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Abstract

Let V be a hypersurface with an isolated singularity at the origin defined by the holomorphic function
f:(C",0) = (C,0). The Yau algebra, L(V), is the Lie algebra of derivations of the moduli algebra of
V. It is a finite-dimensional solvable algebra and its dimension A(V) is the Yau number. Fewnomial
singularities are those which can be defined by an n-nomial in n indeterminates. Yau and Zuo [‘A
sharp upper estimate conjecture for the Yau number of weighted homogeneous isolated hypersurface
singularity’, Pure Appl. Math. Q. 12(1) (2016), 165-181] conjectured a bound for the Yau number and
proved that this conjecture holds for binomial isolated hypersurface singularities. In this paper, we verify
this conjecture for weighted homogeneous fewnomial surface singularities.
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1. Introduction

Let V = V(f) be a hypersurface defined by an equation f = 0 with a holomorphic
function f : (C",0) — (C,0). For an isolated hypersurface singularity (V,0) c (C",0),
we consider the Yau algebra L(V), which is the Lie algebra of derivations of the moduli
algebra

AV) := Ou/(f,0f[0x1, ..., 0f [0xn),

where O, is the algebra of convergent power series in n indeterminates (see [0, 16]).
The second author proved that L(V) is a finite-dimensional solvable Lie algebra [12].
According to Elashvili and Khimshiashvili [5], the dimension of the Lie algebra L(V)
is called the Yau number and it is denoted by A(V). The Yau algebra is an important
tool to investigate singularities [10]. It has also been studied in our recent papers
[3, 13] in connection with the nonexistence of negative-weight derivations.

The order of the lowest nonvanishing term in the power series expansion of f at 0
is called the multiplicity, mult(f), of the singularity (V,0). The Milnor number u and
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the Tjurina number 7 of (V, 0) are defined respectively by

pu=dimC{xy,...,x,}/(0f/Ox1,...,0f/0xy),
T=dimC{xy, ..., x,}/(f,0f |Ox1,...,0f/0x,).

A polynomial f € C[xy,...,x,] is said to be weighted homogeneous if there exist
positive rational numbers wy, ..., w, (called the weights of xi,..., x,) and d such that
%, aiw; = d for each monomial [] x{" appearing in f with nonzero coefficient. The
number d is called the weighted homogeneous degree, w-degf, of f with respect to
the weights w;. The weight type of f is denoted by (w1, ..., w,;d). Without loss of
generality, we can assume that w-degf = 1 and we will often use this in what follows.
One can easily compute the Milnor number of weighted homogeneous isolated
hypersurface singularities using the weight type. If (wy,...,wy; 1) is the weight type
of a weighted homogeneous isolated hypersurface singularity, then the Milnor number
isu= (WII -1--- (w;] — 1) [7]. In 1971, Saito computed the necessary and sufficient
condition for V to be defined by a weighted homogeneous polynomial and showed that
f is a weighted homogeneous polynomial after a biholomorphic change of coordinates
if and only if u = 7 [9].

Obviously, the number of monomials in f may depend on the system of coordinates.
In order to obtain a rigorous concept, we shall only allow linear changes of coordinates
and say that f (or rather its germ at the origin) is a k-nomial if k is the smallest natural
number such that f becomes a k-nomial after (possibly) a linear change of coordinates.
An isolated hypersurface singularity V is called k-nomial if there exists an isolated
hypersurface singularity Y analytically isomorphic to V which can be defined by a
k-nomial and k is the smallest such number. A weighted homogeneous polynomial
f(x1,...,x,) is called a fewnomial if the number of variables coincides with the
number of monomials [5], that is, fewnomial singularities are those which can be
defined by an n-nomial in n indeterminates.

