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Abstract. Ever since the technique of the Kalman—Bucy filter was popularized,
there has been an intense interest in finding new classes of finite-dimensional re-
cursive filters. In the late seventies, the concept of the estimation aigebra of a fil-
tering system was introduced. It has been the major tool in studying the Duncan—
Mortensen—Zakai equation. Recently the second author has constructed general
finite-dimensional filters which contain both Kalman—Bucy filters and Benes filter
as special cases. In this paper we consider a filtering system with arbitrary nonlinear
drift f(x) which satisfies some regularity assumption at infinity. This is a natural
assumption in view of Theorem 10 of [DTWY] in a special case. Under the assump-
tion on the observation 2(x) = constant, we.propose writing down the solution of
the Duncan—Mortensen—Zakai equation explicitly.
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1. Introduction

Until the seventies, the basic approach to nonlinear fiitering theory was via “innovations
methods,” originally proposed by Kailath in 1967 and rigorously developed by Fujisaki
et al. [FKK] in their seminal paper in 1972. As pointed out by Mitter, the difficulty with
this approach is that the innovations process is not, in general, explicitly computable
(except in the well-known Kalman-Bucy case). The idea of using estimation algebras to
construct finite-dimensional nonlinear filters was first proposed in the early eighties by
Brockett and Clark [BrCl], Brockett [Br], and Mitter [M]. The motivation comes from
the Wei—-Norman approach [WeNo] of using Lie algebraic ideas to solve time-variant
linear differential equations. The extension of Wei—Norman’s approach to the nonlinear
filtering problem is much more complicated. Instead of an ordinary differential equation,
we have to solve the Duncan—Mortensen—Zakai (DMZ) equation, which a stochastic
partial differential equation. By working on the robust form of the DMZ equation we can
reduce the complexity of the problem to that of solving a time-variant partial differential
equation. Wong in [Wo1] constructed some new finite-dimensional estimation algebras
and the Wei-Norman approach to synthesize finite-dimensional filters. However, the
systems considered in [Wol] are very specific and the question whether the Wei-Norman
approach works for a general system with finite-dimensional estimation algebra remains
open.

Recently, Tam et al. [TWY] have examined the properties of finite-dimensional
estimation algebras and the Wei~Norman approach in detail. A class of filtering systems
having the property that the drift term, f, of the state evolution equation is a gradient
vector field was considered. In [Wo2] the concept of Q is introduced, which is defined
as the n x n matrix whose (i, j)-entry is 9f;/9x; — 8f;/0x;. In view of the Poincaré
lemma, f is a gradient vector field if and only if 2 = 0. More recently, the second author
Y11, [Y2] considered a more general class of filtering systems having the property that
af;/dx; — df;/9x; are constant for all i, j, i.e., Q is a skew constant matrix. These
include Kalman—Bucy filtering systems and Bene’s filtering systems as special cases
and finite-dimensionat filters were constructed explicitly. From the Lie algebraic piont
of view, Chen and coworkers [ChYa], [CLY] have shown that these are most general
finite-dimensional filters, at least for dimension of state space less than four. In many
senses, the Lie algebraic viewponit has been remarkably successful, and the recent work
has given us a deeper understanding of the DMZ equation which was essential for
progress in nonlinear filtering, as well as in stochastic control. Nevertheless, the results
obtained so far are quite restrictive in the sense that the drift term f has to be of the form
{y,..., )+ (@e/0x,y, ..., 0p/3x,) where the [;’s are degree on polynomials and ¢ is
a C* function on R".

In the past decade, the Lie algebraic viewpoint played the major role in solving
DMZ equations. In this paper we introduce a new method t6 solve DMZ equations. The
advantage of this approach is that, firstly, we do not need to make any assumption on
the drift term f except some regularity assumption at infinity and therefore it applies
to the general class of nonlinear filtering systems. Secondly, unlike the Lie algebraic
method which only reduces the DMZ equation to a finite system of ordinary differential
equations, our method actually allows us to write down the formal solution on the
Kolmogorov equation (i.e., DMZ equation with observation & (x) = constant), which is
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well known to be a fundamental equation in electrical engineering, explicitly in a closed
form. We can give estimates of the formal solution. We can also construct a convergent
solution explicitly from the truncated formal solution. Most strikingly we can actually
estimate the time interval on which our solution converges. More precisely we have
proven the following theorems.

Theorem A. Leth;, | <i < m, be constants. Then the Kolmogorov equation

? S 2
Sx= {%Z (——_ —ﬁ(x))

i=1

1.1
-3 (Z ()+Zf2(x)+2h2>}u(t,x), -

u(0, x) = op{x),

has a formal solution on R" of the following form:

u(t,x)=[ / Qrn)?
-1 n 1 n
- €Xp (*27 ;(xj - y)? +/0 ;(xg - i) fi(y +t(x,y))dt)
[+ a1 0e, y)t + @00, 7+ -+ @ (e, NI+ -Joo(y) dys -+ dya,

where ax(x, y) = fo1 15 (y +t(x — y), y) dt and
Belx, y) = 22 ” 2 = (x, y>+Z(~—(x ) - ﬁ(x)) == (x,)

[ Za 2060y ”22( (x, y))

—Zﬁ(x) ) - Z—(x) %Zh]ak_l(x,y).

i=] i=1

Theorem B. Let

- . —n/2 ' ix - y[2
onit, x,y) = Q2rt) " “explalx,y) — h
L+ a (e, p)t 4 -+ anGx, e,
¢ _
en(t,x,y) = —a%fv-(t,x, ) = Le(t, %, ),

where

B

1=

) (— - ﬁ(x)> -3 (Z %u) + iff(x) + i;ﬁ)
i=1 i=] i =] i=1
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is the operator defined by the right-hand side of (1.1). Assume that Sup |V’ f;] < C{j),
forj=1,...,N,1<i <n,and 337 h} < C, where C > max(2,|f(0))) and
Vi denotes any jth-order partial differentiation in x variables. Then, for |t| < 1 and

N >3nC -1,

(a) «ﬁN(t,xé W < 2N+ D (1 +/Ex D (14 /2y D Qre) 2 explalx, y) —
lx — yi¢/20).

®) len(t, x, 0 < (N + 2V + JHxDP2( + VHyDN 2 Q)2
x expla(x, y) — |x — y[*/2D).

Theorem C. For N > 3uC — 1, let on{(t, x, yv) and en(t, x, ) be defined as in Theo-
rem B. Let

o
Pl x,y) = @nt, 5, 9) + Y (D" ot x, y),
m=1
where

Om(t, X, )
1

= m+1 f f / ON (g 1> X, Xma1)en Ty Xmeit s Xm)
m+2 Zizor,:t Xl ¥ X Xj

ceN(Tmet, Xmy Xm—1) - - - en(T0, X1, ¥)-

Ift is chosen small enough so that

1
4(N + D2 +aCt < % and nC < P

then the infinite series (¢, x, y) converges and @(t, x, y) is the fundamental solution to
the Kolmogorov equation, i.e.,

a
'5;501 X, y) = Lx(p(t5xs )’),
}i_l;l'(l)(ﬂ(t,x, Y) = §x(y)

2. Basic Concepts

The filtering problem considered here is based on the following signal observation model:

dx(t) = f(x(1)) dt + g(x(1)) du(t), x(0) = xo, 2.0)
dy(t) = h(x@)) dt + dw(?), y(©0) =0, ’

in which x, v, y, and w, are respectively R"-, R?-, R™-, and R™-valued processes, and
v and w have components which are independent, standard Brownian processes. We
further assume that n = p; f, k are C™ smooth, and that g is an orthogonal matrix. We
refer to x(¢) as the state of the system at time ¢ and to y(¢) as the observation at time !.
Here the Stratonovich calculus is used in (2.0).
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Let p(z, x) denote the conditional probability density of the state given the obser-
vation y(s): 0 < s < ¢. It is well known (see [DM], for example) that p(z, x) is given
by normalizing a function, o (¢, x), which satisfies the following DMZ equation:

do(t,x) = Loo(t,x)dt + Y _ Lio(t, x)dyi(t), (0, x) = oy, 2.1
=1
where
n 32 n P f m
Lo =1 e RCANN | W
0 Z;axf ;:f’ax, l}:a 2; i
and, fori = 1, ..., m, L; is the zero degree differential operator of multiplication by 4;.

oy is the probability density of the initial point, xp.

