SIAM J. CONTROL AND OPTIMIZATION ©1994 Society for Industrial and Applied Mathematics
Vol. 32, No. 1 pp. 297-310, January 1994 017

FINITE-DIMENSIONAL FILTERS WITH NONLINEAR DRIFT II:
BROCKETT’S PROBLEM ON
CLASSIFICATION OF FINITE-DIMENSIONAL
ESTIMATION ALGEBRAS*

WEN-LIN CHIOU! AND STEPHEN S.-T. YAU#

Abstract. The idea of using estimation algebras to construct finite-dimensional nonlinear filters
was first proposed by Brockett and Mitter independently. It turns out that the concept of estimation
algebra plays a crucial role in the investigation of finite-dimensional nonlinear filters. In his talk at the
International Congress of Mathematics in 1983, Brockett proposed classifying all finite-dimensional
estimation algebras. In this paper, all finite-dimensional algebras with maximal rank are classified if
the dimension of the state space is less than or equal to two. Therefore, from the Lie algebraic point
of view, all finite-dimensional filters are understood generically in the case where the dimension of
state space is less than three.
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1. Introduction. In a previous paper [Ya], Yau has studied the general class of
nonlinear filtering systems that include both Kalman—-Bucy and Benes filtering systems
as special cases. Simple algebraic necessary and sufficient conditions were proved for
an estimation algebra of such filtering system to be finite-dimensional. Using the
Wei-Norman approach, he constructed explicitly finite-dimensional recursive filters
for such nonlinear filtering systems. This paper is, in essence, a continuation of [Ya]
and we strongly recommend that readers familiarize themselves with the results in
[Ya]. However, every effort will be made to make this paper as self-contained as
possible without too much duplication of the previous paper.

The idea of using estimation algebras to construct finite-dimensional nonlinear
filters was first proposed in Brockett and Clark [Br-Cl|, Brockett [Brl], and Mitter
[Mi]. The concept of estimation algebras has proved to be an invaluable tool in
the study of nonlinear filtering problems. In his famous talk at the International
Congress of Mathematics in 1983, Brockett proposed classifying all finite-dimensional
estimation algebras. There were some interesting results in 1987 due to Wong [Wo]
under the assumptions that the observation h(z) and drift term f(x) are real analytic
functions on R, and f satisfies the following growth conditions: for any i, all the first-,
second-, and third-order partial derivatives of f; are bounded functions. Under all
these conditions, Wong provides partial information toward the classification of finite-
dimensional estimation algebra. Namely, he showed that if the estimation algebra is
finite-dimensional, then the degree of h in z is at most one, and the estimation algebra
has a basis consisting of one second-degree differential operator, Lo (see (2.1)), first-
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degree differential operators of the form

= 0
Z & (8:1:,

=1

n an
i=1
where «; and B; are constants and

( o4 +Zf2+2h2)

and zero-degree differential operators affine in z. In [T-W-Y], Tam, Wong, and Yau
have introduced the concept of an estimation algebra with maximal rank. This is one of
the most important general subclass of estimation algebras. Let n be the dimension of
the state space. It turns out that all nontrivial finite-dimensional estimation algebras
are automatically exact with maximal rank if n = 1. It follows from the works of
Ocone [Oc|, Tam, Wong, and Yau [T-W-Y], and Dong et al. [D-T-W-Y]| that the
finite-dimensional estimation algebras are completely classified if n = 1. In fact, Tam,
Wong, and Yau have classified all finite-dimensional exact estimation algebras with
maximal rank of arbitrary dimension. In this paper, we classify all finite-dimensional
estimation algebras with maximal rank if n = 2. The novelty of the problem is
that there is no assumption on the drift term of the nonlinear filtering system. The
following is our main theorem.

MAIN THEOREM. Suppose that the state space of the filtering system (2.0) below
is of dimension two. If E is the finite-dimensional estimation algebra with mazimal
rank, then the drift term f must be linear vector field plus gradient vector field, and E
is a real vector space of dimension 6 with basis given by 1, z1, x2, D1, D2, and Lo.

