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1. Introduction

In classification theory of isolated singularities, one always wants to find various in-
variants associated to isolated singularities. Hopefully with enough invariants found, one 
can distinguish between different isolated singularities up to contact equivalence. How-
ever, not many effective invariants are known. Moreover, most of known invariants, for 
example, the geometric genus, are hard to compute in general. In this article, we shall 
introduce a new numerical invariant to isolated hypersurface singularities. The invariant 
can be calculated easily comparing with other invariants of isolated singularities.

The algebra of germs of holomorphic functions at the origin of Cn is denoted as On. 
Clearly, On can be naturally identified with the algebra of convergent power series in n
indeterminates with complex coefficients. As a ring On has a unique maximal ideal m, 
the set of germs of holomorphic functions which vanish at the origin. Let (V, 0) be an 
isolated hypersurface singularity defined by a holomorphic function f : (Cn, 0) → (C, 0). 
The multiplicity mult(f) of the singularity (V, 0) is defined to be the order of the lowest 
nonvanishing term in the power series expansion of f at 0.

For any isolated hypersurface singularity (V, 0) ⊂ (Cn, 0) defined by f , Yau considers 
the Lie algebra of derivations of moduli algebra

A(V ) := On/(f,
∂f

∂x1
, · · · , ∂f

∂xn
), i.e., L(V ) = Der(A(V ), A(V )).

It is known that L(V ) is a finite dimensional solvable Lie algebra ([38], [39]). L(V ) is 
called the Yau algebra of V in [25] and [40] in order to distinguish from Lie algebras of 
other types appearing in singularity theory ([1], [2]). The Yau algebra plays an important 
role in singularities [31]. In this paper, we will introduce a new derivation Lie algebra 
which is a generalization of Yau algebra.

The classical Nash blow-up of an algebraic variety can be viewed as the parameter 
space of the tangent spaces of smooth points and their limits. There is a natural question 
to ask whether we can get a smooth variety by Nash blow-ups. There are lots of works 
on it, such as González-Sprinberg [14], Hironaka [16], Nobile [28], Rebassoo [30], and 
Spivakovsky [32], etc.

As we know, A. Nobile has the following famous theorem.

Theorem 1.1 ([28]). Let X be a variety over an algebraically closed field of characteristic 
zero, then the Nash blow-up of X is an isomorphism if and only if X is non-singular.

It is known that Nobile’s theorem fails over fields of prime characteristic. This theorem 
was recently proved in positive characteristic adding the condition of normality.

Theorem 1.2 (Theorem 3.10 in [12]). Let X be a normal variety over an algebraically 
closed field K of dimension d. Suppose that K has prime characteristic p. If Nash1(X) ∼=
X, then X is non-singular.
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The conception Nash blow-up was generalized which was called higher Nash blow-
up. The precise definition and related properties of higher Nash blow-up can be found 
in section 2. However, the higher Nash blow-up is hard to compute in general. To deal 
with this problem, especially in the hypersurface case. D. Duarte introduced higher-order 
Jacobian matrix of a polynomial which can be also found in section 2.

Let F ∈ C[x1, · · · , xs], the higher-order Jacobian matrix Jack(F ) is useful to make 
explicit computations concerning the higher Nash blow-up of the hypersurface V (F ). 
The ideal whose blow-up is the higher Nash blow-up of order k of a hypersurface V (F ), 
corresponds to the ideal generated by the maximal minors of Jack(F ) [11]. From this 
fact, it is natural for us to introduce the following higher Nash blow-up local algebra for 
an isolated hypersurface singularity.

Definition 1.3. With the notations above. Let F ∈ C[x1, · · · , xs] and Jack(F ) be the 
Jacobian matrix with order k. Let Jk(F ) ⊂ C [x1, . . . , xs] be the ideal generated by the 
maximal minors of Jack(F ). Then we define a new higher Nash blow-up local algebra of 
V to be: Mk(V ) := Os/〈F, Jk(F )〉. We use dk(V ) to denote the dimension of Mk(V ).

Remark 1.4. If (V, 0) is an isolated hypersurface singularity, then it is easy to see that the 
M1(V ) is exactly the moduli algebra A(V ), moreover, Mk(V ) is Artinian (cf. Corollary 
2.2, [11]).

We propose the following conjecture.

Conjecture 1.5. Let (V, 0) be an isolated hypersurface singularity defined by a polynomial 
F (x1, · · · , xs). Then Mk(V ) is contact invariant of (V, 0), i.e. it depends only on the 
isomorphism class of the germ (V, 0).

In the following, we verify the Conjecture 1.5 for s = 2, k = 2.

Theorem A. Suppose (V, 0) = {(x1, x2) ∈ C2 : F (x1, x2) = 0} and (W, 0) = {(x1, x2) ∈
C2 : G(x1, x2) = 0} are isolated hypersurface singularities. If (V, 0) is biholomorphically 
equivalent to (W, 0), then M2(V ) is isomorphic to M2(W ).

Based on Theorem A, it is natural for us to introduce the following new derivation 
Lie algebras.

Definition 1.6. The derivation Lie algebras Lk(V ) is defined to be the Lie algebra of 
derivations of the local Artinian algebra Mk(V ), i.e., Lk(V ) = Der(Mk(V )). Its dimen-
sion is denoted as ρk(V ).

It follows from Theorem A that the derivation Lie algebra of M2(V ) and ρ2(V ) are 
new invariants for a curve singularity (V, 0).
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Let R = On/(f1, f2, · · · , fn) be a complete intersection local Artinian alge-
bra and f1, f2, · · · , fn are weighted homogeneous polynomials with the same type 
(w1, w2, · · · , wn; d). Motivated by rational homotopy theory, Halperin conjectured that 
there are no negative weight derivations on R, which is one of the most important open 
problems in rational homotopy theory (see [13], [27]). This problem is also important in 
differential geometry [5].

Halperin Conjecture. (Equivalent Form) [6] Let x1, · · · , xn be weighted variables and 
f1, · · · , fn be weighted homogeneous polynomials. Suppose that R is an Artinian algebra 
of the form On/(f1, f2, · · · , fn). Then there is no non-zero negative weight derivation on 
R.

Chen, Yau, and Zuo have made essential progress in solving the Halperin conjecture. 
They developed a new theory of introducing new weight type associated with a negative 
weight derivation on the weighted polynomial ring and have given the necessary prop-
erties for solving these two conjectures. They gave a positive answer to the Halperin 
conjecture [8] when the degrees of f1, · · · , fn are bounded below by a constant C de-
pending only on the weights of x1, · · · , xn. Moreover, this bound C is improved in several 
special cases. Their theorems about the Halperin Conjecture are more or less optimal in 
the sense that only the lower bound constant can be improved. For recent studies about 
various derivation Lie algebras of singularities, the interested reader can refer to [8–10], 
[17–24], [26], [35,36].