It is well known that the direct sum of two isolated weighted homogeneous
fewnomial singularities is also an isolated weighted homogeneous fewnomial
singularity. Ebeling and Takahashi [4] called fewnomial singularities invertible
singularities and in the case of three variables divided them into five types (see
Proposition 2.9). Khimshiashvili [6] investigated the Yau algebras of binomial
singularities and used this to distinguish the analytic isomorphism types of these
singularities. The classical theorem of Pursell and Shanks states that the Lie algebra
of smooth vector fields on a smooth manifold determines the diffeomorphism type of a
manifold. Khimshiashvili [6] proved the analogue of this theorem for Yau algebras of
binomial singularities. From results in [11], there exist isolated singularities defined
by quadrinomials in three variables which are analytically nonisomorphic but have
isomorphic Yau algebras. Thus, there is no analogue of the theorem of Pursell and
Shanks outside the class of fewnomial singularities. Fewnomial singularities have
been extensively studied since the early stages of mirror symmetry and applied to give
topological mirror pairs of Calabi—Yau manifolds.
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It is known that the weight types are topological invariants for one- or two-
dimensional weighted homogeneous singularities [8, 15]. It is natural to ask
whether we can bound the analytic invariant Yau numbers by only using the
topological invariant weight types of the weighted homogeneous isolated hypersurface
singularities. In [14], we proposed the following sharp upper estimate conjecture.

Consecture 1.1 [14]. Let (V,0) = {(x1,...,x,) € C": f(x1,...,%,) =0} (n > 2) be an
isolated singularity defined by the weighted homogeneous polynomial f(xy, ..., x,) of
weight type (W1, ..., wy; 1). Then the Yau number satisfies

A(V)Sn,,_i(wil_l)(%_1)...(51)...(%”_1),

where u is the Milnor number and (wlT1 — 1) means that wi_1 — 1 is omitted.

The conjecture holds for binomial isolated hypersurface singularities [14]. In this
paper, we verify the conjecture for fewnomial surface singularities. The main difficulty
in the proof is computing the Lie algebras of these singularities. The main purpose of
this paper is to prove the following theorem.

THEOREM 1.2 (MaIN THEOREM). Let (V,0) be a fewnomial singularity defined by the
weighted homogeneous polynomial f(x1, x3, x3) (see Proposition 2.9) with weight type
(Wl,Wz, w3, 1). Then

1 1 1 1 1
el B R
w1 wp w3 w1 %}
1 1 1 1
()
wi w3 Wy w3
2. Generalities on fewnomial singularities and Lie algebras

We present here the necessary definitions and results on derivations of Lie algebras
which we will use to compute the Yau algebras of a large class of singularities.

A derivation of a commutative associative algebra A is a linear endomorphism D of
A satisfying the Leibniz rule: D(ab) = D(a)b + aD(b). Thus for such an algebra A one
can consider the Lie algebra of its derivations Der (A, A) (or Der A) with the bracket
defined by the commutator of linear endomorphisms.

Let A, B be associative algebras over C. The subalgebra of endomorphisms of
A generated by the identity element and left and right multiplications by elements
of A is called the multiplication algebra M(A) of A. The centroid C(A) is the set
of endomorphisms of A which commute with all elements of M(A). Obviously,
C(A) is a unital subalgebra of End(A). We state a particular case of a general result
from [2, Proposition 1.2]. Let S = A ® B be a tensor product of finite-dimensional
associative algebras with units. Then Der S = (Der A) ® C(B) + C(A) ® (Der B). We
will only use this result for commutative associative algebras with units, in which case
the centroid coincides with the algebra itself and we have the following result.
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Tueorem 2.1 [2]. For commutative associative algebras A and B,
DerS§ = (DerA) ® B+ A ® (Der B).

DermviTioN 2.2. Let J be an ideal in an analytic algebra S. Then Der; S € Derc S is
the Lie subalgebra of all o € Derc S for which o(J) C J.

We shall use the following well-known result to compute the derivations.

Tueorem 2.3 [14]. Let J be an ideal in R = C{xy,..., x,}. Then there is a natural
isomorphism of Lie algebras (Der; R)/(J - Derc R) = Derc (R/J).

We recall the definitions of the Yau algebra L(V) and the Yau number A(V).

DermviTion 2.4. Let f(xy, ..., x,) be a complex polynomial and V = {f = 0} be a germ
of an isolated hypersurface singularity at the origin in C". Let A(V) be the moduli
algebra. Then L(V) := Derc (A(V), A(V)) and A(V) := dim L(V).