Equation (2.1) is a stochastic partial differential equation. In real applications, we
are interested in constructing robust state estimators from observed sample paths with
some property of robustness. Davis [D] studied this problem and proposed some robust
algorithms. In our case, his basic idea reduces to defining a new unnormalized density

u(t, x) = exp (—— Zhi(x)yi(t)) o(t, x).
i=1

It is easy to show that u(z, x) satisfies the following time-varying partial differential
equation:

a m
@0 = Lou(t,x) + ) %lLo, LiJutt,x)
i=1
“ 2.2
+ 13 5Oy Ol Lo, Lil, LTutt, 2), @2

ij=1
u(0, x) = oy,

where |-, -] is the Lie bracket defined as:

Definition. If X and Y are differential operators, the Lie bracket of X and ¥, [X, Y],
is defined by

(X, Y]E =X(T () - Y(X§)
for any C* function £.

In Section 3 we write down the formal solution of (2.2) explicitly in closed form.

3. Formal Solution to the Kolmogorov Equation

The purpose of this section is to write down an asymptotic solution of the time-varying
differential equation (2.2).
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Lemma 1. Equation (2.2) is equivalent to the following equation:

- 2
d d
gl:-(t,X) = {% LT— - {f:(x) Zy](t)—’(x)iﬂ
f
—% {; 5-— x)+ ;f,-z(x) + ;hf(x)]} ult, x),

u(0, x) = op{x).

(3.0)

Proof.

n oy 39 2
[Lo, hi(x)] = 3 [; (5‘- - f,-(x))
~ (}: 1 (xy + Zf (x) + Zh2<x>) hy <x>]

=1

n 3 2
= % [21 ('a';c— - fj(ﬂ) ,hi(x):l
Jj=

32h
=% (x)+Z—-—(X)———Zf,(x)*—(X)
j

._.

R LN IR S LIV NN
=25 ")ax,-“;ax}(") ;f,(x)axj(x),

N0 j
[[Lo, hil, i) = 2 [ P (x)] [ P (x)]

Lo+ Z »(OLo, Ll +3Y Z iy OULo, Lil, L;]

i=1 i=1 j
Zfz(xai n 51[- %ihf(x)

i=1 i=1
+Z§iyl(r>—<x)—-—

i=1 j=
+%;]Z=; (t)a 2(x) ;}Z:y,(t)f,(x)m——(x)

+HY 3 Y woyo [ ~(x )] [g;im]
i=1 j=1 k=1 &



Explicit Solution of a Kolmogorov Equation 237

.92 n " oh; B
— 1 — —f APy —L .
= 2;%? +;[ f,(x)+j;y](t)axi (x)] ax,.]

1 =1 j=

4 % ZZ}’;U))’J(”Z [_( )] [%(X)]

i=1 j=1

2
a Z

i=1 i

n aﬁ
+3 [5}7(") Zy,(r) 82(x)}

=

o —-%Z 2(x) + 1 Zy,(z)Ahu)

SR e
Z y(t)f,(x) (x)+zzzy’(t)y’(t);[axk(x) Bxk(X}

i i=1 j=I

j=
n 3 2 n
=% [:a__l:ft(x) Z}’](t)“(x)}} - _._,( y—14 Zfl x)

n

= dh; -
+ 22 f@y 070 - %Z[ZW)*’-@} P ILAC)

i=1 j=I i=1 i=1

dh; 2 CZ Z oh; .
OHICEOREDIPIPUONIODY [—(x)} [5;:—00]

i=1 j=1 J i=1 j=1 k=

< ]
=%Z[5x~—[ﬁ(x) Zy, ’(x)ﬂ
= of,
%[, a—~x)+;ﬁ2(x)+;h?(x)} .

=1
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Theorem 2. Equation (3.0) has a formal asymprotic solution on R" if h;(x) are con-
stants for all 1 < i < m. In fact, the solution is of the following form:

u(t,x) = ]w /‘90 (Jil?r_)nt*n/Z

7 A Y]
exp (— 5 M) bit, x, )00(8) by -~ dbs, G.1)

=1 2t

where b(t, x,§) = Y poqar(x, £)tk.
Here ay(x, §) are described explicitly as follows. Let

al n
a(x,§) = jo 3 — &) fil + 10— )] dr. (32)
i=1
Then
ag(x, §) = "9, (3.3)
Suppose that ay_i(x, §) is given. Let
L 3%a; ! day—
_1 k-1 _ y k-1
gk<x,s>—2; rrealil) ;f,m L)
-3 ijh? g1 (x s>~i9’f"—(x)ak (x, 6) (3.4)
2 = o i=t 0% e .

Then, fork > 1,
1
a(x, §) = "4 f Pl SO (E + 1(x — £),§) dt
0

Proof. We prove that {3.1) is a formal solution of (3.0). Since #; = constant for all
1 <i < m, (3.0) reduces to the following equation:

=13 [i - f‘(x)]zu(t %)
ar z ax; ' ’

=]

L O % o
—3 [}; a—x";(x) + gﬁz(x) + ;h?(x)} u(t, x),

u{0, x) = og(x).
Putting (3.1) into (3.5) we have

LHS <>f(35)=fm---/oo ! 171721 e __i(xjmé-)z
L. . 00 —00 (\/2_7-[)n o "—"‘“"‘zt

(= &) o 0b 1
»Lzl N ye b(t,x,8&) 2b(t’f”§)+t8t(t’x’5)_i

-00(§) d&y - - - d&;.