Assuming that f(x1, x2) defines a weighted homogeneous singularity, it follows from 
Lemma 4.1 that M2(V ) and L2(V ) are also naturally graded. We believe that this fact 
is also true in general. It is natural to propose the following new conjecture:

Conjecture 1.7. Let (V, 0) = {(x1, . . . , xn) ∈ Cn : f(x1, . . . , xn) = 0} be an isolated singu-
larity defined by the weighted homogeneous polynomial f of weight type (α1, . . . , αn; d). 
Assume that d ≥ 2α1 ≥ · · · ≥ 2αn > 0 without loss of generality. Let Mk(V ) be the 
k-th local algebra as above. Then Mk(V ) and Lk(V ) are also naturally graded. Fur-
thermore, there is no non-zero negative weight derivation on the Mk(V ), i.e., Lk(V ) is 
non-negatively graded.

The following result verifies Conjecture 1.7 partially.

Theorem B. Let (V, 0) = {(x1, x2) ∈ C2 : G(x1, x2) = 0} be an isolated singularity defined 
by the weighted homogeneous polynomial G with mult(G) = m of weight type (α1, α2; d). 
Assume that d ≥ 2α1 ≥ 2α2 > 0 without loss of generality. Let L2(V ) be the derivation 
Lie algebra of the second moduli algebra M2(V ) and D ∈ L2(V ). If D is of negative 
weight, then D ≡ 0.

For the estimation of the numerical invariant ρk(V ), we proposed the following new 
conjecture.
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Conjecture 1.8. Assume that ρk({xa1
1 + · · · + xan

n = 0}) = hk(a1, · · · , an). Let (V, 0) =
{(x1, x2, · · · , xn) ∈ Cn : f(x1, x2, · · · , xn) = 0}, (n ≥ 2) be an isolated singular-
ity defined by the weighted homogeneous polynomial f(x1, x2, · · · , xn) of weight type 
(w1, w2, · · · , wn; 1). Then ρk(V ) ≤ hk(1/w1, · · · , 1/wn).

Remark 1.9. Conjecture 1.8 claims that if a weighted homogeneous singularity has the 
same weight type as a Brieskorn singularity xa1

1 + · · ·+ xan
n , then the invariant ρk of the 

Brieskorn singularity is greater than or equal to the same invariant of the other one.

Theorem C verifies Conjecture 1.8 partially.

Theorem C. Let (V, 0) be a binomial singularity defined by the weighted homogeneous 
polynomial f(x1, x2) (see Corollary 3.6) with weight type (w1, w2; 1). Then

ρ2(V ) ≤ h2(
1
w1

,
1
w2

) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

6; w1 = 1
2 , w2 = 1

2
4
w2

− 3; w1 = 1
2 , w2 ≥ 1

3
4
w1

− 3; w1 ≥ 1
3 , w2 = 1

2
4

w1w2
− 4( 1

w1
+ 1

w2
) + 7; w1 ≥ 1

3 , w2 ≥ 1
3 and w1 = w2

4
w1w2

− 4( 1
w1

+ 1
w2

) + 6; w1 ≥ 1
3 , w2 ≥ 1

3 and w1 �= w2.

Sections 2 and 3 contain some preliminaries on higher Nash blow-up and higher order 
Jacobian matrix, and derivation Lie algebra. The proofs of Theorem A, Theorem B and 
Theorem C are given in section 4.

Acknowledgments. We would like to thank the anonymous referee for careful reading the 
manuscript and giving numerous helpful suggestions.

2. Higher Nash blow-up and higher order Jacobian matrix

We review some standard results about higher Nash blow-up and higher order Jaco-
bian matrix including their definition and some basic properties in this section. Readers 
can easily find them with more details in the corresponding references.

Firstly, we just recall the basic definition and properties of higher Nash blow-ups.

Definition 2.1 (Higher Nash blow-up [34]). Let X be a variety of dimension d, x ∈ X, 
x(n) := Spec(OX,x/m

n+1
x ) its n-th infinitesimal neighborhood and Hilb(d+n

n )(X) is the 

Hilbert scheme of 
(
d+n
n

)
points of X. If X is smooth at x, then x(n) is an Artinian 

subscheme of X of length 
(
d+n
n

)
. Therefore, it corresponds to a point

[x(n)] ∈ Hilb(d+n
n )(X),

which induced the following morphism of schemes,



170 N. Hussain et al. / Journal of Algebra 618 (2023) 165–194
σn : Xsm −→ Hilb(d+n
n )(X).

The graph of σn is canonically isomorphic to Xsm, where Xsm denotes the smooth locus 
of X. We define the n-th Nash blow-up of X (called the higher Nash blow-up of order n
of X), denoted by Nashn(X), to be the closure of the graph Γσn

with reduced scheme 
structure in X ×k Hilb(d+n

n )(X), together with the projection

πn : Nashn(X) −→ X,

which is projective and birational. Moreover, it is an isomorphism over Xsm.

A. Oneto and E. Zatini introduced the following definition.

Definition 2.2 (Nash Blow-up associated to a coherent sheaf [29]). Let X be a reduced 
Noetherian scheme, M a coherent OX-module locally free of constant rank r on an open 
dense subscheme U ⊂ X, and Grassr(M) the Grassmaniann of M of rank r, which is 
a projective X-scheme. Then the fiber product Grassr(M) ×X U is isomorphic to U by 
the projection. The Nash blow-up of X associated with M, is defined to be the closure 
of Grassr(M) ×X U , (denoted by Nash(X, M)) together with the natural morphism

πM : Nash(X,M) −→ X,

which is projective and birational.

Remark 2.3 ([34]). When X is a variety and M = ΩX/k, the Nash(X, ΩX/k) is the 
classical Nash blow-up of X. Moreover,

Nashn(X) ∼= Nash(X,Pn
X) ∼= Nash(X,Pn

X,+),

where Pn
X := OX×kX/In+1

Δ (which is the structure sheaf of Δ(n) and called the sheaf of 
principal parts of order n of X) and Pn

X,+ := IΔ/In+1
Δ (IΔ is the ideal sheaf defining 

the diagonal Δ ⊂ X ×k X, Δ(n) ⊂ X ×k X is the n-th infinitesimal neighborhood of the 
diagonal). When X is a variety, these are coherent. For more details, see [15] and [29].

Higher Nash blow-ups have lots of general properties. We just recall the following two 
theorems.

Theorem 2.4 (Compatibility with étale morphisms [34]). Let Y −→ X be an étale mor-
phism of varieties. Then for every n, there exists a canonical isomorphism

Nashn(Y ) ∼= Nashn(X) ×X Y.
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Theorem 2.5 (Stable under group actions [34]). Let X be a variety of dimension d and G
an algebraic group over k acting on X. The subscheme Nashn(X) ⊂ X×kHilb(d+n

n )(X)
is stable under the induced natural action of G on X ×k Hilb(d+n

n )(X),

G×k X ×k Hilb(d+n
n )(X) −→ X ×k Hilb(d+n

n )(X)

(g, x, [Z]) �−→ (gx, [gZ]).

Thus, the G-action on X naturally lifts to Nashn(X).

Similarly, the higher version of Noble’s result with some restriction also holds.

