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Abstract, Ever since the technique of the Kalman-Bucy filter was popularized, 
there has been an intense interest in finding new classes of finite-dimensional re- 
cursive filters. In the late seventies, the concept of the estimation algebra of a fil- 
tering system was introduced. It has been the major tool in studying the Duncan- 
Mortensen-Zakai equation. Recently the second author has constructed general 
finite-dimensional filters which contain both Kalman-Bucy filters and Benes filter 
as special cases. In this paper we consider a filtering system with arbitrary nonlinear 
drift f(x) which satisfies some regularity assumption at infinity. This is a natural 
assumption in view of Theorem 10 of [DTWY] in a special case. Under the assump- 
tion on the observation h(x) = constant, we propose writing down the solution of 
the Duncan-Mortensen-Zakai equation explicitly. 
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1. Introduction 

Until the seventies, the basic approach to nonlinear filtering theory was via "~innovations 
methods," originally proposed by Kailath in 1967 and rigorously developed by Fujisaki 
et al. [FKK] in their seminal paper in 1972. As pointed out by Mitter, the difficulty with 
this approach is that the innovations process is not, in general, explicitly computable 
(except in the well-known Kalman-Bucy case). The idea of using estimation algebras to 
construct finite-dimensional nonlinear filters was first proposed in the early eighties by 
Brockett and Clark [BrC1], Brockett [Br], and Mitter [M]. The motivation comes from 
the Wei-Norman approach [WeNo] of using Lie algebraic ideas m solve time-variant 
linear differential equations. The extension of Wei-Norman's approach to the nonlinear 
filtering problem is much more complicated. Instead of an ordinary differential equation. 
we have to solve the Duncan-Mortensen-Zakai (DMZ) equation, which a stochastic 
partial differential equation. By working on the robust form of the DMZ equation we can 
reduce the complexity of the problem to that of solving a time-variant partial differential 
equation. Wong in [Wo 1 ] constructed some new finite-dimensional estimation algebras 
and the Wei-Norman approach to synthesize finite-dimensional filters. However, the 
systems considered in [Wol ] are very specific and the question whether the Wei-Norman 
approach works for a general system with finite-dimensional estimation algebra remains 
open. 

Recently, Tam et aL [TWY] have examined the properties of finite-dimensional 
estimation algebras and the Wei-Norman approach in detail. A class of filtering systems 
having the property that the drift term, f ,  of the state evolution equation is a gradient 
vector field was considered. In [Wo2] the concept of f2 is introduced, which is defined 
as the n x n matrix whose (i, j)-entry is Ofj /Oxi  - O f i / O x j .  In view of the Poincar6 
lemma, f is a gradient vector field if and only if ~2 ---" 0. More recently, the second author 
[Y 1 ], [Y2] considered a more general class of filtering systems having the property that 
Ofj /Oxi  - Of i /Oxj  are constant for all i, j ,  i.e., S2 is a skew constant matrix. These 
include Kalman-Bucy filtering systems and Bene's filtering systems as special cases 
and finite-dimensional filters were constructed explicitly. From the Lie algebraic piont 
of view, Chen and coworkers [ChYa], [CLY] have shown that these are most general 
finite-dimensional filters, at least for dimension of state space less than four. In many 
senses, the Lie algebraic viewponit has been remarkably successful, and the recent work 
has given us a deeper understanding of the DMZ equation which was essential for 
progress in nonlinear filtering, as well as in stochastic control. Nevertheless, the results 
obtained so far are quite restrictive in the sense that the drift term f has to be of the form 
(11 . . . . .  IN) • (O~o/Oxl . . . . .  O~p/Ox~) where the li 's are degree on polynomials and ~p ~s 
a C ~ function on R n . 

In the past decade, the Lie algebraic viewpoint played the major role in solving 
DMZ equations. In this paper we introduce a new method to solve DMZ equations. The 
advantage of this approach is that, firstly, we do not need to make any assumption on 
the drift term f except some regularity assumption at infinity and therefore it applies 
to the general class of nonlinear filtering systems. Secondly, unlike the Lie algebraic 
method which only reduces the DMZ equation to a finite system of ordinary differential 
equations, our method actually allows us to write down the formal solution on the 
Kolmogorov equation (i.e., DMZ equation with observation h (x) = constant), which is 
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well known to be a fundamental equation in electrical engineering, explicitly in a closed 
form. We can give estimates of  the formal solution. We can also construct a convergent 
solution explicitly from the truncated formal solution. Most strikingly we can actually 
estimate the time interval on which our solution converges. More precisely we have 
proven the following theorems. 

Theorem A. Let hi, 1 < i < m, be constants. Then the Koimogorov equation 

~ - ( t , x ~ =  ~ = Tx~- f~(x~ 

2 OX i 
i=1 i=1 i=1 

u(O, X) = ao(X), 

(1.1) 

has a formal solution on R n of the following form: 

f S f  u(t, x) . . . .  (27rt) n/2 
oo oo 

�9 exp - ~ Z ( x j - y ] ) 2 +  Z ( x i - y i ) f i ( y + t ( x , y ) ) d t  
j = l  i=1 

�9 [1 + gq (x, y)t + ~;(x, y)t 2 + ... + gtk(X, y)t k +'..]cro(y)dyl "" dyn, 

where ~k(x, y) = f~ tk-l~k(y + t(x -- y), y) dt and 

1 ~ O2~lk-I , n / 8a x ) Ofik-i, 
g ' k ( x , y ) =  ~_. --~x2i tx, y ) + Z ~ x i (  , y ) - J~(x )  --~xi tx, y) 

i = 1  " i=1 

[ ~ O 2 a  , ~ { O a x  )2 
+ 1 Ox__7(x,y)+ ~ ~_~xi(,y) 

i=1 i=1 

i=1 i = 1 0 X i  

Theorem B. Let 

~N( t ,x ,y )= (27rt)-n/2exp(a(x, y) [x2tY[2 ) 

�9 [1 + ill(X, y)t + ... + {tu(X, y)tU], 

eN(t, X, y) = ~ .  (t, X, y) -- Lx(ON(t, X, y), 
Ot  

where 

Lx = ~ - -  f i  ( x )  -~ O x i  
i=1 i=1 i=1 
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is the operator defined by the right-hand side of(1.1 ). Assume that Sup t vJ  fi  i < C ( j  !), 
m for j = 1 . . . . .  N, 1 <_ i <_ n, and �89 }~,,=~ h 2 < C, where C > max(2, [f(0)t)  and 

V j denotes any j th-orderpartial  differentiation in x variables. Then, for  Itl 5 1 and 
N > 3 n C -  1, 

(a) g)N(t, X, Y)I <- 2 ( N +  1)4u(1 q-.c/ttx])2N (1 q-.v/lIy!)2N(27rt) -n/2 exp(a(x,  y) -- 

Ix - y12/2t). 
(b) [eN(t ,x ,y) l  < (N q- 2)4N+4(1 q- q~'lxl)aN+2(1 + V~lyt)ZN§ "n/2 

X exp(a(x, y) -- IX -- Yl2/2t). 

Theorem C. For N > 3nC - i, let q)N(t, X, y) and eN(t, x,  y) be defined as in Theo- 
rem B. Let 

O0 

g)(t, x,  y) = ~N(t ,  X, y) + 2 ( -  1)m+l~Pm(t, X, y), 
ram| 

where 

~9 m (t ,  x ,  y )  

- l f f ".. f m , 

�9 eN(rm-l, Xm, Xm-1) ' '"  eN(~20, Xl, y). 

l f  t is chosen small enough so that 

1 1 4 ( N + l ) t  2 + n C t  < g and nC < 
8t '  

then the infinite series qo(t, x, y) converges and q)(t, x,  y) is the fundamental solution to 
the Kolmogorov equation, i.e., 

{ -~(t, x, G~0(t, x, y) y), 

}im ~p(t, x,  y) = 3x(y). 

2. Basic Concepts 

The filtering problem considered here is based on the following signal observation model: 

dx( t )  = f ( x ( t ) )  dt + g(x( t ) )  dr( t ) ,  x(O) = xo, (2.0) 
dy(t)  h ( x ( t ) ) d t  + dw( t ) ,  y(O) = O, 

in which x, v, y, and w, are respectively R n-, R p-, R m-, and R'~-valued processes, and 
v and w have components which are independent, standard Brownian processes. We 
further assume that n = p; f ,  h are C ~ smooth, and that g is an orthogonal matrix. We 
refer to x(t)  as the state of the system at time t and to y(t)  a~ the observation at time t. 
Here the Stratonovich calculus is used in (2.0). 
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Let p(t, x) denote the conditional probability density of the state given the obser- 
vation y(s): 0 < s < t. It is well known (see [DM], for example) that p(t, x) is given 
by normalizing a function, or(t, x), which satisfies the following DMZ equation: 

m 

drr(t, x) --- Lo~r(t, x) dt q- Z Licr(t' x) dyi(t), 
i = 1  

where 

rr (0, x) = ~0, (2.1) 

s s O 2 ~ . .  3 3fi l h 2 
no = �89 Z Ox2i = f i  ~x  i -- OXi 2 i 

i=l = i=l i=l 

and, for i = 1 . . . . .  m, Li is the zero degree differential operator of multiplication by hi. 
or0 is the probability density of the initial point, x0. 