This kind of nonlinear filtering systems was studied by Yau [Ya]. Therefore,
from the Lie algebraic point of view, we have shown that the finite-dimensional filters
considered in [Ya] are the most general finite-dimensional filters.

2. Basic concepts. In this section, we will recall some basic concepts and results
from [Ya]. Consider a filtering problem based on the following signal observation
model:

(2.0) dz(t) = f(x(t))dt + g(x(t))dv(t),  =(0) = o,
' dy(t) = h(z(t))dt + dw(t),  y(0)=0
in which z, v, y, and w are, respectively, R*, R?, R™, and R™ valued processes, and
v and w have components that are independent, standard Brownian processes. We
further assume that n = p, f, h are C°> smooth and that g is an orthogonal matrix.
We will refer to z(t) as the state of the system at time ¢ and to y(t) as the observation
at time t.

Let p(t, z) denote the conditional density of the state given the observation {y(s) :
0 < s < t}. It is well known (see [Da-Ma], for example) that p(¢,z) is given by
normalizing a function, o (¢, ), which satisfies the following Duncan-Mortensen—Zakai
equation:

(2.1) do(t,z) = Loo(t,z)dt + f: Lio(t, z)dy:(t), 0(0,z) = oo,
i=1
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where " " . .
1 02 0 ofi 1
— = —_ . 2 h2
2 Z Ox? Z fi Or; “— 0x; 2 Z t
i=1 ? =1 i=1 i=1
and for i = 1,... ,m, L; is the zero-degree differential operator of multiplication by

h;. oo is the probability density of the initial point xo. In this paper, we will assume
o¢ is a C'°° function.

Equation (2.1) is a stochastic partial differential equation. In real applications,
we are interested in constructing state estimators from observed sample paths with
some property of robustness. Davis in [Da] studied this problem and proposed some
robust algorithms. In our case, his basic idea reduces to defining a new unnormalized
density

(tz) = exp(— > hi<w>yi(t>)a(t, 7).
=1

It is easy to show that £(¢,z) satisfies the following time-varying partial differential
equation

(t z) = Lo§(t, ) + Zyz(t)[Lo,Lzlﬁ(t z)

Jj=1

+3 3 OO, L, LilE 2),
i,j=1
(0, z) = oo,

(2.2)

where [- , ] is the Lie bracket defined as follows.

DEFINITION. If X and Y are differential operators, the Lie bracket of X and Y,
[X,Y], is defined by [X,Y]p = X(Y¢) — Y (X ) for any C> function ¢.

Recall that a real vector space F, with an operation F x F — F denoted (z,y) —
[z, y] and called the Lie bracket of  and y, is called a Lie algebra if the following axioms
are satisfied:

(1) The Lie bracket operation is bilinear;

(2) [z,y] =0 for all z € F;

@3) [z, [y, 2l] + [v: [z, 2] + [z [2,9]] =0 (z,y,2 € F).

DEFINITION. The estimation algebra E of a filtering problem (2.0) is defined to
be the Lie algebra generated by {Lo, L1,... ,Ln} or E = (Lo, L1,... ,Lm)r.a.. If, in
addition, there exists a potential function ¢ such that f; = 8¢/0z; for all 1 < ¢ < n,
then the estimation algebra is called exact.

In [Ya], the following proposition is proven.

PROPOSITION 1. 9f;/0x; — 0fi/0x; = cij are constants for all i and j if and
only if (f1,.--,fn) = (b1,... ,&n) + (0p/011,... ,00/0xy), where £1,... L, are poly-
nomials of degree one and ¢ is a C>® function.

Define 5

Di= dz; fi

and
m

n f n
Z;a_ Z; 2+Y m

i=1
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Then

1 n
=1

We need the following basic results for later discussion.

THEOREM 2 (Ocone). Let E be a finite-dimensional estimation algebra. If a
function & is in E, then € is a polynomial of degree less than or equal to 2.

Ocone’s theorem ([Oc], see [Co] for an extension) says that hi, ..., hm in a finite-
dimensional estimation algebra are polynomials of degree less than or equal to 2.