Theorem 2.6 (cf. Theorem 4.13, [11]). Let F ∈ C[x1, . . . , xs] be an irreducible polynomial 
and X = V (F ) ⊂ Cs. Suppose X is normal. Let (Nashn(X), πn) be the n-th Nash blow-
up of X. Then πn is an isomorphism if and only if X is non-singular.

In order to compute higher Nash blow-up, especially in the hypersurface case, we recall 
the following definition which was given in [11], where readers can find more details.

We recall the definition of a higher-order Jacobian matrix of a polynomial. First recall 
the multi-index notation. Let α = (α1, . . . , αs) , β = (β1, . . . , βs) ∈ Ns:

1). α ≤ β ⇔ αi ≤ βi ∀i ∈ {1, . . . , s}.
2). |α| = α1 + · · · + αs.
3). α! = α1! · α2! · · ·αs!.

4). 
(
α

β

)
=
(
α1
β1

)(
α2
β2

)
· · ·
(
αs

βs

)
= α!

β!(α−β)! .

5). ∂α = ∂α1∂α2 · · · ∂αs .
Using this notation, the general Leibniz rule states that

∂α(g · f) =
∑

{β|β≤α}

(
α

β

)
∂α−βf∂βg

for any f, g ∈ C [x1, . . . , xs]. If we define ∂α−βf = 0 when αi < βi for some 1 ≤ i ≤ s

then the general Leibniz rule can also be written as:

∂α(g · f) =
∑

{β|0≤|β|≤|α|}

(
α

β

)
∂α−βf∂βg. (1)

Let F ∈ C [x1, . . . , xs] and p = (a1, . . . , as) ∈ X = V(F ) ⊂ Cs. Let ap =

〈x1 − a1, . . . , xs − as〉 ⊂ C [x1, . . . , xs]. Fix n ∈ N. Let N =
(
n + s

s

)
and consider 

the following linear map:
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θ : ap → CN−1

f �→
(
∂αf

α! | 1 ≤ |α |≤ n

)
|p
.

We arrange this vector increasingly using graded lexicographical order, where α1 < α2 <

· · · < αs.
Let b = 〈F 〉. Notice that b ⊂ ap. Let g · F ∈ b, where g ∈ C [x1, . . . , xs]. Using the 

general Leibniz rule (1) and the fact F (p) = 0, we can write θ(gF ) as follows (recall that 
we defined ∂α−βF = 0 if αi < βi for some i):

θ(gF ) =
∑

{β|0≤|β|≤n−1}
∂βg(p) ·

((
α

β

)
∂α−βF

α! |1 ≤ |α |≤ n

)
|p

.

Let β ∈ Ns be such that 0 ≤ |β| ≤ n − 1. We define

rβ := β! ·
((

α

β

)
∂α−βF

α! |1 ≤ |α |≤ n

)
. (2)

As before, we arrange rβ using graded lexicographical order on α. There are M =(
n + s− 1

s

)
such vectors.

Definition 2.7 (cf. Definition 1.2, [11]). Let Jacn(F ) be the matrix whose rows are the 
M vectors rβ defined in (2). We arrange these rows using graded lexicographical order 
on β, where β1 < β2 < . . . < βs. In particular, Jacn(F ) is a M × (N − 1)-matrix. We 
call Jacn(F ) the Jacobian matrix of order n or the higher-order Jacobian matrix.

Remark 2.8. The higher-order Jacobian matrix was later rediscovered and further devel-
oped in [3] and [4].

The following example gives an intuitional illustration of the above definition of higher-
order version of the Jacobian matrix of a polynomial. Since we only care about isolated 
hypersurface singularities in this paper, it is important to show the computation for the 
hypersurface case.

Example 2.9 ([11]). Let F (x, y) = x3 − y2 ∈ C[x, y]. Let p = (a, b) ∈ X = V(F ). By 
above definition, we obtain the Jacobian matrix of order 2 of F as follows

Jac2(F ) =

⎛
⎜⎝ 3x2 −2y 3x 0 −1

F 0 3x2 −2y 0
0 F 0 3x2 −2y

⎞
⎟⎠ .
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Theorem 2.10 (Generalized Jacobian criterion [11]). Let F ∈ C[x1, . . . , xs] be a reduced 
non-constant polynomial. Let p ∈ V (F ) ⊂ Cs. For n ∈ N, let M =

(
n+s−1

s

)
. Then p is 

non-singular if and only if rank(Jacn(F ))|p = M .

3. Derivation Lie algebras and fewnomial singularities

In this section, we shall briefly introduce the basic definitions and important results 
which are helpful to solve the problem. The following basic concepts and results will be 
used to compute the derivation Lie algebras of isolated hypersurface singularities.

Recall that a derivation of commutative associative algebra A is defined as a linear 
endomorphism D of A satisfying the Leibniz rule: D(ab) = D(a)b + aD(b). Thus for 
such an algebra A one can consider the Lie algebra of its derivations Der(A, A) with the 
bracket defined by the commutator of linear endomorphisms.

Definition 3.1. Let J be an ideal in an analytic algebra S. Then DerJS ⊆ DerCS is Lie 
subalgebra of all σ ∈ DerCS for which σ(J) ⊂ J .

We shall use the following well-known result to compute the derivations.

Theorem 3.2 ([36]). Let J be an ideal in R = C{x1, · · · , xn}. Then there is a natural 
isomorphism of Lie algebras

(DerJR)/(J · DerCR) ∼= DerC(R/J).

Definition 3.3. A polynomial f ∈ C[x1, x2, · · · , xn] is called quasi-homogeneous (or 
weighted homogeneous) if there exist positive rational numbers w1, . . . , wn (called 
weights of indeterminates xj) and d such that, for each monomial 

∏
x
kj

j appearing 
in f with non-zero coefficient, one has 

∑
wjkj = d. The number d is called the quasi-

homogeneous degree (w-degree) of f with respect to weights wj and is denoted by deg f . 
The collection (w; d) = (w1, · · · , wn; d) is called the quasi-homogeneity type (qh-type) 
of f .

Definition 3.4. An isolated hypersurface singularity in Cn is fewnomial if it can be de-
fined by a n-nomial in n variables and it is a weighted homogeneous fewnomial isolated 
singularity if it can be defined by a weighted homogeneous fewnomial. 3-nomial isolated 
hypersurface singularity is also called trinomial singularity.

Proposition 3.5 (cf. Theorem 9.1, [10]). Let f be a weighted homogeneous fewnomial iso-
lated singularity with mult(f) ≥ 3. Then f analytically equivalent to a linear combination 
of the following three series:

Type A. xa1
1 + xa2

2 + · · · + x
an−1
n−1 + xan

n , n ≥ 1,
Type B. xa1

1 x2 + xa2
2 x3 + · · · + x

an−1
n−1 xn + xan

n , n ≥ 2,
Type C. xa1

1 x2 + xa2
2 x3 + · · · + x

an−1
n−1 xn + xan

n x1, n ≥ 2.
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Proposition 3.5 has an immediate corollary.

