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Ever since the technique of the Kalman filter was popularized,
there has been a lot of research interest in finding more classes of
finite-dimensional recursive filters. In past research, the estimation
algebra method could only be used for time-invariant systems. In this
article, we extend the estimation algebra method so that it applies
to a general class of time-varying filtering systems. Then, the Wei-
Norman method can be used to derive the explicit solution of the
posterior distribution of state estimation. As a special control law,
tangent flow is derived for the nonlinear filtering system based on the
Monge-Ampere equation in optimal transport. As a result, we propose
an optimal transportation filter by applying stochastic tangent flow to
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Yau filtering systems. The numerical experiments demonstrate the
higher efficacy and accuracy of the proposed optimal transportation
filter compared to common traditional algorithms such as the extended
Kalman filter and feedback particle filter.

[. INTRODUCTION

In the 1960s, Kalman and Bucy [1], [2] first proposed
linear filtering systems with Gaussian initial distributions.
The general nonlinear filtering (NLF) problem is described
by the following stochastic differential equations (SDE):

dx, = f(t, x;)dt + op(t, x;)dB; 0
dy, = h(t, y,)dt + dW,

where x; € R", y, € R™ are state and observation vectors,
respectively, f € R", op € R"", h € R are C* functions
and B;, W, are Wiener processes of appropriate dimen-
sion with E[dB,dBT] = Q(t)dt, Q(t) > 0, E[dW,dW,T] =
S(t)dt, S(t) > 0. Here, we refer to f (¢, x,) as the drift term,
O(t), S(t) as the covariance matrix of noises.

Itis acentral problem for the filtering algorithm to calcu-
late the expectation of the conditional distribution p(x;|Y;),
where Y, is the o -algebra generated by the process {y;, 0 <
s < t}. In the 1960s, Duncan, Mortensen, and Zakai [3],
[4], [5] independently derived Duncan—Mortensen—Zakai
(DMZ) equation, which is satisfied by the unnormalized
conditional density. The DMZ equation can be further
transformed into the robust form [6]. In the 1970s, Brockett
and Clark [7], Brockett [8], and Mitter [9] independently
proposed to construct finite-dimensional filters by using the
estimation algebra method. Traditionally, the robust DMZ
equation can be solved by the Wei-Norman approach [10]
if one knows the explicit basis of estimation algebra. So
seeking more filters with finite-dimensional estimation al-
gebra (FDEA) is quite meaningful. Furthermore, there are
many other ways to solve the DMZ equation. For example,
Yau and Yau [11] proposed a new effective method to
solve the “pathwise-robust” DMZ equation. Recently, an
approximate real-time filtering algorithm was proposed to
solve the robust DMZ equation based on “direct method”
and Gaussian approximation [12], [13]. There are many
other approximate algorithms to construct suboptimal filters
to solve NLF problems such as the extended Kalman filter
(EKF) [14], the unscented Kalman filter (UKF) [15], and
particle filters (PF) [16]. Due to the importance of the
estimation algebra method in NLF problems, a lot of work
was focused on the classification of FDEA. Since the 1990s,
in a series of works [17], [18], [19], [20], [21], [22], Yau and
his collaborators have completely classified FDEAs with
maximal rank on an arbitrary state space dimension, which
include both Kalman—-Bucy and Benés filtering systems as
special cases. Since the 2000s, Yau and coworkers finished
the complete classification of the estimation algebra of state
dimension 2 and deeply studied nonmaximal rank FDEA
with state dimension no more than four [23], [24], [25],
[26], [27]. Recently, Jiao and Yau [28] made significant
progress and constructed a new class of finite-dimensional
filters with nonmaximal rank FDEA on an arbitrary state
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space dimension. However, exploring estimation algebra
structure in the time-varying filtering system is still an open
problem. The classification of FDEA made by Yau and his
coworkers can naturally yield a formal explicit solution
of the DMZ equation by the Wei-Norman method [29].
However, the formal solution derived by the Wei-Normal
method is still hard to calculate numerically, especially in a
high-dimensional situation.

With the consistent update and progress of sampling
technology, the particle filter algorithm has been greatly
developed in recent years. Several variants of the PF have
emerged that employ resampling techniques to address the
degeneracy problem. A framework for a gradual transition
before the posterior was introduced in [30]. An important
breakthrough came from feedback particle filter (FPF) [31].
The FPF applies a feedback structure to each particle and
can be regarded as a generalization of the traditional linear
regression filters such as the UKF or the smart-sampling
Kalman filter [32].

Optimal transport (OT) is an old but very active research
area. Starting from the original formulation of Monge, and
the relaxation of Kantorovich [33], and following up with a
sequence of important works, the OT has become a powerful
tool in mathematics, physics, economics, engineering, and
biology. Briefly speaking, OT deals with the problems of
transporting from an initial distribution to a terminal distri-
bution in a mass-preserving the manner with minimum cost.
When the unit cost is the square of the Euclidean distance,
the OT problem induces an extremely rich geometry for
probability densities, especially Gaussian distribution [34].
And there are several filtering algorithms motivated by OT.
Taghvaei and Mehta [35], [36], [37] proposed an optimal
transportation method between prior and posterior distri-
bution that can lead to unique control law under linear
filtering with independent noise. Soon, the OT structure was
extended to a linear filtering system with correlated noise
in [38].

In this article, we first reformulate the controlled SDE
for density evolution into the tangent flow equation based on
optimal transportation using the Monge-Ampere equation.
Generally speaking, itis hard to construct the corresponding
tangent flow explicitly since it depends on the explicit
expression of posterior densities. Second, we will extend the
estimation algebra method to a new class of time-varying
filtering systems so that the tangent flow can be calculated
explicitly. And we shall prove this class of time-varying fil-
tering system possesses FDEA and includes time-invariant
Yau filter [17] as a special case. Finally, we explicitly cal-
culate the tangent flow of the time-varying FDEA system.
It can be considered as the nonlinear extension of [36].
The algorithm of the tangent flow for the general filtering
problem is open. Taghvaei and Mehta [37] derived the
corresponding tangent flow by first obtaining the exactness
equation and then setting the optimal coupling condition
to get the gradient form of control terms. Taghvaei and
Mehta’s series of works play an important role in the relation
between nonlinear filtering and optimal transport. Inspired
by their work about optimal transport filters, especially
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tangent flow, we exploit another new perspective to rederive
deterministic/stochastic tangent flow. More specifically, our
new derivation is based on the Monge-Ampere equation and
uses the PDE expansion technique. The two derivations are
ultimately equivalent. The benefit of our derivation is that it
gives a connection between the estimation algebra and the
tangent flow.

The map of optimal transportation used in this article
is motivated by the several methods that are used in un-
certainty propagation and Bayesian inference [39], [40],
[41], [42].

The rest of this article is organized as follows. In
Section II, we give some basic concepts including the filter-
ing algorithm, estimation algebra, and optimal transporta-
tion. In Section III, the FDEA of a class of time-varying fil-
tering systems is defined and an explicit solution of the DMZ
equation is derived by the Wei-Norman method. In Section
IV, tangent flow based on optimal transport is derived for the
nonlinear filtering system. By applying stochastic tangent
flow to a time-varying Yau filtering system, we proposed
a new optimal transport filter. We gave a detailed analysis
between the proposed method and the FPF. We present the
numerical algorithm in Section IV, the numerical results in
Section V. Finally, Section VI concludes this article.

[I.  BASIC CONCEPTS AND PRELIMINARY RESULTS

In this article, we use || - ||, to represent the L, norm of
the vectors or the matrices, || - || to describe the Frobenius
norm of the matrices. The Tr(A) is the matrix/operator trace.
The R is the real-number field. The E[-] is expectation
operator. The space of continuous and smooth functions
on R" is denoted as C*°(R"). The V is the gradient operator
of C*°(R")and V - () is the divergence operator of C*°(R").
And A(x) := V - (V(x)) denotes as the Laplace operator.
However, the At denotes the small time step. If A and B
are differential operators, the Lie bracket of A and B, [A, B]
is defined by [A, Bl¢p = A(B¢) — B(A¢) for any C*(R")
function ¢. We denote o as Stratonovich integral. Here, we
define two new operators, V() and V - (x), as follows:

V(QDO(L X)) = (V(pé(t» )C), e vw(r)n(t’ x))

where @o(t, X) := (P4 (t,x), ..., @, x)) is a m di-
mensional row vector value functions

V(K):=(V- &K't x), .... V- (K"t x))

where X! (t,x)with 1 < i < mare all n dimensional column
vector fields.
Combining the two new operators, we can define A () as

Agy(t,x) ==V - (Vey(t, x))

= (Aq)(])(tv-x)z ey A(p(';n(ts-x)

A. DMZ Equation and Robust Form

In this section, we first introduce a classical filtering
algorithm. In the continuous time-varying filtering system
(1), we assume that G(t) := UBQ(I)UBT is a positive definite
matrix. The posterior density p(¢, x) of X; conditioned on the
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observation history &, satisfies the Kushner equation [43]
as follows:

dp(t,x) = Lp@t,x)dt + (h(t,x) — h)"
x S™H(t)p(t, x) o (dy, — hdt) 2)
p(0,x) = po(x)
where
L(#) = Z Gy 1) g = Zﬁ
z] 1
(Z i _ l(h(z x) — h)"
x STNh(t, x) — hy) — c(t)) (*) 3)
and h, = [p, h(t,x)p(t,x)dx and c(t) = [p, 2(h(t,x) —

h)TS~V(h(t, x) — hy)p(t, x)dx, which can be considered as
a normalizing constant.

