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Abstract Let D be a domain in C™. It is known that if D is a simply connected bounded domain in C with
spherical real analytic boundary 9D, then every local biholomorphic map at boundary as above extends to a
biholomorphic map from D onto the unit ball in C™. As a consequence, a local biholomorphic map between
D1 and D2 where Dy and D2 are simply connected domains in C™ with spherical real analytic boundaries can
extend to a global biholomorphic map from D; onto Ds. If the boundary is algebraic, the simply connected
condition in the above result can be dropped. In this note, we show that the above phenomenon is no longer
true if domains are in algebraic varieties with isolated singularities.
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1 Introduction

Let D be a domain in C™. By 0D spherical, we mean that for each point p € 9D, there is a biholomorphic
map f: U — V such that f(UN9D) C V NIB" where U,V are some open subsets of C"* with p € U
and f(p) € V. It is known [1] that if D is a simply connected bounded domain in C™ with spherical
real analytic boundary 0D, then every local biholomorphic map at boundary as above extends to a
biholomorphic map from D onto B™. As a consequence, a local biholomorphic map between 9D and 0D-
where D1, Dy are simply connected domains in C" with spherical real analytic boundaries can extend
to a global biholomorphic map from D; onto D,. If the boundary is algebraic, the simply connected
condition in the above result can be dropped [3].

In this short note, we want to show that the above phenomenon is no longer true if domains are in
algebraic varieties with isolated singularities.

Theorem 1.1.  There are two distinct simply connected domains E; C A with spherical algebraic
boundaries OF;, j = 1,2, where A is a 2 complex dimensional algebraic variety in C* with one isolated
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singularity, and there is a local biholomorphic map F U1 — U2 with F(U1 NOEy) C U2 NIFEs where U
are open subsets in A with U NOE; # 0, j = 1,2, such that F cannot extend to a biholomorphic map
from Eq onto Es.

The algebraic variety A in Theorem 1.1 is constructed as follows. Let I be a cyclic group of order two
acting on C2, sending (z,y) to (—x, —y). Let

A = {(wy,ws,w3) € C* | wywy = w3}
be algebraic variety in C® with one isolated singularity (0,0,0). Let

L: C? — AcC?

(z1,22) +— (L1,La2,L3) = (21, 23, 2122)

(1)

be a holomorphic map. The functions L1, Lo and L3 are invariant under the action of I"'.  We define
an equivalent relation for points in C%: (21,22) ~ (21, 22) if and only if either (z1,22) = (21,22) or
(Zl, 22) = (—51, —52). We see that L(Zl, 22) = L(Zl,Zg) if and OIﬂy if (21, ZQ) ~ (51, 52) Thus L : (C2 — A
is the quotient map identifying the quotient space C2/ ~ with A.

We notice that by the algebraicity theorem of Webster [5] and Huang [2], the map F in Theorem 1.1
always has a multiple-valued extension without branching points in the boundary.

Corollary 1.2.  Let ' : Dy — Dy be a biholomorphic map where D; are domains in C* with (0,0) € D;,
j=1,2. Let E; = L;j(D;) and L;, j = 1,2, be as in (1). If a locally defined mapF— LyoFolL;"
over an open subset U of Fy can extend holomorphically to a biholomorphic map F: FE1 — E5. Then
F(—z) = —F(z) holds for any z € B*(0,r) C Dy where B?(0,r) is some ball in C* centered at (0,0) with
radius r.

Corollary 1.3.  Let Dy C C? be a strongly pseudoconvex bounded domain with algebraic boundary,
such that (0,0) € Dy and it admits the group action of T'. Let Fy(21,22) = (21,22 + h(z1)) where h is a
holomorphic polynomial of z1 such that h(—z1) = —h(z1), Vz1. Let Dy = Fo_l(Dg). Suppose that there
exists an automorphism ® € Aut(Ds) with ®(0) #£0. Let F = ® o Fy. Then

(i) OE1 and OEs are strongly pseudoconver bounded domains with algebmzc boundaries;

(ii) any locally deﬁned map F= LyoFo L1 U1 — U2 with F(U1 NOoEL) C U2 N OFy where U are
open subsets in A with U NOE; #0, j =1,2, cannot extend to a biholomorphic map from Ey onto Es.

2 A domain D and its associated domain FE

Let D be a bounded domain in C? containing the origin, and E := L(D) be the associated domain in A.
Let 0D = {z | p(z,2) = 0} be a real analytic hypersurface in C? where p is the defining function. In
general, OF may not be smooth. In fact, let z € 9D and let us consider the following cases:
(ia) If —z ¢ 0D with —z € D, then L(z) is not a boundary point of E.
(ib) If —z € 9D with —z & D, then the boundary OF is smooth and real analytic at L(z).
(iia) If —z € 9D with
L(U.NdD)=L(U-,N(-0D)), (2)

where U, and U_, are some neighborhoods of z and —z in C? respectively, OF is real analytic at L(z).