(3.5)
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On the other hand,

3 ® “° 1 s (xj — &)
— L — n/2—1 J J
[ wue = [T [~ e (S B2

Jj=1

ab
' I>'—(xt' - Ei)b(tsx’ 5) + ['é;(tﬂx’ ‘S) '—'tfi(x)b(t»x’ S)} UO(S
d_§1 "'dsn’ '

9 2
[T—ﬁ(x)] u(t, x)
xi‘
* * 1 == &) - (x — &)
— e emmf2-) ML SI _ My s
_/.oo -[—oo e t exP( ; 2t )

ab .
' [*W —EDb(t %, 8) + 12— (,%,§) = i (b, %, E)] o0 (&) dé; - - - dé,

% R Sy (x; — &)
nj2-1 & —5;)”
+/_oo /_oo N exP( ; 2 )

2p

3%b
-[~b(t,x,§)—(x¢ ‘;’,) (tx§)+t32(txé)

~t-£(X)b(t X, 5)—tf;(X) (t X, 5)] oo(§) d§y -+ - d&,

; _ (= §)?
n2-1 N =g
+f_oo /_w (ﬂ)nt exp ( L= )

i=1

ab
: [(xi — &) fi(x)b(t, x,§) — tﬁ(X)b*;(t, X, €) + 1f ()b, x, E)]
~oo(§) déy - - - dE,

X0 o0 1 _ _ (x 5
— e n/2—1 M TSj
B /,oo f_oo Vo cxp ( Z 2 )

j:l

C—E)? b
: I:(x, ) b(t,x,&) — (x; —Ei)i(t»an)
t ax;
+ (x —’s“z)f,(X)b(t x, §)~b(t x,§)

— (x —E)——(l‘ X, §)+t (f S)-ti(X)b(t x, )

—t.fi(x)é’;(tax,g)"}'(xi"fi)fi(x)b(tsxvéf) tf,(x) (tx §)

+ 1f20b(, x, 5)] o0(§) d&; - - - d§,

= - n/2-1 _ J J
- [oo v/;oo (x/i;)”t exp < j; 2t )
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[(x, £)? b(t, x, &) — 2(x; — E,) (t X, 8) + 205 — E) fi(0b(t, x, £)

3%b ﬁ
_b(r,x,§)+15;2( x,£) — t—(x)b(t x,£) — 2tf,(x) (; x, £)

+fE ()b, x, E):} oo(§) dEy - - - d&y,

R.H.S. of (3.5)

o] o0 1 o n (X' . g)z
== e e »’1/1 1 . f) J
/—oo /—oo (V21 )"t CXP( ; 2 )

Y 2 - 3
X {'2—; ;(Xi —&EYb(t,x, &) — ;(x,- - g—i)a_xl_(t, x, &)
+ Z(xi —E) fi(x)b(s, x, &) — _rfb(f’ X, £)
i=1

+£ZH:82 (¢, x, §)~—Z—Ji(x)b(t X, E)—tif-(x)ﬂj_(i x, )
2 dx ’ 21:1 i=1 l axi e

i=1 l
+5§n: 2Gb(, x, ) — - Z?ﬁ(x)+2f-2(x)+ih? bt x 5)}
= o 2 \i= 9 = pr il R
-00(§) d§1 - - - d&,.
It follows that (3.1) is a solution of (3.5) if

t%(t,x,%‘) Z(x, Sz (t X, g)-f-Z(x, £) fi ()b, x, £)

n 2b
+223 2<t X, £)
——Z——(x)b(r x, E)~th,(x) (t x,€)

+3 fo(x)b(t,x,S)

—3 (Z 8f'( )+Zf2(x)+2h )b(t x, ),

=1

ie., if

t%?(f,.?ﬁé) Z(xz Sl (t X, E)-{-Z(xl %‘l)fl(x)b(t ,G)

n

t
+§ ; 5;1'2-0‘, x,§) “f;ﬁ(X)—a—;(t,x, £)
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[ Za—fl(x) th] b(t, x, £). (3.6)
1

Putb(t,x,8) = 3 pop ar(x, &)t* in (3.6). We have

R.H.S. of (3. 6)
=-ZZ(x,—s,>—-—( L6t +ZZ<x,—~s,>f,<x)ak<x &)t
i=1 k=0 i=1 k=0
+ZZz ox 2( LE) T — ZZfz(x)——(x £)hH!
i=1 k=0 i=1 k=0
- i (ia—f’—( )+ 4 Xm:h?) ar(x, E)t*+!
= _iz(xz _Sl)_( E)t +ZZ(xl ét)ft(x)ak(x S)tk
k=0 i=1 k=0 i=

-

ZZﬁ(x)

k=1 i=

.13
= ( £)t*
22 x, E)t

=] i a
f i 2 k
(Z—a— xX) + z_}:h,.)ak.l(x,&)t

€7 s,) (x s)+Z(xl &) fi(Xag(x, £)

'M= EMg TMg

i=1

Ma

+ [ Z(xi ~ s»—")f(x, §)+ Z(x,- — £) fi (ax(x, £)

ZZ akl( L&) — Zf‘(x)
- (Z % +3 Zh?) a1 x, s)] t*
i=1 i

-
]

1

(x,f)

i i=1

LHS. of 3.6) = > kay(x, £)*.
k=1

Therefore (3.1) is a solution of (3.5) if (3.7) and (3.8) are satisfied:

n a n
Yo — BT ) = (i — 6) fi(x)ao(x. ©). 3.7)
j==1 ¢ i=1

Fork > 1,

( Z(x, s,)f,m)ak(x >+Z(x,—s, <x £)
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ZZ‘“’" Lx, &) - Zf,(x) =5 8)

L . mo
- (Z a—i(x) 33 ,‘) Gt (5, E). 38)
Differentiate (3.2) with respect to x;,
AfE + 1 -1

3X,’

1 1. n " f
=f fi(«f+t(x—é))dt+f Z(x,-—s,ozai@w(x—s»
0 0 5 k=1 9%k

&+t — &) dt
ax,-

i

= [ e+ -ppar
1 n
+]0 > - s,)Zra,k—(sw(x—t))dr
j=1

1

=f FlE +1(x =)t
0

1 n 8 :
+/ £y —sj>5f’—(s +i(x —§))dr,
0 j=1 Xi

8(1 1 1 »n
E"Z(X’S)=/o ﬁ(f;‘+t(x—$))dt+/0 j;u,--sj)

“ da
2 (i = E)5—(x§)
i=1 Xi
n 1
=Z<x,-~a->/ fiE +1(x—£))dt
f Z(x, s,)Zu, 82 e +ox - gt
-3 —s»fo file + 1~ £) e
i=1
1 n
+/0 1Y (- ) dfiE +1(x —§))
Jo 5

- Z(xj — ) fi (). (3.9

Let ag(x, &) = ¢**% as in (3.3). Then

8ao

e = —(x £)e"),
x
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n n
aao da £
E (xi = &) —x,8) = E (x; — &) —(x, )"
=1 dx; =1 9x;

= Z(—xj — &) fi)ag(x,§) in view of (3.9).
i=1

So (3.7) is satisfied. Let

82
gu(x.§) = ZZ “"‘(x £~ Zﬁ(x)

(x £-3 (Zh?) -1 (x, &)
i=l
- ; a—)ci(x)ak_l(x, £)

asin(3.4)and, fork > 1,

i
a(x,§) = e“(x’g)/ olemaEHEDN g (6 £ 1(x — §),£) dr.
0

Then
i
a“" x,6) = —;(x , §)e”H) /0 e EHEDD g (6 +1(x — £), &) dt
1
R e R Y
0 ax;
(where F(§ +1(x — &), &) = e 9ETEDD g (6 4 1(x — £), )
P 1
_ 5%()""’&)8‘1()@/0 Pl a1 EDD g (6 1 1(x — £), £)dt
Lo OF 3
+ered [ = 0,076 4109 - )
a 1
= o )0 [l D0 4 1), )
1
+ere® [l 41 0. ar,
o Ox;
Z(x, sl (x £)

1
= Z(-xi *%’i)—a(%f)ea(x's)/ #UFE (e —£),8) dt
i=1 9x; 0
+ @8 /ltk i(x- - 5')95(5 +t(x—§),8)dt
0 o ] 12 axi Ll

n H
=Yt -8 A Wate )+ [ FaF v - 6.
i=l
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=) (i — &) fit)an(x, £) + ¢V F(x, )
i=]
1
- ke““f)/ FUFE + (e —£),E)dr
0

=Y (5 — &) fim)an(x, §) + e Pe gy (x, £) — kaw(x, &)

< day .
= ’;(xi — 85,50

=Y (5 — E) fi(x)ar(x, £) + g (x, ) — kay(x, £)

= (k - Z(xi - &)ﬁ(x)) ax(x, &)

+Z(x, s, (x;)»gwce)

So (3.8) is also satisfied.