The unnormalized density function o (¢, x) of X; con-
ditioned on the observation history &, satisfies the DMZ
equation as follows [3], [4], [5]:

do(t,x) = Loo (t,x)dt + h' (t,x)S™ ()o (1, x) o dy,
o (0, x) = op(x)
4)
where
1 n
Ly := E[]Zl l]() Zflax
_ Z % — lhT(x HS hix, 1). (5)

The DMZ equation can be transformed into a PDE
with stochastic coefficients by using the following robust
exponential transformation

u(t,x) = exp[—K(, x)]o (¢, x)
K(x,t) = hT (x, )HS~ (t)y,. (6)

By using the robust transformation, we can obtain the robust
DMZ equation as

3 (r,x) = Lou(t, x) + [Lo, K(t, )]u(t, x)
+ 3[[Lo. K (1, )], K(t, x)]u(t, x)

3hT(t x)S ]y,u(t x)
u(0, x) = og(x)

where K(t x)=h" (1, x)S7 )y, [Lo, K(t,x)] = 3"

i,j=1

v Gij o — Xim Jigy» and [[Lo, K(t,0)], K(1,2)] =
n 0K 0K
Zi,]:l Gl 2 dxl dxj

B. Estimation Algebra of Time-Invariant System

Next, we will introduce some basic concepts about the
estimation algebra of a time-invariant system. In the fol-
lowing, in (1), we assume B;, W; are mutually independent
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standard Wiener processes and op is a constant orthogonal
matrix.

Then DMZ equation (4) will become (Stratonovich
form) as follows:

do(t,x) = Loo (t,x)dt + Y i Lio(t,x) o dy;(t)
@)
0 (0,x) = op(x)
where
| - i 1w 2
= : RCA— 2 (8
2;8 izfﬁx < 0x; = hi ®)
and L; is the zero degree differential operator of multiplica-
tionby h;, 1 <i <m.

Let
9 " [of: 5 ",
Di=— — f, = — ; he. 9
il ;(axl_+ﬁ>+;, 9)
So that

- iD-Z—n (10)
2 i=1 l '

The robust DMZ equation (7) will have the following form:

B, x) = Lou(t,x)+ Y, yi(O)[Lo, Lilu(x, 1)
L i)y (OI[Lo, Lil., Lilu(x, 1)
u0,x) = op(x).

Y
In the following, we give some basic concepts about esti-
mation algebra.

DEFINITION 2.1 A vector space J with the Lie bracket
operation ¥ x ¥ — F denoted by (x, y) — [x, y] is called
a Lie algebra if the following axioms are satisfied.

(1) The Lie bracket operation is bilinear.

2)[x,x] =0forallx € F.

(3) [x, [y, 21 + [y, [z, x1] + [z, [x, ¥

DEFINITION 2.2 The estimation algebra E of a time-
invariant filtering system is defined to be the Lie algebra
generated by {Lg, L1, ..., L,} with coefficient as real num-
ber R, i.e., E = (L(), ]’11, ey hm)L.A.'

DEFINITION 2.3 Let L(E) C E be the vector space con-
sisting of all the homogeneous degree 1 polynomial in E.
Then the linear rank of estimation algebra E is defined by
r ;= dim L(E). If r is equal to the dimension of state space,
we call £ has maximal rank.

=0,x,y,z€ .

DEFINITION 2.4 ([19]) The Wong matrix is a antisymmetric

(i) with 28 — 2L = ;. 1 < i, j <n.
: ,

matrix O = >
X;

C. Optimal Transportation

Finally, we introduce the basic concepts of the OT.

Let o and B be two probability measures on measure
spaces Qy and Qy, respectively. P(2) denotes the set of
probability measures on Q. Let ¢ : Qx x Qy — RT be a
cost function and c(x, y) measures the cost of transporting
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one unit of mass from x € Qx toy € Qy. The transport map
is defined below.

DEFINITION 2.5 Let o € P(Q2x) and B € P(Q2y). We say
that T is a transport map from « to g if

B(B) =« (T7'(B)) forall B-measurable sets B C Qy.
(12)

Equivalently, we write

B = Tua. (13)

Monge’s optimal transportation problem is formulated
as follows.

THEOREM 2.1 MONGE’S OPTIMAL TRANSPORTATION PROB-
LEM [44] Given o € P(Qy), B € P(Qy), let

I[7] = c(x, T(x))da(x)
Qx

(14)

where T : Qx — Qy is a transport map from « to B, i.e.,
B = Tya. Then Monge’s optimal transportation problem is
to minimize the above integral among all transport maps
from « to .

If we further assume that the density functions of «
and B are C? smooth, the optimal transportation map is the
gradient form of some function @, i.e., V®(x) = T(x). The
® function is determined by the following equation, which
is the so-called Monge-Ampere equation [44]:

Bo(x)
ap(Vo(x))

where V2®(x) is the Hessian matrix and o, By are the
density functions of « and S, respectively [45].

det V2 (x) = (15)

. OPTIMAL TRANSPORTATION FILTERING
ALGORITHM

In this section, we shall reformulate the known prob-
ability flow satisfied by controlled SDE as a tangent flow
based on OT. Tangent flow is a type of gradient flow and it
is hard to calculate explicitly for a general filtering system

(.
A. Optimal Transportation in SPDE

The key step of the Yau-Yau algorithm [46] is to dis-
cretize the time interval so that the PDE of posterior density
between time steps can be established.

In this subsection, we shall first derive the tangent flow
for the PDE (16) based on the Monge-Ampere equation in
optimal transport

ap
— =D(p), tel0,S
o (p) [0, §]

where D(-) is some differential operator and
p(t, ) € PA(RY)

:= {q is a distribution on R¢|xy € R

(16)

s.t. Eq [Ilx — xo0l13] < oo}

P2(R?) is the so-called Wasserstein space equipped with the
well-known Wasserstein distance W?2 [44].
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Considering the optimal transport problem between
two distributions p(z, x) and p(t + At, x), we will get the
following Monge-Ampere equation by letting the fy(x) =
p(t + At, x) and op(x) = p(t, x):
pt + At, x)
plt, V&, (x)
The Monge-Ampere equation is a nonlinear PDE that is
hard to solve, but luckily the p(t, x) and p(t + At, x) are
close when Af is small. So V2®, should be close to I,,
we can expand both sides of (17) in the asymptotic sense

of At — 0. First, we can expand p(t + At, x) according to
the following (16):

det V@, = (17)

pt + At, x) = p(t,x) + D(p(t, X)) At + O(Ar*).  (18)
Divide p(t, x) for both sides, which yields
t+ At D(p(t,
pl + A, x) -1 Mm + O(AY). (19)
p(t, x) p(t, x)

And, we consider expanding ®, (x). Since V>®, should be
x[?

close to I, then @,(x) should be close to 5-. So, we have

x|?

@, (x) = N + @1(t, x) - At + O(Ar?) (20)

where ¢, is an undetermined function. So, submit (20) and
(19) into (17), the left-hand side can be rewritten as

det V2O (1, x) = det(l, + V3@, (t, x,) - At + O(Ar?))
=1+ Api(t,x)- At +O(A?)  (21)

where the second equality holds since Lemma A.l in Ap-
pendix. And, the right-hand side can be rewritten as

pit+At,x)  plt+At,x)  pt,x)
pt, Vo, (x))  pt,x)  pt, Vd,(x))

_ (1 UL 0(At2))
p(t, x)

-<1— ! vp(t,x)f(vq>,(x)—x)+0(At2)>
p(t, x)

D(pt,x) r
pen o o PV
x Vi (t, x)At + O(A1?) (22)
where
V&, (x) = x + Vo, (£, ) At + O(Ar?). (23)

‘We can combine the two sides (21) and (22), and take At —
0, then we can get

D(p(, x))

Api(t, x) + (Viog p(t, x) Vi (t, x) = —
p(t, x)
(24)

Thus, we get optimal transport V&, (x) in Monge’s optimal
transportation problem in Theorem 2.1. We can design
probability flow x; o, = V®;(x;) and by using (23) which
leads to

Xevar = X + Vo (£, x ) At + O(Atz)- (25)
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In the asymptotic sense for (25), we get tangent flow
dx; = Ve (t, x)dt (26)

where xy ~ p(0, x). It is noticed that the posterior distribu-
tion of (26) satisfies the following Fokker-Planck equation:

ap(t, x)
ot
And, combining with (24), we have

op (at£ Y V. (Veu(t, pit, )

= —Api(t, x)p(t,x) — Vo (t,x) - Vp(t, x)"
D(p(t, x))
=—p(t,x) [ ——%

pt, x)
= D(p(t, x)).