Equation (2.1) is a stochastic partial differential equation. In real applications, we 
are interested in constructing robust state estimators from observed sample paths with 
some property of robustness. Davis [D] studied this problem and proposed some robust 
algorithms. In our case, his basic idea reduces to defining a new unnorrnalized density 

u(t,x) = exp ( -  s hi(x)yi(t)) 

It is easy to show that u(t, x) satisfies the following time-varying partial differential 
equation: 

Ou m 
-'if7 (t, x) : Lou(t, x) q- Z yi(t)[Lo, Li]u(t, x) 

i = 1  

1 m (2.2) 
+ 2 E yi(t)yj(t)[[Lo, Li], Lj]u(t, x), 

i,j=l 
u(0, x) = rr0, 

where [., .] is the Lie bracket defined as: 

Definition. If  X and Y are differential operators, the Lie bracket of X and Y, [X, Y], 
is defined by 

Ix ,  r]q = x ( Y ( ~ )  - Y ( X r  

for any C ~ function ~. 

In Section 3 we write down the formal solution of (2.2) explicitly in closed form. 

3. Formal Solution to the Kolmogorov Equation 

The purpose of this section is to write down an asymptotic solution of the time-varying 
differential equation (2.2). 
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Lemma 1. Equation (2.2) is equivalent to the following equation: 

_! af, (~) + ~ f?(~) + h~(~) .(t,~), 2 OX i i=I i=1 
u(0, x) = cro(x). 

(3.0) 

Proof. 

j=l  

-- ~ ( x ) +  E f j e ( x ) +  hZ(x) ,hi(x) 
=1 j = l  

,[(o ; 1 = ~  ~ ~-~.(x~ ,~,(x) 
j=l  

1 02hi n Oh i 0 Ohi 

~'~ Ohi O 1 ~ O2hi x Ohi 

[~  ]r~hj 1 
k=l 

~ y~(t)y](t)[[Lo, L~], L]] Lo + ~ y,.(t)[Lo, Li] + 
/=1 i=1 j=l  

I _ _  _ 8Z(x  ) _ 

i=1 i=1 i=1 i=1 

+ E Ohi a 
i=I 1=~ y i ( t ) ~ x Y ( x ) - ~  x) 

1i=1 yi(t)~x~ (x) " ~i=t ~'~=1 yi(t) fy(x)~xj (x) 

+�89 k=l (x) 
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T h e o r e m  2. Equation (3.0)  has a format asymptotic solution on R '~ if  hi(x) are con- 
stants for all 1 < i < m~ In fact, the. solution is of  the following form: 

f f, u(t ,  x) . . . . .  t -n/2 

- b( t ,  x,  ~)ao(~) d ~ . . .  d~n, (3.1) 
\ j= l  

where b(t, x,  ( )  - -  ~ ~  ak(X, ~)t k. 
Here ak (x ,  ~) are described explicitly as follows. Let 

~1 n 

a(x,  ~) = Jo ~ ( x i  - ~ ) ~ [ ~  + t (x  - ~ ) ]d t .  (3.2) 
i=1 

Then 

ao(x, ~) = e a(x'~). (3 .3)  

Suppose that ak-1 (x, ~) is given. Let 

gk( x, ~) ~ i=l --~X2i (X' r ) , .  o-~iOak-l " ~., 
02ak,l 

= ~ _ f , . ( x ) - - z - c - t x  , ~) 

i=1 

i hZi a~-l(x, ~) - -~xi(X)ak-l(x, ~). (3.4) 
\ "=1 / i=1 

Then,for k >_ 1, 

ak(x, ~) = e ~(x'~) tk- le-~(~+'(~-~'~g~(~ + t (x  - ~), ~) dt  

Proof. We prove that (3.1) is a formal solution of  (3.0). Since h i = constant for all 
1 < i < m, (3.0) reduces to the following equation: 

at ~- Z ( x )  u(t ,  x)  
i=1 k I 

2 Oxi i=l i=l - -  

u(0, x) = a0(x). 

Putting (3.1) into (3.5) we have 

L.H.S. of (3.5) = - . .  (~)------2t -"/2-! exp - 
o o  -oo j= l  

, b( t ,  x,  ~) - ~b ( t ,  x,  ~) + t - ~ ( t ,  x,  ~) 
j= l  

-ao(~) d~,. . ,  d~.. 
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On the other hand, 

0 ( x )  u ( t , x )  . .  

! o-~ - L(x)]2u(t,x) 

=i-~ o~ (.,/~)n' t-'12-1-(xi-~i------)exp('--s d=' 

[ _" ] �9 - ( x i - ~ i ) b ( t , x , ~ ) + t ~ x ( t , x , ~ ) - t f i ( x ) b ( t , x , ~ )  ~ o ( ~ ) d ~ l " " d ~  

F /?.~., ,-'.-'ex.(~"~:')') -J- . . . . . .  

.~ ~ t v z T r j "  \ j=~ 

I t x 
Ob O2b 

. - b ( t ,  x ,  ~)  - (xi - ~i)~-- '-(  , , ~)  + t ~ ( t ,  x ,  ~) 
axi 

�9 OX i 

- t  O"f-~i ~) - t f i (X)~xi  (t' x, ~)] O'o(~)d~l'"d~n 

+ "'" .m ' - - . . tn l2-1  exp - ~§ 
oO j= l  

I _~ ] �9 (X; - ~i ) f i (x)b( t ,  x, ~) - t f i ( X ) ~ x ( t ,  x, ~) + tfi2(x)b(t,  x,  ~) 

. ~o(~) a ~ l . . ,  a t .  

- ; r  ( ) . . . .  (v~_~) t_n/Z_lexp _ s (xj 2t~J); 

(X i  - -  2 O b  
�9 .[~i) b ( t , x , ~ ) _ ( x i _ ~ i ) ~ x i ( t , x , ~ )  

+ (xi - ~i) f ;(x)b(t ,  x,  ~) - b(t, x, ~) 

Ob O2b 
- t~ x, - ( x ;  - r x, r + t~.~2(t, x, ~) ~) 

axi �9 O y  i OXi  

Ob Ob 
-- tfi ( x ) 7 ( t ,  x, ~) + (xi -- ~i) fi (x)b(t ,  x, ~) - tfi ( x )w- - ( t ,  x, ~) 

oxi OXi 

+ tfi2(x)b(t,  x, ~)] ao(~) d~l" d~n 

f? /?_~_' ,-n,'-'e.( ~.,~,.) 

�9 ar de,, 



240 S.-T. Yau and S. S.-T. Yau 

(xi -- 2 Ob 
�9 t ~i) . b ( t , x , ~ ) - 2 ( x i - ~ i ) - ~ x i ( t , x ,  ~) + 2(x i -~ i ) f i ( x )b ( t , x ,~ )  

OZb tOf~(x)b(t,~ x, 2tfi(x) Ob - b(t, x, ~) + t~_.2(t, x, ~) - ~) -- ~x/(t, x, ~) 
OX i OXi 

x, ~)] ao(~) d~l " " d~n, +tfi2(x)b(t, 
J 

RM.S. of (3.5) 

= f_o~.. ,  f - ~  ( ~ ) ~  j=i ~t ~j)2) 

1 n " ~ b  

• ~ E (xi -~ i )2b( t ,x ,~)  - E ( x i - - ~ i ) ~ x i ( t , x , ~ )  
i=l i=l 
n n 

+ E ( x i  -- ~i)fi(x)b(t, x, ~) - -~b(t, x, ~) 
i=1 

_~t_ ~ i=1 ~ X / 2 ( t ' X ' ~ ) -  ~ i=l ~ x i ( x ) b ( t ' x ' ~ ) - t  i=l f i ( X ) ~ x i ( t ' x ' ~ )  

+~ fi2(x)b(t, x, ~) - g \~=1 Oxi (x) + fi2(x) + l 
i=l i=l i=1 J 

. ~o(~) d ~ l . . ,  d~.. 