O

Lemma3. Let dp(x, &) = 1 and Gp1(x, &) = e *“g,_(x,£). Let gy (x,£) =

e~ g (x, £). Then

1
&k(x,s)=j£ g E +1(x — §), §)dt,

where

9%a
Bi(x, €) = ZZ “(x s)+2(—(x £) - fm)

i=1

B

(,

i ,2) Z—f'—(x)]ak i{x, &)

Proof.

a1 (x, &) = *CHa_ (x, £),

]
Pl (o £) = o9 [—axﬁu,swk_;(x,a +

dar_
8 i 3x,- (X, S)il ’

“L(x, £)



Explicit Solution of a Kolmogorov Equation 245

82
ak 1( §) = —-(x £)e*™®) [—(x §)ag—1(x, §)+ (x 5)]
4758 [a—g(x, E)a-1(x, §) + 5}:(’(’ §) 3x;l (. )
82
5 —(x, E)}
52 ’
_ eu(x,é)[(a_z n (——ﬂx,é)) >5k—1(x,é§)
) Yy ]

(x, &) = e g (x, 6)

_ maxd) [2 Z 8ay 1( JE) — Zf,(x)

i=1

-1 <Z h%) a1 (x, €) — Z a—f(““k—l(x’ ‘9]

i=1

|| (3% .
=3 1[(8 2(x &)+ <—(x 5)) >Gk~1(x,§)

d 3 3%d
P2 DT + 8“;_21@,&)]

(x,E)

—Zﬁ(x)[ (s )1 (5, ) + .l(x,é)]

-1 (Z h$> G (x,8) — Z g’—c%(xwk_l(x, £)

228“" e s>+z(§—;(x 5~ i) o

+[ ia 2(x s)+§Zn:(—~(x S))
_;ﬁ(x)a_;(x.,g) (th) Z*(x)}ak 1, ).

On the other hand,

—(x, £)

1
a(x, £) = &) f Pl D g (6 1 f(x - £), B) di
0

1
- ak<x,s>=/0 PG E + 10— £), E) . O
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Theorem 4. Eguation (3.0) has a formal solution on R” if hi{(x) are constanis for all
1 <i < m, Infact the solution is of the following form:

o0 x 1 a2
u(t’x)zf J[ S
1 n 1 n
- exp (—5; ;;(xj -+ fo ;(xz' -y iy +tlx —y) dt}

AU+ ay (e, )t + e, Ot + -+ ap (e, )+
oo(y)ydyy -+ dyn, ' (3.10)

where az(x, y) = fol gy +t(x — y), y)dt and

day_
gk(x, )’) 22 (x y)+z(—(x ___j"'(x)) ;i.l(x’y)
2 da
{%g 70 y>+zZ( x, y)) = A
m af;
%(Z 12) Zi(x{lak 1%, ).

Lemmas. Leto = (oy,...,0p)and el =0o;+a2+ -+,
aa|+---+a,,a
O TP TR X,
dx)" x5 -ax,';’"( Y)

i jarl—1

3N

i Jaj—1

=« t y+tx—y)de
fo ax T axgr .. xr ’ Y

I -1 alai—lfi
+---+ot-/ e — . - (y+t{x —ypdr
“Jo Ax . X Ax T A L Axl
0 £,

i
+---+a,,f el (y+tx —y)dt
0 axy - axt i axy!

' el £,
fel .________J tx — .
fo t Z(x, Y5 PPN O +tx—y)d

Proof.

3

ax, /ﬁ(y+t<x—y>)dt+j Z(x, )7 O 1 =)

The proof follows from induction. 0



Explicit Solution of a Kolmogorov Eqﬁation 247
4. Estimates of the Formal Asymptotic Solution

Let

21
a4 Fan(x, y)e] (4.1)

w2
onit,x,y) = (27'rt)""/2exp (a(x, y) — !,x b )

We estimate |@y (¢, x, ¥}|. Ourbasic assumption is that
Sup [V/fil <C(GY),  j=1,....N, :
m
% Z hi2 <cC, 4.2)
i=1
where C > max(2, | £(0)]). Here V/ denotes the partial differentiation of order j with
respect to x variables. We begin with the following lemma.

Lemma 6.

@ |fik) = i < V/nClx = yl.

(b) 1(3a/8x)(x, M| < 1 i+ /nClx — yl.

(¢) For j >2,|Via(x, y)| < (j = D! (C + /nClx — yD).

(d) 1(3a/8x)(x, y) — fi(x)] < +/nlx - yIC.

(e) For j =2 1, V/((a/dx)(x,y) = fi()] < j! (VnClx — y| +20).

Prqof. (a)Let g;(t) = fi(y +t(x — ¥)). Then
fitx) — fi(y) =8 — g0 =g'(r) forsome O0<1t <1
n aj‘l
= ,-}::l(x’ “ W O F =), @3)
Hence
i) — i»)] < V/RClx —y| by the Schwartz inequality.

(b) Recall
1 n

a) = [ Y= h0 +i =
j=1

1
/0 fily +t(x —y)) di

26 <
axi LY =

+

1 n afj
fo tj;(x,- — WO HiG - )dr

1 1
5/0 (|ﬁ(y)1+ﬁrcax~y|>dr+/ tx — yl/AC di
4]
=|fi(| ++/nClx — y|.
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(c) Note that, by Lemma 5, if jo| = oy + - -+ + ¢, > 2, then

e} - b —
013 &) f0!1C[(I0!| 1)!]+___+anC[(|al D1
fox e 0xg” e larf
VnClx = yl(jal))
lor] + 1
_ ViClx = y|(ja|!)
= Cl(la| = DI + FES

< (la| = D!C + +/nClx — yil.
(d)

| 0a \I
|a—m<x,y>—ﬁ<xll

1
- |f0 £+ — y) de

1 n af} ./\l
+ 1t =y ==y +tx —y)di — ; it
fo ;(x, g0 F 1 =) i fitxyd

1 1
sfo rﬁ<y+z<x—y>)—ﬁ<x>|dz+/o tx — ylWAC di

H
sf VnC(l = t)|x — yldt + \/;—Cix—yl
0
= /nlx —y|C.
(e)
v/ (%(x,y)~ﬁ(ﬂ) < jlas(C++/nClx —y)) + jIC

O

= j! (/nClx — y| +2C).