So, we show that the densities of dynamical system (26)
satisfy (16). So, we call that (26) is the tangent flow for
(16).

In the following, we can extend the tangent flow to the
situation where density evolution satisfies an SPDE:

dp = D(p)dt + H(p)odl tel0,5]

==V - (Vo (, x)p(t, x)). (27

(28)

(29)

where D(-) and H(-) are some differential operators, and /;
is m—dimensional Gaussian process. Generally speaking,
I; is multidimensional, and H(p) is a m-dimensional row
vector function value operator.

Similarly, we consider a discretization of (29). Notice
that if we want to apply the Monge-Ampere equation, p(¢ +
At, x) and p(t, x) should be determined explicitly, which
means that the path of d/; is given in the analysis. In the
following, we take the realization of a stochastic process
I, = I,(w) by fixing w. For a time sequence {0 =) <1} <

- <ty =S}withn € ZT andt; = iS2™", we approximate
the ‘[’1—1; ~ i,(") =2"(l,,, — I, fort € [t;, ti11). So, we have

P p(”)
ot

where the , g 2"y, — 1,)ift € [t;, tiy1). As before, we
need to solve (17) and assume its solution has the following
form:

= D™+ HP™) - ;" (30)

2
~ X “n
D, (x) = % + @i1(t, x) - At + @o(t, )" At + O(AL%)

3D

where @1, ¢o = (@}, ..., @y are undetermined scale and

vector value functions. Similarly with (26), after getting

solution ®,, by using Theorem 2.1, we can get tangent flow
(30)

dx™

dt
where the ;" =2"(I,,, —1,) if 1 € [t;, fiy1) and x\" =
x. Here, the ?go()(t,x,(”)) is a slightly abuse of symbols.

In fact Voo(t, x) = (Vei(t,x), -+, Ve, x)).Inthe
following, we substitute the specific form of ®, to (17) and

= Vou (1, x") + Vo (1, x7) - 1" (32)

KANG ET AL.: FINITE DIMENSIONAL ESTIMATION ALGEBRA FOR TIME-VARYING FILTERING SYSTEM

expand the right-hand side of (17) as a series in terms of
At:

det V2O (r, x™) = 14 Ago(r, x™) - Al
+ A (1, x™) - At + O(Ar?) (33)
where (33) holds by using Lemma A.1 in Appendix. And,

p + At x)  pP@ + At x) p™ (1t + At x)
PO PR x)  poe,x)
(1 P d

PO, 3"y di

D(p™ T(p™
-<1+ (I;))At-i- (i))~
p p

At + O(Atz))

JACYNEE O(At2)>

D(p™
(i’ N
pm

Vpe, x,(”)) dx,(")
PO, 3"y di

H(p™)

o JARIN
14

At + O(AL?). (34)

Then, we take the limit n — oo which put Ar — 0, the
ODE (32) will converge to SDE according to Wong-Zakai
approximation as follows [47]:

dx, = Vo (t, x)dt + Voo(t, x,) o dI,. (35)

And, the left-hand side of (17) will become the following:

lim det V?®{"(x{")) = 1+ Ago(t, x,) o dl, + Agy(t, x,)dt
n— 00
(36)

the right-hand side of (17) will become the following:

plt,X) +dplt, x)
p(t, x)
1
=1+ ——[D(p(t, x)dt + H(p(t, x)) o dI,
pt, x)
— Vp(t, )" (Vor(t, x)dt + Vo, x)odl) ] (37)

Therefore, substituting (36) and (37) to (17), we will get the
constraint equation satisfied by ¢, and ¢y, we summarized
the result in the following Theorem.

THEOREM 3.1 (OPTIMAL TRANSPORTATION CONDITION FOR
THE SPDE) Let p(¢, x) be the solution of (29). Then, the
tangent flow for general SPDE (29) is

dx; = Vo (t, x)dt + v(;00(1‘7 x;) odl;. (38)

Here, go = (¢l, ..., &) is the vector value function and
satisfies the following:

H(p)

Ago(t, x) + V(log p(t, x)) Vey(t, x) = - (39)

where H is the m dimensional row vector operator.

Then, ¢; is the scale function and satisfies the following:

Dp

Agi(t, x) + V(log p(t, x) Vo (t, x) = - (40)
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The tangent flow of Kushner (2) can be constructed as
follows.

REMARK 1 (OPTIMAL TRANSPORTATION CONDITION FOR
THE KUSHNER EQUATION) Let p(z, x) be the solution of (2).
By using Theorem 3.1, we assume that H(p) = (h(t, x) —
h)TS~'(t)p and Dp = Lp, where £ is the operator defined
in Kushner (2) and /, = Jgn h(2, X)p(t, x)dx. Then, the tan-
gent flow for Kushner (2) is

dx, = Vi (t,x)dt + Veo(t, x,) o dl, (41)
where
Agpo(t, x) + V(log p(t, x))" Veo(t, x)
= (h(t,x) — h)"S7'(t) (42)
and
T Lp
Api(t, x) + V(log pt, x)) Vo (t, x) = - (43)

REMARK 2 The right-hand side of (42) and (43) is only
determined by the estimation algebra. As the form of (42)
and (43), the system of OT maps between the posterior
distributions is highly relied on the estimation algebra due
to the explicit expression for p(z, x).

B. Optimal Transportation Corresponding Dynamic
Flow

In the last subsection, we proposed a new way to op-
timally transfer the posterior distribution. In recent years,
there has been another dynamic-based PF motivated by the
mean-field control, which is the so-called FPF.

Similar to MCMCs [48], [49], although FPF [50] has
the guarantee of asymptotic accuracy, the effect of their
limited number of samples is usually difficult to guarantee
in practice, and due to the stochastic simulation and the
cross-correlation, its convergence is relatively slow [51].
Sampling from high-dimensional distribution, even Gaus-
sian distribution, is slow, which violates the real-time re-
quirements of high-dimensional filtering algorithms.

Numerous studies show that feedback control law is
not unique. Taghvaei and Mehta [35] proposed an optimal
transportation method between prior and posterior distri-
bution, which can lead to a unique control law in a linear
setting. Furthermore, Taghvaei and Mehta [36] proposed the
optimal transportation formulation of EnKF which can con-
struct a unique control law with noises. Taghvaei and Mehta
[37] summarized the development from the viewpoint of
optimal coupling. General-controlled SDE is formulated as

follows:
dx, = U(t, x)dt + K(t, x;) o dl, (44)

where K(z,x) := (K'(t,x), ..., K"™(t,x)) is a nx m-
dimensional vector function.

LEMMA 3.1 (FOKKER-PLANCK DENSITY EQUATION) The
forward Fokker-Planck density equation of (44) is deter-
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mined by the following SPDE:

dp = -V - (U, x)p(t, x))dt

— V- (K(t, x)p(t, x)) odl, 45)

where V- (K(t, x)p(t, x)) := (V- (X' (¢, x)p(t, x)), ...,
Vo (X"(t, x)p(t, x))).

Taghvaei et al. [37] gave a comprehensive review of
FPF. They derived the exactness condition satisfied by the
control term and from the optimization of optimal coupling
revealed that control terms must be in gradient form. This
resultis important to design filtering algorithms for different
nonlinear systems.

THEOREM 3.2 (FORWARD CONSISTENCY CONDITION
[37]) Consider the process x, that evolves according
to (44). If the forward Fokker-Planck equation is exactly
the Kushner equation of the filtering system. Then, the
control terms satisfy the following:

Lp(t,x) ==V - (U, x)p(t, x)) (46)
and
V- (K, x)pt, x)) = —(h(t, x) — b)) ST @)p(t, x). (47)

Due to that, the solutions of (46) and (47) are not unique.
There is a natural requirement for the control term, which
is to minimize the second-order moment

min / |U(t, x)|*p(t, x)dx (48)
U(t,x)
min / 15, )1 7-p(t, x)dx (49)
K(t,x)

where the conditions (46) and (47) are needed, respectively.
The optimal solutions of (48) are some gradient form [52].