The following theorem proved in [Ya] plays a fundamental role in the classification
of finite-dimensional estimation algebra.

THEOREM 3. Let E be a finite-dimensional estimation algebra of (2.0) satisfying
0f;/0x;—0fi/0zxj = cij, where ci; are constants for all1l <14, j <n. Then hy,... ,hm
are polynomials of degree at most one.

In view of the above theorem, we introduce the following definition.

DEFINITION. The estimation algebra E of a filtering problem (2.0) is said to be
the estimation algebra with maximal rank if z; + ¢; is in E for all 1 < ¢ < n where ¢;
is a constant.

In [Ya], the following theorem was also proved.

THEOREM 4. Let F(z1,... ,Z,) be a polynomial on R™. Suppose that there exists
a polynomial path ¢ : R — R™ such that lim—oo ||c(t)|| = 00 and lim¢_o F o c(t) =
—00. Then there is no C>® functions fi, fa,... , fn on R™ satisfying the equation

af;
Z Po. Z =F.

i=1

We recall the following simple lemma proved in [Ya).

LEMMA 5. (i) [XY, Z] = X|Y, Z] + [X, Z]Y, where X, Y and Z are differential
operators.

(ii) [¢Dsi, h) = g (Oh/Dx;), where D; = 8/dx; — fi, g and h are functions defined
on Rn.

(iii) [gD,;, hDj] = —ghw;; +g(6h/8x,~)D,~ —h(ag/awj) D;, where wj; = [Di,Dj] =
(0fi/0z;) — (0f;/0:).

(iv) [gD?, h] = 29(dh/dz;) D; + g(82h/dx?).

(V) [D?, hDj] = 2(3’1/3:1),') DiDj - 2hw,-jD,~ + (62h/6mf) D; — h(awij/axi).

LEMMA 6.

(i) (D%, Djzl = 4w,~,-DjD,-+2(6w,~,'/6zj)Di+(aw,-i/a:ci)Dj+(62w,~,~/6w,-6xj)+2w)2.,..
(ii) [D%, hD;D;] =2 (8h/0xx)DxD;D; + 2hwjxD; Dy, + 2hw;x Dy D;

+ (32h/3wi)DiDj + 2h(8wjk/8:v,~)Dk + h(awjk/a.’l:k)Di
+ h(awik/axk)Dj + h(82wjk/8x,~6zk).

(iii) [DiDj, hDy) =(0h/0z;)D; Dy + (Oh/dz;)D;j Dy, + hwi; Di + hwi; D
+ (0%h/0z;0z;) Dy + h(awkj/awi).
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Proof.
(i) [D?’Df]=Di[Di7D2']+[Di’D2‘]Di

=-D; [mjD, 8“;’] - [2w,~ij + %“;"’]Di

6‘4}1,.1 82(4-]1] 8(4)«,,_7
=—-2—="D; — 2w;;D;Dj — ——— — D;
6 T; Wig J Oxi0r;  Ox; t
Owis
- 2w¢ijD, - El;lDz
Ow; Ow; 0wj;
— D J'D J’ Je 2
4dw;iiD;D; + 2 8z, +2— e D; + 92:01; + 2wj;

(i) [D,hD:Dj] = —[hD;Dj, D]
= —h[D;Dj, D§] — [h, D] D; D;

02h Oh
= —h{D;[D;, D3] + [Di, D] D;} + ( 2 +2a kD )D,D]
B Owijk Owik \
= h{ ( 2w]ka £ ) + ( 2w;k Dy, e )D]}
0%h Oh
+ (3 5 +26 ka)DiDj
_ Owiji O%wji Owji
= h{ 2 B Dy — 2wjx D; Dy, E . . D;
Owik 0%h Oh
— 2wk D D; — o * DJ} + (6 5 +2a ka)DiDj
3h 0%h
a ——DyD; D] + 2thkD@Dk + 2hw,kaD, 6:172 D,;Dj
k
+ 2h 52; Dk + h—— o k
" h@wik 2wiji