Proposition 7. Let

3
Ailx,y) = %(x,y) — fi(x),

" 32q "/ da 2
Bx,y) =1 —@x,y)+1 (—(x, ))
g : ; Bxl.z i = \ox: Y
n da . m n aﬁ
- i P * — 5 hz—— P -
;f(x)ax,.(’“ ) 2; , ;axim

Then:

@ [V/4;(x, )] < jH(/AClx = y| +20).
() IV/B(x, »)| < G+ D!'a(fM] +24/nClx — y| +20)%.
© [V/ax, y)I < (G + 201 n* (| fF )] +24/mClx ~ y| + 20
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Proof. Part (a) follows from (d) and (e) of Lemma 6.
For part (b), we use Lemma 6(b)—(d) to get the following estimates:

[B(x, y) < 3n(C + +/nClx — y|) + n(+/nClx — yD(| f | + V/nClx — y|)
+in(1fF |+ +/nClx — y))* + (n + DC. 4.4)
On the other hand,
n(l f | +24/nClx — y| +2C)?
= n(|f (W] + 2v/nClx — yD? + 4nC( f )| + 24/nClx — y]) + 4nC?
= n(lfD + V/nClx — yD? + 2n(/nClx — yDUf )| + V/nClx = y))
+n(/nClx — yN? +4nC (| f (3)| + 2+/nClx — y|) + 4nC?
> 1n(1f ()] + +/nClx — yD? + n(/nClx = yD(f )] + +/nClx = y))
+ §n/nClx — y| + 3nC + (n + 1)C
= 31(C + /nC|x — y)) + n(vVnClx — yD( fF W) + +/nClx — y))
+ 30 fD] + /nClx — yD* + (n + 1C. (4.5)

Combining (4.4) and (4.5), we have

[B(x, )i < n(If )]+ 24/nClx — y| +2C)%.
For j > 1,

IV/B(x, )|

n .3261 n , da da A
= %;V’a—x?(x,)’)+;V1[(a—xi(ﬁ)’)—fi(x)) a_xi(x’y):]
n 1/ 0a 2 - i

s§~(j+1>!(c+ﬁC|x—y|)

DI

i=1 p+q=j

n
+ 2% L wrtace, p - (veaG, w4 G4 DYC
2 5 P! q!

3
5 q' (—a—_(x,y) - ﬁ(x))l | Vitlatx, )l

<f’--(1+1)!(c+ﬁClx—yi)

+n Z —p'(«/_Clx—yI+2C) @Y fWMI+ C+/nClx -y
ptg= J
n

+5 2. ~p—~;1~p'<|f<y>1+f|x—yl+c>

ptq=j

@YU+ C+V/nClx =y +n-(j+D!IC
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=0+ D! g(«/ﬁclx ~ ¥+ O+ + D n/nClx = y| +2C)

(f DI+ /nClx =y +O)
+ G+ D! %(lf(y)l +/nClx = y|+ O + (j + D!nC

<+ DI fOD + VnClx =yl + CP? + (j + D! 2n(/nClx — y| + C)
(1 fOMI+ V/nClx =yl + C)
+(j 4+ D a(/nClx — y| + C)*

= (j + DIn(f )]+ 24/nClx — y| +2C)*.

This proves part (b).
Part (c) we prove by induction on k. For k = 1,

ailx, y) = [é;(y +t(x — y), y)dt
= j;l By +t(x —y),ydt.
It follows from part (b) that
IV/a(x, ) < G+ DI RO+ 24/mClx ~ y] +20)%
Fork > 1,

1
Gpg1(x, y) = f Py +t(x —y), y)dt
[}
n

jflf" S Plk iy b tx— ). y)
= 5 y+tx—y),y
0 2i=1 ox;
1 , da
+§ Ay +tx -y, y)—+tx—y),y
i=1 dx;

+ By +tlx —y), yar(y +t(x — ), »)

1
. Y P .
|V g1 (x, ) 5/ t’+k—[V’+2ak(y+t(x~y),y)dt|
[

/ ij+k n‘lqu,ty-{“l‘(x'—)’) i

ptq=j
~|V”+‘sz(y+t(x—y) y)ldt
f itk Z diB(y+t(x—y) b2
ptg= J !

AVPar(y +t(x — y), y)l dt
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I
=< mn G+2+20!(fF

+2/ACx — y| +20)* 4+ ——
J/nClx — y| ) TR

j!
> Sratd! (VnClx — y| +2C)n*

ptq=J

P+ 1+20 (fOD) + 24/nlx — y| +2C)%*

1 i

+ > n
: 1
jtk+1 ot plqg!

(P + 20! ([f ] +2/nC)x — y] +20)* - (g + 1)!
(| f ]+ 24/nClx — y| +2C)*

k+1
= ! 2 - 2k
2(j+k+1)(J+2k+2)-(if(y)H— VnClx = y| +2C)
pktl J‘
—— i 2 —_
T Y S(p+ 142k (WnClx — 3] +20)

pre=j o’
(fO+24/nClx — y| +20)%*

n il (g +1
+'+k+1 Z 1 :
J pra=j

{(p + 201 (| f O +24/nClx — yl +20)*+
k+1

L=
2(j+k+ 1)
nk+l
F——(j + 1
rreidth
(G A+ T4+26)! ()] +2/nC|x — y| 4+ 20)%H!
nk+l 5
F——( +1
PR

(j 20! (| f O] + 24/nCx — y| + 2C)%**?
<i*th G4 200+ IO+ 2vnC1x — y| + 20)HF

(J + 20k + NI FOD] +24/nCx — y| +2C)*

1 j+1
' (2(1' +k+ 1)(2C)? * (+k+ 1) +2k+2)2C
n (J+D? )
G+e+DG+2k+2)(G+2k+1)
<n*th G420+ L(FOD) +2v0CIx =y +200% 2. O

We can now give an estimate of gy (z, x, y).
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Proposition 8.

@ [fO+24/nClx — 3| +2C < 3/nC» + |x] + ly).
(b) Forlt} <land N > 3nC -1,

N N
Z&iu, it

i=1

(¢} For N > 3nC — land |t] < 1,

< 2N + DA+ V1D + ey

[@n(t, x, I < 2N + D™+ VDN A+ Vily )N @ury 1

/ )
- eXp (a(x, y)— I_X_E_y_l_) .

Proaf.

LfOD)]+24/nC1x — 3| +2C < | F(0)] + V/nClyl + 24/nClx| + 24/nCly| + 2C
< 3C +3V/nCly| + 2/nCx|
< 3v/nC1 + x|+ 1y]).

This proves part (a). In view of part (c).of Proposition 7, we have

N | N
PBLICES ”’ii < 3 A I@)NGYROP (1 + x| + yh¥ e
=0 -

N
=2 n'l@HN3A CH (1 + VilxDH (1 + VilyD*
=0

N
< )P+ DT+ Vil (A + Vil
=0
N .
<V + D Y BrC + Vil + VilyDIE
i=0

Observe that if » > 3, then ZiN: oY < 2r?N So we have

< (N 4+ D™2[3nC (1 + VelxD( + VelyD1Y

N .
Z&i(t,x, '
i=1

=2(N+1)2N32Nn2NC2”(1+\/?|XD2N(1+\/;,})D2N.

If N > 3nC — 1, then we have

D G x, y)!

i=0

N |
% < 2N + D™+ Ve D® (A + Veyh.
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So part (b) is proven. Since

2 N
~ — —n/2 _ x —yl GGt 4
Pnit,x,y) = Qr)™exp (a(x,y) > ;a,( X, W

Part (c) follows immediately from part (b). a

We now estimate

don
en = L@y,

where

n 3 2 n 3f n m
_ ! _ 7 1 o 2 2
Ly -§l 1(5}: ﬁ(x)> 2(;ax,-(x)+;ﬂ(x)+;hi)
is the operator defined by the right-hand side of (3.3).