REMARK 3 It is important to find that if we assume that
Vo(t, x) = K(t, x) and the Vo, (t, x) = U(z, x), then the
(46) and (47) will become (42) and (43), respectively. The
optimal solutions of (48) are exactly the optimal transporta-
tion conditions in Theorem 1.

C. Locally Optimal Transportation Method and General
Dynamic Flow

In this subsection, we will summarize many control
version PF methods into a uniform framework. There is
a bunch of dynamic flows and their posterior distributions
are exactly the posterior distributions of the filtering system,
which is

update
———
dX! = f(t,X)dt + op(t, X )dB. +K(t, X)) odl, (50)

diffusion

such as FPF [50], Xiong’s filter [53], and Reich filter [54].

The relationship with the Poisson equation in FPF is
through the ensemble transform filter, which relies on a
linear programming construction to approximate the opti-
mal transport map. As discussed, the solution of the Poisson
equation yields an optimal transport map from the “prior” to
the “posterior.” So, FPF is used as the optimal transportation
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method in the update step [55]. The new framework we
proposed uses optimal transportation not only in the update
step but also in the diffusion step.

In this section, we have established the conditions for the
tangent flow. Now, we need to design numerical algorithms
based on the tangent flow. However, the conditions for
the tangent flow depend on the posterior density p(z, x).
Therefore, we are interested in filtering systems that allow
for explicit representations of the posterior densities, i.e., the
FDEA systems. Using the Wei-Norman approach, one can
construct the posterior densities of the FDEA system explic-
itly. However, traditional FDEA systems are time-invariant,
and in the next section, we shall extend the FDEA system
to time-varying cases.

V. ESTIMATION ALGEBRA IN TIME-VARYING SYSTEM

In this section, we aim to extend the estimation algebra
structure to more general time-varying Yau filtering sys-
tems. This will allow us to construct the tangent flow of the
general FDEA system.

First, we shall introduce the normalizing tricks. Since
G(t)is positive definite, G(¢) can be decomposed to FF7 (¢)
by Cholesky decomposition, where F'(¢) is a nonsingular
matrix. Setting F'(t)z; = x;, we obtain the SDE for z

dz, = F7'(t)f(t, F(t)z)dt
dF (1)
dt

It is easy to check that F~'(t)op(t)dB, is standard white
noise. So, we can denote F ~!(¢)o(t)dB; = dB,, where B,
is n-dimensional standard Brownian motion. Here, we can
define a normalizing filtering system as

dz, = f(t,z)dt + dB,
dy, = h(t, z,)dt + dW,

F~ ' (t)z,dt + F~'(t)op(t)dB,.

G

where f(t,2) = F~'(t)f(t, F(t)z) + 52 F~'(t)z, and
h(t, z) := h(t, F(t)z). Since the F(t)z = x, holds for all
t, then The posterior distributions of z; and x, are mutu-
ally transformable by variable substitution. Thus, we can
focus on the system modified by the normalizing trick to

generalize the estimation algebra.
A. Conclusions and Main Assumptions of the Estimation
Algebra in the Time-Varying System

In this subsection, we shall present the main assump-
tions of the general estimation algebra.

ASSUMPTION 4.1 The system function f satisfies
ft,x)=LtOx+ 1)+ F)Vo(F () 'x) (52)

where L(t)=(;;(1)), 1<i, j<n,I"(t) = (1¢), ..., L(1)).
F(t) is an invertible matrix satisfying F (t)F7 (t) = G(t).
¢(x) is a C* function on R”".

ASSUMPTION 4.2 The observation function A(t, x) is a lin-
ear function in variable x, i.e.,

h(t,x) = H(t)x (53)
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where H(t) € R™*" has rank m.

Assumption 4.1 is equivalent to say that

-1

Fao=Ff Fo+ L Fs

S - dF~!
—Lz+1+V.p2), L=F'LF +

F,
I=F""L
Assumption 4.2 is equivalent to say that
h(t,z) = H(t)z = H(t)F(t)z.

Assumption 4.1 contains all the previous FDEA system
with maximum rank as special cases.

ASSUMPTION 4.3 Y7, (ﬁz + g—f) is quadratic with respect

Zi
to z, where f; is ith component of the f(¢, z).

And, in Lemma 4.2, we prove that if Assumptions 4.1,
4.2, and 4.3 are satisfied, then the estimation algebra asso-
ciated with this filtering system will be finite-dimensional.

B. Derivation of the General Estimation Algebra

To derive estimation algebra for the time-varying sys-
tem, we first give an important lemma for the analysis.

LEMMA 4.1 [17] If A and B are two differential operators
where the order of A is less than 1, then the following
equation holds:

1
T+ (BALA]- ]+
n
Bt — B4 [A. Bl + %[A, A B]] + - -
1
+E[...[A,[A,B]]]+~-. (54)

In order to extend the concept of estimation algebra
based on robust DMZ equation, we define some notations

- 0 - - - -
Di:=——f, D=(D,....D)"

0z
o af ok
a),‘j =

82,’ 3Zj

n a"}}.

)= (ff + g) +h' (1, F2)S ™ h(t, F2)

i=1

(G ")

—tr F

dt

y | .
LO:ZE(;:Di— ),L,-:h,-,lfzfm. (55)

By applying above notations, the robust DMZ equation
v(t, z) of system (51) is as follows:
0

a_l; =Lov+ V.K'(t, F2)Dv(t, 2)
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1
+ 5VJ(T (t, FZ)V.K(t, F2)u(t, 2)

AT (t, F7)S™!
at

REMARK 4 Equation (56) is important in extending the

estimation algebra method to time-varying systems. We use
the techniques in [21] for (56).

yiv(t, 2). (56)

In what follows,
assumption.

Next, the estimation algebra in time-varying filtering
systems will be introduced and the structure will be ana-
lyzed.

we shall need the following

DEFINITION 4.1 The estimation algebra £ of a filtering
system (52) is defined to be the Lie algebra generated
by {Lo. ki, ..., h,}, where h; is the ith row of h(t, z) :=
h(t, F(t)z) = H@)F (t)z.

REMARK 5 In the traditional time-invariant finite dimen-
sional filter, the coefficients of the basis in the estimation
algebra are constant. But in the time-varying system, the
basis is time-varying and the coefficient of the basis is a
function only dependent on time which makes the corre-
sponding estimation algebra be a C*°([0, 00))- module.

LEMMA 4.2 Under Assumptions 4.1, 4.2, and 4.3, the es-
timation algebra E of filtering system (52) and (53) is a
subalgebra of (2n 4 2) dimensional Lie algebra with a basis
{Lo,Dl, . ,Dn,Zl, ey Zns 1}

The proof is given in the appendix.
In the following, we shall try to extend the Baker-
Campbell-Hausdorff type relations appears in [21].

LEMMA 4.3 If ¢ is a C* function in z and ¢, then for all s >
0, the following Baker-Campbell-Hausdorff type relations
hold.

DForl <j<n

L . n 5 s 8~
ePilyg = (Lo + SZ(I)UD" - E% - SZCj)
j

i=1

x eDi¢ (57)
where the Cj = %[[io,bj],bj]
2)Forl <j<n
§2
Ly = < o—sDj+ 2>€SZ’§~ (58)
3) Assume that the E, =D,,...,E, =D, E, ., =
., E», = z,. Then

SE; — SE;

eVEiC = (E;j + sy j)e'¢ (59)

where the y; ; =0if i, j>n,y;=1ifi—j=norj—
i:nandy,;j:&)j,,-ifi,jfn-

The proof is given in the appendix.
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In the following, we will use the structure of estimation
algebra in Lemma 4.2 to derive a finite-dimensional filter
by the Wei-Norman method.

THEOREM 4.1 Under Assumptions 4.1, 4.2, and 4.3, let
E be an FDEA of filtering system (52) with 7(¢,x) =
Do e M (Ozizy 4+ D M)z + no(t) where 7 (1), (1)
and 7j(z) are functions of ¢#. Then the robust Duncan-
Morten-Zakai equation (56) has a solution for all # > 0 of
the following form:

V(t, 7) = e O . ()

x e ODn . D1 pfi Lot s (60)
where T'(t), r(t), ..., (1), s1(t), ..., s,(t) satisfy the fol-
lowing ordinary differential equations:

ds L
i Q) —7=VK(t,F(t)z) (6la)

dF~1(t)
d

. T
ar (Lo, 4 F6)+ F' (OLOF®)) §
dt 2 vl

FdSTHOH (1)

=-y, —— —F@®)

- (61b)

and

n

dT () ds; di;
dt :<Z O~ Zdt)

i=1 i=1

n—1 n
- Z Z Zi,171(t)5m([))
i=1 m=i+1
19%7
)

- s,m( .
£ (L

. 1 3%
+Z Z S8k (sz /a)lk) 28z,81k

j=1k=j+1

- Zs, Zwl )+~ Z “az“)z) (taz-(t)Z)
i=1 1 i

(62)

where 5 = (51, 52, .. .. s)  F=(r1, 12, ..., 1)  aren x 1

vectors.