It follows that (3.1) is a solution of (3.5) if 

t ~b t n Ob n 
~7 ( , x, ~) = - Z ( x ~  - ~,)~xi(t, x, ~) + Z ( x g  - ~)fz.(x)b(t, x, ~) 

i=1 i=l 

t s 02b 
+~ 7.2(t,x,~) 

i=10Xi 

- '2  i=1 ~ x i ( X ) b ( t ' x ' ~ ) - t  i=1 f i (X)~xi ( t ' x '~)  

n 
t ~ ff(x)bq, x, ~) 

+ 2 . =  

t Of/ (X) + E fi2(x) Ar E h~ b(t,  x ,  ~), 
2 Oxi i=1 i=1 i=1 

i.e., if 

Ob n Ob n 
t~7(t,  x, ~) = - E ( x i  x, ~" -- ~i)~Xi( t ,  ~) 1, E ( X i  -- ~i)fi(xlb(t, x, ~) 

i=1 i=l 
t s 02b ~ Ob 

+~ ~..2(t, x, ~) - t ~) i=l OXi ~i=l f i ( X ) ~ x / ( t ' x '  
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+ 2 - 2  Ofi (x) - h2i b(t ,x ,~).  
Oxi 

Put b(t, x, ~ ) = ~k~=O ak(x, ~ )t k in (3.6). We have 

R.H.S. of  (3.6) 
n co . ,Oak,  n ec 

= -- Z Z (Xi -- ~i)Txi tX, ~)tk "Jr- Z E (Xi -- ~i) f i(x)ak(X, ~)tk 
i=1 k=0 i=1 k=0 

~ i 0 2 a k  ~)  tk+l  ~ ec , Oak, 
+ 50x--T (x, - ~ ~tx)-ff-~xitX, ~) tk+l 

i=1 k=0 i=1 k=0 

n ofi - h i ak(x, - ( x )  + z 

k=O 

=-E~(xi-k=o i=1 ~i) Oak(x,~)tk+EE(xi--~i)fi(x)ak(x,~)tkOxi k=0 i=1 

~-~, ~-~ 102a'-'  ~-~ ~ 
+ -~ Ox 2 (x, ~)? - ~ ( x )  (x, ~)? 

k=l i=1 k=l i=l  

) _ 1 h 2 O.f-.f-~-ii ( x ) + ~  i ak-l(X,~) tk 
k=l i~10xi  

Z ( X i  8ao, ~., 
= -- -- ~i)~xi tX,  g) -I- ~ ( X i  -- ~i)fi(X)ao(X , ~) 

i=1 i=1 

n ~. Oak n 
+ -- E ( X i  -- ~i) OX i (X, ~) -[- ~-'~(X i -- ~i) f i  (X)ak(X, ~) 

k=l i=1 i=1 

-t- 1 ~ 02ak-1 , , , Oak-l, 

i=l 
__ ( ~  0)~ 1 m / ] 

i=1 i=1 / 

(3.6) 

(5<) 
L.H.S. of  (3.6) = Z kak(x, ~)t k. 

k=l 

Therefore (3.1) is a solution of (3.5) if (3.7) and (3.8) are satisfied: 

n Oao . . ,  n 

Z ( X i  -- ~i)-~Xi l, X, ~) ~- Z ( X i  -- ~i) f i  (X)Oo(X, ~). 
i=1 i=1 

For k > 1, 

k -  ~ ( x i  - ~i)3~'(x) ak(x,~) + Z ( x i  --~i)~xi (X,~ ) 
i=l  i=1 

(3.7) 
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s 02ak_______!~ s Oa~_~. 
= ~ ox~ (x, ~) - f,(x)--~V~ tx, ~) 

i=1 i=1 

Differentiate (3.2) with respect to xi, 

Oa fo' f l  n ~j)Ofj[~ "~ixi(X, ~) = fi (~ + t(x - ~)) dt + E ( x j  _ . + t(x - ~)] dt 
j= l  OXi 

fO 1 n _- < 

Jo j=l ~ axk(~ 
+ t ( x  

dt 
Oxi !' = L(~ + t ( x  - ~))dt 

f0 
1 n n 0 . 

OX k j= l  k=l 

/o' = f~ (~  + t ( x  - ~ ) ) d t  

+ t y~'(x~ - ~ ) ~ x  (~ +~(x - ~ ) ) d t ,  
j= l  

(3.8) 

n 

~ ,  (xi Oa 
i=1 - ~O-ff-s ~ ) 

= ~_,(x~ - ~ )  f~(~ + t ( x  - ~)) dt 
i=1 

fo I " ~ a j) + t ~ ( x j  - ~j) E ( x ,  + - ~))dt  j=l ;=l - ~,)Tx.(~ t(x 

= Z ( x i  -~i) fi(~ +t(x -~))dt  
i=1 

+ t ~ _ , ( x j - ~ j ) d f j ( ~ + t ( x - ~ ) )  
j=l  

= E ( x j -  ~j)~(x). 
j= l  

Let ao(x, ~) = e a(x'~) as in (3.3). Then 

aao (x, ~) = 7- - (x ,  ~)e "(x'~) 
OXi OXi ' 

(3.9) 
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n 3ao, ~, " Oa 
Z ( X /  -- ~i)~xi tX, ~) = ~-'~(X i -- ~i)~xi(X, ~)e a(x'~') 
i=1 i=1 

n 
= Z ( x j  - ~j)f j(x)ao(x,  ~) 

j=l 

So (3.7) is satisfied. Let 

in view of  (3.9). 

g~(x,~) = ~ Ox-T(~,~)  - ~ f ~ ( x ) - ~  t~,~) - 
i=1 i=1 i=1 

-- L Of~ (x)ak_l(X, ~) 
i=10xi 

as in (3.4) and, for k > 1, 

fo 
ak(X, ~) -= e a(x'~) tk-le-a(#+t(x-#)'~)gk(~ + t(x  -- ~), ~) dt. 

Then 

3ak 
3xi 

fo 1 - - ( x ,  ~) = -~xi(x, ~)e a(x'~) tk-le-"(~+t(x-~)'~)gk(~ + t(x  -- ~), ~) dt 

Jo' +e"(X,~) tk-l O- -~ -F(~+t (x -~ ) ,~ )d t  
3xi 

(where F(~ + t(x - ~), ~) = e-a(~+t(x-~)'~)g~(~ + t(x  - se), ~)) 

3a fo I = -~xi(X,~)ea(X'r tlC-le-a(r162 + t ( x  - r  

+e ~(x'~) t k-1 (~ + t(x  - ~), ~)-~xi(r + t(xj - ~j)) dt 

Oa fo 1 = ~-TXi (X, ~)e "(x'r tk-le-a(r162 + t(--~), ~) dt 

+e ~(x'~) (~ + t (x  - ~), ~) dt, 
Oxi 

n 3ak 
~_, (x~ - ~i)-ff-~ (x, ~ ) 
i=1 

= Z ( x i  - ~i) (x, ~)e ~(~'~) tk-tF(~. + t(x  -- ~), ~ )d t  
i=1 

~0 1 n ~ + e  "(~'~) t k Z ( x i - ~ i )  . ( ~ + t ( x - ~ ) , ~ ) d t  
i=1 

n fO 1 = Z ( x i  - ~i)fi (x)ak(x, ~) + e ~(~'~ t k dF(~ + t (x  - ~), ~) 
i=1 
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/ /  

= Z ( x i  - ~i)fi(x)ak(x, ~) + e~'(x'~)F(x, as) 
i=1 

/o' - ke a(~'~) t~-~F(~ + t(x - as), as) dt 

= y'~(xi - asi)f~(x)a~(x, as) + ea(X'Oe-~(~'Og~(x, as) - kay(x, as) 
i = l  

n 

=~. Z (xi . .  aa~ , 
i=1 -- ~i)~xi[X'  as) 

= Z ( x i  - asi)fi(x)a~(x, as) + gk(x, as) - kay(x, ~) 
i=1 

k - ~_ , (x~  - as i ) f~(x)  a ~ ( x ,  as) 
i=1 

n Oak "X, ~ 
+ ]~__/xi - asi)-ff--xit r = gk(x, as). 

i=1 

So (3.8) is also satisfied. 

Lemma 3. Let ~o(x, as) = 1 and ak~l (x, ~) = e-~Cx'~)ak_l (x, as). Let gk(x, ~) = 
e-a(~,O gk(x, ~ ). Then 

fo 
~k(x, ~) = tk-l~ok(a s + t ( x  -as ) ,~ )d t ,  

where 

~=~ ~=~ F x ( X , O -  ~(x) ---ff~x ~x,~) 

i ~ _ 0 2  a l ~ ( O  a )2  ~_~ Oa 

i=1 i=1 i=1 

- 5 i - ( x )  ~ - t ( x ,  as). 