Corollary 3.6. Each binomial isolated singularity is analytically equivalent to one from 
the three series: A) xa1

1 + xa2
2 , B) xa1

1 x2 + xa2
2 , C) xa1

1 x2 + xa2
2 x1.

4. Proof of main theorems

We need the following lemma in order to give a proof of Theorem A.

Lemma 4.1. Let (W, 0) be an isolated hypersurface singularity defined by a polynomial 
G(x1, x2). Then

M2(W ) = O2

/〈
G,

(
∂G

∂x1

)3

,

(
∂G

∂x2

)3

,

(
∂G

∂x1

)2
∂G

∂x2
,

∂G

∂x1

(
∂G

∂x2

)2

,

(
∂G

∂x2

)2

· ∂
2G

∂x2
1

+
(
∂G

∂x1

)2

· ∂
2G

∂x2
2
− 2 ∂G

∂x1
· ∂G
∂x2

· ∂2G

∂x1∂x2

〉
.

Proof. Note that

Jac2(G) =

⎡
⎢⎣

∂G
∂x1

∂G
∂x2

1
2
∂2G
∂x2

1

∂2G
∂x1∂x2

1
2
∂2G
∂x2

2

G 0 ∂G
∂x1

∂G
∂x2

0
0 G 0 ∂G

∂x1
∂G
∂x2

⎤
⎥⎦ .

Let Gijk be the maximal minors corresponding to the i, j, k-columns of Jac2(G). Hence,

G123 = 1
2 ·G2 · ∂

2G

∂x2
1
−G ·

(
∂G

∂x1

)2

;

G124 = G2 · ∂2G

∂x1∂x2
− 2 ·G · ∂G

∂x1
· ∂G
∂x2

;

G125 = 1
2 ·G2 · ∂

2G

∂x2
1
−G ·

(
∂G

∂x2

)2

;

G134 =
(
∂G

∂x1

)3

− 1
2 ·G · ∂G

∂x1
· ∂

2G

∂x2
1

;

G135 =
(
∂G

∂x1

)2

· ∂G
∂x2

− 1
2 ·G · ∂G

∂x2
· ∂

2G

∂x2
1

;

G145 = ∂G

∂x1
·
(
∂G

∂x2

)2

+ 1
2 ·G · ∂G

∂x1
· ∂

2G

∂x2
2
−G · ∂G

∂x2
· ∂2G

∂x1∂x2
;

G234 :=
(
∂G
)2

· ∂G + 1 ·G · ∂G · ∂
2G

2 −G · ∂G · ∂2G ;

∂x1 ∂x2 2 ∂x2 ∂x1 ∂x1 ∂x1∂x2
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G235 := ∂G

∂x1
·
(
∂G

∂x2

)2

− 1
2 ·G · ∂G

∂x1
· ∂

2G

∂x2
2

;

G245 :=
(
∂G

∂x2

)3

− 1
2 ·G · ∂G

∂x2
· ∂

2G

∂x2
2

;

G345 := 1
2 ·
(
∂G

∂x2

)2

· ∂
2G

∂x2
1

+ 1
2 ·
(
∂G

∂x1

)2

· ∂
2G

∂x2
2
− ∂G

∂x1
· ∂G
∂x2

· ∂2G

∂x1∂x2
.

Hence, J2(G) is generated by G123, G124, · · · , G345. That implies that

(G,J2(G)) =
〈
G,

(
∂G

∂x1

)3

,

(
∂G

∂x2

)3

,

(
∂G

∂x1

)2
∂G

∂x2
,

∂G

∂x1

(
∂G

∂x2

)2

,

(
∂G

∂x2

)2

· ∂
2G

∂x2
1

+
(
∂G

∂x1

)2

· ∂
2G

∂x2
2
− 2 ∂G

∂x1
· ∂G
∂x2

· ∂2G

∂x1∂x2

〉
.

Thus the lemma has been proved. �
Proof of Theorem A. Let h : (C2, 0) → (C2, 0) be the germ at the origin of a biholomor-
phic mapping, such that h(V ) = W . Then there exist u ∈ O such that F = u · (G ◦ h)
and u(0) �= 0. Write h = (h1, h2), where hi : (C2, 0) → (C, 0).

By Leibniz rule, we obtain the following two relations

∂F

∂xi
= ∂u

∂xi
· (G ◦ h) + u ·

2∑
j=1

( ∂G
∂xj

◦ h) · ∂hj

∂xi
;

∂2F

∂xi∂xl

=
∂
[

∂u
∂xi

· (G ◦ h) + u ·
∑2

j=1(
∂G
∂xj

◦ h) · ∂hj

∂xi

]
∂xl

= ∂2u

∂xi∂xl
· (G ◦ h) + ∂u

∂xi
·

2∑
j=1

( ∂G
∂xj

◦ h) · ∂hj

∂xl
+ ∂u

∂xl
·

⎡
⎣ 2∑
j=1

( ∂G
∂xj

◦ h) · ∂hj

∂xi

⎤
⎦

+ u ·
2∑

j=1

{[ 2∑
r=1

(
∂2G

∂xj∂xr
◦ h
)
· ∂hr

∂xl

]
· ∂hj

∂xi
+
(
∂G

∂xj
◦ h
)
· ∂hj

∂xi∂xl

}
.

Hence, the elements 
(

∂F
∂x1

)3
, 
(

∂F
∂x2

)3
, 
(

∂F
∂x1

)2
· ∂F
∂x2

, ∂F
∂x1

·
(

∂F
∂x2

)2
belong to the ideal:

〈
G ◦ h,

(
∂G

∂x1
◦ h
)3

,

(
∂G

∂x2
◦ h
)3

,

(
∂G

∂x1
◦ h
)2

·
(
∂G

∂x2
◦ h
)
,

(
∂G

∂x1
◦ h
)
·
(
∂G

∂x2
◦ h
)2
〉
.
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Now, we compute that

(after module 
〈
G ◦ h,

(
∂G
∂x1

◦ h
)3

,
(

∂G
∂x2

◦ h
)3

,
(

∂G
∂x1

◦ h
)2

·
(

∂G
∂x2

◦ h
)
,
(

∂G
∂x1

◦ h
)
·(

∂G
∂x2

◦ h
)2
〉

)

(
∂F

∂x2

)2

· ∂
2F

∂x2
1

+
(
∂F

∂x1

)2

· ∂
2F

∂x2
2
− 2 ∂F

∂x1
· ∂F
∂x2

· ∂2F

∂x1∂x2

=u2 ·
[(

∂G

∂x1
◦ h
)
· ∂h1

∂x2
+
(
∂G

∂x2
◦ h
)
· ∂h2

∂x2

]2
·

u ·
{[(

∂2G

∂x2
1
◦ h
)
· ∂h1

∂x1
+
(

∂2G

∂x1∂x2
◦ h
)
· ∂h2

∂x1

]
· ∂h1

∂x1
+

[(
∂2G

∂x1∂x2
◦ h
)
· ∂h1

∂x1
+
(
∂2G

∂x2
2
◦ h
)
· ∂h2

∂x1

]
· ∂h2

∂x1

}

+ u2 ·
[(

∂G

∂x1
◦ h
)
· ∂h1

∂x1
+
(
∂G

∂x2
◦ h
)
· ∂h2

∂x1

]2
·

u ·
{[(

∂2G

∂x2
1
◦ h
)
· ∂h1

∂x2
+
(

∂2G

∂x1∂x2
◦ h
)
· ∂h2

∂x2

]
· ∂h1

∂x2
+

[(
∂2G

∂x1∂x2
◦ h
)
· ∂h1

∂x2
+
(
∂2G

∂x2
2
◦ h
)
· ∂h2

∂x2

]
· ∂h2

∂x2

}

(3)