DeriniTiON 2.5. A polynomial f € Clxj, ..., x,] is called quasi-homogeneous (or
weighted homogeneous) if there exist positive rational numbers wy,...,w, (the
weights of the indeterminates x;) and d such that 3} w;k; = d for each monomial

I x];/ appearing in f with nonzero coefficient. The number d is called the weight-
homogeneous degree, w-degf, of f with respect to the weights w;. The collection
(w;d) = (wy, ..., wp; d) is called the weight-homogeneity type (wt-type) of f.

RemArk 2.6. Suppose that f(x,...,x,) =0 of weight type (wy,...,w,;1) and
g1, .-, ym) =0 of weight type (W11, ..., Whem; 1) are two weighted homogeneous
polynomials which define two isolated hypersurface singularities (V,0) C (C", 0) and
(Vg,0) C (C™,0). The Thom—Sebastiani sum is f(xi,...,%,) + 8Q1,...,Ym) = 0 with
weight type (Wi, ..., W, 1) and defines a weighted homogeneous isolated singularity
(V4g,0) € (C™7,0).

Derinition 2.7. A polynomial f € Clzy,...,z,] is fewnomial if the number of
monomials appearing in f does not exceed n. Thus, a direct sum of weighted
homogeneous fewnomial isolated singularities is again a weighted homogeneous
fewnomial isolated singularity.

Remark 2.8. It is well known that an isolated hypersurface singularity in C" is
fewnomial if it can be defined by an n-nomial in n variables and it is a weighted
homogeneous fewnomial isolated singularity if it can be defined by a weighted
homogeneous fewnomial. A 3-nomial isolated hypersurface singularity is also called
a trinomial singularity.

Ebeling and Takahashi [4] gave the following classification of weighted
homogeneous fewnomial singularities in three variables.
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[5] Derivation Lie algebras of fewnomial singularities 81

Proposition 2.9 [4]. Let f(x1, x3, X3) be a weighted homogeneous fewnomial isolated
singularity with mult(f) > 3. Then f is analytically equivalent to one of the following

Jive types:
ai ap as ap ap as
Type I. X' +x,° +x3, Type 2. x{'xz +x3°x3 + x3°,
ag ar as ap a as
Type 3. x\'x2+xy°x3 +x5°x1, Typed. x|' + X7 +x35°x,,
ai a as
Type 5. xj'xz + x3°x1 + x5

In the next section we prove that the Types 1-5 satisfy Conjecture 1.1. The
following results play an important part in the proof of our main theorem.

Tueorem 2.10 [14]. Let (V¢,0) C (C",0) and (V,4,0) C (C™,0) be defined by weighted
homogeneous polynomials f(xy,...,x,) =0 of weight type (wi,...,wy; 1) and
gyi, ..., ym) = 0 of weight type (Wpi1, ..., Waim; 1), respectively. Let u(Vy), u(Vy),
A(Vy) and A(Vy) be the Milnor numbers and moduli algebras of (Vy,0) and (V,,0),
respectively. Then A(Vyo) = u(Vp)A(Vy) + u(Vo)A(Vy). Further, if both f and g satisfy
Conjecture 1.1, then so does f + g.

Proposttion 2.11 [14]. Let (V,0) be a weighted homogeneous fewnomial isolated
singularity of type 1 which is defined by f = xﬁ" e+ X0 (a; 23, 1 <0< n) with
weight type (a;l, e a;l; 1). Then the Yau number is

n n

AVy=n| J@=1=> @ - D@-1)-@=1- (-1,

i=1 i=1

where (aT—\l) means that a; — 1 is omitted.

3. Proof of the main theorem
In order to prove the main theorem, we need the following propositions.

ProrosiTion 3.1. Let (V,0) be a fewnomial isolated singularity of type 2 which is
defined by the equation f = x{'x; + x3’x3 + X3 (a1 2 2,ay > 2, a3 > 3) with weight
type (1 — as + apa3)/ayaras, as — 1/aras, 1/as; 1). Then the Yau number of V is

A(V) = 3ajapaz — 2a1a3 — 4azasz + 6as + 2a; — 2a1a; +2a, =7, ap >3,
- 4(11(13-3(13-2&1 —1, 02:2.

