SINGULARITIES DEFINED BY s£(2, C) INVARIANT
POLYNOMIALS AND SOLVABILITY OF LIE ALGEBRAS
ARISING FROM ISOLATED SINGULARITIES

By StepHEN S.-T. Yau*

1. Introduction. Let (V, 0) be an isolated singularity in (C", 0)
defined by the zero set of a holomorphic function f. The moduli alge-
bra A(V) of (V, 0) is C{x,, x3, . . ., x, }/(f, of/dxy, . . ., 9f/dx,). It is
easy to see that A(V) is an invariant of (V, 0). In [1], Mather and the
author proved that the complex analytic structure of (V, 0) is deter-
mined also by A(V). Thus, the above construction gives an injection
map from the space of isolated singularities in (C", 0) to the space of
commutative local Artinian algebras. This raises a natural and impor-
tant problem, the so called recognition problem: Give a necessary and
sufficient condition for a commutative local Artinian algebra to be a
moduli algebra. In [3], we define L(V) to be the algebra of derivations
of A(V). Clearly L(V) is a finite dimensional Lie algebra. The main
purpose of this paper is to prove that L(V) is solvable for n < 5. Nat-
urally one expects that a necessary condition for a commutative local
Artinian algebra to be a moduli algebra is that its algebra of deriva-
tions is a solvable Lie algebra. In this paper we have used the main
theorem which is available in preprint form in [4] for n < 5. Assume
that the results in [4] remain valid as expected for n = 6. Then the
proof given in this article also applies smoothly to arbitrary ». In Sec-
tion 2, we classify the actions of s¢(2, C) on C[[x,, x5, . . ., x,]] via
derivations preserving the m-adic filtration. The main point here is to
get rid of the “higher order operator” (i.e., L; a,(3/0x;) with multiplic-
ity of a; = 2) by means of the vanishing theorem for semisimple Lie
algebra cohomology. It seems to us that the material here is not avail-
able in literature form. I would like to thank Professor H. Sah for
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1216 STEPHEN S.-T. YAU

many useful discussions. In Section 3 we prove that the singular set of
sf(2, C) invariant polynomials of degree at least 3 in five variables is at
least one dimensional. Similar results can be generalized to higher di-
mension without difficulty. In Section 4, we prove our main theorem
that L(V) is solvable for n < 5.

We thank the University of Illinois at Chicago and Yale Univer-
sity for generous support and Professor G. D. Mostow for stimulating
an excellent research atmosphere.

2. Classification of sf(2, C) in Der C[[x,, x,, . . ., x,]] preserving
the m-adic filtration.

ProrosiTioN 2.1. Let L = sf(2, C) act on Cllx,, .. ., x,]1] via
derivations preserving the m-adic filtration i.e., L(m*) S m* where m
is the maximal ideal in C[[x,, . . ., x,]]. Then there exists a coordi-
nate change y,, . . ., y, with respect to which s{(2, C) is spanned by

n a
h = r aj —
i=1 " 0y,
n a
=Y a >
¢ Jj=1 @ ay,
n a
= ¥ a2
f =1 a3.l ay,
where a;; is a linear function in y;, . . ., y, variables for all 1 < i < 3

and 1 < j < n. Here {h, e, f} is a standard basis for s{(2, C) i.e.,
[k, e] = 2e, [k, f] = —2f and le, f] = h.

Proof. Let o be an element of L. Let U{"(0) be the matrix repre-
sentation of ¢ on m/m? and U'"(0) be the matrix representation of ¢
on m?*/m3. Since o preserves the m-adic filtration, the matrix represen-
tation of ¢ on m/m? is given as follows

<U<,”(a) 0 >
W(l)(a) =
T) U0)
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SINGULARITIES AND SOLVABILITY 1217

where T{Y(o) represents an element in Homc(m/m?, m?/m*). Observe
that

wi([g, 7]) = W)W (1) — W)W (o)
Ui™e) 0 v 0

<T Yo U5"(a)>< {2(r) U(I)(T)>

u() 0 U™ 0

(T 2(r) U(z"(r)>< (o) U“’(a))
< U (o)UN(r) 0 >
~(y

T (U(1) + UP()TN(r) Uy(o)U,(7)

Ui(nUi(o) 0 >
TR(NUY(0) + UP(NT0) UP(DUY(0)

UP(a)U(7) — UM()UN(o) 0
TH@U (1) + UPTH()  UPUY(T) — UP(DUS0)
_ T(I)(T)U(l)(a,) _ U(I)(T)T(l)(a)
= T{%(o, 7]) = TH()U(7) + UL ()T Y(r)
= THOU(0) — UNT1(0).
Observe also that Homc(m/m?2, m?/m?3) is a L-module. The action
of L on Homc(m/m?, m?/m?) is given as follows. Let 0 € L, ¢ €
Homc¢(m/m?, m?/m?3) and u, € m/m?

(o)) = —(o(uy) + o(e(u)).