Proposition9. For N > 3nC —2and |t] < 1, letex(t, x, y) = (3gn/00)(t, x, y) —
L.@on(t, x,y). Then

2t
(N + 2"+ VDN iy,

vl
len(t, x, VI < @rey™2 [exp (a(x,)/)* x =)l )]

Proof. In view of the computation in the proof of Theorem 2, we have

2
en(t, x,y) = —Q2m)"H2? [exp (_ix -l )]
2t
1 - aaN
L g e - Zﬁ(x) %5, )
n af;
- (Z %(x) +3 Zh2> ay(x, Y)} N+
— w2
= ~(2n)—n/2,—n/2 [exp (a(x,y) =l )]
2t
182 Py
{22 aN( y)—i—Z(———(x y) f,(_x)) aw
2a da da
+ [% ; 57,.2(x’ y)+ ;% (E(x, y)) - ;fi(x)-é};(x,y)

~ (Z ?—fi( )+ 3 Zh?)]zw(x,y)} N

i=1 i=1
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By applying the estimates in Lemma 6 and Proposition 7, we get

_ vl
len (2, x, y)| < Qm)y™/ "2 [exp (a(x,y) -k Zty] )]

~{-’;-nN[<2N + DU F O+ 24/nClx = y| +20)*

+n(/aClx — yhn"[@2N + D]
(f )+ 24/nClx — y| + 20N
+n(f )]+ 24/nClx — y| +2C)*n (2N

(O + 24C]x — y] + 2C)2N}tN“
Y

< Qnrp)~"? [exp (a(x, y) — Ix 2ty[ )}
A3nV TN + DN FO)] + 24/nC1x — y| +2C)

+a"HIQN + DN FO)] + 24/RClx — y| + 202N+

+M T [N f O+ 24/nClx — y] 4+ 20)2 V2] N1
Y
< @Quey™? [exp (a(x; y) = ‘1—2—[——”—)] nEN + 21

1 1 + 1 + ! tN—H
2 4C2 7 2N +2)2C ' 2N+ 1DQN +2)

r o2
< @rt)™? Lexp (a(x, yy— 2 Zt” | )]

'”N+1(N+2)2N'+2(3\/—5C)ZN+2(1+§)C‘+[yl)2N+2
Az e+

; L2
< 2mwe)~? [exp (a(x,y) - x— | )]

2t
.(N+2)2N+2(3nc)21v+2(1+%]x&)2N+2(1+\/}-1y1)2N+2'
Therefore if N > 3nC — 2, then

_ vl2
le(t, %, Y)| < @re)™/? [exp (a(x’y) bk Ztyl )]

SN A2+ VDA 4 Ve y PV 0

5. From Formal Solution to Convergent Solution

From the truncated formal solution

5 _ o= yR\T
— (D n/2 .
on{t, x,y) = (2mt) [eXp (a(x, y) > )J

Va0 P+ ay @, ],
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which satisfies the following properties,

IGn (2, x, )| < 2(N + D™ @rey™2 1 + Velx ) (1 + Velyp™

4l2
- exp (a(x, y) — X 2tyl >

and

gy _ '
’—ép_;.v‘(ta X, y) - Lx(pN(t’ X, y)*

= ley(f, x, y)|
< (V2m) (N 4 1)

‘ X lx —y}? 2N 2N
Slexplat, y) = == )1 1+ Vil D™ (1 + Vily*,

where + < 1 and N > 3nC — 1, we construct a convergent solution. In fact we claim
that, for¢ < /N so that (5.5) and (5.6) in Theorem 13 are satisfied, the following series
converges:

Sl 1
enit, x, y) + (‘1)m+l——-‘f / / f On (T 1, Xy Xmt1)
mz=o Vm+2 Z:,l Tmt & Xt Y i x| i K

N (T Xma1s Xm)eN (Tne1s X Xm—1) - - - en(T0, X1, ¥) (5.D

and it represents a kernel ¢(¢, x, y) which satisfies
]
Lt.x,y) = Laplt, x. ),
at
limo(z, x, y) = 8. (y).
t—0

In this way, for t < ¢/N, we have found an explicit kernel for the equation. When time
is equal to T which may be large, we can find the kernel up to time 7 by the formula

= [ [ elern)e () o (ene)
y Xy = —, X, X = X1, X = XK. Y 3.
P y - XK§0K lfﬂK 1, X2 ('DK K>y

Here X is the smallest integer greater than TN /¢. '

Lemma 10.

@ la(x, y) — S0 (xi — y) f:(x)] < nClx — y[2.

®) lalx, xpy1) + Doing alxipen, x) +a(x1,y) — (x — ¥y fx)] < nCl(t/15 + 1)
Ay =P+ @+ DI = xi1 P @ Ty + DiXpss — x12], where
f&) = (A, ..., filx) andt = 37 1.
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Proof.

a(x,y) = Y (% — ) i)

i=l1

n al
Y= | Gl e =)~ fioya
i=1 0

1
sf(L4%MCu—me
0
Jn

=7fcu—yﬁ

By summation

a(x, Xme1) + Xt 1y Xom) + -+ alx1, y)
= (X = X 1) ) + Emts = X)) [ K1) + -0+ (g — ) F(xD)
+ O(x = Xm1 2 + et = Xml2 + -+ 11 = ¥,

where

O(Ix = Xmpil* + mat = x>+ + 111 — yP)

N

< 5Cx - Xt 2 4 Domgt — Xmb2 4+ v — ¥

={X — Xpp1) - fX) + Z(xi-u = x) - fxiv1)
i=1
+ @ =y X))~ & = X)) - f X
=Y Wi = x) - fE) =@ =) @)+ x=y) f®)
i=}

1
+0 (lx _xm+l|2 + lei—H —xi +lxy — )’I2>

i=1

g1 — x) - (f (i) = F(X))

NE

i=}

+x—y) - (Flap— faN+ -y Fx)
+0 (|x = Xt + Y e = xl? [ —_yf) :

i=1

i

Therefore

la(x, Xmi1) + Y alxies, %) +ale, ) = (= y) - f(0)]
i=}

m
< HCZIMH = xillxip1 — x} +nClxy — yilx — x|

i=1
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n m
+ £C (X ~ it [* + Z Wit = xi]% 4 by — yI°
2 i=
m
< ncZ(xi+l — X[ — Xig2] F 1 Xig2 — X3l A F gy — XD
+nClxy ~ yl(lxy —xl 4+ + lxpay — xD)

" m
+ %:C (lx S ILES ; X1 — x4+ fxy — ﬂ2>
< nC(y ~ x3 [+ [x1 = X2l + -+ X ~ Xt} + [y — x])°

+ ﬁc (fx — Xy l? 4 Z Iigt — X2+ [ — Yiz)

2 i=]

‘ (v~ fxl f
=nC{ + NG
rn Ty fo

Pon = Xmt 1] ixm+1'“x(2>
F T N A =

+ v\/—h-:c ({x ~ X [ Z (i — X2+ g — )’]Z)

vzl

SnC m_H-L-l) (ly—_xll ZIJCz"x,_Hl ]xm+1‘“X\2)

i) T+l

+ ﬁC <{x — Xyt 12+ Z(Xm —xi* + x ~ Yiz)

i=1

2
t 2 - 4 2

<aCl{—+1)ly—alP+> [~ +1} 1 —xil
%o i=] T

t
+( +1> sxmﬂmxﬁ}. O
'L'm+1

m1

U+ Vi x H<1 + VTl ) H(l + VT DN (0 + VD

<1+ f{x()”(l + J|y;)2Nz4N<m+i>

. mel 2 2
-exp [4Nt2 <Z ))”’“r yl b - i )+4Nt)ylz}
f 0

j=1 7

Lemma 11.