The proof is given in the appendix.

Hence, the robust DMZ equation can be solved explic-
itly when the estimation algebra is finite-dimensional. But
in the real application, ODEs (61a), (61b), and (62) are
still hard to be solved accurately. Therefore, we need to
design an effective numerical algorithm for time-varying
finite-dimensional filters.

C. Explicit Solution of Tangent Flow

Although the tangent flow presents a general filtering
framework, solving it for general systems can be challeng-
ing. However, the time-varying Yau system is a nonlinear
case that admits an explicit solution of the tangent flow.
Therefore, a new optimal transport particle algorithm for the
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time-varying Yau system can be designed based on tangent
flow.

To start, we need to calculate ¢,, which can be nu-
merically obtained by solving (42). Then, we recall the
definition of H(¢) from Assumption 4.3, which is given
by H(t)F(t). Previous work on FPF [50] proposed the
constant gain approximation to apply to high-dimensional
filtering systems. This approximation is based on the fact
that E[Vo(t, 2)|Y;] = ,H" (t)S~'(t) where ¥, is the con-
ditional variance. The constant gain approximation is to
approximate Vg (z) by E[Vey(t, 2)|Y;]. According to (42),
we can get the following:

Ago(t, 2) + V(og p(t, 2)) Veo(t, z)
=—(@z—pne) H ¢)S™'(¢t)

where (1) = f . 2p(t, 7)dz. We multiply term zp(¢, x) on
both sides of (63) and take integration in terms of z, which
yields

(63)

/p(t,z)vq’)o(t,z)dz = /z(z —u)THT)S™ p(t, 2)dz
(64)

by using integration by parts. Equivalently, we get
ElVo(t, )Y = [ 2z — @) H )S™ t)p(t, 2)dz.
Then, we have

E[Veo(t, 2)Y:] = / 2z — pa) H S (t)p(t, 2)dz

= [ElzZ" Y] — nOp®)HHTS ™ ¢t)
= H S 1) (65)

where ¥, denotes the conditional covariance matrix. More
details about constant gain can refer to [50] and [55].

Then, we shall calculate ¢;. Since the density function
must be positive, we can assume the solution is

pt,2) = e, (66)

And, we substitute the condition (66) into the tangent flow
condition (43). The new drift condition equation will be

Api(t,2) — Vu(t,2)" Vo (t, 2)
1 2

== [Au(t,z) — |Vu(t, 2)[5]
—f-Vu(t,z)—l—Zz—Z

i=1
+ %(z —u@)H" (6)S7' (1)
x H(t)(z — (1)) — c(t). (67)

1) Linear System and Its OTPF: This subsection will
focus on the simplest situation: a linear system. Specifically,
we will set ¢ = 0in (52), resultingin f (¢, z) = L(t)z + 1(¢).
In addition, we will consider the filtering system with a
Gaussian initial distribution. The OTPF for linear filtering
systems was first proposed in [35], and it has been extended
to correlated noise cases in [38].

For such a system, there is a well-known filtering
Kalman-Bucy filter, and the posterior distributions are all
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Gaussian. Their means and variance satisfy the following:

du(t) = Litp(t)dt + 1(r)dt
+ 2 HT )™ (t)(dy, — H(t)p(t)dr) (68)

=L + L)+ 1, — 2 H (0)S'HZ,.
(69)

dx,
dt

And, (63) and (67) will become
Voolt,z) = SH )S™ (1)
Voi(t,z) = L)z + 1(t) + %2;‘@ — (1))
- %E,H%)S(t)*‘ﬁ(n(z — () +£(t, 2)
(70)

where Vu(t, z)T£(t, z) = 0. The detailed derivation of (70)
is given in Appendix.

The SDE (72) was first proposed in [35]. They define
E(t,z) = Q(I)Zfl(z — (1)), where Q(¢) satisfies the fol-
lowing matrix equation:

QO + 270
- 1 _ ~
=LT 0 — Lo+ (A OSOTH®)
—H' OSO'HDE,). (71)

By using the result (70), the tangent flow of the linear
filtering system (51) is as follows:

~ - 1
dz, = L(t)zdt + 1(t)dt + 52;‘@, — u(t))dt

K, (a’y, B H(I)M(t)2+ H(1)z dt)

+QNZ, ! (z — w(t))dr.

(72)

REMARK 6 In the linear Gaussian case, it has been shown
that different skew-symmetric 2(¢) choices result in the
same posterior distributions [36]. However, a unique choice
is defined in (72) that makes the dynamics symmetric and
optimal in the optimal transportation sense. This choice can
be seen as a correction term. If we set Q(¢) to be zero,
then the SDE (72) becomes the same dynamical flow as the
well-known square-root ensemble Kalman filter [36]. It is
worth noting that the linear system is the simplest system
in the FDEA system.

2) Solution of FDEA System: To construct the tangent
flow of the nonlinear FDEA system satisfying Assumptions
4.1, 4.2, and 4.3, we need to characterize the conditional
posterior densities of the FDEA system. The following
theorem is summarized by several studies [13], [46]:

THEOREM 4.2 Assume that Assumptions 4.1, 4.2, and 4.3
are satisfied. Then, we consider the corresponding normal-
izing system (51) and denote the p(z, x) as the posterior
density. If the p(0, z)e~?® is Gaussian distribution, then
the posterior distribution p(t, z) at any time ¢ satisfies the
following:

p(t, x) = d(t)ef%(zfu(t)))T@’](t)(Z*a(t))thP(z) (73)
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where d(t) is some normalized factor.

The proof is given in the appendix. Here, we need to
point out that a(r) and ®(¢) may not be the mean and
the covariance matrix of p(¢, z), respectively. By using
Theorem 4.2, the solution of ¢; can be rewritten as follows:

~ 1 1
Voi(t,z2) = f(t,2) + 5(971(0(2 —a(1)) — 5V¢(Z)

1_ . N

— 3 TH OSOTHOE = p) +£,2)

(74)

where we apply the constant gain approximation
Voo(t,z) ~ ,HTS(t)~'. Motivated by the fact that two
terms L(t)zand 3 X, BT (t)S() " (H (t)z — H(t)(t))in (74)
are not in gradient form, which is same in the linear filter
case. So, we shall set £(¢, z) still as Q)X (t)(z — p),

which is defined in (71). Then, the tangent flow of FDEA
can be given as

3 y 1
dz, = L(t)zdt + 1(t)dt + §V¢(z,)dt

1
+5®ar%a—aa»m

+Ko(d%_<ﬂa+zuu»m>

+ QO Z, (2 — p(t))dt

where K, = X, HT (t)S~'(¢), and the Q(z) satisfies (71).
Next, we shall propose a method to numerically calculate
the term ®(7) and a(¢). According to Theorem 3.2, we have

Jze ?Op(t, 2)dz
Je0@pt, ydz

(75)

E[ze“”@]

a(t) = E[e—70]

(76)

and similarly

E[zz" e ?@] (]E[ze—‘f’(Z)]) (E[ze—¢’(z>]>T

O = —gre=m; Ele—*@] ) \ Ele—#@]

(77)

V. NUMERICAL ALGORITHM

In this section, we will design a numerical algorithm
based on Section IV. In the real application, we shall nor-
malize the FDEA system as (51). Then, we can construct
the tangent flow of this new system explicitly by using the
constant gain approximation and (74), which is

o 1 :
dz; = L(t)zjdt + 1(t)dt + §V¢(Z§)dt
1 1, .
+5 (0"M0) 7 (& -

HZ + Hu™N(1))dt
+K,(N)O<dyt—( z +Hp (1)) )

a™ (1)) dt

2
+ Q) (x — p(t))dt (78)

L) gjemtD L g e tD
where a®™(t) = %, M () = > ziz e
a™ )@@’ pM@) =+ g, 3= N1 =P
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@ —uMeNE —pu™ae)”  and KV =3VHT 1)

S~L@).

VI.  SIMULATION

In this section, we will test the efficiency of the OT
method [optimal transportation particle filter, (OTPF)] and
show numerical results. We consider three numerical exam-
ples including the time-invariant scalar case, time-variant
scalar case, and high dimensional vector case.