− 2 · u2 ·
[(

∂G

∂x1
◦ h
)
· ∂h1

∂x1
+
(
∂G

∂x2
◦ h
)
· ∂h2

∂x1

]
·
[(

∂G

∂x1
◦ h
)
· ∂h1

∂x2
+
(
∂G

∂x2
◦ h
)
· ∂h2

∂x2

]
·

u ·
{[(

∂2G

∂x2
1
◦ h
)
· ∂h1

∂x2
+
(

∂2G

∂x1∂x2
◦ h
)
· ∂h2

∂x2

]
· ∂h1

∂x1
+

[(
∂2G

∂x1∂x2
◦ h
)
· ∂h1

∂x2
+
(
∂2G

∂x2
2
◦ h
)
· ∂h2

∂x2

]
· ∂h2

∂x1

}
.

(4)

Let

ai := ∂G

∂xi
◦ h; aij := ∂2G

∂xi∂xj
◦ h; bij := ∂hi

∂xj
for i, j ∈ {1, 2}.

Then Equation (3) can be written as follows

(
∂F

∂x2

)2

· ∂
2F

∂x2
1

+
(
∂F

∂x1

)2

· ∂
2F

∂x2
2
− 2 ∂F

∂x1
· ∂F
∂x2

· ∂2F

∂x1∂x2

=u3 · (a1 · b12 + a2 · b22)2 · [(a11 · b11 + a12 · b21) · b11 + (a12 · b11 + a22 · b21) · b21]+
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u3 · (a1 · b11 + a2 · b21)2 · [(a11 · b12 + a12 · b22) · b12 + (a12 · b12 + a22 · b22) · b22]−
u3 · 2 · (a1 · b11 + a2 · b21) · (a1 · b12 + a2 · b22) · [(a11 · b12 + a12 · b22) · b11+

(a12 · b12 + a22 · b22) · b21]
=u3 · (a2

1a22 + a2
2a11 − 2a1a2a12) · (b211b222 + b212b

2
21 − 2b11b12b21b22).

It follows from Lemma 4.1 that

M2(W ) = O2

/〈
G,

(
∂G

∂x1

)3

,

(
∂G

∂x2

)3

,

(
∂G

∂x1

)2
∂G

∂x2
,

∂G

∂x1

(
∂G

∂x2

)2

,

(
∂G

∂x2

)2

· ∂
2G

∂x2
1

+
(
∂G

∂x1

)2

· ∂
2G

∂x2
2
− 2 ∂G

∂x1
· ∂G
∂x2

· ∂2G

∂x1∂x2

〉
.

From this, we can define

h∗ : O2 −→ O2

by h∗u = u ◦h. It is clear that h∗ induces C-algebra isomorphisms M2(V ) ∼= M2(W ). �
Proof of Theorem B.

First, we recall some useful lemmas.

Lemma 4.2 ([33]). Let M =
⊕t

i=0 Mi be a graded commutative Artinian local alge-
bra. Let L(M) be the algebra of derivations of M. Then L(M) is a graded Lie algebra ⊕t

k=−t Lk where Lk = {D ∈ L(M) : D(Mi) ⊂ Mi+k for all i}.

Lemma 4.3 ([33] [37]). Let (M, m) be a commutative local Artinian algebra and D ∈
L(M) be any derivation of M. Then D preserves the m-adic filtration of M, i.e., 
D(m) ⊂ m.

Lemma 4.4 (Lemma 2.1 in [7]). Let f be a weighted homogeneous polynomial with isolated 
singularity in x1, . . . , xn variables of type (α1, . . . , αn; d). Assume that α1 ≥ · · · ≥ αn. 
Then f must be one of the following two cases:
Case (1).

f = xm
1 + a1(x2, . . . , xn)xm−1

1 + · · · + am−1(x2, . . . , xn)x1 + am(x2, . . . , xn).

Case (2).

f = xm
1 xi + a1(x2, . . . , xn)xm−1

1 + · · · + am−1(x2, . . . , xn)x1 + am(x2, . . . , xn),

where i �= 1.
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Now, we begin to prove Theorem B.

Proof. According to Lemma 4.1, let

f1 =
(
∂G

∂x1

)3

, f2 =
(
∂G

∂x2

)3

, f3 =
(
∂G

∂x1

)2

· ∂G
∂x2

, f4 = ∂G

∂x1
·
(
∂G

∂x2

)2

,

f5 =
(
∂G

∂x2

)2

· ∂
2G

∂x2
1

+
(
∂G

∂x1

)2

· ∂
2G

∂x2
2
− 2 ∂G

∂x1
· ∂G
∂x2

· ∂2G

∂x1∂x2
.

By Lemma 4.3, we obtain that D is of the form D = cxk
2

∂
∂x1

, with kα2 < α1, c ∈ C, 
k ∈ Z+.

We only need to consider α1 �= α2, by the assumption, we have α1 > α2. Hence, it 
is easy to see that wt(f2) > wt(f1), wt(f3) > wt(f1), wt(f4) > wt(f1). Therefore, the 
minimal weight degree of the element in {fi, 1 ≤ i ≤ 5} is equal to wt(f1) or wt(f5).

By Lemma 4.4, we have the following two cases.
Case (1).

G(x1, x2) = xm
1 + a1(x2)xm−1

1 + · · · + am(x2).

If α1 ≥ 2α2, then wt(f1) ≤ wt(f5). If wt(G) ≥ wt(f1), then D(f1) = 0 (since D is of 
negative weight) which implies that D = 0. If wt(G) < wt(f1), then D(G) = 0 which 
implies that D = 0 again.

If α1 < 2α2, then wt(f5) < wt(f1). If wt(G) < wt(f5), then D(G) = 0 which implies 
that D = 0. If wt(G) ≥ wt(f5), then D(f5) = 0. Let i be the first index such that 
ai(x2) �≡ 0. By the assumption of d ≥ 2α1 > 2α2, we obtain that m ≥ 2 and mult(ai) ≥ 2.