Proof 

ak_~ (x, as) = ea(X'O ak-l (x, as), 

Oak------!l (x, as) = e a(x'~) (x, as)~k-~(x, as) + x, ~) , 
Oxi �9 " 
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02ak-I Oa x I Oa Oak-l ~ ] 
ax--7-(x, ~) = -~x ( , ~)e a~x'~) 5 7 ( x ,  ~)&-l(X, ~) + --vX,axi ~) 

F 02a Oa Oak-~, 
+e o~'~' [Tx~X, ~)ak_l(X, ~ + C<x, ~)727-x ~x, ~) 

._}_ 02ak-.____~ 11, ~)] 
Ox 2 ~x, 

= 

L\ax 2 + 57(x,~) &_,(x,~) 

2aa x oak< a2&_~, ~,] 

245 

= - -  i = I  Ji~'X)--~Xi (X' ~) 

2 
i=1 i = t  OXi 

= 2  
i=1 i 

2 Oa x Ofik-~  ( x ,  02ak- I  " ~)] 
+ 57  ( ' ~)-~x~ ~) + - -2~ ,  ~ t ~ '  

n [ Oa x O(lk-I ] 

i=1 

l h 2 - ~  i & - l ( x ,  ~) - (x)&_l(x,  ~) 
i = I  Oxi 

O2a 1 
+ �89 Tx?(X,~)+~ (x,~) 

i = l  i=l 

--~..aj*](X)~x-]x]x/(X,~)-- �89 ~ h  2 ~=l Oxi (x) ak-'(x, se)" 
i=l i=l = 

On the other hand, [1 
ak(x, ~) = e a(x'~) tk-le-a(~+t(x-~)'~)g~(~ + t(x -- ~), es) dt 

dO 

fo' ~ a~(x,~) = ? - ~ k ( ~ + t ( x - ~ ) , ~ ) d t .  [] 
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Theorem 4. Equation (3.0) has a formal solution on R" i f  h i ( x )  are  constants for all 
1 < i < m. In fact the solution is of  the following form: 

f o o  f o o  1 u(t, x) . . . . .  t -n /2  
oo oo ( ~ ) "  

�9 exp - ~ ;  E ( x j  - yi)2 + 2 ( x i  - Yi)J~ (Y + t(x  - y ) )d t  
j = l  i=1 

.[1 + f i t (x ,y) t  + fi2(x, y)t z + ' . .  + ak(x, y)t  ~ + . . ' ]  

�9 go(Y) dy~ . . .  dyn, (3.10) 

where ilk(x, y) = f(] tk-'~gt,(y + t(x - y), y) dt and 

ik(x, y) = �89 ax---7-2 (x, y) + 5-Z~ (x, y) - •(x) --ffZ-tx, y) 
i=1 i=1 

4- �89 4-g ~x i (X ,y )  - - ~ _ ~ f i ( x ) ~ x i ( X , y )  
i=1 -X i  i---=1 i=1 

2 i Oxi .] 
i=1 

L e m m a  5. Let ot = (al . . . . .  oe,) and la[ = al + og2 4- "'" qL_ Otn~ 

Oal +'"+Otn a 
~, ~2 (x, y) 

Ox l Ox 2 . . . .  Ox~" 

fo I Ol~l-i f l  (y + t(x - y ) )d t  
= ~l tl~l-I 8-x l~'-lax~ . . .  Ox~" 

fo I 81~t-~ f/ 4- ' "4 -c t i  t l~l-lox I . . . . . .  ,~-1, ~+, .OXff,, ( y + t ( x - y ) ) d t  
, �9 ~ OXi_ l OX i O X i +  1 

fo I 81~l-l fn ~,,z ~. f ( y 4 - t ( x - y ) ) d t  
+ ' "  + an t[al-10X~' . . .  OXn710Xn - 

+ tt~l Z ( x j  - Y)) ~, ..-2s7-- ~,, ( y  + t ( x  - y ) )  dt. 
/=1 OX i OX 2 " ' 'OXn  

Proof. 

Oa Ji' Jl 
Ox----7 = f i ( y + t ( x - y ) ) d t +  t E ( x  j - g j ) - ~ i x i ( Y + t ( x - y ) ) .  

j = l  

The proof follows from induction. '~ 
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4. Est imates  of  the Formal  AsYmptotic  Solut ion 
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Let 

O N ( t , x , y )  = ( 2 z r t ) - n / 2 e x p ( a ( x , y )  'x~tY[2 ) :  - -  

�9 [1 + al(x, y)t  + . . ,  + fiN(x, y)tN]. (4.1) 

We estimate [~N (t, X, y)[. Our basic assumption is that 

SuplVJfi.[ < C(j ! ) ,  j = 1 . . . . .  N,  
m 

(4.2)  E;h, <c, 
i=1  

where C > max(2, [f(0)l) .  Here VJ denotes the partial differentiation of order j with 
respect to x variables. We begin with the following lemma. 

L e m m a  6. 

(a) [f/(x) - fi(Y)[ <_ v ~ C I  x - Y[. 
(b) [(qoa/Oxi)(x, y)[ < IJ)(Y)t + ~ C [ x  - y[. 
(c) For j > 2, [VJa(x, y)[ <_ ( j  - 1)! (C + ~/-nC[x - y [ ) .  
(d) I(Oa/Ox~)(x, y) - f`Cx)i < ~/-fflx - ylC. 
(e) For j > 1, vJ((Oa/Oxi)(x ,  y) - f i(x))[  < j!  (v/-ffCIx - Yl + 2C). 

Proof (a) Let gi(t) = f i (Y  + t(x - y)). Then 

f ` ( x )  - Z ( Y )  = gi(1) - gi(O) = g'(r i)  for some 

n , O f , . ,  

= ~ ( x j  - yj)5-g~jty + ~i(x - y)). 
j = l  

Hence 

I f ` ( x )  - f~ (y ) l  _< , / ~ C i x  - yl  

(b) Recall 

a(x,  y) = fo 1 

l Oa Y) < 
5Zx ( x,  

0 < ' c i  < 1 

by the Schwartz inequality. 

< 

n 

Z ( x i  - y j ) f j ( y  + t(x - y ) ) d t ,  
j = l  

fo f ` ( y  + t(x -- y))  dt 

+ t (xj - y j ) -~x t y  + t(x - y))  

/o' fo' ([f/(Y)t + ~ t C l x  - Yl)dt + tlx - yl~/-~C dt 

If`(Y)] + ,v/-~CIx - Yl. 

(4B) 
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(c) Note that, by Lemma 5, if 1cr = cq + . . .  + o~n > 2, then 

- ~ ? - - - -  ~ , ( x , y )  < + . . . +  
! a x  1 . . .  a x .  - [~1 I~[ 

,/'fiCIx - yl( l~l !)  -+ 
I,~1 + ! 

~ / - ~ C I x  - yl( l~i !)  
= C [ ( l a l -  1) ! ]+  

l,~l + 1 
_< (lot[ - 1)! [C + v/-~Clx - Yl]. 

(d) 

' ~ ( x ,  y) - j~(x) 

/o' = f i ( y + t ( x - y ) ) d t  

+ t ~ ( x j  - yj)-~xi(y + t(x - y ) ) d t  - 
j = l  

jl /o < I f i ( y + t ( x - y ) ) - f i ( x ) l d t +  t l x - y ]~ / - f fCd t  

< 4"ffC(1 - t)lx - y[ dt + Ix - Yl 

= ~v/'fflx - y [ C .  

(e )  

V j ( a a ( x , y ) . f i ( x ) ' ~  < j ! a s ( C + ~ - f f C l x - y l ) + j ! C  
~, OXi ,] 

= j !  ( , / - f fClx  - Y l  +2C). 

u , , c [ ( l u i -  1)!1 

fi (x) dt 

Proposition 7. Let 

Oa x A i ( x , y )  = 7 x  ( , y ) - f i ( x ) ,  

8(x,  y) = ~ ~ 2  (x, y) + �89 v;~ (x, y) 
i = l  i = l  

s x Oa x l s 1 6 3  
- ~ (  )a-~x~ ( ' Y)  - ~ axs  

i=1 X'  i=1 i=1 

Then: 

(a) IvJ a~(x, y)[ < j!  (~/-ffClx - yl + 2C). 
(b) [VJB(x, Y)I -< (J + 1)! n(I f (y)[  + 2~,/fiClx - Yl + 2C) 2. 
(c) IvJ~k(x, Y)I < (J + 2k)! nk(I f (y) l  + 24~ffCIx - y[ -I- 2C) 2k. 
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Proof. Part (a) follows from (d) and (e) of Lemma 6. 
For part (b), we use Lemma 6(b)-(d) to get the following estimates: 

IB(x, y[) _< �89 + ~/ffClx - y[) + n(v/-ffCIx - Y[)(If(Y)[ + ~v/-ffCI x - Yl) 

+�89 + v'-ffCIx - yl) 2 + (n + 1)C. (4.4) 

On the other hand, 

n( l f ( y ) l  + 2~/-ffClx - yj + 2C) 2 

= n( l f ( y ) l  + 2~/-ffCIx - yl) 2 § 4nC(l f (y )[  + 2.v/-ffCjx - yJ) § 4nC 2 

= n( I f (y ) l  + ~/-~Clx - yl) 2 + 2n(v'-~C[x - YI)(If(Y)[ + v'~C[x - Yl) 

+ nG/'ffClx - y ] )  2 § 4nC(I f (y ) l  + 2~/-nClx - Yl) + 4nC2 

> �89 + .v/'ffClx - yl) 2 § n(4'-~CIx - y l ) ( I f (y ) l  § 4'-ffCIx - yD 

+ �89 - yl + �89 + (n + 1)C 

-= �89 + .,/-ffCIx - yl) § - y l ) ([ f (y) l  + ~v/'ffCix - yl) 

+ �89 + 4~ffCIx - yl) a + (n + 1)C. (4.5) 

Combining (4.4) and (4.5), we have 

[B(x, y)[ < n( l f (y )[  + 2V'-ffCIx - y[ + 2C) 2. 