We now claim that T1Y: L — Homc(m/m?, m?/m?) is a 1-cocycle of L
with coefficient in Homc(m/m?2, m?/m?3). To see this, consider

8T1(0, 1) = 0" T'3(r) — - TH(6) — TW(o, 7]).
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1218 STEPHEN S.-T. YAU
For any v € m/m?, we have

[6T$2(0, DIV) = [o- TH(DIw) — [7- TV@)]») — T([o, 7))

—T()0() + o(TH ()W) + THo)Nr() — 7(T(0)v))
— T)U (D) — UP(0)TH(1))

TUP0)v) + USDDT (o))

Therefore T'{Y is a 1-cocycle as claimed. Since L is simple, H'(L,
Homc(m/m?, m?/m?®) = 0. We conclude that T{) is a 1-coboundary.
There exists 3 € Hom(m/m?, m?/m3) a 0-cochain of L with coeffi-
cients in Hom(m/m?2, m?/m?3) such that

T{(o) = (68?)0) Voel
= oB8®

T(0)) = o8P(v) v € m/m?

ll

= () — BP(a(v)).

Let @ be the matrix representation of 3. Thus we have

T2(0)v) = UNa)SOw) — SOUM(o)v).

This is equivalent to say that

I 0\ /U"0) 0 U{"(q) 0 I 0
<S<2> > ( (o) U‘”(o)> < 0 U‘z”(a)><:<2’ I>
<1 0><U(|”(a) 0 ><1 0>-' (U(.”(a) 0 >
o =
S@ I Do) UM6)/\S? I 0 UM(o)
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SINGULARITIES AND SOLVABILITY 1219

The above equation means that we can make a change of variable in
the following form

2) 2

y? =x + ¢P01 3, .. X))
2) 2

¥ =x + ¢P01, x2, - X))

2) — 2
yfl = X, + qf:)(xly X2y o 0 xn)

where ¢!” is a homogeneous polynomial of degree 2 for 1 < i < n,

such that with respect to such coordinate, the matrix representation of
o on m/m3 is given by

<U(12)(0) 0> <U(1"(0) 0>
0 UP06)/) \ 0 U0

i.e., with respect to the coordinate system y{¥, ..., y?, s£(2, C) is
y Yy
spanned by
n a n a
h= L af + I b
=i D ST gy
e = f: a®? 9 + 'Z': b 0

) )
= T ey =T gy

a - ad
4 )
R = R

n
— 2
f= ,El af
J=

where a{?’ is a linear function in yi”, . . ., »$ and b} is a polynomial

in y?, . . ., »'? with multiplicity at least three.
By induction, we shall assume that there exists coordinates

k) — k—1 k k—1 k—1 k—1
P =y 4 gPGETY, D, LY
k) — k—1 k k—1 k—1 k—1
Yy =YD 4GP YT Ly

k) — (k—1 k k—1 k—1 k—1
W - yf: ) + ‘If. )(y(l )9 y(Z )s ..y yf: ))

n
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1220 STEPHEN S.-T. YAU

where ¢’ is a homogeneous polynomial of degree for 1 < i < n such
that with respect to such coordinate, the matrix representation of ¢ on

m/m**1 is given by

U{(0)
U§o)
Ui(o)
where U¥(¢) is the matrix representation of o on m'/m'*'. This means
that with respect to the coordinate system y{, .. ., y, s0(2, C) is
spanned by
ad 2 a
(2 )
Bl g B
n a n a
=Y (k) + ) b(k)
29 B ST gy
n a n a
=Y (k) + Y b(k)
f =t as ayj(k) =) 3i ayj(k)
where a{f’ is a linear function in y{¥, . . ., y{ and b{f is a polynomial
in y¥, . . ., y® with multiplicity at least k& + 1. The matrix represen-
tations of o on m/m**? with respect to the coordinate system y{*, . . .,
¥ is given by
( Uto) O )
U¥(o)
W(k)(o) = O
Ui(o)
\T(Ik.;(+l(0) oot ok ;ck-i)-l(a)J

This content downloaded from 166.111.25.54 on Wed, 06 Jul 2016 03:18:19 UTC
All use subject to http://about.jstor.org/terms



SINGULARITIES AND SOLVABILITY 1221

where T$) (o) represents an element in Homc(m/m?, mk+!/mk+2).
Observe that

W®([o, 1)) = WR(@)WW(r) — WR(r)W®(o)

[ Ui 0 Utn) 0 )
U(zk)(ﬂ) U(zk)(,r)
UP(o) U(r)
T +1(0) LI U (o)) (TE1 (D LR UHL(n)
( U¥) 0 Uto) 0 A
UP(r) UP¥(o)
U¥(r) U¥(a)
gT(lk.}kﬂ(T) * ovcoox UK. (1) T(lk.)(+l(0) ook ikll(U)J
( an O
O an
\Dk+1. 11t A 31,k +4
where a; = U (@QUP@r) — UPOUFP() and apyyy =
T (UN()  + %"ln(a)T(u"iH(T) - THL@OUP -