Furthermore,

/l(V) < 3(11612&3 - 4(6!2(13 +az — 1)
_(aimaz —1+a3 —maz)(az — 1) (a1axa3 — 1 + a3 — axa3)

1-a3+ aras az — 1

Proor. It is easy to see that the moduli algebra A(V) = C{x;, x2, x3}/(fx,» frrs fx3)
has dimension (ajaraz — 1 + a3 — araz) and has a monomial basis of the form [1]
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a2x8,0<i <a1-2:0< i <ap - 1;0< i3 < a3 — 1;x7'x5,0 < i3 <az — 2}, with

the following relations:

alxll“_lxg =0, a2x32_1x3 +x{' =0, a3xg3_1 +x37 =0. (3.1
From (3.1),
a;—1 _ L — 33
X =x0a = x50 =0, (3.2)
A =00 22a -1, x5=0,i2>2a, x;=0,i3>a;. (3.3)

In order to compute a derivation D of A(V), it suffices to indicate its values on the
generators xj, xp, X3, which can be written in terms of the basis. Thus, we can write

a;—2a,—1az—1 a;—2
;= J i iy 3 j a-1_s .+ _
Dx] B Z Z Z Cil,iz,ile Xy X3 + Z Ca1—1,0,[3x1 Xy, J= 1,2,3.
i1=0 i=0 i3=0 =

Using the relations (3.2)—(3.3), one easily finds the necessary and sufficient conditions
defining a derivation of A(V) as follows:

alc}],o,ig = (a2 - 1)01'2.—1,1,1'3 + Ci—1,0,i;+1’ I<ih<a-1,1<i3<a3-2; (34)
nin=0, 0<ir<ay-3,0<iz<as-1; (3.5)

C(l),iz,O =0, ;-2<ib<a-1; 3.6)

Chop=0 0<ii<ai-2,0<iz<a;-2; 3.7)

i0=0 0<ii<a-2,0<ib<a-1; ¢ _1o=0; (3.8)

(@ = ey, =ach 1o 1<iz<as—1; (3.9)

(@ac) go=(@—-D(as—1)=Dc; o, 1<i<ar—1; (3.10)
axe; o=(az—1c; . 1, 0<ii<a;-2, 1<ih<a. (3.11)

It is easy to see that the number of linearly independent equations is
2aia3 + araz + 2ay1a, — 3az — 2a; — 2a, + 4.

Using (3.4)—(3.11), we obtain the following description of the Lie algebras in question.
The derivations represented by the following vector fields form a basis in
Der A(V):

xgzxg‘c')g, I1<b<ay-1,2<i3<a;—-1; x?‘_lxg%%, 1<iz<az-2;
x?x?ﬁg, 2<ih<ar—1,1<iz<a3;-2; x§x§‘3‘laz, 1<ih<ay-1;
(1-a3+ a2a3)x’i‘01 +ay(az — 1)x’;*‘x262 + 0102X317]X363, 1<ii<a;—-1;
xil‘x?_l@l, 1<ij<a -2 x;rlx?al, I1<iz<az-1;
(az — 1)x§'x§az + azx"l‘x?_lxgag, 0<ii<a1-2,2<ib<a,-1;

X x5x0s, 1<ii<a;-2,1<i<ay-1,2<iz3<a3-1;
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i i

Xllxle;az, 1<ii<a1-2,2<ih<ay—-1,1<i3<a3-2;

(az — Dx| x50, + alxlll_lxzx362, 1<ij<a;-1,1<iz<a3-2;

X\ x5x501, 1<ip<ar-2,1<i<ay-1,1<i3<a3-1;

i i =1 _is+1 . .
X' X501 + apx! 1)c’33+ 03, 1<ij<a -1,1<i3<a3-2;
a1 i a1 .
az(az — Dx}{x37 02 + arx x* x303, 0<ij <ay—2;

2 1 ia—1 .
arxy 2x’33c')1 +(a; — Daf' lx'33 0, 1<i3<az-1;

L ' .
Xx5x3 0y, 1<ij<ar—2, 1<i<ay-1;

i

X

X501, l1<i<a-2,1<ib<ap-1.