Proof. Note that

TRV
1+ﬁ;xilz\2exp(ﬂ§—’lﬂ),
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Hence
m+1 ) m-1
T + VD™ < 228D exp (N don Ixii2> . (5.2)
=] i=1

Since

e — yI* < (= xiol+ iy ~ Xl - 4 [xg = y))?

Ix; — xi-1] [Xiog — xi-2] Jxg — y?)Z
= | -1 t ST+ +
( U A VT2 Vo o J

i—1 i 2 2
[xj — x;—1] [x1 ~ yl
< (ZO r;) (2 e
Jj= j=
41 2 2
%01~ xjl lx1 — ¥l
<1 <Z )

we have

m+-1 m--1 m-1

Zrilx,«‘z = ZZTiEYiZ“FZZTEIX:‘ —yP
i=1 i=] =]
m+1 m-1 m+1 12 2
[%jrt ~ x;1 [x1 =l
<2} mlyP+2) wr +
; ' ; Z T T

Jj=1
m+1 2 2
=2y +22 (> el Py (5.3)
= T; Ty
Similarly, we have
m m+1 . w2 Y
i=0 =t Tj o
Lemma 1 follows easily from (5.2)—-(5.4). O

We are now ready to estimate the infinite series (5.1).

Theorem 12. [f ¢ is chosen small enough so that

1

4N + D2 +nCt < % and nC < P

then the general term in (5.1) has the following estimate:

[ et / / 1On (T, X, xm+l)eN(vaxm+lv Xm)
Z =i Xon Xy

=0 Km+1
“en (Tt Xms Xm—1) - - - en (To, X1, V)
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< Z(N + 2)4(m+2)N+4(m+1)(zn,)—(m+2)(n/2)24(N+1)(m—§—1)
(L AHDPRA + Ve

t——n/2+m+1
. (47‘[)("/2)(’""’1) - m 2
(m + !

w2
o ["“ — 970 + 4 + eyl - E2E ] |

Proof.

/ ] f / e f ‘@N(Tmﬁ-la X, X 1)eN (Tms Xmt1y Xmn)
Z'.=0 ==t V Xt ¥ X x|

< eN(Tm—1, Xm, Xm—1) - - - €n{T0, X1, )|

= fz f f / 2N + D@02 (@) A+ gt x DY

X

IN Ix —xm+1l2
I+ VT X1 D7 exp | a(x, X)) — ————

2'L-m+1
@) @) TN A D+ b DR S )

X1 — xmlz
- €Xp a(-xm+19 xm) - 2_“‘—
Tm

Q)T () TN + V(L 4 ST DV
2
Xy — Xpp—
(1 Tt DV 2 exp (a(xm, Xont) — I—ﬂ—m-—ﬂ—)

2Tm—l

)T (1) TN 4+ 20 + STolx NP

IN+2 lx =yl
(1 + J/tlyD exp | a(xy, y) — B
15

< 2(N + HmADN+Am+D) (5 7y ~(n+2)(n/2)

' e T / (zo--- Tm-}-l)_n/z
[Z Ti=t /xm+| n/x Xy

m+1

(L T x )P T2 1‘[(1 + /T2 H(l + T D

(L4 oolyD* P exp (a(x, 1) + Za(xm, x) +alx, y))

i=l

. exp ix *‘Xm+1| Z |x1+1 2 _ [x; — )’!2
20 219

< 2(N + 2)4(’”+2W+4(m+1)(2n-) (m+2)(n/2)

' f m / / / (TO e rln+l)~n/2(1 + «/;lx|)2N+2
i=0 G=E YV Xpt VX Xy

m
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1+ \/EM)ZN+224(N+”("’+”
m+1

oy — 12 — 1
- exXp {4(1\] + 1)!2 <Z IXJ-H xji + ixl )’f ) +4(N + l)tiy}?,j

= T 70

-exp{(x——y)f(x)—{-nC [(%-}—1) iy—x112

“NE
+;(;+1) [x; = xia[?

(4

+ (—t— + 1) st — xiz:”
Tm+1

exp| — X’ )3 i =i -y
Z'Em+1 21’,‘ 2‘50

i=1

=2(N + 2)4(m+2)N+4(m+1)(27r)—(m+2)(n/2)24(N+1)(m+l)
(U VDA 4 ey

-expi(x ~Y)f(x)]/ - f f f (To -~ Tms) 2
Z,‘:O L=t Jxppq o X X

i? t 1
-exp”zt(N +1)— +nC (— + 1) - ——} [x; — y}?
To To 27

m IZ t 1 2
o+ Z [4(N + l)r—,- +aC (Z + 1) - 2—‘&] X1 — xi

i=]

f 1 ]
+[nC< +1)~ ]]x~xm+1|2+4(N+l)tiyi‘}.
Tim-+1 Tin+1

Since £ is chosen small enough so that

i 1
4N+ D +nCt <L and nC< —,
8

8t
it follows that
4(N + Dr? 1 —
ANEDE ety Lot
T; ; 2, 4t

for all i. So the general term in our series is estimated by
2(N + 2)4(m+2)N+4(m+1) (2n)—(m+2)(n/2)24(N+l)(m+1)

S+ VDA 4+ VDM explx — y) £ (x) + AW + DrlyP

~n/2
‘/m+1 f / "'/(TD"'Tm—}—I) "
Ei Tl Xy 0 X Xy

=0
- exp (_ |x - JCm-l—1|2 _ lxm-H - xm|2 N ixl - )42)

4Tm-{-l 41, 41
— 2(N + 2)4(m+2)N+4(m+1)(271.)——(rn+2)(n/2)24(N+1)(m+1)
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(1 VD + ey
-expl(x — y) f(x) + 4(N + Dt|yl]

. / m / ,[ / (4”)(n/2)(m+2)H(T’"+l’ X = Xmt1)
T =t o Xy

=0 m
*H(vaxm—i—l = Xm) % ox H(t0,x — ),

where, for 1 < i < m, H(z;, x) is the kernel (4mt;)~"/? exp(—(x{*/47;), H (o, x)
is the kernel (47 7o)~"/? exp(—|x|?/41p), and H(Ty.1, x) is the kernel (47 1,4() "2
x exp(—|x|?/4t,41). Each H(z;, x) defines an integral operator acting on L>(R"). In
view of the semigroup property of H (see Theorem 3 on p. 33 of {Wi]), the convolution
H(Tpy1, x) * -+ % H(1y, x) is given by a kernel of the form

m+1 m+1 ~n/2 |X _ y!z
H (Z Ti, X — )’) = (4m)™"? (Z t EXp ( m+1 )
i=0 i=0 42

Hence we have an estimate of the general term in series (5.1) of the form
2(N + 2)4(m+2)N+4(m+1) (27[)——(m+2)(n/2)24(N+1)(m+1) (1 + \/;ix D2N+2
(L4 ey 2 expl(x — y) f (x) +4(N + Defy[*]