&Ek J a.’l:iaa:k ’
(iii) [DiDj, hDy] = —h[Dg, D,'Dj] — [h, DiD;] Dy,
h[DiDj, Dk] + [DiDj, h]Dk
= h{D;[Dj, Di) + [D;, D¢|D;}

+ D; [Dj, h]Dk + [Di, h]DjDk
= h{Diwk; + wk:Dj}

h
+Di— 9 Dk+—a—h-
ox;

*0a;
= hweDi+h %“:‘?
(2

D;Dy

301
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0%h 8h
———Dy D
+ a:lrz'ail:j 6 ng k
Oh D; Dy + —a—h— DJDk
" 9z;
0%h
+hwaD + h wyiD; +6 ta Dy,
6wk-
h —2L. a
+ ox;

LEMMA 7. Let T = Rx be an orthogonal change of coordinate, i.e., R is an
orthogonal matriz. Then

1) (&) = Rf(2);

(2) Lo = Lo; .

(3) (@) = R(wgk)RT where Ly = 2(2 Dz—ﬁ(EE)) i = 0/0T; — fi, h(.%')
h(z), 1(Z) = Y, (0F:(@)/0%:) + f(&) - F@) + iy k2 (@), and @5 = (0fi/0%;5) —
(3]}/3:101),

(4) E is zsomorphzc to E as Lie algebra, where E is the Lie algebra generated
by Lo, h1, ,hm.
Proof. Statement (1) is obvious. For (2), observe that

2 2 m
= 13 @ =i O fi 1,
Lo=3 < 37 ";«f’( )5z, 0z 2;"”

~ 1 n n oz: O .
o ;(; 2 ax’) 2(; T”f’(x)) (Z % axg)
n n P
Z zaaij()—_zhz()
i=1 j=
— 1 n n B o B ( (n ) P
= 5 Z]_ Zsj'laa;‘j> - Z(z—: ngf] IE)) 23335:;;)
i=1 tj=1 o\ 2
n n n af 6wk )
) ;;rﬁgé)—ﬂ% ~a L M@
,J,k 1511316za sz ;;;Tzkfk(w)sn
— Z'I‘zg Zsk, th( )
i=1 j=1
1 o 02 " o 1
= §j;15jk8z16w Z 5kak(.’l:) Z 6jka_xi B Eghf(a})
1 LY~ ~ n | __f_?_ 3f L
_53;%? ;f](w)c’)wj F Zh2( )
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= Lo.

Statement (3) follows from the following computation:

. 8fi 8f; _ Z": c'?fk i]kafk

Wji = m=
T oz 0%

8we Bfk = Oxe O
_Z zkz:c’)::: awg Z sz o0z; Bxe

k=1 k=1
n
= -y kgl
k,£=1 k,t=1
n
= > gl -y g
k=1 k=1
n
S e(afk aﬁ)
= kTje\ o— — 7—
X
k=1 Oy Oy
n
= Z TikTjeWek
k=1

Statement (4) is a particular case of Brockett’s result in [Br3].

3. Classification theorems. Let us first recall that the following two theorems
were stated in Ocone [Oc].

THEOREM 8 (Ocone). With the notation in §2, lekn=m=p=1, g=1. Then
dim E is finite only if (i)

* h(z) =ax, and f'+f2=az2+br+c

or
(ii) h(z) = ax? + Bz, o # 0 and

(**) f'+ f2=—h2+a(20x + B)2 + b+ c(2az + B) 2
(***) or f'+ f2=—-h?+ax?2+bx+ec

THEOREM 9 (Ocone). If f satisfies (x), f must have a singularity in any un-
bounded interval.

The following theorem follows easily from Ocone’s Theorem 8 and Theorem 9
in the case where m = 1. Since Theorem 8 was stated without proof in [Oc], it is
interesting to know that Theorem 9 follows from the proof of Theorem A as well. In
fact we do not need to assume m = 1.