UK (1)T) 1 (0). We now claim that T}, ,: L — Homc(m/m?, m**+'/
m**2) is a 1-cocycle. To see this, consider

8T 1o, 7) = 0 TH) 1 (7) — 7- T 11 (0) — T+ ([0, 7]).
For any v € m/m?, we have
[6- T 410, DIW) = [o- T (D) — [r- T4 (@])
— T 1[0, TH(V)
= =T (e + o(TH 1 (D)
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1222 STEPHEN §.-T. YAU

T 1 ()W) — (T4 1(0)()
— TH  (@QUP@) — UL ()T 1 (1))

+ TH L (DU (@) + UL (DTE L (0)v)

Therefore T) “%+1 is a 1l-cocycle as claimed. Since L is simple
H\(L, Homc¢(m/m?, m**'/mk+2?)) = 0. We conclude that T%),, is a
1-coboundary. There exists 3% ™D € Hom(m/m?, m**'/m**?) a 0-co-
chain of L with coefficient in Hom (m/m?2, m**!'/m**2) such that

TH (o) = (68% V) 0) Vo el
= gBk+D
= T 1 (0)v) = oB*TD(v) vy € m/m?

= o(B*tN(y)) — B**D(a(v))

Let S**1 be the matrix representation of 3%+, Then we have

T (o)) = UF(0)S*H D) — SEDUF(6)(v)

This is equivalent to say that

r 1 O N fU(l")(a) O N
I U¥(o)
I Ui¥(o)
LS(k+|) % e % U ng.k+1(°) L Ufﬁ)ﬂ)(a)J
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SINGULARITIES AND SOLVABILITY 1223
rU(Ik)( o) O N r I O N

U¥(0)

U¥(0) 1

L 0 0---0 U,((kll(o)J SEED g oen % 1

This means that we can make a change of variable in the following
form

k+1) — _(k k+1 k k
AT =12 + TG, L)
k+1) — _(k k+1 k k
YT =08 4 ¢TGN, )

+1) — _(k +1
WD =0+ gl OR, e

where ¢! is a homogeneous polynomial of degree k + 1 for 1 < i

n such that with respect to such coordinate, the matrix representa-
tion of o on m/m**? is given by

<

fU(|k+l)(0) A
U(2k+l)(o_) O

0

Uk o)
L Ui (o))
(U (o) O )
U¥(o)
U(o)

k U }(k-i)-l(a) J
In particular with respect to the coordinate system y{**V . . . %&*V
s(2, C) is spanned by
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1224 STEPHEN S.-T. YAU

n a a
— (k+1) (kD)
h = L ajj dyk+D + § by dy &+ D

J=1

" 2 3
— (k+1) (k+1)
€ E, azj 3y, D +.‘E b3 3y, D
ad ad
— (k+|) (k+l)
f E a3 3y e+ D +_E by 3y, D
where a{f " is a linear function in y{*", ..., y**V and pY¥* is a
function in y{**", . . ., y**V with multiplicity at least k + 2.

By construction, for each ¢ € N, we have y'*" — y{) e m'*!
where m is the maximal ideal of C[[x, x,, . . ., x,,]]. Then the limit
of the coordinate system {y{ ", y§'*V, ..., yI'"V1 with respect to the
m-adic topology is a coordinate system {y,, y3, . . ., y,} in Cllx;, x,

. x,]] with the property that

yi — ¥V em!*?2 forall 1 <i < n.

By chain rule, we know that for 1 < i < n

J i J Byz d oy, d
(ED ay(ll’+l) By—l ayln+|) ay ay_(ll’+l) E

dyi

d
= o + operators of orders at least £ + 1
Vi

.2

where operator of order { + 1 means operator of the form X,
p; T1(8/dy;) with p/*! a homogeneous polynomial of degree ¢ + 1 in

Yis - . ., y, variables. Now we claim that %, e and f can be written as
operator of order 1 with respect to the coordinate system y;, ..., y,.
Write

= Dl,y + Dz‘y + Dg‘y + .-

where D;, is an operator of order i with respect to the coordinate sys-
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SINGULARITIES AND SOLVABILITY 1225

tem yy, 2, -« o5 Vu- Suppose D;, =0for2 =j < /{ — 1. We are go-
ing to prove D;, = 0. In the coordinate system PEED YD

YWY h can be written in the form

i +Eb“” i

- -+
h = E dy; FNGal dy T+

=1

-3

(l+|) (+1) _(C+1) *+1)

where a{;*" is a linear function in y{'*", ¥V, . . y¢ "V and b{i* " is a
function my“ YO Ly with multiplicity at least £ + 2. Put (1)
and (2) in (3), we see that

h = D~I._\' + lj!’+2.y + ﬁ(’+3.y + o

where lj,.y is an operator of orderj iny,, y,, . . ., y, coordinate. This im-
plies

0= (Dy, — Di,) + D¢y + D11, + (Dis2, — Disay)
+ (Dr+3y = Ditsy) + oo

Thus Dy, = D;4,, = 0. By induction, we have shown D;, = 0 for allj >

2. Hence £ is an operator of first order with respect to y,, y5, . . ., y, coor-
dinate. Similarly we can prove that e and f are operators of first order with
respect to y;, y,, . . ., y, coordinate. Q.E.D.