Therefore, /l(V) = 3611612[13 - 2611613 - 46[2613 + 6613 +2a; — 2aya; + 2a, — 7. To prove
the second part, observe that after simplification the difference between the bound for
A(V) stated in the proposition and the value just calculated is

aiax(az —2)+2  ajaz(az - 1)

-2)+ -2)+ -1+ + + +2
az(ar —2)+ai(az —2) + ax(a; — 1) + a1az o T+ asa— 1)

and this is > 0 because a; > 2, a; > 2 and a3 > 3. This gives the required result.
In the case a; > 2, a; =2 and a3 > 3, the conditions defining a derivation of A(V)

are
1 _ 1 _ 1 _ 1 _qa 3 -3 _..._.3 _ 0
€000 = Co01 =" = Co0m-—2=0:C010=05 €1o=CT10=""=Ca010=05
> _ 2 _ . _ 2 0 2 2 . _2 _ 0.
€000 = €001 =" = C0a-2 =05 €100 =00 = = €00 =05
2 _ 2 . _ 2 —_ 0.
Car-101 = Ca-102 = " = Cay—1,0a3-3 = 05
3 _ 3 _ 3 _  _13 _ 0.
€0,0,0 = €1,00 = €200 = """ T Ca-1,00 — 0;

1 2
alcil,oyiﬁl + apc

_ 3 . . )
=104 = Ciy—1.0,342 1<ii<a;-1,0<i3<a;3-3;

1 3 N 3
araxcy oo = (az + ey - a1a265 09 = (az + Dejg s - - -
1 3 .
ayaxc, 100 = (@3 +1)c, 5013

1 _ 2 . 2 _ .3 ; _9.
(@ = Deggae-1 = 02€4 10025 @€ 10 =160, 0<ii<a1 =2

2

Ci\,0,a3- 0<iy<a;-2

_ 3
1 = 4436 44,000

and the following system of equations:

2 _ 2 _ ... _.2 -0 2 2 . _.2 _ 0
Cl01 =% 02" " TC 042" 0; 01 =0T " T 042" 0;
2 _ 2 _ . _ 2 _

Car201 = Ca-202 =" = C41_2045-2 = 0-

It is easy to see that the number of linearly independent equations is 2a; + 2a;as — 2.
Using the above conditions, we find that the derivations represented by the following
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vector fields form a basis in Der A(V):

daz—-1) ;-
X

i—

41 —az + i
(1-a3 a2a3)x'1‘61 N 1

ayaas aras

1)6383, 1< i] <a - 1;

4
1)62(92 + —Xx
as

xlllea1, 1<ii<a; -2 )CllI x?_lal, 1<ij<a; -2

i . . i ) .
X301, ar<iy<2a1-2,0<i3<a3-2; x{xy70,,  ap <ip <2a; -2
Kx303, ar—1<i;<2a1 -2, 1 <iz<az-2;

a ;. Y . .
a—xlllx';(?l +x’ 2+"x§’ 19, 1<ii<a-1,1<i3<a;-2;
I

i i -1 _iz+1 . .
x| X501 + x lef 03, 1<ii<a-1,1<iz3<a3-2;

1
az — 1
a _ _ _ . _ s .
1)c’313 1, +xy' lx? 28,: (a1a3)x) x5 1, +xy! Mg, 0<ij<a;-2.
a) —

Therefore, the Yau number is A(V) = 4a a3 — 3a3 — 2a; — 1. After simplification, the
difference between the bound for A(V) stated in the proposition and the value just
calculated is

2a;(a32az - 3) - 1) N 2

a%—l a;—1

(2az — 3) + >0.

This completes the proof. m]

ProposiTion 3.2. Let (V,0) be a fewnomial isolated singularity of type 3 which is
defined by f = x{'xy + x5 x3 + x5’ X1 (@) > 2,a, > 2, a3 > 2) with weight type

(1—a3+a2a3 l—ay+aiazs 1—a;+aja, )
1 +ajara; ’ 1+ ajaras ’ 1 +ajaras

Then the Yau number is

/l(V)_ 12 ifa1:2,a2=2,a3:2,
"\ 3ajaaz — 2(ajax + ajaz + araz) + 2(a; +ax +a3) — 1 otherwise.