THEOREM A. Suppose that the state space of the filtering system (2.0) is of di-
mension one. If the estimation algebra E is finite-dimensional, then one of the fol-
lowing holds: (i) E is a real vector space of dimension 4 with basis given by 1, z,

= (0/0z) — f and Lo = (D2 —n) or (ii) E is a real vector space of dimension 2
with basis given by 1, and Lo = (D2 —n) or (iii) E is a real vector space of dimension
1 with basis given by Lo = 3(D% — 7).

Proof. In view of Theorem 3, all the observation terms h; 1 < i < m are neces-

sarily affine polynomials. So we have only three cases.
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If all the h; for 1 < © < m are actually zero, then obviously we are in case (iii)
above.

If all the h; for 1 < i < m are at most constants and one of them is nonzero, then
1 € E. By Lemma 5 (iv), we have

1
(Lo, 1] = 5[D? — .1 =
Therefore we are in case (ii) above.

Finally we may assume that there is a constant ¢ such that z +cis in E. In view
of Lemma 5, we have

(3.1) [Lo,z+c =3i[D2-nz+c=
(3.2) [D,x+c =1,
(33) [Lo, D) = D2 ~,D] = 2 9.

dn/dz € E implies 7 is a polynomial of degree at most 3 by Theorem 2. Recall that

(3.4) f+f2—n Zh2

=1

If n is a polynomial of degree 3, then n — Zz—l ¢ is also a polynomial of degree 3.
According to Theorem 4, (3.4) has no C* solution f since

m m
i (1= 3 = e o lm (134 =

This leads to a contradiction. Therefore, we have shown that n is a polynomial of
degree 2. In view of (3.1)—(3.3), E is four-dimensional real vector space with basis 1,

= (d/dz) — f and Lo = (D2 — ). m]

THEOREM B. Suppose that the state space of the filtering system (2.0) is of di-
mension two. If E is the finite-dimensional estimation algebra with maximal rank,
then E is a real vector space of dimension 6 with basis given by 1, x1, 2, D1, Da,
and Lyg.

Proof. Since E is a finite-dimensional estimation algebra with maximal rank,
there are constants ¢;’s such that z; + ¢; is in E for i = 1,2. In view of Lemma 5, we
have the following

2
1 1
(45 Loz tel=g [ZD ~nas| = 3 YIDhe] =D € B,
=1
(3.6) wji = [Di,Dj] eFE
3.7)
2
- 1oL (wiiD; + 10w\ [ L On
Yj =[Lo, D] =5 [ZD ] ;(mez+ 58—%) + 35a;

2

1 8wy 1 0n

=E wjiDi + = ‘)+——-—jGE,
i=1< 2 Oz,
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Owjs 1 0
(3.8) [Y,,wke] = [Z wjiD;i + = 5 Z CUJ 77 -, wke]

awkt
—Z%z E,

: (‘)w,, 10y
(3.9) [Y;, Dy] = [;w,,p +2 B, + 550 5z’ Dk]

Bwﬂ ‘ Qw1 0%
‘Z(“’"“”“ r ) 2Zaxkax, 2 0zr0z;

By Theorem 2 and (3.6), w;;’s are polynomials of degree less than or equal to 2.
Recall that w11 = 0 = w22. By (3.8), we have

unzM e F and wiz—— Owrz € E,
6x1 6-’112
which implies that
2 2
Wi g and X2 cp
o1 Oxo

If w12 were polynomial of degree 2, then there would be a nonzero polynomial of degree
3 in E, which contradicts Theorem 2. Therefore, we conclude that w;2 is a polynomial
of degree at most 1. We will prove that w1z is actually a constant. From (3.9) and
(3.5), we have

1 8277

Since

Zw i — 2O
ki ™ 2 8z40z;

is a polynomial of degree at most 2 for all 1 < j, k < 2 we deduce easily that 7 is
a polynomial of degree at most 4. Assume that n = a4ox‘} + a31a:‘:':v2 + aggx%a:g +
4137173 + agazh+ degree 3 polynomial and wi2 = axi + bxz + c¢. Equation (3.10)
implies that

182n 9% 102
2 _ -1 T d 2 _ -2
w2 T 5 0z2’  8r110z2’ and Wiz T 5 Oz
are in E. Hence we have
190%n
E > W3, — 5&:—% = a?z? + 2abz1z2 + b222
(3.11) — (6(140.’1:% + 3as1x172 + azz:l‘%)

+ polynomial of degree one
= (a2 — 6a40)z? + (2ab — 3az1)z172 + (b2 — az2)x3
+ polynomial of degree one.
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82n

(3.12) E> 521025

= 3a31x% + 4a90x122 + 3a13m§

+ polynomial of degree one.