(iib) If —z € 0D such that L(U, N 90D) = L(U-, N (—0D)) does not hold for any U, and U_,, then
OF may not be smooth at L(p).

Let D C C? be a bounded domain with connected real analytic boundary D and 0 € D. By the
uniqueness of real analytic functions, (iia) holds at a point in D if and only if (iia) holds for all points at
dD. Notice that A := 9D N (—9D) # B always holds because D contains (0,0). Then (ia) or (ib) cannot
hold for all points of D. So, either (iia) holds for all points in dD; or (ia) (or (ib)) holds for majority of
points of 9D and (iib) holds on a proper real analytic subvariety of dD. In the case (iia) for all points,
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the boundary OF is real analytic. In the case (ia), (iib) or (ib), (iib) hold, the boundary OF may not be
smooth. For example, the property (iia) holds for the domain D = B2 = {(21, 22) | |21|? + |22]? < 1}, and
(iib) holds for the domain D = {(z1,22) | |21 — 1|* + |22]* < 4} in which JF is not smooth at the point

L(0,v/3) = L(0, —/3) = (0, 3,0).

3 Proof of Theorem 1.1

Proof of Theorem 1.1.  Let D1 = Dy = B?(0, 1) be the unit ball in C2. Let E; = L(D1) and Ez = L(D5)
be the induced domains in A. E; = L(B?(0, 1)) is simply connected because it is contractable by the C*
action. By the way, its boundary 0E; is not simply connected in view of Mumford’s theorem [4] because
the interior singularity is normal. Since D and Ds are invariant under the I' action, 0F; and dF, are
smooth, algebraic and spherical.

We take an automorphism F' € Aut(B") satisfying

F(0) # 0. (3)

Now F' induces a local b1holomorph1cally equlvalence map F = =LyoFolL] 1 p. U1 — Ug which
is a biholomorphic map such that F(6E1 N Ul) - 8E2 N Uy, where U1 and U2 are open subsets in
A —1{(0,0,0)}. Conversely, the map F can be recovered by F|y, = Ly ' o F o Ly that is a biholomorphic
map from U; C Dy — {(0,0)} onto Uy C Dy — {(0,0)} where Ly (Uy) = Uy, Ly(Us) = Us.

Suppose that the map F can extend to a biholomorphic map F : Ey — E,. We want to find a
contradiction.

Consider the following points

20 = (201, 202) € Ur,  Z0:= L1(20) = ((201)% (202)%, 201202) € U, W := F(%) € Us.
Take a closed curve in Ey:
0(t) = ((201)%€*™, (202)%€*™, z01202¢*™™") € By — {(0,0,0)}, t € [0,1].
Here 6(0) = Z. There is a unique lifting curve @ in Dy of the curve § such that 6(0) = zo, namely,
0(t) = L' (0(t)) = (201€"™, 202¢™™), V't € [0,1].
Since zg # 0, the curve 6 is not closed:

0(0) =20 and 6(1) = —z.

Since 6 is a closed curve and F is biholomorphic, we have F(6(0)) = ﬁ(&( 1)) so that the curve ¢ = Fof),
with z/;( ) = (zo) = @y, is also a closed curve in E». We notice that if F is not a globally defined map,
we cannot conclude that 1; is closed.

Because F is biholomorphic map, F sends smooth points of A to smooth points of A. Therefore, the
curve ¢ does not intersect (0,0,0).

Away from the point (0,0, 0) L2 is locally defined. By the uniqueness property of holomorphic
functions, the map F = L2 o F o Ly must hold (by holomorphic extension of F'|y,) along the curve 6,
namely, Flg) = L;l oFo Li|g@)- Then we have

F(=20) = F(6(1)) = Ly " o F o Ly(0(1)) € Ly 0 9b(1),
and . -
F(20) = F(6(0)) = Ly " oFoLl(H(O)) Lyt oy(0).

Since ¢ is closed, J( 0) = ¢(1) so that Ly " o tp(1) = Ly 0 (0 ) 5 ().
Since F(zy) € Ly ' (), by the definition of Lo, we see Ly (1 ) {F(z0), —F(z0)} so that there are
two possibilities:
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(i) F(—20) = F(z0);
(ii) F(—z0) = —F(20).
Since F' is one-to-one, (i) cannot occur. Then we must have F'(—z9) = —F(zo).
If we replace zg by any point z in a sufficiently small neighborhood of zy, we can use the above argument
to imply that F(—z) = —F(z). By the uniqueness,

F(—2)=—-F(z), VzeD.

In particular, it implies F'(0) = —F'(0) and hence F'(0) = 0, but this is a contradiction with (3).
By a similar proof, we can show Corollaries 1.2 and 1.3. Notice that there is no boundary condition
needed in Corollary 1.2.
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