To measure the accuracy of the numerical algorithm, the
definitions of the mean of mean norm error (MMNE) and
the mean time (MT) is as follows:

1 20 1 NS Ny lme
MMNE := ; ST JZ; 1%, = x5 | (79
1 20
MT = - ZRT, (80)

where NS means the number of steps in the experiments and
the RT; means the total running time of the ith experiment,
the &/ is the filtering result of the ith experiment at time ¢;,
and x”’“ is the real state of the ith experiment at time 7;.

In 'this subsection, the following high-dimensional cases
will be tested. In this subsection, we test the performance of
the OTPF by considering high-dimensional cases, and the
following filters are simulated for the comparison.

1) FPF: the constant gain FPF algorithm described
in [50].

2) UKF: the unscent Kalman filter described in [15]
with parameters « = 0.01, § = 1.8.

3) EKEF: the extended Kalman filter described in [14].

4) IEKEF: the iterated extended Kalman filter described
in [56].

EXAMPLE 1 (HIGH-DIMENSIONAL CASE) We choose the
model

A" 0 0
dX, = 0.8(1 +0.2cos(t)) - | 0 0 | x.dr
0 0 A
+ Vo(X,)dt + 1.51,dB,
dY, = H,X,dt + dW,
(81)

where the nondiagonal positions is zero, n = 2 k

. 0 1—@G—=1)-
Af_((i—l)%—l 0 ) )

and @)=Y In(elife ) [.];  denotes -

components of the vector. H, € R™" is defined as
follows:

H — <H(")> H(")

n — l,J ’ i

1<ijj<n "/

=

IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS VOL. 59, NO. 6 DECEMBER 2023

Authorized licensed use limited to: Tsinghua University. Downloaded on December 13,2023 at 02:47:15 UTC from IEEE Xplore. Restrictions apply.



TABLE 1

_ Pealstate 3 Real state . . o . .
15| — & P aa 7.5 — Experiment Results 10-D Cases With Different Simulated Particle
T ;g ore Number N

> 0.0 B Method EKF UKF IEKF FPF OTPF
0 —2.5 MMNE 22.5179 19.4879 19.9417 29.3191 19.5838
-5 jg MT 0.0932 0.5911 0.2441 11571 0.5708
0 ~100 N - - - 10 10
0 2 4 6 8 10 0 2 4 6 8 10 MMNE 24.0187 19.2302 20.5642 20.7383 16.7212
MT 0.0905 0.5924 0.2417 2.006 0.6668
@ ®) N - = E 20 20
20 — Reoisae PR — reaue -~ MMNE 23.1794 18.9965 20.1507 17.19127 15.7721
15| — 201 — e MT 0.0923 0.5921 0.2478 3.7742 0.8723
10| b 15 N - - - 40 40
5 10 MMNE  21.67381 18.81763 19.74043 15.7026 15.3466
0 5 MT 0.0908 0.5858 0.2450 8.8179 1.4515
0 N - - - 100 100
_5 _5
-10 -10
0 2 a 6 8 10 0 2 P 6 8 10 TABLE II
(©) (d) Dimensions in Simulation and Experiment Result
20 — Reatste 7 |16 Dimension 2 4 6 8 10
15 — o ANt EKF
10 N / 14 MMNE 3.8236 8.5848 12.5388 19.8047  21.8504
5 AN, 13 MT 0.08001  0.08204 0.08378 0.08476  0.08498
_g = 12 UKF
“10 n MMNE 3.7512 6.1129 11.3806 17.4289  19.4156
_15 10 MT 0.3097 0.3431 0.4372 0.54957 0.5766
0 2 4 6 8 10 IEKF
MMNE 3.2714 6.9234 11.76432 17.9793  21.7878
© ® MT 02159 02263 02321  0.23775  0.2466
FPF
Fig. 1. 100 dimension case with 200 particles. (a) 1st dimension. (b) Particles 5 ) 6 3 10
25th dimension. (c) 50th dimension. (d) 75th dimension. (e) 100th MMNE 09414 11.5608 18.4994 258121 27.6297
dimension. (f) RMSE. MT 0.3821 0.5667 0.7655 0.9773 1.1934
Particles 4 8 12 16 20
MMNE 5.4392 6.7979 9.5203 15.3946  19.6357
1 i = ] MT 0.5987 0.9192 1.2015 1.5735 1.9631
9
. . . . OTPF
_)-01G—=j), 0<i—j=<5 Particles 2 3 6 8 10
- . N2 . . MMNE 546736  8.43777 11.4283 17.5371 20.9253
— 5 <7 —
0003(l ‘]) + 003’ 5 = J =< 0 MT 0.4075 0.4378 0.5024 0.5636 0.6024
0, else Particles 4 3 12 16 20
MMNE 3.0524 5.4055 8.5544 13.8154 16.0548
MT 0.44734 0.4942 0.5267 0.5707 0.7229

and dB; and dW, are the standard n dimensional Brownian
motions. The initial distribution oy satisfies gpe ?™) ~

N(pn,
compo

21,), where the first [%] ([-] is the rounding function)
nents in u, are 1 and the others are —1.

The simulation results are discussed next.

1Y)

2)
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The figure of the filtering results: The numerical
results of the 100-D case with 200 particles are
depicted in Fig. 1, where we chose to show the result
of 1st dimension in (a), the result of 25th dimension
in (b), the result of 50th dimension in (c), the result of
75th dimension in (d), the result of 100th dimension
in (e), and the RMNE of time in (f). It is observed
that OTPF provides a more accurate approximation
than other algorithms.

The comparison with different particle numbers: In
this simulation, we test the 10-D case system of
(81) with different particle numbers N € {10, 20,
40, 100}. The average results are shown in Table I.
The OTPF with 20 particles performs better than
EKF, UKF, and IEKF. The computation time of
OTPF growth is much slower than FPF when the
number of particles increases. It can be observed that
the FPF with 100 particles performs similarly to the

3)

4)

OTPF with 40 particles while the computational time
of FPF is ten times that of OTPF. For comparison,
the MMNE of the trivial filter obtained by sim-
ply inverting the observation matrix X, = H! %‘ is
1107.4029 in this 10-D case.

The comparison with different dimensions: In this
simulation, we test the performance of the proposed
algorithm via the different dimensions of system
(81),n € {2,4,6,8, 10, 20, 30, 40, 50, 100} and the
particle number are chosen as n and 2n. The results
are summarized in Tables II and III. The OTPF with
2n particles continues to exhibit the best performance
via dimension n changes. The FPF with 2n particles
has good performance but the computational time
becomes unacceptable as the dimension increases
(it takes over 90 s to simulate a 10 s system). We
can conclude that OTPF is designed to deal with
finite-dimensional Yau systems by utilizing particle
evolution methodology. More importantly, OTPF is
a real-time algorithm for the 100-D system.

The dimensional comparisons where the dimension
of the observation vector is half of the state vector

8015
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TABLE III
Dimensions in Simulation and Experiment Result

TABLE V
Parameter Setting in Simulation 10-D Experiment Result With
Different Dimensions of Observation (Dim Denotes the Dimension of