For j > 1, 

IVJ B(x,  Y)[ 

�9 02a 3a 3a 
= V J ~ (x,  y )  + V j 

i=1 ~ i=1 ~ixi(x' y) - f i (x )  -~xi(X, y) 

- 

2 ~ k \ O x  i i=t 

n 
-< 2"  (j  + 1)! (C + vrffClx - yl) 

F_~ J [ V ' (  Oa ) + Z p! q! ~xi (x' y) - f i (x)  " ] v q + l a (  x ,  Y)I 
i=1 p+q=j 

n "ptJ ~ t +~ [VP+la( x, Y)[ " [ v q + l a (  x ,  Y)I + n.  (j  + 1)! C 
+ 2 p  =,j . . 

n 
-< 2"  (j + 1)! (C + v"~C[x - yD 

+ n  Z J! p ! ( v ' - ~ C [ x - y l + 2 C ) . ( q ! ) ( l f ( y ) W + C + v ~ C I x - y D  
p+q=j P! q ! 

n v-~  J! 
+ ~ p+qZ~__j p--~qW p! (If(Y)1 + v~lx  - Yl + C) 

�9 (q!)(If(Y)[ + C + v ~ C [ x  - Yl) + n  . ( j  + 1)! C 
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n 
= ( j  + 1)! -~(.v/-nClx - Yl + C)  + ( j  q- 1)! n ( ~ / ~ C I x  - Yt q- 2 C )  

�9 ( l / ( Y ) l  + , f ~ C l x  - Yl § C) 
n 

+ (j  + 1)! ~([f (Y)l  + v/-ffClx - Yl + C) 2 -~- (J + 1)! nC 

< (j  + 1)! n(I f (y)[)  + v/-ffCIx - y[ + C) 2 + ( j  + t)! 2n(v/'ffClx - Yi + C) 

�9 ( I f ( Y ) I  + 4'-nCIx - y[ + C)  

+ (j  + 1)! n(,v/-ffClx - Yl + C) 2 

= ( j  + 1)! n(I f (Y) l  + 2 ~ C I x  - Yl + 2C) 2, 

This proves part (b). 
Part (c) we prove by induction on k. For k = 1, 

~1 (x, y) = gl (Y + t(x  - y), y ) d t  

fo = B ( y + t ( x  - y ) , y ) d t .  

It follows from part (b) that 

IvJ~I(  x, Y)l < (J + l)! n(I f (y ) l  + 2~/-ffClx - Yl + 2C) 2. 

For k > 1, 

f0 gtk+l (X, y) = tk~k+i (y + t(X -- y), y ) d t  

= t k �89 ~ t Y  + t(x  -- y), y) 
i=1 

n . .O~k. 
+ ~ Ai(y  + t(x - y), y ) - ~ x t t  + t(x  - y), y) 

i=1 

+ B(y + t ( x  - y), y)gtk(y + t ( x  - y), y)} dt, 

IVJak+l( x, Y)i < fo tJ+ ~ n . -~[VJ+2s -[-t(x - y), y)dt[ 

fo E tj+~ J " + E ~ VqAitY + t(x  - y), Y)k 
i=1 p+q=j 

. I vP+l  f ik(y + t ( x  -- y), y)[ d t  

fo + t 2+k ~ ~ i V q B ( y  + t ( x  - y ) , y ) l  
p+q=j �9 . 

�9 lVPgtk(y + t(x  -- y), y)[ dt 
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/2 <~ 
- 2( j  + k +  1) 

- - n  k. ( j  + 2 + 2k)! (If(Y)[ 

+24rffC[x _ Y] + 2C)2 k + n 
j + k + l  

J 
E - - q !  ('v/-ffC]x - Yl + 2C) n~ 

p+q=j P ! q ! 

. (p + 1 + 2k)! (If(Y)l  + 2v/-~lx - Yl + 2C) 2k 

-t j + k  + l p  =. p ! q !  

�9 (p + 2k)! ( I f (y ) l  + 2~/~Clx - y [  + 2C) 2 k  (q + 1)! 

�9 n ( I f (y )[  + 2~/-nClx - y ]  + 2C) e 

nk+l 
- 2( j  + k + 1) ( j  + 2k + 2)! (If(Y)l  + 2~,flffCIx - y[ § 2C) 2~ 

n ~+1 j! 
~ ; ( p +  1 +2k) !  (v~Clx  - y l  + 2 C )  q- j  

+ k +  1 p ~,q=j " t-': 

�9 (If(y)l  + 2~/-ffClx - y[ + 2C) 2~ 

n k+l j !  (q + 1) 

+ j E e! p+q=j 

�9 (p + 2k)! (If(Y)[ + 2~'-ffClx - y[ + 2C) 2k+2 

F/k+ 1 
< 1) ( j  + 2(k + 1))! ([f(Y)l + 2~/'~CI x - Y l  + 2C)  2k 
- 2 ( j  + k +  

nk+l 
q- - - ( j  + 1) 

j + k + l  

. ( j  + 1 + 2k)! ( I f (y) [  + 2~,/~CIx - Yl + 2C) 2k+~ 

nk+l 
-j- _ _  ( j  "{- 1) 2 

j + k + l  

�9 ( j  + 2k)! ([f(Y)l + 2~/-ffClx - Yl + 2C) z~+2 

_< n ~+l �9 ( j  + 2(k + 1))! ( I f (Y) l  + 24'-ffCix - Yl § 2C) 2k+2 

1 j + l  

�9 2(j  + k + 1)(2C) 2 + (j + k  + 1)(j + 2k + 2)2C 

(j  + 1)2 x 

-t ( j + k + l ) ( j + 2 k + 2 ) ( j + 2 k + l )  ) 
< n k+l - ( j  + 2(k + 1))! ( [ f (y)[  + 2V'-ffClx - Yl + 2C)2k+2. - [] 

We can now give an estimate of q~N (/, X~ y). 
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Proposition 8. 

(a) If(Y)l + 2~-nClx - Yt + 2C < 3w/-ffC(1 + !x] + tYi)- 
(b) For ltl <_ 1 and N >_ 3nC - 1, 

N Y) ti i~=l~i(x, < 2(N + 1)4N(1 + ~v/71XI)2N(1 q- ~/~lyl) 2N. 

(c) For N >_ 3nC - 1 and rtr <_ 1, 

I~N(I, X, Y)l < 2 (N  § I)4N(] § ~v/71xl)2N(l + ~/tlyl)2N(2rct) -n/2 

/ lX -- y [ 2 )  
�9 exp ka(x,  y) ?) �9 

Proof 

If(Y)I + 2~/-nCIx - Yl + 2C <_ Jf(O)J + .v/~Clyl + 2C'-ffCIxl + 2 ~ C j y J  + 2C 

< 3C + 3~/-ffClyl + 2~/-nC]xl 

< 34CffC(1 + Ixl + lyl). 

This proves part (a). In view of part (c) of Proposition 7, we have 

N i 

i~=ofii(t, x, y)t i < 
I 

N 
I..p~2i ti ~ ni[(Zi)!](3v'nC)2i (1 + ]xl + ,yl, 

i=0 
N 

= Eni[(zi)!]32iniC2i(1 § .v/tlxi)2i(l + .v/~lyl) 2i 

i=o 
N 

< Z n Z i ( i  + 1)2i32ic2i(1 § ~lx[)2 i (1  + ~/Tlyl) 2i 
i=0 

N 
< (N + ])2N ~ [ 3 n C ( 1  + ~/tlxl)(1 + 471yl)] el. 

i=0 

Observe that if r >_ 3, then ~ff=o r2i < 2rZU" So we have 

N 
i~=l gti (t, x, y)t  i _< (N + I)2N213nC(i + ~/tlxi)(1 + 4~ly[)l  2N 

= 2(N + 1)2N32Nn2NC2n(1 + ~/~IXl)2N(1 + ~ftlyi) 2m. 