Then we obtain that

f5 =
(
∂ai
∂x2

xm−i
1 + · · · + ∂am

∂x2

)2

· [m(m− 1)xm−2
1 + · · · + 2am−2(x2)]

+ [mxm−1
1 + · · · + am−1(x2)]2 ·

(
∂2ai
∂x2

2
xm−i

1 + · · · + ∂2am
∂x2

2

)

− 2[mxm−1
1 + · · · + am−1(x2)] ·

(
∂ai
∂x2

xm−i
1 + · · · + ∂am

∂x2

)

·
(

(m− i) ∂ai
∂x2

xm−i−1
1 + · · · + ∂am−1

∂x2

)

= m2 ∂
2ai
∂x2

2
x3m−i−2

1 + Lower terms.

Hence 0 = D(f5) = cm2(3m − i − 2)xk
2
∂2ai

∂x2
2
x3m−i−3

1 + Lower terms, which implies that 
c = 0, i.e., D ≡ 0.
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Case (2).

G(x1, x2) = x2x
m
1 + a1(x2)xm−1

1 + · · · + am(x2).

If α1 ≥ 2α2, then wt(f1) ≤ wt(f5). If wt(G) ≥ wt(f1), then D(f1) = 0 which implies 
that D = 0. If wt(G) < wt(f1), then D(G) = 0 which implies that D = 0 again.

If α1 < 2α2, then wt(f5) < wt(f1). If wt(G) < wt(f5), then D(G) = 0 which implies 
that D = 0. If wt(G) ≥ wt(f5), then D(f5) = 0. Let i be the first index such that 
ai(x2) �≡ 0. By the assumption of d ≥ 2α1 > 2α2, we obtain that m ≥ 2 and mult(ai) ≥ 2.

Then we obtain that

f5 =
(
xm

1 + ∂ai
∂x2

xm−i
1 + · · · + ∂am

∂x2

)2

· [m(m− 1)xm−2
1 x2 + · · · + 2am−2(x2)]

+ [mxm−1
1 x2 + · · · + am−1(x2)]2 ·

(
∂2ai
∂x2

2
xm−i

1 + · · · + ∂2am
∂x2

2

)

− 2[mxm−1
1 x2 + · · · + am−1(x2)] ·

(
xm

1 + ∂ai
∂x2

xm−i
1 + · · · + ∂am

∂x2

)
·

(
mxm−1

1 + (m− i) ∂ai
∂x2

xm−i−1
1 + · · · + ∂am−1

∂x2

)

=[m(m− 1) − 2m2]x3m−2
1 x2 + Lower terms

= −m(m + 1)x3m−2
1 x2 + Lower terms.

Hence 0 = D(f5) = −cm(m + 1)(3m − 2)xk+1
2 x3m−3

1 +Lower terms, which implies that 
c = 0, i.e., D ≡ 0. �

To prove Theorem C, we need to prove the following propositions first.

Proposition 4.5. Let (V, 0) be a binomial isolated singularity of type A which is defined 
by f = xa1

1 + xa2
2 (a1 ≥ 2, a2 ≥ 2) with weight type ( 1

a1
, 1
a2

; 1). Then

ρ2(V ) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

4a1a2 − 4(a1 + a2) + 7; a1 ≥ 3, a2 ≥ 3, and a1 = a2
6; a1 = 2, a2 = 2
4a2 − 3; a1 = 2, a2 ≥ 3
4a1 − 3; a1 ≥ 3, a2 = 2
4a1a2 − 4(a1 + a2) + 6; a1 ≥ 3, a2 ≥ 3, and a1 �= a2.

Proof. It follows from Lemma 4.1 that the local algebra

M2(V ) = O2

/〈
f,

(
∂f

∂x1

)3

,

(
∂f

∂x2

)3

,

(
∂f

∂x1

)2
∂f

∂x2
,
∂f

∂x1

(
∂f

∂x2

)2

,
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(
∂f

∂x2

)2
∂2f

∂x2
1

+
(

∂f

∂x1

)2
∂2f

∂x2
2
− 2 ∂f

∂x1

∂f

∂x2

∂2f

∂x1∂x2

〉
,

has a monomial basis of the form:

(1) When a1 ≥ 3, a2 ≥ 3, and a1 = a2,

{xi1
1 xi2

2 , 0 ≤ i1 ≤ a1 − 1, 0 ≤ i2 ≤ 2a2 − 3;xa1−3
1 xi2

2 , 2a2 − 2 ≤ i2 ≤ 2a2 − 1;xa1−2
1 x2a2−2

2 ;

xi1
1 xi2

2 , 0 ≤ i1 ≤ a1 − 4, 2a2 − 2 ≤ i2 ≤ 3a2 − 4}.

(2) When a1 = 2, a2 = 2, {1, x1, x2, x
2
2, x1x2}.

(3) When a1 = 2, a2 ≥ 3, {xi1
1 xi2

2 , 0 ≤ i1 ≤ 1, 0 ≤ i2 ≤ a2 − 1;xi2
2 , a2 ≤ i2 ≤ 2a2 − 3}.

(4) if a1 ≥ 3, a2 = 2, {xi1
1 xi2

2 , 0 ≤ i1 ≤ a1 − 1, 0 ≤ i2 ≤ 1;xi1
1 , a1 ≤ i1 ≤ 2a1 − 3}.

(5) When a1 ≥ 3, a2 ≥ 3, and a1 �= a2,

{xi1
1 xi2

2 , 0 ≤ i1 ≤ a1 − 1, 0 ≤ i2 ≤ 2a2 − 3;xa1−3
1 xi2

2 , 2a2 − 2 ≤ i2 ≤ 2a2 − 1;

xi1
1 xi2

2 , 0 ≤ i1 ≤ a1 − 4, 2a2 − 2 ≤ i2 ≤ 3a2 − 4}.

We divide the proof into five cases.
Case (1): When a1 ≥ 5, a2 ≥ 5, and a1 = a2, we obtain the following basis of Lie 

algebra L2(V ):

xi2+a2−1
2 ∂1 − xa1−1

1 xi2
2 ∂2, 0 ≤ i2 ≤ a2 − 2;xa1−2

1 xi2
2 ∂1 + xa1−3

1 xi2+1
2 ∂2, 0 ≤ i2 ≤ a2 − 1;

xi1
1 xi2

2 ∂1 + xi1−1
1 xi2+1

2 ∂2, 1 ≤ i1 ≤ a1 − 3, 0 ≤ i2 ≤ 2a2 − 4;xa1−1
1 xi2

2 ∂1 + xa1−2
1 xi2+1

2 ∂2,

0 ≤ i2 ≤ a2 − 2;xi2
2 ∂1, 2a2 − 2 ≤ i2 ≤ 3a2 − 4;

xi1
1 xi2

2 ∂1, 1 ≤ i1 ≤ a1 − 4, 2a2 − 3 ≤ i2 ≤ 3a2 − 4;

xa1−3
1 xi2

2 ∂1, 2a2 − 3 ≤ i2 ≤ 2a2 − 1;xa1−2
1 xi2

2 ∂1, a2 ≤ i2 ≤ 2a2 − 2;

xa1−1
1 xi2

2 ∂1, a2 − 1 ≤ i2 ≤ 2a2 − 3;

xi1
1 xi2

2 ∂2, 0 ≤ i1 ≤ a1 − 4, 2a2 − 2 ≤ i2 ≤ 3a2 − 4;xa1−3
1 xi2

2 ∂2, a2 + 1 ≤ i2 ≤ 2a2 − 1;

xa1−2
1 xi2

2 ∂2, a2 ≤ i2 ≤ 2a2 − 2;xa1−1
1 xi2

2 ∂2, a2 − 1 ≤ i2 ≤ 2a2 − 3.