Dimensi 20 30 70 50 100 .
le;?;lon the Observation Vector)
MMNE _ 43.8030 57.1328  88.0154 1030819  225.8781 Method EKE UKF IEKF FPF OTPF
MT 0.11663 0.2363 0.3041 0.5641 0.7503 MMNE 151.0089  58.2502  55.6451 59.4292  53.0294
UKF MT 0.1043 0.5948 0.2269 1.3438 0.4673
MMNE __ 38.0083  53.1468  81.4468 906157 _ 198.4468 Dim i 1 i T 1
MT 10423 1.8341  2.9500 57679  14.741923
TERE MMNE 124.9765  51.6811 53.6734  51.8203  50.3095
MMNE 355404 537192 84.0154 959819  213.3688 MT 0.1077 06006 02319 14774  0.4992
MT 03037 04727 0.7488 12154 2.0660 Dim 2 2 2 2 2
EPE MMNE 93.6929 43.8639  47.0998 40.8306  39.7969
Particles 20 30 40 50 100 MT 0.1076 0.6045 0.2495 1.5346 0.5433
MMNE  53.1240 647332 1050683 1329215  242.4190 Dim 3 3 3 3 3
LU 2. 13)08 3-66%75 6%68 14%29 4523)%34 MMNE _ 81.7734 37502 40.8886 344450 323435
MMNE 409437 65.8355  78.0980  96.9388  180.7308 MT 0.1087  0.6076 02535 16903  0.6138
MT 700012 69910  13.6223  32.1665  95.0305 Dim 4 4 4 4 4
OTPF MMNE 61.8194 30.1169 33.229 29.0401 25.3408
Particles 20 30 40 50 100 MT 0.1091 0.6111 0.2685 1.7932 0.6965
MMNE  34.1960 453911  65.8647  82.00158  161.7740 Dim 3 3 3 3 3
MT 08103 12493 2.0322 37389 72484
Particles 70 60 30 100 200
MMNE _ 31.0627 410929 644103  78.5034  157.0274 TABLE VI
MT 102606 1.76695  2.90722  5.3000 9.7051 Parameter Setting in Simulation 10-D Experiment Result With
Different Time Step With 20 s
TABLE IV Method  EKF UKF IEKF FPF OTPF
Dimensions in Simulation and Experiment Result (With Half of MMNE = 224212 204693  21.0772  20.4292  16.7926
Observation) MT 02395  1.1736  0.4845 3.9035 1.3609
_ dt 0.01 0.01 0.01 0.01 0.01
D”}‘;‘;‘:"“ 2 4 6 8 10 MMNE 240571 171975 173980 197797  16.8932
MMNE 62631 122631 20.725213 39.7239 _ 61.8194 l\gtT 06] (]);9 065$6 062(3);9 1(590524 066(7)(2)2
MT 0.0792 _ 0.0916 0.1024 0.1045  0.1001 : : : : :
UKE MMNE  21.7734 15.4423 14.8886 16.87457 14.8628
MMNE 44237 97400 185519 232020 _ 30.1169 MT 0059 02910  0.1235 099034  0.3133
MT 02675  0.3521 0.5099 05465 06111 dt 0.05 0.05 0.05 0.05 0.05
IEKF
MMNE  5.009 109393  10.8822  28.7317  33.2295
MT 0.2060 02178 0.2246 0.2306 02685 example 1, and the dimension of the state vector n
FPE is chosen as 10. For such a new model, we test the
Particles 2 4 6 8 10 R i X A
MMNE _ 0.6125 14.5786 202332 _ 24.5293 _ 33.8803 performance of the algorithms via the different di-
MT 0.3215 04410 0.5969 0.9228 1.0998 mensionsm € {1, 2, 3, 4, 5}, and the particle number
Particles a 8 2 16 20 . .
MMNE 390765  9.2041 172041 22.8501  29.04011 1S chqsen as 20. The numc?rlcal 'results are summa
MT 05663 1.017 1.329 15726 17932 rized in Table V. As the dimension of observations
OTPF changes, OTPF remains stable and maintains good
Particles 2 4 6 8 10 : : .
MMNE 83041 12.7386  19.1126 _ 23.0407 _ 30.8748 performance.ln this .num§ncal exgmple. .
MT 04001 04399 05019 05814  0.6363 6) The comparison with different time-steps: In this
Particles 4 3 P 16 20

MMNE 3.4376  6.0137 12.4365 18.6877 25.3408

MT 0.4347  0.4963 0.5528 0.6084 0.6965

5)

8016

dimension: In this simulation, we replaced the obser-
vation matrix with its first m = n/2 rows in Example
1. For such a new model, we test the performance
of the algorithms via the different dimensions n €
{2,4, 06,8, 10}, and the particle number are chosen
as n and 2n. The numerical results are summarized
in Table IV. By comparing these results with those
presented in Tables II and III, we find that the EKF
achieves relatively poor performance under these
conditions. The OTPF, however, continues to display
stable and effective performance.

The comparison via different dimensions of the ob-
servation vector: In this simulation, we replaced
the observation matrix with its first m rows in the

simulation, we test the performance of the proposed
OTPF with 20 particles via the different time steps
dt which are 0.01, 0.02, 0.05, fixed the dimension
as 10, and the total time as 20 seconds. The results
are shown in Table VI. The OTPF still has the lowest
MMNE in all situations. The IEKF becomes more
efficient as the time step becomes larger. The OTPF
is a stable algorithm for the FDEA system.

VII.  CONCLUSION

We have successfully solved a class of time-varying
filtering systems by using the Lie algebra method. The
previous estimation algebra theory is only restricted to
time-invariant filtering systems. In this work, we first extend
the related estimation algebra theory to time-varying Yau
filtering systems.

We extended a unified framework for FPF based on op-
timal transportation. Furthermore, we find the relationship
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between the operators of the Lie algebra method and tangent
flow derived by optimal transport. Through the proposed
framework, it is shown that the FPF is a particle filter
updated by optimal transportation.

APPENDIX
A. PROOFS IN SECTION I

THEOREM 1.1 (REMARK 2.31 IN [34]) If & = N(ite, Zo)
and B = N(ug, L) are two Gaussians in R"” and Z,, Xg
are positive-definite matrix, then one can show that the
following map:

Tixr> pug+Vx— ug) (83)
is the optimal transportation with the cost function
ce, B) = e — mpl3 + 122 — ZE5 (84)
where
V=5 (SissE, )i, (85)
O

B. PROOFS IN SECTION 11l

First, we introduce a vital lemma used in derivations of
tangent flows.
LEMMA 1.1 (SPECIAL VERSION OF JACOBI'S FOR-
MULA [57]) Let B be a R™*" matrix, then

_ det(I, + €B) — det(l,)
lim
e—0 €

= Tr(B).

Next, we will give detailed proof in Section III.

PROOF OF THEOREM 3.1 For any arbitrary SPDE (29), there
is an associate dynamical flow (35) after given the history
path o, for dI; where the (37) is equal to (36). Here, we can
take out the coefficients of dI; and dt at the left and right
ends of the equation, and they must be equal, respectively.
Finally, we can assume the SPDE is exactly Kushner (2) to
complete the proof. O

PROOF OF LEMMA 3.1 We choose a test function a(x) €
C*, then

/ a(x)p(x)dx = Ela(x)]. (86)
Using the Ito lemma, we have that
da(x,) = Va(x,) - dx;
= Va(x,) {U(t, x)dt +K(t,x;)odL}y.  (87)

Furthermore, (87) is equal to

t
/ a(x)p(t,x)dx =E |:/ Va(x,) - U(z, x,)dt]
n 0

+E |:/ Va(x;) - X(t,x;) o dI,i| .
0
(83)

KANG ET AL.: FINITE DIMENSIONAL ESTIMATION ALGEBRA FOR TIME-VARYING FILTERING SYSTEM

The forward equation follows using integration by
parts. U

PROOF OF THEOREM 3.2 The proof directly comes from the
fact that the Fokker-Planck equation of (44) should be the
same as (2). [

C. PROOFS IN SECTION IV
Next, we will give detailed proofs of Section IV.

PROOF OF LEMMA 4.2 First, we can consider the bigger
basis which is {Lg, z;, - - - z,}. And it is easy to find that

h; € span(zy, ..., z,) with I <i < m. We denote E, as the
estimation algebra generated by {L, zi, - - - z,}. So, we have
E C El.

It can be shown that z; € E;, 1 < i < n. Then we calcu-
late the following Lie bracket:

[Lo.z]|=Di€E\,1<i<m
[Di,D;]1 =& € E,

- 1 i=j
D;, z:] = 89
[D;, z;] {0 Y (89)
and
L 1| .
[Lo. Dj] = 3 |:ZD,2 - ﬁvD./j|
i=1
; oD + il E 90)
= w; i+ =—
i=1 ! 29z;

Equation (55) yields @;;, 1 < i, j < n only depends on .
Notice that Assumption 4.3 yields that g—j, l1<j<nisa
degree 1 Polynomial inz;, 1 <i < n. Therefore, estimation
algebra E; is a 2n + 2 dimensional Lie algebra with basis

givenby{ZO,Dl,...,Dn,zl,...,zn,1}. O

PROOF OF LEMMA 4.3: By Lemma 4.1 and direct calcula-
tion, the following results hold.

e))

- - 1, . - 7
= (Lo +s[Dj, Lol + Esz[Dj’ [Dj, Loll + - - ) elig

n
(Lo +s Z C’bi,jDi —
i=1

son 1, o o o D,
——+ =s°[D;,[D;, L Pic.
231j+2S[ j» [D;j O]])e ¢

on
)
eILo¢

— essz()e_SZ/ eJZ‘,’g

y S 3 ‘
= (Lo + slz;, Lol + ESZ[Z]‘, [z, Loll + - - ) eV
~ ~ S2
= (Lo —sD; + 5) eI, 92)
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The proof of (3) is similar. O

PROOF OF THEOREM 4.1 First, we consider the following
derivative of operators. From the semigroup theory of partial
differential equations, for any smooth function ¢, we have

i si(1)D; _ dS (t)
ot (e C(x)) N < dt

and

D + si(t) ") e OPig (x)
(93)

¥ (f/’f‘j L“”‘”é(x)> = Lo(t)el o7 ¢ (), (94)

ot
By differentiating (60), we have

dv )
—(t,x
ot
— dT eT(t)ern(t)Zu - erl(t)zl
dt

O 51 ODIO) pfy LT 5 (1

LT <dﬁzn PG
dt

e OD0) s ODI0) pfy L) i (1

1T @zl o103
dt

O 51 ODIO) pfy LT 5 (1

+ el Doz | ori(t)z

o (35 ®) — st f P ODUO) | 51 ODI©)
dt
1
x eo LT 50 ()
4T |y gz
# dsi(t) ~ 8~1 #
esix<t)Dn(r)... ( )D] _sl(t)i esl(t)Dn(t)
dt ot
x elo Lo 5 ()
LTt | pni(t)

OO s ODIO (1)l LT 5 () (95)
Since s;(t), r;i(t), T (t) are all smooth functions of ¢, they
can be exchanged with each other. In the following demon-

stration, we will exchange the operators dry i, ds’(t)D +

si(t)%, 1 <i<nand Ly(t) to the first term of the cor-
responding function, so that we can transform (60) to the
equation in terms of v(z, z).