If N > 3nC - 1, then we have 

f N _ I 
i~=oai(t,x, y)t i < 2 (N  § 1)4N(I + x/t]xl)2N(1 § ~/~lyl) 2N. 
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So part (b) is proven. Since 

~N(t,x,y) (2yrt)-"/2exp(a(x,y) Ix2tYl2) N = -- E ai (t, x, y)t i. 
i=o 

Part (c) follows immediately from part (b). [] 

We now estimate 

a~N eN .-- Lx(ON, Ot 
where 

l E L'2 (X) h Lx = ~ ~xi fi(x) - ~ (x) + + 
i=1 i = 1 0 x i  i=1 

is the operator defined by the right-hand side of (3.5). 

Propos i t ion  9; For N > 3nC - 2 and It[ < 1, let eN(t, x, y)  = (O~N/Ot)(t ,  x ,  y)  -- 
Lx~u( t ,  x, y). Then 

leN(t,x,y)l < (27ct)-n/2[exp(a(x,y) Ix2tYl2)] 

�9 (N + 2)4N+4(1 + 471Xl)2N+2(1 + 471y1) zN+2. 

Proof. In view of the computation in the proof of Theorem 2, we have 

eN(t,x,y)=--(2rc)-n/2t-n/2Iexp( IX 2t-Y[2)] 
~ OZaN . . O a N .  

�9 li~=l-~xZi ( x , y ) - S f i , x , - ~ x i , X , y )  
i=1 m) / 

1 aN (x, y)  ~ (x) + - ~ h ~  t ~+' 
i=1 ~ i=1 

=--(2:r)-n/2t-n/2[exp(a(x,y) [x ~tYlZ)] 

i=I 2 0 x ]  (x, y) + -~xi (X, y) -- fi(x) Oxi 
i=1 

+ [�89 , ,'aa 
i=1 ~Xi 2(X' y) + ~'~g ['~X/(X' Y)) ~ Oa i=1 -- fi(X)~xi (X' y) 

i=1 
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By applying the estimates in Lemma 6 and Proposition 7, we get 

,eN(t ,x ,y)[<(27r)-n/2t-n/2[exp(a(x ,y)  Ix ~tYl2)] 

' / 2  nN[(2N + 2)[]([f(y)l + 2 ~ C [ x  - y[ + 2C)21v" 

+ n(~fffCIx - yl)nU[(2N + 1)!] 
�9 (If(Y)] + 2"v/-nCI x - Yl + 2C) 2N 
+ n(If(y)l + 24rffCIx - Yl + 2C)2nN[(2N)!] 

�9 (If(Y)l + 2~/-ffCI x - Yl + 2c)2N} tg+l 

<(2rr t ) -" /2[exp(a(x ,y )  'x z2tY[2)] 

[ 1 N+I �9 [(2N + 2)!](If(y)l + 2,/-ffCIx - Yl + 2C) aN 

+ nN+I[(2N + l)!](If(Y)l + 2C-ffCIx - yJ + 2C) 2N+i 

+nU+l[(2N)!]([f (Y)l + 2vrffCI x - Yl + 2C) 2N+2 } tu+l 

- 2t 
'(If(Y)l + 2,fnClx - Yl + 2C) 2N+2 
{1 1 1 l }tN+ ~ 

" 2 " 4C ~ + (2N + 2)2C + ( 2 ~ +  1)(2N + 2) 

< (2rct)-n/2[exp(a(x,y) Ix z2--tY'2)] 

�9 nN+I(N + 2)2N§ + 1Xl + ly[) 2N+2 
1 1 } tN+I 

<(27rt)-n/2[exp(a(x ,y)  Ix ~tYle)] 

�9 (N + 2)2N+2(3nC)2N+2(1 + .v/71Xt)2N+2(I + w/t[yt) 2N+2. 

Therefore if N > 3nC - 2, then 

l eN( t ,x ,y ) l<(27r t ) -n /2[exp(a(x ,y )  Ix S2t--Yl2)] 

�9 (N + 2)4N+4(1 + v~-Ixl)2N+2(1 + -v/tly[) 2N+2. [] 

5. From Formal Solution to Convergent Solution 

From the truncated formal solution 

(ON(t ,x ,y)=(2~rt) -" /2[exp(a(x ,y)  Ix 2?12)1 

�9 [1 + fil(x, y)t 4 . . .  +fiN(X, y)tU], 
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which satisfies the following properties, 

!(ON(t, X, Y)I ~ 2(N + l)4N(2rct)-n/2(1 + ~/tlx[)2N(1 + ~/Vlyl) 2N 

�9 e x p ( a ( x , y ) - - I x 2 t  yl------~2) 

and 

O(ON (t, X 
i--~i-- , y) -- Lx(ON(t, x, y) 

= [eN(t, x, Y)I 
< (V~'~)-~t-n/2(N + !) 4N 

�9 [ e x p ( a ( x . y )  'x2tYl2)]( l+.v /~,X[)2N(l+~c/ t ,y l )2 'V , 

where t < 1 and N > 3nC - 1, we construct a convergent solution, tn fact we claim 
that, for t < e / N  so that (5.5) and (5.6) in Theorem 13 are satisfied, the following series 
converges: 

(ON(t,x, y) + E ( _ I ) m + I  1 
m=0 ~ .,+1 " - "  ( o N ( ~ m + l , X ,  X m + l )  

i=0 ri=t m+t m I 

�9 eN (Win, Xm+l, xm)eN (Win-1, Xm, Xm-1)' '" eN ('CO, Xl, y) (5.1) 

and it represents a kernel ~o(t. x. y) which satisfies 

~( t, x, y) = Lx~o(t, x, y), 

lim ~p(t, x, y) = 3x(Y). 
t--~0 

In this way, for t < E/N, we have found an explicit kernel for the equation. When time 
is equal to T which may be large, we can find the kernel up to time T by the formula 

Here K is the smallest integer greater than T N / c .  

Lemma 10. 

(a) 
(b) 

la(x, y) - ~,i~=t(xi - y i ) f i (x) i  <_ nClx - yi 2. 
ta(x, X,n+l) + ~_~im=l a(xi+l, xi) + a(xl ,  y) - (x - y ) f ( x ) l  <_ nC[(t/ro -t- 1) 

lY - x l l  2 + ~,'~=l(t/ri + 1)lxi - x i + l [  2 + (t/rm+l + 1)lxm+l - x ! Z ] ,  where 
f ( x )  = (f l  (x), . f,, (x)) and t x-~m+l "" ' ~--- Z..-.i=I 27i' 
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Proof  

a(x ,  y) - E ( x i  - y i ) f i ( x )  
i=1  

�9 

/o' _< (1 - t)4~ffClx - yl2 dt  

---- - ~ C I x  - yl 2. 

B y  s u m m a t i o n  

a(x,  xm+l) + a(x ,n+l ,  xm) + ' "  + a(xl ,  y) 

= (X - - X m + l ) f ( x )  Jr" ( X m + l  - - X m ) f ( X m + l )  - ~ - ' ' '  + (Xl  - -  y ) f ( x l )  

12 -I- O ( I x  -- Xm..l- 1 + [Xmq- 1 -- Xmt 2 "t- " " " + IXl -- yl2), 

where  

O(llx - x , .+ l l  2 -I- Ix,.+~ - xml z + " "  + lXl - yl 2) 

I <~ C ( I X  -- X m + 1 "~ I X m + l  - -  Xm[ 2 -I- " " " "I- IXl - -  y l  2 )  

m 

= ( X  - -  Xm+l ) �9 f ( x )  + Z ( X i + I  -- Xi)" f ( x i+ l )  
i=1  

+ (xl - y ) '  f ( x l )  --  (x --  Xm+l) " f ( x )  
m 

- E ( x i + I  - xi)" f ( x )  - (Xl - y)" f ( x )  + (x - y ) .  f ( x )  
i=1  

12 - i 2 + 0  [x - x,.+i + Ixi+l xi + txt - yl 2 
i=1  

m 

= Z ( X i + I  - -  Xi )"  ( f ( X i + l )  -- f ( x ) )  
i=1  

+ (xl - y)"  ( f ( x l )  - f ( x ) )  + (x - y)"  f ( x )  

There fo re  

la(x, x.,+l) + ~ a(xi+i, xi) + a(xl ,  y) - (x - y) . f ( x ) l  
i=l 

< n C  ~ IXi+l -- x i l [x i+l  . x t  -[- n C [ X l  - yltxl - x l  
i=1  
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Lemma 11. 

m+| m '~N 
( l  -~ ~/'~-~m+lIXI) 2N 1-'I([ -{-~/~[xiD 2N I-I(1 -j-~iijafi_?ll) ~ (1 ~.-.v/~}y}) 2N 

i=1 i=0 
< (1 + ~/tlXt)2N(l "~ "q / t l y l ) eN24N(m+I )  

�9 e x p  4Nt 2 + -Y{~_ +4Ntlyl  z 
\ j=~ r: r0 / 

Proo f .  Note that 

t + ~rT[xi, < 2exp ( ~ )  , 

m 

<~ gtC ~ {xi+l - xi[(Ixi - t - !  -x i+2I  ~-Ixi+2 - x i - g 3 1  Av " " "-~ tXm+l - x l )  
i=l 

+ n C l x l  - yl(Ixl -x21  + ' "  + IXm+l - x l )  

<_ n C ( l y  ~ x~] + Ix~ - x21 + ' "  + Ix,n - xm+l}  + Ix,~+l - x l )  z 

(y - x~{ - x21 =,c  4E ~ +,/v;I*~/~ + . .  