1
E>uWw?, - _Tn = a2z? + 2abz1z2 + b273 — (a227? + 3a137172 + 6a0az3?)
1

+ polynomial of degree one
= (a2 — a22)7? + (2ab — 3a13)T172 + (b2 — 6a04) T3

+ polynomial of degree one.

Since 1 = [D1,z1 + c¢1] € E, we have 1, z1,z2 € E. It follows from (3.11)—(3.13) that

(3.14) (a2 — 6(140):1:% + (2ab — 3aszi)z1z2 + (b2 — 0,22).’1:% €E,
(3.15) 3a31a:% + 4ao2x172 + 30,13.'1:% € E,
(3.16) (02 — azz)w% + (2ab - 3(113)1‘1.’1:2 + (b2 — 6(104):1:% € FE.

We will prove that wi2 is a constant. If there is no polynomial of degree 2 in E, then
we have a = b = a2 = 0. This implies that w;2 is a constant.

Suppose that there is a polynomial of degree 2 in E. Then, by using the affine
transformation T = Rz, where R is an orthogonal matrix, we may assume that there
exists a degree 2 polynomial in E of the form k1z? + kaz2+ polynomial of degree one,
where either k1 # 0 or k2 # 0. This can be seen by using Lemma 7 because wi2 =
Zi,lzl rokT1ewek is still a polynomial in z; of degree at most one. As 1,z1,22 € F,
we deduce that there exists a polynomial in E of the form kiz? + ka3, where either
k1 # 0 or k2 # 0. Without loss of generality we may assume that k1 # 0. So we have
p(z)

(3.17) p(x) = 22 + kz2 € E where k = ka/k;.
Case 1. k #0.
We observe that
1 au.)12 1 BT[
1 Y = - -~ 2 2
(3.18) (Y1, p(z)] [w12D2 +t3 90, 288, O + kxz]
= 2kwi2T9 = 2k(aa:1w2 -+ b:c% + 61:2) € E,
(3.19) (Y2, p(z)] = |wa1 D1 + LOwn 100 5 o2
) ’ 2 0z1 20z ! 2
= —2wi271 = —2(az? + bx172 + cz1) € E.

It follows from (3.18) and (3.19) that we have

(3.20) azr1z2 + br € E,
(3.21) az? + brize € E.
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Equations (3.20) and (3.21) imply that
(3.22) a’z? — b2z € E.
On the other hand, we have

2
1

i=1
1 1
= E[D%a .’IZ% + k.’t%] + E[D%v w% + kx%]
1 1

= 2(.’1:1D1 + kxo Dy + k2il) €E,

[a:lDl + kzoDs + % L o2+ kxg] — 222 + 2k2a2 € E.
So we have
(3.23) z? + k223 € E.

Equations (3.17) and (3.23) imply (k2 — k)z% € E. So if k # 1, then both z? and 2
are in E. If k = 1, then it follows from (3.17) and (3.22) that (a2 + b2)z2 € E. If
a? + b2 = 0, then w3 is constant as claimed. On the other hand, if a2 + b2 # 0, then
we conclude that =%, zZ are in E. Therefore in view of Lemma 5, we have

1 1 1 1
1 2 1 2 2 2 1 2 2 1
(3.25) Lo, '2"‘”2 = Z[Dl + D3 -, 3] = Z[DZ’ z3] = z2D2 + 3 € E,
1 1
(326) [.’BlD] + 5, xoDg + 5] = —Z122w12 € E.

By Theorem 2, x1x2wi2 is a polynomial of degree 2. So wj2 is a constant.
Case 2. k =0.