THEOREM 2.2. Let s{(2, C) act on the formal power series ring C[[x,,
., X, 1] preserving the m-adic filtration where m is the maximal ideal in

Cllx,, . . ., x,]]. Then there exists a coordinate system
X1y X2y o o oy x['l,x!'|+1,x['l+2, e ey Xpydgs o0 oy

Xeg oo+ Ao+l o o oy Xpgd0o+--- 410
such that

h=D;, + - + Dy;+ - + Dy,

e=D, + - +D,+ - +D,

f=D;+ - +Dy+ -+ + Dy,
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1226 STEPHEN §.-T. YAU

where r < s and

d

Dy = (€ = eyt ovtj g1 T
X+t +1

a

+ (- 3)x(|+---+r,»_,+z F
’ Xyt +2

d
+ oo+ (_(ﬂ, - 3))xel+"'+(/'“1 —5;——-——+—
’ [l sl
d
+ (—(‘7./' - 1))xf|+-»-+f,»-a;——-——
X byt
ad
Dey = (= Dy g
o
d

+ e + l‘(l]J - i)x“+...+,~,._,+,-a——-—————
’ Xepde it

a

ax(’1+~~-+(’_,'

o A (DX

0

Dij=x4hy 25—
i ox
I’]+“'+Yj..;+)

a

+oe t Xppdeo o it N
X x(’]+'~~+l'j_1+i

a
+ -0+ Xy].*.‘...Hv.

/ axr1+~-+zj-1

Proof. According to Proposition 2.1, we can choose a coordinate
system {y,, . . .,y,} such that the coefficient of 3/dy;, 1 < i < n, of every
element in s£(2, C) are linear functions in y,, . . ., y, variables. In view of
the proof of complete classification of representations of s¢(2, C) represen-
tations, by further change of coordinate we obtain a coordinate system
{x;, x2, . . ., x,} such that s{(2, C) takes the form as stated in the
theorem. Q.E.D.
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SINGULARITIES AND SOLVABILITY 1227

3. Singular sets of sf(2, C) invariants polynomials.

LEmMA 3.1.  Suppose s£(2, C) acts on M¥ the space of homogeneous
polynomials of degree k = 2 in x,, x,, X3, X4 and xs variables via

ad a a
= 4o, — + 2 — % — 4
T BX| 2 ox, 6x2 *ox, 6x4 S oxs 3x5
ad ad a
X+ = 4X| a + 6XQ a + 6x3 a + 4X4 axs
a ad a a
X =x,—+x + +
2 0x, 6 oy 0x3 S oxa Oxy

Let I be the complex vector subspace spanned by df/dx,, df/0x,, df/0dx3,
df/dx4 and df/dxs where f is a homogeneous polynomial of degree k + 1. If
Lis a st(2, C)-submodule, then the singular set of f contains the x, axis and
Xs axis.

Proof. By Theorem 4 of Section 1 in [4], f is necessarily an invariant
s0(2, C) polynomial in x, x,, x3, x4, x5 variables. Suppose the weight of x;
is given by the corresponding coefficient in the expression of 7 above i.e.,

wt(x;) = 4, wt(xy) = 2, wt(x3) = 0,

Wt(X4) = -2, Wt(Xs) = —4,

Then f is a polynomial of weight 0. Let us assume on the contrary that x,
axis does not lie in the singular set of f. Clearly the monomial xf appears in
df/dx;for some 1 < i < 5. Thus the monomial x*x; appears in f. However,
since k = 2, weight of x *x, is strictly bigger than zero. This gives a contra-
diction. Hence x, axis is contained in the singular set of f.

Similarly we can prove that xs axis is contained in the singular set
of f. Q.E.D.

LEMMA 3.2.  Suppose sf(2, C) acts on M¥ the space of homogeneous
polynomials of degree k = 2 in x,, x», x3, X4 and xs variables via

ad a ad a
=2x — — 2 + —
T = 24X o » X3 —— a X4 — o ) - X5 3x5
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1228 STEPHEN S.-T. YAU

i) 0
Xy = 2x) — P + 2x, — P + x4 — B
0 i) d
X =+ +
o P ey | ek,

Let I be the complex vector subspace spanned by df/03x,, df/dx,, 0f/0x3,
df/dx4 and 9f/0xs, where f is a homogeneous polynomial of degree k + 1.
If I is a s(2, C)-submodule then the singular set of f contains the set
{Ger, X2, X3, X4, X5)1 X5 — 2x1x3 = 0 = x4 = X3}

Proof. By Theorem 4 of Section 1 in [4], we may assume that f is an
invariant s¢(2, C) polynomial in x;, x,, x3, x4 and x5 variables. Suppose the
weight of x; is given by the corresponding coefficient in the expression of 7
as above i.e.,