First, we focus on the dr’ g They are commutative with

any other function multiphcatlon operator. So we have

eT(t)d Zn ern(t)zn . erl(f)m
dt
SO0 | s ODIO) o fy Lo@T 5 (1

8018

I CRACCIN dn 21 ) e
dt

e ODu@) | s1OD1(0) , [y Lo(r)dT

= T
I=1

oD

00(x)

eT(t)er,,(t)Zn e Oz

1 ODI®) [ Lo(r)dT (96)

op(X).

ds;(t)
d

Second, we exchange =}, D; — s,-(t)aa—];". By using Lemma

4.3, we have

(1) dsi(t) - O\ soob, 5
es,l(t)D,,(r)..,< i Di_si(t)f;t) SOD) s ODi(0)

dt
x el Lo@dT 50 (x)
dsi(t) - af; L dsi(t)
= D; — s;(t)— + —si()d;;
dt ()8t Z dt i@
Jj=i+1
OO L ODIO) o fg Lo(@dT (1 (97)
So we will have
eT(t)ern(I)zn Len 1)z
o [(E5n®) — st f ODUO) | 51 OD©)
dt
x ek LAt 5 (x)
4 el Oz | prit)z
es,,(t)D,,(t) L dS](f)Dl o sl(t) f esl(t)D”(t)
dt
x el Lo@dr 5 (x)
= IO pra®z | prit)z
ds; (t) - dsk(t)
z( Op, s ) Ty O
i=1 k=1 j=k+1
OO L 0D o fg Lo(@dT (1) (98)
In the following, we denote:
ds,(t) ~ 3;
M= Z( b = s+
— L ds (r)
k ~
Z ——5i (@) k- (99)
k=1 =

Next, we only need to exchange M and the function multipli-
cation operator e’ V" ... "7 Again using Lemma
4.3 (3), we can transform (98) to

dsi(t) i0)
Z( ——Di - l()—>

i=1

— - dsit)
DD OB

k=1 j=k+1

ds;(t)
dt

ri(t)
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x el D ern®am . ori®)z

x e ODn®) | s10ODI@) [y Lo(T)dT

op(x). (100)

Finally, by a similar method, we can switch the operator
Lo(t) to the first term of the function by using Lemma 4.3

~ o .
e ODID L g ODIO (1ol LT 5 ()

a7
[sz <sl(t)Zw,l< )D; — w 1 ~ b (r)q(t))

n—1 n
o 9%n
+ Z Z si(0)si(t) <a)i,jwi,k - )
=5 3Zjazk

s @ ODu0) | ps1ODi(1) [y Lo(t)d

op(x) (101)

where we denote that

1]
= Lo+ ZW)Z@ (O)D; - s’;t) i

n—1 n
R
+s,2(t)c,(t)z Z sj(t)Sk(t)<wi,jwi,k - szazk)'

j=1 k=j+1
(102)

Next we only need to switch the N and the function multipli-
cation operator e’ Ve’ ... g2 Using the fact that the
function term in M is commutative with any other function
multiplication operator and (101), we have the following:

el D@z o)z

- ) = - t
x e ODUO) L ODIOF (1)ofy Lot 5 1)

— T Oz o (t)mesn(t)i)nm

X NeSODa) . gs1OD10) o fy LT 5 (1)

_ [N_ 3003 anim0 - (Z By %rf)}
=1 i=l i1

x el Dern®am  ori®)z

x e ODn®) | s1(0ODI(0) [y Lo(T)dT

0'0()6).

(103)
Put (103), (100), and (96) to (95), we obtain the following:

1 dT

=Y s ) @ )rit) — + =
Z Z (;: 2 ) dti|
(104)

By basic calculations, it can be obtained that in the

right-hand side of (104) coefficient vector of D;v is % —

dr

Q(#)§ — 7 and coefficient vector of z;v is 4

ar_ (’)F(t) + FY¢)L(t)F (1))"5.

By comparing (56) and (104), it is clear that v(z, z)
in (60) is a solution to (56) if (61a), (61b), and (62) are
satisfied. O
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PROOF OF THEOREM 4.2 First, we shall consider the DMZ
equation of the p(¢, z), and we consider the following den-
sity transformation p(t, 7)e?® = p(t, z). So, we can have
the following SPDE:

d(p(t, 2)e*@) = Lo(p(t, 2)e” )t

+ZlHOT (p(t, 2)e* @) o dy,.  (105)
By using Lemma 4.1, (105) can be rewritten as follows:

d(p(t, 7)) = e *@Loe? D (p(t, 2))dt
+ZTHOT (p(t, 2) o dy,
= Lo(p(t, 2))dt + [Lo, p(2)1(P(t, 2))dt
1
+ 5 [lLo, ¢)), d@1p(t, 2))dt
+ZTHOT (p(t, 2) o dy,.

Then, we shall focus on the operator of the drift term in
(106), which is as follows:

(106)

- - 1 .
Lo+ Lo, 9@ + Fl[Lo, 921, $(2)]
=Ly+ Vo)V —f(t,2)" Vé(2)

1
+5IVe@I*. (107)

It is easy to check that the second-order operator in (107) is
%A, the coefficient of the first-order operator is (V¢ — f)
(it is the linear function of z), and the function term
is — Z?:l(}‘f df' )+ IV — £)II?, which is a quadratic
function of z accordmg to Assumption 4.3. Finally, we can
finish the proof by using the sample fact that if the initial
is Gaussian density, then the posteriors of (107) are all
Gaussian. O

Derivation of (70): First, by using
(z—u@)Z7'(t), we can easily verify
SHTOS@).

We can submit the F(t,z), %Vu, and 3Vgo(Hz —
Hu(t))into V - (%) — Vu(t, z)T (x), which yield

V- (f(t,2)) — Vu(t, 2)" (f(t, 2))

Vul(t, )l =
Voo(t,z) =

. "9
=F-Vult,2)+ ;5 (108)
v lv v r lv
(5 ul—Vu(t,z) E u)
1 2
=3 [Au(t,z) — |Vu(t, 2)|5] (109)

and
v. (—%%H(z)(z - u(ﬂ))
V) (%wo(t, DH )z — u(r)))
= 2 Agult, DHOE — w) + 5 Trigntt, DHW)
+ Ve, )" (1V<poH(t)(Z - u(r»)

1 T T —1 F]
= E(Z—M(l)) H™ (1)S™ (DH(t)(z — n(1))
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1
— 3 TrigoH @) (110)

where the last equality holds according to (63). Here, by
using 3Tr(goH (1)) = Tr(Z,H" (1)S™'(t)H (1)), and

1 -
o) / SG@—p@ H O™ 0
x H(t)(z — u@))p(t, 2)dz

%Tr ( N H"()S ' OHHt)(z — M(t)))

x (z— () p(t, 2)dz

=Tr(H' OS Y OH()). (111)

By using (111), (110) equals to 3(z— (@) H (1)
S=Yt)H (t)(z — ju(t)) — c(t). Finally, adding (108)—(110),
then the right-hand side of the sums is the same as
the right-hand side of (112). However, the f(t,z) and
—%?(pOH(t)(z — w(t)) are not in gradient form. So, we can
add a divergence-free term £ (¢, z) satisfied V - (£(¢, 7)) —
Vu(t,z)T£(t, z) = 0. In this case, the solution of ¢; can be
given as

1
Vo (t,z) = ft,z) + EVu(t, 2)

1_
- vao(t, D(Hz — Hpu(1) + (1, 2).

(112)
The proof can be completed by using ft,2):=Lt)z +
L(1). O
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