Therefore we obtain a formula

ρ2(V ) = 4a1a2 − 4(a1 + a2) + 7. (5)

Remark 4.6. When a1 = 3, a2 = 3, the Lie algebra L2(V ) has the following basis:

x2
2∂1 − x2

1∂2;x3
2∂1 − x2

1x2∂2;x4
2∂1;x5

2∂1;x1∂1 + x2∂2;x1x2∂1 + x2
2∂2;x1x

2
2∂1 + x3

2∂2;

x1x
3
2∂1;x1x

4
2∂1;
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x2
1∂1 + x1x2∂2;x2

1x2∂1 + x1x
2
2∂2;x2

1x
2
2∂1;x2

1x
3
2∂1;x4

2∂2;x5
2∂2;x1x

3
2∂2;x1x

4
2∂2;x2

1x
2
2∂2;

x2
1x

3
2∂2.

ρ2(V ) = 19.

Thus, this case also satisfies the formula (5) above.
It is easy to check that the case of a1 = 4, a2 = 4 also satisfies the formula (5) above, 

it has the following basis:

x3
2∂1 − x3

1∂2;x4
2∂1 − x3

1x2∂2;x5
2∂1 − x3

1x
2
2∂2;x6

2∂1;x7
2∂1;x8

2∂1;x1∂1 + x2∂2;

x1x2∂1 + x2
2∂2;x1x

2
2∂1 + x3

2∂2;

x1x
3
2∂1 + x4

2∂2;x1x
4
2∂1 + x5

2∂2;x1x
5
2∂1;x1x

6
2∂1;x1x

7
2∂1;x2

1∂1 + x1x2∂2;x2
1x2∂1 + x1x

2
2∂2;

x2
1x

2
2∂1 + x1x

3
2∂2;

x2
1x

3
2∂1+x1x

4
2∂2;x2

1x
4
2∂1;x2

1x
5
2∂x;x2

1x
6
2∂1;x3

1∂1+x2
1x2∂2;x3

1x2∂1+x2
1x

2
2∂2;x3

1x
2
2∂1+x2

1x
3
2∂2;

x3
1x

3
2∂1;x3

1x
4
2∂1;x3

1x
5
2∂1;x6

2∂2;x7
2∂2;x8

2∂2;x1x
5
2∂2;x1x

6
2∂2;x1x

7
2∂2;x2

1x
4
2∂2;x2

1x
5
2∂2;x2

1x
6
2∂2;

x3
1x

3
2∂2;

x3
1x

4
2∂2;x3

1x
5
2∂2.

Therefore, we obtain the following formula

ρ2(V ) = 39.

Thus, this case also satisfies the formula (5) above.

Case (2): When a1 = 2, a2 = 2, we obtain the following basis of L2(V ):

x2∂1 − x1∂2;x2
2∂1;x1∂1 + x2∂2;x1x2∂1;x2

2∂2;x1x2∂2.

Therefore, we obtain the following formula

ρ2(V ) = 6.

Case (3): When a1 = 2, a2 ≥ 3, we obtain the following basis of L2(V ):

xa2−1
2 ∂1 −

2x1

a2
∂2;x1x

i2
2 ∂1 + 2xi2+1

2
a2

∂2, 0 ≤ i2 ≤ a2 − 3;xi2
2 ∂1, a2 ≤ i2 ≤ 2a2 − 3;

x1x
i2
2 ∂1, a2 − 2 ≤ i2 ≤ a2 − 1;xi2

2 ∂2, a2 − 1 ≤ i2 ≤ 2a2 − 3;x1x
i2
2 ∂2, 1 ≤ i2 ≤ a2 − 1.

Therefore, we obtain the following formula

ρ2(V ) = 4a2 − 3.
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Case (4): When a1 ≥ 3, a2 = 2, we obtain the following basis of L2(V ):

x2∂1 −
a1x

a1−1
1
2 ∂2;xi1

1 ∂1 + a1x
i1−1
1
2 x2∂2, 1 ≤ i1 ≤ a1 − 2;xi1

1 x2∂1, 1 ≤ i1 ≤ a1 − 1;

xa1−1
1 ∂1;xi1

1 x2
2∂1, 0 ≤ i1 ≤ a1 − 3;xi1

1 x2
2∂2, 0 ≤ i1 ≤ a1 − 3;xi1

1 x2∂2, a1 − 2 ≤ i1 ≤ a1 − 1.

Therefore, we obtain the following formula

ρ2(V ) = 4a1 − 3.

Case (5): When a1 ≥ 5, a2 ≥ 4, and a1 �= a2, we obtain the following basis of L2(V ):

xi2+a2−1
2 ∂1 −

a1

a2
xa1−1

1 xi2
2 ∂2, 0 ≤ i2 ≤ a2 − 2;

xa1−2
1 xi2

2 ∂1 + a1

a2
xa1−3

1 xi2+1
2 ∂2, 0 ≤ i2 ≤ a2 − 1;

xi1
1 xi2

2 ∂1 + a1

a2
xi1−1

1 xi2+1
2 ∂2, 1 ≤ i1 ≤ a1 − 3, 0 ≤ i2 ≤ 2a2 − 4;

xa1−1
1 xi2

2 ∂1 + a1

a2
xa1−2

1 xi2+1
2 ∂2,

0 ≤ i2 ≤ a2 − 3;xi2
2 ∂1, 2a2 − 2 ≤ i2 ≤ 3a2 − 4;

xi1
1 xi2

2 ∂1, 1 ≤ i1 ≤ a1 − 4, 2a2 − 3 ≤ i2 ≤ 3a2 − 4;

xa1−3
1 xi2

2 ∂1, 2a2 − 3 ≤ i2 ≤ 2a2 − 1;xa1−2
1 xi2

2 ∂1, a2 ≤ i2 ≤ 2a2 − 3;

xa1−1
1 xi2

2 ∂1, a2 − 2 ≤ i2 ≤ 2a2 − 3;

xi1
1 xi2

2 ∂2, 0 ≤ i1 ≤ a1 − 4, 2a2 − 2 ≤ i2 ≤ 3a2 − 4;xa1−3
1 xi2

2 ∂2, a2 + 1 ≤ i2 ≤ 2a2 − 1;

xa1−2
1 xi2

2 ∂2, a2 − 1 ≤ i2 ≤ 2a2 − 3;xa1−1
1 xi2

2 ∂2, a2 − 1 ≤ i2 ≤ 2a2 − 3.