Wt()ﬁ) = 2, Wt(Xz) - 0, wt(x;) - _2,
wt(xg) = 1, wt(xs) = —1.
Then f is a polynomial of weight 0. Write

f= )) g(a.ﬁ)(xl y X2, X3 )x4ax56.
a=0.8=0

Since weight of g, 5,(x;, x,, x3) is even, we conclude that g, o) (xy, x5, x3) =
0 = go.1){x1, X2, x3). Therefore our lemma will follow if we can show that
g0.0(x1, X2, x3) is divisible by (x3 — 2x,x;)? whenever g o)(x1, X2, x3) is
nonzero. Observe that g..)(x;, X, x3) is a polynomial of weight 0. As f is
an invariant polynomial, we have X_f = X.f = 0. It follows that
X_goolxi, x2, x3) = Xig0.0(1, x2, x3) = 0. Hence g.0)(x1, x2, x3) is
also an invariant polynomial in x, x, and x; variables of degree k + 1 = 3.
Recall that the invariant polynomial in x; , x, and x3 variables must be even
degree of the form (x3 — 2x,x3)" (cf. [3]). Therefore g )(xi, X2, x3) is
divisible by (x3 — 2x,x3)? as claimed. Q.E.D.

LEMMA 3.3.  Suppose s0(2, C) acts on M¥ the space of homogeneous
polynomials of degree k = 2 in x,, x5, X3, x4 and xs variables via

a ad ad ad
= — — — 3x4s —
T — 3x, ox » + X) — axz X3 — ax3 X 4 ax4
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SINGULARITIES AND SOLVABILITY 1229

a a
X+ —3X| a +4JC26—3+3X3 6x4

a 0 a
X_——x25—1+x3a 'i‘)(.'4ax3

Let I be the complex vector subspace spanned by of/dx,, df/dx,, of/dx;,
df/ x4 and df/dxs, where f is a homogeneous polynomial of degree k + 1.
Iflis ast(2, C)-submodule then the singular set of f contains the set x, axis
and x4 axis.

Proof. By Theorem 4 of Section 1 in [4], f is necessary an invariant
s0(2, C) polynomial in x;, x,, x3, x4 and xs variables. Suppose the weight x;
is given by the corresponding coefficient in the expression of 7 above i.e.,

wt(x;) = 3, wt(xy) = 1, wtlx3) = —1,

wt(xy) = —3, wt(xs) = 0.

Then f is a polynomial of weight 0. Let us assume on the contrary that
x;-axis does not lie in the singular set of f. Clearly the monomial x,* ap-
pears in df/dx; for some 1 < i < 5. Thus the monomial x*x; appears in f.
However, since k = 2, weight of x*x; is strictly bigger than zero. This gives
a contradiction. Hence x, axis is contained in the singular set of f.
Similarly we can prove that x, axis is contained in the singular set
of f. Q.E.D.

LemMA 3.4.  Suppose s0(2, C) acts on M% the space of homogeneous
polynomials of degree k = 2 in x,, x,, x3 and x4 variables via

. 9 ad i a . ad
= _—_— x —_— —_— —
7 ' axl 2 axz * 3x3 4 6x4
a a
Xy =x)— + x3 —
* i axz = 6x4
a a
X_=x,— +
T P
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1230 STEPHEN S.-T. YAU

Suppose f is a s(2, C) invariant homogeneous polynomial of degree k + 1
inx;,xy, x3and x4 variables. Then k + 1 = 20 is an even integer and f =
clxixq — xyx3)" for some constant c.

Proof. Suppose the weight of x; is given by the corresponding coeffi-
cient in the expression of 7 above i.e.,

wt(xl) = 1, wt(xz) = _1, Wt(X3) = 1, Wt(.)C4) = —1.

Then f is a homogeneous polynomial of degree k& + 1 and weight 0. Let
x1%1x,°2x3%1x4%2 be a monomial appearing in f. Then

(41) O£|+012+6]+62=k+1
(4.2) ap—a+ 6 —B=0
(4.3) = 2, +B) =k +1

Therefore k£ + 1 is an even integer 2¢. From (4.3) and (4.2) we have 3, = {
— oy and B; = ¢ — a,. We can write f in the following form

4
f — Y a(al‘az)xla1x2a2x31—a1x4l—a2
oy .0(2:0

.
X-(f)= L G apX—(x*1x%2x;50 "%1x, 02)
=0

ay,02=—

¢ 4
— 1 +ly 0— =
= Z E ala(alaz)x,l X%27 x5t T ¥xy a2
=1 o= 0

—1

+ E E (f a,)a(al.az)xl"‘lxz"‘le_“!_‘x4"“°‘2+‘
00(2 0

(=1 041
= L L (o + D +1.ay-nXi¥1x2%2x5" 7417 Iyl 7ot
Oll—oaz—
-1 ¢
+ E Y (0 — o X %1x,0255! T P oot
1 7%y ,)*1 2 3
0012—
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-1 ¢
= X L [(o + Dag+1.09-1)