\ i=l  Y'O i~ l  "~i Tm+l 

< n C  + 1  lY - X~ + + 1  }xi - xi+l 
i=1 

+ + 1  t x ~ + l - x l  2 �9 ~3 
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Hence 

H ( I  + ~/~lxil) 2x <_ 2 2N(~+1)exp N 77ilxi! 2 . 
i= I  \ i=1 

Since 

(5.2) 

IXi -- yl 2 <~ (IXi -- xi-ll  + iXi-1 -- Xi-2[ + " "  q- [Xl -- y[) 2 

,/~777< ~ 770 : 

+ ) [2 Ix1 - yl 2 
< 77a 

j = l  r j  770 

,,i=~ rj ro / 

we have 

m+l  m+l  m+l  

Z r i [ x i [ a  < 2  ~ riiy[ 2 + 2 E r i l x i -  y[2 
i= l  i=1 i=1 

m+l  m+l ( ~  ,Xj+I_Xji2 
< 2 E rilyJ2 + 2 Z vet 

i= i  i= i  \j=l 77J 

= 2tly'2 + 2 t 2 ( ~  }XJ+l--Xjt 2 
\j=! 77j 

\ 
+ Ix, - y / ~ )  

ro / 

+ Ixlz Y12]. 
3o / 

Similarly, we have 

(5.3) 

-yl2 t k rr +,12 < 2t,y,2 + 2tz ( ~  lxj+12 xjt2 + Ixj . 
i=o \ j = l  z) ro ] 

Lemma 11 follows easily from (5.2)-(5.4). 

(5.4) 

[] 

We are now ready to estimate the infinite series (5.1). 

Theorem 12. If t is chosen small enough so that 

1 l and n C <  --  4(N + l)t  2 @ nCt < g 8t '  

then the general term in (5. l)  has the following estimate: 

fsi,,~, r~=t u~x,,~+~ J~. " " " fxx~ '~ON(~2m+~' Y' Xm+!)eN(77m' Xm+~' Xm) 

" ely (77m-1. Xm. X,n-1)''" eu(To. Xl. y)[ 



Explicit Solution of a Kolmogorov Equation 259 

< 2(N + 2) 4(m+2)N+4(m+l) (2J'g)-(m+2)(n/2)24(N+l)(m+l) 
�9 ( |  + ~/71Xl)2N+2(1 -t- ~/71yl) 2N+2 

t-n/2+m+l 
�9 (4rg)(n/2)(m+l). ~ 

(m + 1)! 

e x p [ ( x - y ) f ( x ) + 4 ( N + l ) t l y l  2 Ix4tYl2 ] 

Proof. 

f'g-~m+l Li=O 
�9 eN(72m-l~ Xm, Xm-l)''" eN(r0, Xl, y)] 

Li=O 72i=t ~' Xm+l 

2Z'm+l / 

�9 (2:rr)-n/2(rm)-n/Z(N + 2)4N+4(1 -+- ~-s I)2N+2(1 + ~'~m IX,. [)2N+2 

"exp (a(Xm+l,Xm) ]Xm+12zm-- Xm]2) 

�9 (2~r)-./2(rm_~)-./2(N + 2)4N+4(1 + rV/g~77m_IIX m [)2N+2 

( [Xm--Xm-l[2) 
�9 (1 q - ~ [ X m _ l D 2 N + 2 e x p  a(Xm,Xm-l) ~rr~-i 

�9 (2rc)-n/2(ro)-n/z(N + 2)4N+4(1 + ,~/r'olxl [)2u+2 

IX 1 __ y[2~ 
�9 ( 1  -J'- ~/'~ly]) 2N+2 exp a(x~, y) ~zo ] 

< 2(N + 2) 4(m+2)N+4(m+0 (2zr) -(m+2)(n/2) 

" fz2;, =, f.+, f~ f, (~~ 
m+l m 

�9 <1 + ~,,/g~.+~lx0 2N+2 I-I(~ + ,/glxiL) 2N+~ I ] ( 1  + ,/~71xi+~l) ~N+2 
i=1 i=0 

( m 1 �9 (1 + ~4~-olyl) 2N+2 exp a(x, Xm+l) -~ ~a(xi+l,  xi) -1- a(xl, y) 
i=1 

( ]x-xm+I'2 ~ 'Xi+l --Xi,2 ,Xl --y, 2) 
�9 exp 

2rm+l i=I "2~/ 2-r0 

< 2(N + 2)4(m+2)N+4(m+t)(27r) -(m+2)(n/2) 
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- (1 Jr- ~/[lyt)2N+224(N+t)(m+l) 

�9 exp ( x - y ) f ( x ) + n C  +1 ]y-x1  

+ ~ii + 1 [xi - xi+l 12 
i--1 

-t-(Tgmt ' "4;-1)'Xm4-l -- yl2]} 

IX-Xm+ll: - x i l  2 txl - yl2~ t_x;+l 
.exp 

l 

2r,~+1 i=1 2ri 2to ] 

= 2(N + 2) 4(m+2)N+4(m+l) (27/')-(m+2)(n/2)24(N+l)(m+l) 

(1 "F W/[[XI)2N+2(1 -l" ~/Tly[) 2ze+2 

exp[(x--Y)f(x)lfm+, f f~i, '''/(r~ rm+')-"/2 
Z I = O  r i ~ t  Xm+l ~'Xl 

) '] 
3o ~o + 1 - ~ o  [xi - y l :  

+ ~ - - ~ [ 4 ( N + l ) t : + n C ( ~ i  + l  ) 1 ] 
i=1 ri - 7r~ Ix~+l - x ~ l :  

E ( '  ) t ] 1 + nC + t IX  - -  Xm+ 1 ~- 4(N + t)tiy[ 2 
rm+l 2Zm+l ~ 

Since t is chosen small enough so that 

, 1 
4 ( N + l ) t : + n C t  < ~ and nC< 8t' 

it follows that 

4(N + 1)t: ( ~ )  1 - 1  
+nC + 1  - - -  < - -  

ri 2r~ 4zi 

for all i. So the general term in our series is estimated by 

2 ( N  + 2) 4(m+2)N+4(m+l) (27r)-(m+2)(n/2)24(N+l)(m+l) 
�9 (1 + ,v/t[xl):N+2(1 + v/t[y[) ~/v+: exp[(x -- y) f (x)  + 4 ( g  + 1)tlyt z] 

. fz,.+, f ""/i (ro " 
i=0 Z'i~---t m+t m I 

Ix -Xm+l] 2 [Xm+l --Xm] 2 IX1 - -y l  2"] 
�9 exp -- 4r,~+l 4r, n 4to / 

= 2(N + 2)4(m+2)N+4(m+l)(27r)-(m+2)(n/2)24(N+l)(m+l) 
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- (1 + ~filxl)2N+2(1 + ~/t]yl) 2N+2 

�9 exp[(x -- y) f (x)  + 4(N + 1)tlYl 2] 

" fz'7+'ri=t.fXm+,~., "'. f.'x (4~)(n/2)(m+2)n(Z'm+l'X-Xm+l) 

* H(rm, Xm+l - -  Xm) *' '"  * H(ro, x - y), 

where, for 1 <_ i < m, H(ri,x) is the kernel (4rcri)-n/2exp(-[xl2/4ri), H(ro, x) 
is the kernel (4re r o) -n/2 exp(- lxl2/4r0) ,  and H(rm+l, x) is the kernel (4Zrrm+l) -~/2 
x exp(-IxlZ/4rm+l). Each H(ri, x) defines an integral operator acting on L2(Rn). In 
view of  the semigroup property of H (see Theorem 3 on p. 33 of  [Wi]), the convolution 
H(rm+l, x) * . . . *  H(ro, x) is given by a kernel of  the form 

{m+l ) / r e + l \  -n/2 (_lx_yl2~ 

Hence we have an estimate of  the general term in series (5.1) of  the form 

2(N + 2) 4(m+2)N+4(m+l) (2Yr)--(m+2)(n/2)24(N+t)(m+l) (l + ~/~iX 1)2N+2 

�9 (1 + ~/Tly[) zu+2 exp[(x - y) f (x)  + 4(N + 1)tlyl 2] 

- Ix  - "(4zr)(n/2)(m+l)t-n/2exp( ~ Y ] 2 )  f~,,=o , 

Notice that 

~i=t 

f~m+[  i=0 Ti =t 

. 

m+l ) 
1 = V~ ~/__~o ri = t ,  l'i ~ 0 

= f ~/1 + [ grad "gm+l [2 drm - �9 �9 r0, JZ m 
/=0 ri <t, rl >0 

where rm+t = - ( r 0  + rl + ' -  "+  rm) is viewed as a function of  r0, rl . . . . .  "fm. Therefore 

Vol ri = t = ~ + 2 .  Vol r i < t, r i ~_> 0 
\ i=0 

tm+l 
= , / - ~ + 2 .  ~ 

(m + 1)! 