Furthermore,

l-—a+
ﬂ(V)$3a1a2a3_a‘a3( a + ajaz)

1—a;+aia3
a1a2(1 —as + lell3) a2a3(1 —aj + a1a3)

1—ay+aa 1—-az+ aras

Prookr. It is easy to see that the moduli algebra A(V) = C{xy, x2, x3}/(fx,» fx,» fx;) has
dimension aa,az and has a monomial basis of the form [1]

8,0 <i <a - 1,0<ih <ay - 1,0< i3 <as - 1, (3.12)
with the following relations:

-1 1 4
axy? x3+x{'=0, axPTx +x2 =0, ax{' x+x7=0. (3.13)
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From (3.13),
x{'xp = x3x3 = x3°x; =0, (3.14)
X'=0, i 22a;, x2=0,i>2a, x5=0,i>2a. (3.15)

In order to compute a derivation D of A(V), it suffices to indicate its values on the
generators xj, X,, X3, which can be written in terms of the basis (3.12). Thus, we can

write
a—1 ar—1 az—1

ij - Z Z Z cljl,iz,hxillx;z'x?’ j: 1’2’3'
i1=0 i,=0 i3=0
Using the relations (3.14)—(3.15), one easily finds the necessary and sufficient
conditions defining a derivation of A(V) as follows:

Cpin =0, 1<ih<a-2,0<i3<a3—2; ¢, =0, 1<i<a-3; (3.16)

1 _n 1 _ . 1. 2 _ . 1.
Coa-10=0s €oo;;=0,0<i3<a3—1; ¢5p,,=0,0<i3<a3-1; (3.17)
Gon=0.1<i1<a1-2,0<i3<a3 -2 ¢, _ 19, =0, 0<iz<as—3; (3.18)

Goo=0.0<ii<a-1; ¢, ,=0,0<ii<a1-3,1<b<a—1; 3.19)

i1,2.0
3 _ ~ )

G o=01<h<a-2; (3.20)

1 2 3 _ ~ :
1€ 4,14, T a2(a2 = Dy g g4 Ha2Cy 10, =0, 1<iz<az—1;  (3.21)

I 2 3 _ - _.

@a3C G, g1 F A1CY 41 gyt T 3C 110 = 0, 0 S <ax =2 (3.22)

1 2 3 _ - )
a3 410 T 42C; g g1 a3z = )¢y, 11 =0, 1< <ap - 1; (3.23)

1 2 3 _ ; ; .
af(ar = ey, +aicy i, — @103 001 =0, 1< <ar-2,1<i3<a3-2;

(3.24)

1 2 3 _ : . .

asc; 0~ @asC; 10 tasta—e; 4, ,=0, 2<ii<ai -1, 1<ih<a, -2
(3.25)

1 2 3 _ ; ; .
—a1ax¢; o F a2 = ¢ gt axc 10,41 =0, 2<ii<ar—-1, 1<i3<as -2
(3.26)

(a1 — Day + l)cl-ll’o’0 —((ap — Das + 1)c§’1_1’0’1 =0, 1<ii<a-1;, (3.27)
(@ = Daz + Deyy g~ (@ - Das+ e, =0, 1<ip<a;-2; (3.28)
(a1 = Day + Dey g, — (az = Das + Degg, =0, 1<iz<az—2; (3.29)
(a1 = Daz + )cj = (a3 = Day + e} 4, =0, 0<ij<a;-2; (3.30)
((a1 = Daz + Degy o — (a3 = Day + e, =0, 2<ib<ap—1; (331
(a1 = Day + gy, — (a3 = Day + Deggp =0, 1<iz<az—2; (3.32)
“lc(l),az—z,agq - “302172,(1271,0 =0; “2051—1,0,@—2 - “302172,@71,0 =0. (3.33)

It is easy to see that the number of linearly independent equations is

2(aiaz + araz + ajap) — 2(ay + ar + az) + 1.
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Using (3.16)—(3.33), we see that the derivations represented by the following vector
fields form a basis in Der A(V):