2
() D) /2 o —lx =yl L
4t m+1
=t

=0 T

Notice that -

‘ m+1
/ - 1 = Vol (ZT,‘:f,‘L’,‘EO)
Do T i=0
=/ V1+ | grad o2 dy, - 10,
Z:":o 7 <1,7;20

where 1,11 = — (19 + 11+ - -+ 1) 1s viewed as a function of g, 71, ..., 7. Therefore
m-+1 m
Vol (Zr,- =r> =m+2 - Vol (Zri <t 30)
i=0 i '
tm—rl
= +2-
(m+ DU

Therefore the general term in series (5.1) is estimated by
2N + 2)4(m+2)N+4(m+1)(2”)—(m+2)("/2)24(N+1)(m+1)(1 4 \/'lxDZN+2

(1 4+ VElyD*M 2 exp[(x — y) f(x) + 4(N + 1)t|y|2](4n)("/2"”’+”~/

Ix . yIZ —n/2+m+l
exP( 41 ) m+ =

Theorem 13. If't is chosen small enough so that

4N+ D% +nCr < (5.5)
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and
1

C < —, ’ (5.6
n <8C {5.6)

then the infinite series (5.1) converges,

Proof. This follows easily from the root test for convergent power series, the estimate
(m + D! > (m + 1)"*D/2 and Theorem 12. ]

Theorem 14.

() lim,o@n(t, x, y) = &, (y).
(i) limy0 @2, x, y) = 8;(y) where ¢(t, x, y) denotes the infinite series (5.1).

Proof. (i) For any differentiable function o (x) on R”, we have
x0 o0
f f o, x, y)o(y)dyr - - dyn
—00 —00
o0 oo
=/ / @y, x, x = y)o(x —y)dyy - dyn
-00 -0 _

77 e exp (atex — 3y - 22
2rt) exp|alx,x—~y) o

S +ae,x =y + a0, x — Mo = y)dy; - dyn.
Let y = +/2tr where r = (r1, ..., r,). Then

1 n :
a(x,x—y)z/o Zy_;f,-((x—y)+ty)dt
i=1

1
=/ y-fx+ (@ —=1Dy)de.
0
Hence

[ / @N(tvx’y)G(Y)dyl"'dyn
—00 -0

0 00 !
=] ] m? [exp (/ V2r - flx+ @ - DV2tr) - §r§2)}
—00 ~00 0

14 ay e, x — N2t Ay, x — V21N o (x ~ A/21r)
cdry - odr,.

1t follows that

o0 o0
ﬁm]-~f Br(tx, Y)a () dys -+~ dyn
00 —00

1—0
o0 oo
=/ f 7% exp -—Zriz o(x)ydry---dr, = o(x).
—00 ~00

i=}
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So (i) is proven.
(ii) follows immediately from (i) and (5.8) below. 0

Theorem 15. Let p(t, x, y) denote the infinite series (5.1). Then ¢(t, x, ) is the fun-
damental solution to the Kolmogorov equation, i.e.,

dg
—(t,x,y) = Lyp(t, x, ),
ar 5.7

tli_{x(l)rp(t,x, ) =8;(y),

where L, is defined by the right-hand side of (3.5).

Progf. Inview of Theorem 13, there is no problem for convergence of the infinite series
(5.1) and its derivatives. We can differentiate the series (5.1) term by term. We rewrite
the integral

1
/Z;’:; 7=t ‘Km+l ‘/;m h ‘/xl Vi + 2

en(Tm—t1, Xm, Xm—1) - en(T0, X1, ¥)

t f ) Im
Om(t, X, y) =/ / / / / / [ ON(t — 11, X, Xma1)
0 0 4} 0 Xm+1 ¥ Xm Xq

en(tl — 1, X1, Xom)
en(t2 = 13, Xy, Xm—1) - en(Em — Tmy1, X2, X1)
~eN(tm+1,x1,y)dtm+1,dtm ~~-d[1. (58)

@N(rm-i-l’ X, X 1)eN (Tms X1 Xm)

as

It follows easily that

OPm
-__—[7 3
3 #,x,y)

o A A I .

cen(ty — b, Xpy1, Xm)en(ly — l3,xm,xm 1) en(bn = tnst, X2, X1)
eN(tm-Haxla )’) dtm—i—ldtm cre

Al b
+limf / f / / f On{t — 1, X, Xppt1)
bt Xm+1 ¥ Xm

cen(tl — b, X1, Xm)en(ty — t3,xm,xm—1) cen(tm = tmg1, X2, X1)
ceN (a1, X1, ¥) dbygr dby -+ -

£ tm 3(01\[
// / / / /—(t 0y X, Xmr1)en (= B2, Xt 15 Xm)
K+t ¥ Xy

€N(t2 13, Xim, xm—l) eN(tm = Im+1, X2, Xl)
cen(tmt1s X1, Y)Y by dby - - dly
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1 ph tn
A Y I e
0 Jo 0 Jay Jrm 5

cen(ty — b3, X, Xm—1) * - €N — Imats X2, X1)

. EN(tm+1sxl, y) dtm+l dty - - dt.

Hence

0 Ry
a_t'_ )(pm(i,x,y)‘

S A AR A Y B C RS R

cen(fy — 2, Xma1s Xm)
cen{ty — Py, Xy Xm—1) + - €N (b — bpg1, X2, X1)
cen (gt X1, YY) dbyyy dby, -+ d1y

f / / eN(t~12,X xm)eN(tZ I3, Xy Xpn— l)

ey (bn — bnal, X2 XEN(tmy1s X1, V) Alny by -+ - dy

LLLL L Lo

cen(t — 1y, Xmi1s Xm)en (82 = 13, Xy Xngt) -+ €N (Im — Bt X2, K1)

I 4 iy T
cen{tme1, X1, Y) dtyyy -+ dipdt +[ f f / en(t — 1, X, Xu)
o Jo Jo 0

: eN(I2 - t3’-XMs xm—l) e eN(tm - tm+17 X2, xl)

. eN(tm-H» X1, )’) dtm—H Aty + - dty.

Therefore
(E - Lr) ¢N(ts X, )’) + Z(_t)MH(Pm
m=0

t I iy tx
=<—1>K“[f f f / f---few—zl,x,xm)
0 Jo JO 0 Xk+1 Y XK Xy

~en{ty — fy, XK41, XK)
cenlly — t3, Xk, Xk 41) - enllg 41, X1, Y) dtgyy -+ dipdiy. ]

However, a similar estimate as in Theorem 12 shows that the above expression tends
to zero uniformly as K — oo. Hence

Corollary 16.  The fundamental solution ¢(t, x, y) in Theorem 15 is approximaied by

K
Gnit 5, 3+ Y (D" on(x, y)
m=0
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which is readily computable. Here ¢, (t, x, y) is given by (5.8). The error for such an
approximation is given by

Y (=)™, x, y)

m=K+1

which can be estimated by

A+ Velx PN 20 + Vily )™ 2 exp [(x — y) - f(x) + 4N + DelyP?]

«( /27[)—(m+2)(n/2)24(N+l)(m+l)( /47.[)(m+1)("/2)

2
-exp (_u) i AN + QM ADN+4+D) [T

4t m=K+1

(—n/2AmE L

(m+ D!’

which clearly tends to zero rapidly if t is small and K is large.

Proof. This follows immediately from Theorem 12. 0
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