By (3.19) we have az? + brize € E which implies bziz2 € E. If b # 0, then
z1z2 € E. It follows that

(3.27)
1] 1 1
[Lo, @122] = 5 [Z D? -, xlwz] = 5D, @12] + 5[D3, z122]

=x9D1+x1D2 € E,

i=1

(3.28) [x2D1 + 1 D2, z172) =23 + 23 € E.
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We deduce from (3.28) that 2 and 22 are in E. Hence (3.24)-(3.26) imply that w12
must be a constant as claimed.

From now on, we assume that b = 0, i.e., w12 = ax1 + ¢, and p(z) = z3.

Let Zg = %p(m) = %m% € F and Zy = [Lo,Zk_ﬂ. Then by (3.24) Zy = [Lo,Zo] =
z1D1 + % In view of Lemma 5, we have

1 1
Zy = [Lo, Zn] = 3 [Df + D3 ~n, z1D1 + 5]
1, 1, 1
= Q[Dl, x1D1) + §[D2,m1D1] + §[$1D1, Ul

1
= D} + z1w12D2 +  Ea(n) where By = 21—
2 c')xl

Let U be the space of differential operators of order up to and including k. Then

1
Z3 = (Lo, Z2] = [D2 + D2 —n, D? + z1w12D> + 3B (n)]
1 1
= §[D%,$1W12D2] + -é[D%,D%] + —[D2 wlwlzDz] mod U!

_ W_Mz_)DIDH%mDIDﬁM mod U1

ozx1 Ox2
= (4azx1 + 3c)D1 D2 mod U!.

Here ( - ) mode U* signifies a member of the affine class of operators obtained by
adding members of U¥ to the argument. Suppose a # 0. Then A = Z3/4a =
(x1 + 3c/4a)D1D2 mod U! is an element in E. We claim that (—1)*1Ad%Z; =
2kD?D% mod U*+1. For k =1,

(—1)Ad,4Z2 = [Z2,A] =|:D% mod Ul, (:131 + 3¢ )D1D2 mod Ul]
= [D%, (-’l’l +2 )D1D2] mod U?
= 2D?D, mod U2.

Suppose that it is true for k — 1, i.e., (~1)kAd%~'Z; = 2k-1D?D%~! mod U*.
Then

(—=1)k+1AdK Zy = (—1)Ada[(~1)* Ad% " Z,)

= [2k-1D2D%~! mod U¥, (:zl + i )DlDz mod Ul]
= 2k—1 [D%Dg_l, (:171 + i )DlDz] mod Uk+1
(a:l + Z’ )[Dng, 2k—1D2pk-1]

(3.29) - [a:1 + }:’f 2k—1D2 Dk~ 1] D1D; mod Uk+1,
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We show that [D; D, D2D5~!] = 0 mod U*+1. This can be seen easily by induction
as follows. For k = 1, this follows from Lemma 6 (ii):

[D1D2, D}Dy '] = —[D}D5~2Da, D1 D2]
= —D}D;*[D2, D1 Dy
— [D2D%~2, D1 D2] Dy = 0 mod Uk+!

in view of Lemma 6 (iii) and induction hypothesis. Put this into (3.29), and we obtain

(—1)k+1Adk Z, = 2k-1 [D%D;“‘l, z + Z’—;] D1D3 mod Uk+1

= 2k-1D? [Dg-l, T + Z’TCL]DlDz + 2k-1 [Df, x1 + j—Z]Dg—Isz

3 3
= 2"_1D%{D2 [Dg‘z,ml + 4—2] + [Dz, 1 + é] D§_2}D1D2

+ 2+=1.2D; D¥~1D; D; mod Uk+1
= 2kD1 DE1 Dy Dy mod Uk+1
= 2kD2D¥ mod Uk+1.

This proves our claim. We have shown that if a # 0, then F is infinite-dimensional.
Hence the finite-dimensionality of F implies that a = 0, i.e., w12 is a constant. We
can apply Theorem 6 of [Ya] to deduce our result. O
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