuses on developing an algorith-
mic framework. Our future work will concentrate on developing
IEKF that integrates these robust cost functions.

V. SIMULATION

In this section, we shall evaluate our proposed filters in a
nonlinear system benchmark. We abbreviate our three new filters
as Huber-IEKF, Tlike-IEKF and Corr-IEKF. We shall compare
them with EKF, IEKF, MCC-EKF [15] and MEE-EKF [23],
where MCC-EKF and MEE-EKF follow the nonlinear exten-
sions proposed in [24]. The iterative convergence threshold
is ε = 0.001 and step parameter is α = 0.5. The time steps
and Monte Carlo runs are set by N = 1000 and M = 100,
respectively. The comparison metrics are RMSE and ARMSE,
which are defined as

RMSE(k) =

√√√√ 1

M

M∑
i=1

(
‖x(i)

k − x̂
(i)
k ‖

)2

ARMSE =
1

N

N∑
k=1

RMSE(k). (22)

Here RMSE(k) is the RMSE at time step k, and x
(i)
k , x̂(i)

k are
the true and estimated state in i-th experiment at time step k.

A. Nonlinear Model

We consider a nonlinear system, which is given as follows:

xk =

(
I2 + κ1

[ −1 0.1
0.1 −1

])
xk−1 + κ2 cos(xk−1) +wk,

yk = xk + sin(xk) + vk,
(23)

where x0 ∼ N (0, 25I2), κ1 = κ2 = 0.1 are constants control-
ling the state dynamics. Let Q = R = I2 be nominal state
covariance and nominal observation covariance. We shall look
at two different non-Gaussian noises.
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Fig. 1. RMSE comparisons over time steps for different noise cases. The left and right in the figure above correspond to case A, case B, respectively.

TABLE II
PERFORMANCE COMPARISONS WITH Rk CHOICES FOR NOISE CASE A

� Case A: The real state noise is Gaussian and real observa-
tion noise is a mixture of Gaussian, i.e.,

wk ∼ N (0,Q), vk ∼ 0.9 N (0,R)+0.1 N (0, 1000R),
(24)

� Case B: The real state noise is Gaussian, and the real
observation noise has multi-modal distribution, i.e.,

wk ∼ N (0,Q), vk ∼ 0.8 N (0,R)

+ 0.1 N (−10, 1000R) + 0.1 N (10, 1000R), (25)

For the above two noise cases, we present RMSEs of EKF,
IEKF, MCC-EKF, MEE-EKF, Huber-IEKF, Tlike-IEKF and
Corr-IEKF over time steps for different noise cases in Fig. 1.
To better exhibit the RMSEs, the RMSEs are smoothed using a
moving average method with span of 20 steps. Here we set tuning
factor τ = 1.345, 1, 2 for these robust functions, respectively.
Note that for both cases, our proposed OR-IEKF algorithms
outperform the EKF, IEKF, MCC-EKF and MEE-EKF. These
results demonstrate their effectiveness in the presence of various
non-Gaussian observation noises. Moreover, as the OR-IEKF
algorithm has shown superior performance compared to the
MCC-EKF and MEE-EKF, the effectiveness of the robust al-
gorithm using the IEKF framework instead of the conventional
EKF framework has been highlighted. We found that these three
filters maintain very robust and stable estimates that change over
time, unlike EKF and IEKF, which are greatly affected by large
outliers, thus making their estimation performance degraded
severely.

In [25], the selection ofRk is highlighted as a key factor in the
KF performance. To evaluate our algorithm’s performance with
different Rk choices, we compare results using three choices:
R̂k, the true covariance of observation noise; Rk; and Sk.
While we may not have access to R̂k and Sk, comparing results
using these values can help identify an optimal choice for Rk.
These results are listed in Table II. It should be noted that when
using Rk and R̂k, the OR-IEKF algorithms outperform other
algorithms and have similar robust performance. This implies
that the robust estimate of OR-IEKF algorithms can be achieved

Fig. 2. ARMSE comparisons with different tuning factors for noise case A.

simply by using Rk. Moreover,all algorithms exhibit similar
performance when using Sk and their performance are worse
than those of the former two cases. These results demonstrate
that Rk is a good choice for implementing robust filtering
algorithms in the presence of unknown large outliers. More-
over, we found that their CPU time is only roughly twice that
of IEKF, demonstrating that good robustness may be attained
with only a little increase in computational cost. Additionally,
since they are all Kalman-type, real-time performance can be
guaranteed. Besides, to see the effect of different tuning factor τ .
We conduct experiments for case A with tuning factors ranging
in [0.5, 1, 2, 3, 5, 10, 20, 50, 100]. These results are presented in
Fig. 2. Notice that as the tuning factor increases, their robustness
first decreases, then increases, and finally degenerates to the
scale close to the robustness of IEKF. Furthermore, observe that,
for Table I, Huber-IEKF performs better than Tlike-IEKF and
Corr-IEKF, but as the tuning factor increases, Tlike-IEKF and
Corr-IEKF perform better than Huber-IEKF. This demonstrates
that by selecting appropriate tuning factors, higher robustness
can be attained in practical situations.

VI. CONCLUSION

In this letter, we introduce OR-IEKF, a novel outlier-robust
IEKF framework built on a nonlinear regression formulation.
In order to solve such unique nonlinear regression problems
with various robust cost functions, we introduce a new Kalman-
type update step with reweighted prediction covariance and
reweighted observation noise covariance under the OR-IEKF
framework. This step is controlled by a predetermined tuning
factor related to the given robust cost function. For three distinct
robust cost functions, we derive three different algorithms. The
efficiency of the proposed algorithms has been validated through
the simulation study. Moreover, the effects of different tuning
factors are also evaluated.
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