(1-a3+ azag)x1x361 +(1—a + 611613))(2)( 62 +(1—ap+ alag)x 163,
1<iz3<a3-2;
(1 —a3z+ 02613))611161 +(1—-a + a2a3)x’11_162 +(1—ay+ alag)xlll_lx3(')3,
1<ij<a;—-1;
(1-az+ a2a3)x1x2 O+l —a + a2a3)x’2+162 +(1—ay+ alaz)x;zxy?g,
1<ib<a,-2;

a22az l

-2 -1
araz X (91 +ajazx’ "~ “2 03
2

62+a1a2x1
x x; 1(‘31, 2 <in<a - 1; xlxzz_ x33(91, 1<i3<a3—-1;
x1x2 363, 2<ih<ay—-1,2<iz3<az—-1;
x1x2x363, 2<iz<az—1; X x ! ?63, 2<iz<az-1l;
" ’2 20, 2<ii<a-1,2<h<ay-1,1<i3<a3-1;
X' x2x303, 2<ih <1 -1, 1<ih<ap-1,2<i3<a3—1;
" X301, 2<i<a-1,1<ib<ay-1,1<iz3<a3-1;
(ar — l)x x361 +a1x§'_1x2xi362, 2<i1<a;—-1,1<i3<a;3 -2;
(a; — l)xlx2 361 +a3x “Hﬁg, 1<ih<ay-2,1<i3<a3—2;
ale x261 +x"_l 22+182, 2<ihi<a1 -1, 1<ih<ay-2;
ar(ay — x5~ x?@l + alx‘l“_lxgx?_laz, 1<iz<az-1;
(az — l)xi'xizal + xi'_lxizc%, 2<ii<a1—-1,1<ihb<a,—1;
x1x2x361 +(a; — l)x’ﬁl ?62, 1<ih<ay-2, 1<iz<ay—1;
x3361 +a1xl‘7 x33+163, 2<ii<a;-1,1<i3<a3-2;
xlxézxg”_lal +(a; - 1))6’11l ’2+103, 1<ip)<ay—2;
x1x2x§3_162,xT‘_1x§x383, 1<i<ay-1;
ale X 18, +(13x1 x5 19, 1<ij<a-1; aixy” x ! ?81 +a2x?‘_lx;383,
1<iz<as—1;
x1x2 3(92, 2<ib<ay-1,1<i3<a3—-1; xlxzx 19, 2<ii<a;-1;
xlx 8] + (ll] - I)XQ)C (92, x]x (91 + (Cl] - l)X JC2(93;

(az — 1))c1x2 - (91 +)c2 - x383; xl‘_ xzag, 2<ip<a;-1.

Therefore, A(V) = 3ajazas + 2(a; + ay + az) —2(ayay + ajaz + aaz) — 1. To prove the
second part, observe that after simplification the difference between the bound for A(V)
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stated in the proposition and the value just calculated is

Cl]ag(dl _ 2)(03 _ 2) 4 d|ﬂ3(§2—2) + 02(0153—4)

1+
1-a +aas

N amaz(ar —2)(a; —2) + alaz(§3—2) + a(@a-4)

2

1—ar +aia

N araz(ay —2)(az —2) + uzuz(gl—Z) " al(u2;3—4)

1 —az+ aras

and this is > 0 since a; > 2, a, > 2 and a3 > 2.
In the case a; = 2,a; = 2, a3 = 2, we have the following basis of DerA(V):

xlal + x282 + X383; x281 + X382 + X183; X361 + x182 + XQ83;
30, 2 2 2 2
T + XQX3(92; —x261 + x3(93; 2)62)63(91 + X3(92; 2)62)63(91 + x283;

2
X (91
2 29 . 3 . 39.. 39 . 3
—x381+x282, 5 +x2x383, x361, x382, x383.

Therefore, A(V) = 12. It follows that in the case of a; = 2,a; = 2, a3 = 2, equality holds
in Conjecture 1.1. m]

Proor oF THE MaIN THeEOrREM. Let f € C{xj, xp, x3} be a weighted homogeneous
fewnomial isolated surface singularity. Then f is analytically equivalent to one of
the five types in Proposition 2.9. It is an immediate corollary of Propositions 2.11, 3.1
and 3.2 that types 1, 2 and 3 satisfy Conjecture 1.1. The last two types are Thom—
Sebastiani summations of types 1, 2 and 3. It follows from Theorem 2.10 that types 4
and 5 also satisfy Conjecture 1.1. Therefore, the main theorem is proved. O
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