Therefore the general term in series (5.1) is estimated by 

2(N + 2) 4(m+2)N+4(m+l) (27r)--(m+Z)(n/2)24(N+l)(m+l) (1 q- ~v/t[x ])2N+2 
�9 (1 ~- %/~lyl)  2N+2 exp[(x - y) f (x)  + 4(N + 1)tly]Z](4zc)(n/2~m+l)~ + 2 

( Ix y]2) 
D exp [] 

-.~ (m + 1) ! " 

Theorem 13. If t is chosen small enough so that 
1 4(N + 1)t 2 + nCt < g (5.5) 
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then the infinite series  (5.1) converges,  

Proof. This follows easily from the root test for convergent  power  series, the estimate 
(rn + 1)! > (m + 1) (re+l)/2 and Theorem 12. [] 

Theorem 14. 

(i) l imt~O(oN(t ,  X, y)  = 6x(y) .  
(ii) limt--,0 ~o(t, x ,  y )  = 6X (y)  where ~o(t, x ,  y)  denotes the infinite series  (5. !). 

Proof. (i) For any differentiable funct ion a ( x )  on R n, we have 

C C  "'" (ON (t,  x ,  y ) a  (y)  d y l ' "  dyn 

C F . . . .  ~ u ( t , x , x  - y ) a ( x  - y ) d y i '  �9 "dyn 

= f ~  " f (2~t)-"/2[exp(a(x,x-Y)--y71 j 
�9 [1 + f i l ( x , x  - y ) t  + . . .  + f i N ( X , X  -- y ) t N ] a ( x  -- y )  dyl  " " d y n .  

Let y = -v /~r  where r = (rl . . . . .  rn). Then 

fo In a ( x , x -  y ) =  ~-~ fiz_.,yi_((x-y)+ty)dt 
i = !  

I' = y .  f i x  + ( t -  1 ) y ) d t .  

Hence 

C F �9 "" ~Ni t ,  x ,  y ) a  (Y) dyl  . . .  dy~ 

C F [(fo' )i . . . .  Jr -n/z  exp ~ - [ r .  f ( x  + (t - 1)~/ '~'r) - ]ri 2 

�9 [1 + •l(X, x - ~v/-~r)t + . . .  +~ tN(X ,X  -- v / ~ r ) t N ] ~ r ( x  -- v / -~r)  

�9 dr! . �9 �9 drn. 

It follows that 

l im . . .  (oN it ,  x ,  y)cr (Y) dyl  . . .  dyn 
t --> O oo  ~o  

J_/_ ~ zr - n / 2 e x p  , a ( x )  drl  o . .drn  = a ( x ) .  . . . .  r 2 

! 
n C  < 7-=, (5.6) 

~sL 
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So (i) is proven. 
(ii) follows immediately from (i) and (5.8) below. [] 

Theorem 15. Let  ~0(t, x,  y)  denote the infinite series (5�9 Then (p(t, x,  y)  is the fun-  
damental  solution to the Kolmogorov equation, i.e., 

O-~ (t, x ,  y)  = Lxq)(t, x ,  y),  

lira ~p(t, x, y)  = ~x(Y), 
t--+0 

(5.7) 

where Lx is defined by the right-hand side of(3.5).  

Proof  In view of Theorem 13, there is no problem for convergence of the infinite series 
(5.1) and its derivatives�9 We can differentiate the series (5.1) term by term. We rewrite 
the integral 

i m = + l r i = t  +1 m I v "'~ ' ~ N ( ~ m - b l '  
x~ Xm+l )eN(rm, Xm+l, Xm) 

�9 eN(Vm-1, Xm, Xm- l ) ' ' "  eN(rO, x l ,  y)  

8ts  

 m(t,x, Y) = fo' fo" fo'2"'' f'm ''' f (ON(t -- tl,X.X..+l) 
�9 eN(tl -- t2, Xm+!, Xm) 

�9 eN(t2 -- t3, Xm, Xm--l) ' " " eN(tm -- tin+l, X2, Xl) 

�9 eu(tm+l, Xl, y)  dtm+l, dtm "'" d q .  (5.8) 

It follows easily that 

O~tm (t, x ,  y)  

- t l ,  x ,  xm+ ) 

" eN(tl -- t2, Xm+l, Xm)eN(t2 -- t3, Xm, X m - 1 ) ' ' "  eN(tm -- tin+l, X2, Xl) 

�9 en(tm+l, x l ,  y) ,  dtm+ldtm "'" dta 

fo'lf? f?f  ix + lim . . . .  . .  ~ ) u ( t  - -  t l ,  x ,  Xm+l) 
tl-+t m + l  m 1 

�9 eN(tl -- t2, Xm+l, xm)eN(t2 -- t3, Xm, X m - 1 ) ' ' "  eN(tm -- tin+l, X2, Xl) 

�9 eN(tm+l, Xl, y )  dtm+l dtm "" �9 dr2 

- f t [ t '  "" f t m  fm+, f m ' ' ' f x  O(PN( t - - t l ,X ,  Xm-kl)eN(tl --t2,  Xm+l Xm) 
- -  d O  d O  " d O  O t  ' 

�9 eN(t2 -- t3,Xm, X m - l ) ' ' ' e N ( t m  -- tin+l, X2, Xl) 

�9 eN(tm+l, Xl, y)  dtm+l dtm . . .  dtl  
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�9 eN(t2  --  t3 ,Xm,  X m - 1 ) ' ' "  eN(tm -- tin+l, X2, Xl) 

�9 e u ( t m + l ,  X l ,  y )  d tm+l dtm . . .  d t2 .  

H e n c e  

�9 eN( t l  - -  t2, Xm+l,  Xm) 

" eN(t2  - t3, Xm, x m - l ) " "  eN( t , ,  - t,n+l, x2,  x l )  

�9 eN(tm+~, x~,  y )  d tm+l  dtm " '  d q  

-b " "  e N ( t  - -  t2, x ,  Xm)eN(t2  --  t3, xm,  x m - l )  

" '"  eN(tm --  tin+l, X2, X l )eN( t rn+l ,  X l ,  y )  d tm+l dtm . . . d t2  

= f o t f o t ' f o t 2 " " f o t " f x . , + , f .  " " f x  e N ( t - - t l , X .  Xm+l) 

�9 eN( t l  - tz, xm+l ,  Xm)eN(t2  --  t3, Xrn, Xm+l) " " " eN(trn --  tin+l, X2, X1) 

" e N ( t r ~ + t , x l ,  y )  d tm+l  " " d t 2 d t t  + - ' "  e s ( t - - t 2 ,  x , x , , )  

�9 e u ( t 2  --  t3, Xm, Xm-l) ' ' "  eN(tm --  tin+l, X2, Xl) 

�9 eN( t~+1 ,  Xl, y )  dtm+l dtm . . .  d t2 .  

There fo re  

- L~ ,~N(t,  x ,  y )  + m=O 

�9 eN( t l  --  t2, XK+I ,  XK)  

�9 eN (t2 --  t3, XK,  XK+f )  " " "eN ( tK+l ,  X l ,  y )  d t K + l  " "  dt2  dr1. [] 

However ,  a s imi la r  es t imate  as in T h e o r e m  12 shows  that  the above  express ion  tends  

to zero  un i fo rmIy  as K --+ oo. H e n c e  

C o r o l l a r y  16. T he  f u n d a m e n t a l  s o l u t i o n  ~o(t, x ,  y )  in T h e o r e m  15 is  a p p r o x i m a t e d  by  

K 
~N(t, X, y) + ~---~(--1)rn+lq)m (~', X, y) 

m=O 
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which is readily computable. Here q)m(t, x, y) is given by (5.8). The error for such an 
approximation is given by 

(-1)m+l~Om (t, x, y) 
m=K+l 

which can be estimated by 

(1 + v/tlxl)ZU+2(l + V'tly[) ;N+2 exp [(x - y ) .  f ( x )  + 4(N + 1)tlYl 2] 

I x - y l z ' ]  ~ 2(N+Z)4(m+2)N+4(m+1)w/m+2 
�9 exp 4-t /] m=~+l 

t-n/2+m+l .(~-j-~)-(m+2)(n/2)24(N+l)(m+l)(N/~)(m+l)(n/2) 
(m + 1)! ' 

which clearly tends to zero rapidly if t is small and K is large. 

Proof. This follows immediately from Theorem 12. E] 
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