C¥|=0 ay=1

F (0 = a)ag el 1x*2x5 o1 Iy Tt

t—1

+ X (o + l)a(a,+|,f)x1“1x2"+1x3"—°‘|_'
a|=0
r—1

+ EO(" — o), X x5 T T
oy =

Since X_ f = 0, we have

(4.4) agy = 0=apn =" =aqy

(4.5) apy =0 =aggp =" =ae_19

(4°6) (al + l)a(ozl+l,oz2—l) + (e - al)a(al,az) = 0 0

=

o)

1231

IA

(4.4) and (4.6) imply aq, oy = O for all (o, o) such that ¢ + 1 < o) +
< 20,0 = a; = ¢,and 0 = o, =< ?. On the other hand, (4.5) and (4.6)
imply a(y, oy = Oforall (o, o) suchthat0 < oy + o <0 — 1,0 < oy <

fand0 = o = 1.

Therefore we conclude that the only possible nonzero a(,, .., has the
property that a; + «, = ¢. We shall denote ¢, ¢~u,) by b,,. Then (4.6)

becomes

(al + l)b(,!+1 + ((’ - Oll)b(,l =0 for 0= o = =1

¢
= b = — by
1
¢
by = (—1)2< >bo
2
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1232 STEPHEN S§.-T. YAU

VA
b, = (—1)'<.>b0
i

by = (—1)'by.

It follows that

f= bl-xl"x4” + b(-_lxl"_'xzx;xf_‘ + -+ b,-x,"xz"_"x3""'x4"
+ -+ bonfx;‘,

!
= b()xz‘yx‘gl’ - ( >b0X|x2',_IX3Y_IX4 + -0+ (_1)i<(>b0x|ix2"_iX3l'_iX4i
1 l

+ -+ (—1)"b0x1"x4"

= by(xsx3 — x1x4) Q.E.D.

LEmMA 3.5.  Suppose s0(2, C) acts on M¥ the space of homogeneous
polynomials of degree k = 2 in x,, x;, x3, x4 and xs variables via

;= 0 . 0 Ty 0 0
= Xy — — Xy —— AV
! 0x, 2 x> ’ 0x3 4 0x4
a 0
X, = — + -
T e Y
d 0
X =xy— + x4 —
2 Bxl 4 6x3

Suppose f is a s{(2, C) invariant homogeneous polynomial of degree k + 1
in Xy, X3, X3, X4, and xs variables. Then f can be written in the following
Sform

f = aox’§+' + alesc_'(xlx‘; - XZX3) + a4x"_3(x1x4 - xe;;)z + .-
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SINGULARITIES AND SOLVABILITY 1233
Proof. Write
k+1 '
f= AEO Grr1-i(x1, X2, X3, x4)x5
i=
where gi1-i(x1, X2, X3, X4) is a homogeneous polynomial of degree k + 1
— 7in xy, x,, x3 and x4 variables.
k+1
0=X_(f)= 'Eo x5 X (gr+1-i(x1, X2, X3, X4))
=

= X _(grs1-ilx1, x2, x3, x4)) = 0.

By Lemma 4, k + 1 — /is an even integer 20 and g, (x|, x5, X3, X4) is a
constant multiple of (x,x4 — x,x;)'. Q.E.D.

LEMMA 3.6.  Suppose s0(2, C) acts on M the space of homogeneous
polynomials of degree k = 2 in x,, x,, x3, x4 and xs variables via

_ 0 o .. 2 9
T = — T X — X3 —— T X4 —
: 6x, g 6x2 ’ 6X3 ¢ 6x4
a d
X, = — + -
o 0x; = x4
d a
X_ = x— + x4 —.
¥ 6x| 4 6x3

Let I be the complex vector subspace spanned by df/dx,, df/dx,, df/dx3,
0f/0x4 and 9f/dxs, where f is a homogeneous polynomial of degree k + 1.
If Iis a s0(2, C)-submodule, then the singular set of f contains the set
{(x1, X2, X3, X4, X)ix1x4 — Xox3 = 0 = Xs}.

Proof. By Theorem 4 of Section 1 in [4], f is one of the following.
Case (i). fis s{(2, C) invariant polynomial in x,, x,, x3, x4 and xs

variables and I = (2) ® (2) ® (1). In view of Lemma S f is of the form

o k+1 k—1 k—3
S =aoxs’ a5 (xixq — xox3) + asxs T (0xq — xx3)2 + -
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1234 STEPHEN §.-T. YAU

Since k = 2, it is easy to see that df/dx,, df/dx,, df/dx;, 9f/dx4 and df/dxs
vanish on the set {(x, y X2, X3, X4, xs):x|x4 — XpX3 = 0= x5}.

Case (ii). fis a s0(2, C) invariant polynomial in x;, x,, x3 and x4
variables and I = (2) ® (2). In view of Lemma 4, there exists a nonzero
constant ¢ such that

SFCery x2, %3, x4) = clx1xq — x2x3)'
where ( = 2. It is clear that df/dx,, df/dx,, df/dxs3, df/dx4 and df/dxs van-

ish on the set {(x, x,, x3, x4, X5):X;x4 — X3x3 = 0}.

Case (iii). f= cx®*! where ¢ is a nonzero constant. Clearly the sin-
gular set of f is {(x, x2, x3, x4, X5):xs = 0}. Q.E.D.

LEMMA 3.7.  Suppose s0(2, C) acts on M the space of homogeneous
polynomials of degree k = 2 in x,, x5, x3, x4 and xs variables via

a a
4 i 6x| x aX3
a a
X, = 2%, — + 2%, —
* i 6x2 ¥ 6x3
a a
X =x—— 4 x5
i 0x, x;, 0x;

Let I be the complex vector subspace spanned by df/dx,, df/9x,, df/0x3,
df/dxy, and 9f/ 0xs, where f is a homogeneous polynomial of degree k + 1.
If Iis a s0(2, C) submodule, then the singular set of f contains the set {(x|,
X3, X3, X4, X5):ix22 — 2x1x3 = 0 = x4 = xs}.

Proof. By Theorem 4 of Section 1 in [4], we may assume that f is an
invariant s¢(2, C) polynomial. Arguing similarly as in the proof of Lemma
S5, we know that in view of Corollary 4.17 in [3], if k + 1iseven, sayk + 1
= 20, then

f= coles — 2x1x3)" + (3 — 2xyx3) " lga(xq, xs)
+ (3 — 2x1x3)" "2g4(x4, x5)
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SINGULARITIES AND SOLVABILITY 1235
+ o+ galxg, xs)
and ifk + lisodd, sayk + 1 = 2¢ + 1, then
f= (3 = 200x3)'1 (xa, x5) + (13 — 200x3)" ' ga (g, x5)

+ (63 — 2x1x3)' " 2gs (x4, Xs)

t ot garga(xa, xs)
where g;(x4, xs) is a homogeneous polynomial of degree i in x4 and x5 vari-
ables.

It is clear that the singular set of f contains the set {(x,, x,, x3, x4,
Xs)Zx% - ZX|X3 =0= X4 = XS}. QED

LemMA 3.8, Suppose st(2, C) acts on M¥ the space of homogeneous
polynomials of degree k = 2 in x,, x5, X3, X4, and xs variables via

a a
T= X — Xy —
: 6x| 2 6x2
a
X, = R
+ Xy F
ad
X_=x3—.
2 6x|

Let I be the complex vector subspace spanned by df/0x,, df/dx,, 8f/0x;,
df/0x4, and 3f/0xs, where f is a homogeneous polynomial of degree k + 1.
If Lis a s0(2, C) submodule, then the singular set of f contains the set {(x;,
X5, X3, X4, Xs) € COix3 = x4 = x5 = 0}.

Proof. 1In view of Theorem 4 of Section 1 in [4], f is a polynomial in
X3, X4 and x5 variables. Our lemma follows immediately. Q.E.D.

4. Solvability of the Lie algebras L(¥). In [3], we first established a
connection between the set of isolated hypersurface singularities and the
set of finite dimensional Lie algebras. Let (V, 0) be an isolated singularity
in (C”, 0) defined by the zero set of a holomorphic function of f. The mo-
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1236 STEPHEN S.-T. YAU

duli algebra A(V) of (V, 0) is C{x,, x3, . . ., x, }/(f, 0f/0xy, Of/0x3, . . .,
df/dx,). We define L(V) to be the algebra of derivations of A(V). A(V) is
finite dimensional as a C vector space and L(V) is contained in the endo-
morphism algebra of A(V); consequently L(V) is a finite dimensional Lie
algebra. In [3], we proved that L(V) is solvable for n < 3. It is the purpose
of this section to prove L(V) solvable for n < 5. In order to avoid the repe-
tition, we shall only concentrate on the case n = 5.

Remark. 1In general, in order to prove L(V) is solvable, it suffices to
prove the statement with an additional assumption that multiplicity of f is
bigger than two. Because if the multiplicity of f is two, then after a biholo-
morphic change of coordinates, we can assume that f = x2—glxy, ...,
X,—1). In this case L(V) = L(W) which is solvable by induction hypothesis,
where W = {(x, . . ., x,—1) € C" ":g(x;, . . ., x,—1) = 0}.

THEOREM 4.1. Suppose that V = {(x;, X3, X3, X4, x5) € C>:f(xy, x3,
X3, X4, %s) = 0} has an isolated singularity at (0, 0, 0, 0, 0). Then the finite
dimensional Lie algebra L(V) associated to the singularity is solvable.

Proof. By the Levi decomposition, if the Lie algebra is not solvable,
then the Lie algebra L(V) contains sf(2, C) as subalgebra. By Lemma 4.3
of [3], we shall assume that s¢(2, C) acts on m/m? nontrivially where m is
the maximal ideal in O¢sy. Write f = 2,4, f;. According to the above
remark, we shall assume without loss of generality that multiplicity of f =
k + 1 = 3. By Theorem 2.2, we know that the action of s¢(2, C) on C[[x,,
X3, X3, X4, Xs]] is one of the following forms.

Case 1. s0(2, C) acts on C[[x,, x5, x3, x4, xs]] via

d d
=4x; — + 2x; — — 2x4 —— — 4dx5s ——
T e Ty Yo o
d d d
X,y =4x,— + 6 + 6x; — + 4x4 —
* il 2 x263 x36X4+ x46x5
d d 0
X_ = x, —
xza|+x3a -|~x4a -i—xsax4

We shall prove by induction that df;/0x; fori = k + land1 <j < §
vanish along the x,; axis and xs axis. Let A(f) denote the ideal generated by,
df/0x,, 0f/9x,, df/0x3, df/dx4 and df/dxs. (f) + A(f)is asf(2, C) module.
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SINGULARITIES AND SOLVABILITY 1237

Clearly m*/m**! is also a sf(2, C) module. Let J,(f) denote the image of
the canonical map (f) + A(f) = m*/m**'. J,(f) is an invariant subspace
spanned by {0fi+1/0x, fk+1/0x, Of+1/0x3, Ofx+1/0x4, Ofr+1/0xs) and
hence may be identified with an invariant subspace of M%. By Lemma 3.1,
Ofx+1/0x; for 1 < i < S vanish along x, axis and xs axis.

Letg = g; + gr+1 + - - - be a Taylor series expansion of g where g; is a
homogeneous polynomial of degree i. Then for any D € s0(2, C), Dg =
Dg, + Dgy+; + --- is a Taylor series expansion of Dg. It follows easily
that

m" + A(fiv1) + A(fes2) + o0 + A/ m" !

+ A(fk+|) + A(fk+2) + e+ A(f,,)

is a s0(2, C) module. LetJ, denote the image of the canonical map (f) +
A(S) = m" + Alfirr) + A(fisr) + o0+ A/ m" ™+ A(fir) +
A(fr+2) + -+ + A(/,). J, is an invariant subspace spanned by {df,+,/
Oxy, 0f,+1/0x2, Of,+1/0x3, Of,+1/0x4, Of,,+1/0xs) and hence may be iden-
tified with an invariant subspace of M%. By Lemma 3.1, df, +,/0x;for 1 <
=< 5 vanish along x; axis and x5 axis. This finishes the induction step.

Obviously A(f) vanishes along x; axis and xs axis. This implies that f
cannot have isolated singularity at the origin, a contradiction to our as-
sumption.

Case 2. s0(2, C) acts on Cl[[x;, x2, x3, X4, x5]] via

0 d 0 0
= _ 2 - R -
T= 2 0x, x3 0x3 * X 0x4 s 0xs
0 d a
=2x;— + 2x;— + x4 —
X+ o 6x2 + 2 6x3 4 6x5
d 0
_ =Xy — — + x5 —.
X i 0x, Tt 0x; . s 0x4

In view of Lemma 3.2, we shall obtain a contradiction by the same
argument as Case 1 above.

Case 3. sf(2, C) acts on C[[x;, x,, x3, X4, xs]] via
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1238 STEPHEN S.-T. YAU

a a a a
4 X 6x| ¥ aJC2 i 6x3 3x4 6X4
a a
X+—3X1 +4XZ_+3X3—‘
2 0. 3 6x4
a a a
X =xy—— + x3— + x4 —.
i 0x, x3 0x; X4 0x3

In view of Lemma 3.3, we shall obtain a contradiction by the same
argument as Case 1 above.

Case 4. s0(2, C) acts on C[[x, x5, x3, x4, Xxs5]] via

3 o 9 d
= —xy— +tx3— —x
TN e e P ey Moxs
[i] d
Xy =x,— + x3—
T 0x; x 0x4
a a
X_=x— +
i 0x, 4 oxs 0x3

In view of Lemma 3.6, we shall obtain a contradiction by the same
argument as Case 1 above.

Case 5. sf0(2, C) acts on C[[x,, x, x3, x4, x5]] via

a a
=2 — 2xq ——
T N 6x| = aX3
a a
X+—2x,a—2+2x263
a a
X_ = x—— + x5 —.
e 0x 3 x>

In view of Lemma 3.7, we shall obtain a contradiction by the same
argument as Case 1 above.
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SINGULARITIES AND SOLVABILITY 1239

Case 6. s0(2, C) acts on C[[x;, x3, x3, X4, x5]] via

0 a
= x —_— PE—
T : Ox, i 0x;
0
X,y =x—
+ X1 %2
X d
- =Xy
2 6x|

In view of Lemma 3.8, we shall obtain a contradiction by the same
argument as Case 1 above. Q.E.D.

UNIVERSITY OF ILLINOIS AT CHICAGO
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