Therefore, we obtain the following formula

ρ2(V ) = 4a1a2 − 4(a1 + a2) + 6. (6)

Remark 4.7. When a1 = 4, a2 ≥ 5, we obtain the following basis of L2(V ):

xi2+a2−1
2 ∂1 −

4
a2

x3
1x

i2
2 ∂2, 0 ≤ i2 ≤ a2 − 2;x2

1x
i2
2 ∂1 + 4

a2
x1x

i2+1
2 ∂2, 0 ≤ i2 ≤ a2 − 1;

x1x
i2
2 ∂1 + 4

a2
xi2+1

2 ∂2, 0 ≤ i2 ≤ 2a2 − 4;x3
1x

i2
2 ∂1 + 4

a2
x2

1x
i2+1
2 ∂2, 0 ≤ i2 ≤ a2 − 3;

xi2
2 ∂1, 2a2 − 2 ≤ i2 ≤ 3a2 − 4;

x1x
i2
2 ∂1, 2a2−3 ≤ i2 ≤ 2a2−1;x2

1x
i2
2 ∂1, a2 ≤ i2 ≤ 2a2−3;x3

1x
i2
2 ∂1, a2−2 ≤ i2 ≤ 2a2−3;

xi2
2 ∂2, 2a2 − 2 ≤ i2 ≤ 3a2 − 4;x1x

i2
2 ∂2, a2 + 1 ≤ i2 ≤ 2a2 − 1;

x2
1x

i2
2 ∂2, a2 − 1 ≤ i2 ≤ 2a2 − 3;x3

1x
i2
2 ∂2, a2 − 1 ≤ i2 ≤ 2a2 − 3.
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Therefore, we obtain the following formula

ρ2(V ) = 12a2 − 10.

Similarly, when a1 ≥ 5, a2 = 4, we obtain the following formula

ρ2(V ) = 12a1 − 10.

When a1 = 3, a2 ≥ 4, the Lie algebra L2(V ) has the following basis:

xi2+a2−1
2 ∂1 −

3
a2

x2
1x

i2
2 ∂2, 0 ≤ i2 ≤ a2 − 2;x1x

i2
2 ∂1 + 3

a2
xi2+1

2 ∂2, 0 ≤ i2 ≤ a2 − 1;

x2
1x

i2
2 ∂1 + 3

a2
x1x

i2+1
2 ∂2, 0 ≤ i2 ≤ a2 − 3;xi2

2 ∂1, 2a2 − 2 ≤ i2 ≤ 2a2 − 1;

x1x
i2
2 ∂1, a2 ≤ i2 ≤ 2a2 − 3;

x2
1x

i2
2 ∂1, a2 − 2 ≤ i2 ≤ 2a2 − 3;xi2

2 ∂2, a2 + 1 ≤ i2 ≤ 2a2 − 1;
x1x

i2
2 ∂2, a2 − 1 ≤ i2 ≤ 2a2 − 3;x2

1x
i2
2 ∂2, a2 − 1 ≤ i2 ≤ 2a2 − 3.

Therefore, we obtain the following formula

ρ2(V ) = 8a2 − 6.

Similarly, when a1 ≥ 4, a2 = 3, we obtain the following formula

ρ2(V ) = 8a1 − 6.

Therefore, when a1 ≥ 3, a2 ≥ 3, a1 �= a2, the formula (6) holds. �
Proposition 4.8. Let (V, 0) be a binomial isolated singularity of type B which is defined 
by f = xa1

1 x2 + xa2
2 (a1 ≥ 1, a2 ≥ 2) with weight type (a2−1

a1a2
, 1
a2

; 1). Then

ρ2(V ) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

4a1a2 − 4a2 + 7; a1 ≥ 2, a2 ≥ 3, and a1 = a2 − 1
6; a1 = 1, a2 ≥ 2
8a1 − 3; a1 ≥ 2, a2 = 2
4a2 + 6; a1 = 2, a2 ≥ 4
4a1a2 − 4a2 + 6; a1 ≥ 3, a2 ≥ 3, and a1 �= a2 − 1.

Furthermore, we have

ρ2(V ) ≤

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

6; a1 = 1, a2 = 2
4a2 − 3; a1a2

a2−1 = 2, a2 ≥ 3
8a1 − 3; a1 ≥ 2, a2 = 2
4a1a2 − 4a2 + 7; a1a2

a2−1 ≥ 3, a2 ≥ 3, and a1 = a2 − 1
4a a − 4a + 6; a1a2 ≥ 3, a ≥ 3, and a �= a − 1.
1 2 2 a2−1 2 1 2
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Proof. It follows from Lemma 4.1 that the local algebra

M2(V ) = O2

/〈
f,

(
∂f

∂x1

)3

,

(
∂f

∂x2

)3

,

(
∂f

∂x1

)2
∂f

∂x2
,
∂f

∂x1

(
∂f

∂x2

)2

,

(
∂f

∂x2

)2
∂2f

∂x2
1

+
(

∂f

∂x1

)2
∂2f

∂x2
2
− 2 ∂f

∂x1

∂f

∂x2

∂2f

∂x1∂x2

〉
,

has a monomial basis of the form:

(1) When a1 ≥ 3, a2 ≥ 3, and a1 = a2 − 1,

{xi1
1 xi2

2 , 1 ≤ i1 ≤ a1 − 1, 0 ≤ i2 ≤ 2a2 − 2;xa1−3
1 xi2

2 , 2a2 − 1 ≤ i2 ≤ 2a2;xa1−2
1 x2a2−1

2 ;

xi2
2 , 0 ≤ i2 ≤ 2a2 − 2;xi1

1 xi2
2 , 0 ≤ i1 ≤ a1 − 4, 2a2 − 1 ≤ i2 ≤ 3a2 − 3;

xi1
1 , a1 ≤ i1 ≤ 3a1 − 1}.

(2) When a1 = 1, a2 ≥ 2, {1, x1, x2, x
2
2, x

2
1}.

(3) When a1 ≥ 2, a2 = 2,

{xi1
1 xi2

2 , 1 ≤ i1 ≤ a1 − 1, 0 ≤ i2 ≤ 2;xi2
2 , 0 ≤ i2 ≤ 2;xi1

1 x3
2, 0 ≤ i1 ≤ a1 − 3;

xi1
1 , a1 ≤ i1 ≤ 3a1 − 1}.

(4) When a1 = 2, a2 ≥ 4,

{xi1
1 xi2

2 , 0 ≤ i1 ≤ 1, 0 ≤ i2 ≤ a2 + 1;xi2
2 , a2 + 2 ≤ i2 ≤ 2a2 − 2;xi1

1 , 2 ≤ i1 ≤ 5}.

(5) When a1 ≥ 3, a2 ≥ 3, and a1 �= a2 − 1.

{xi1
1 xi2

2 , 1 ≤ i1 ≤ a1 − 1, 0 ≤ i2 ≤ 2a2 − 2;xa1−3
1 xi2

2 , 2a2 − 1 ≤ i2 ≤ 2a2;

xi2
2 , 0 ≤ i2 ≤ 2a2 − 2;xi1

1 xi2
2 , 0 ≤ i1 ≤ a1 − 4, 2a2 − 1 ≤ i2 ≤ 3a2 − 3;

xi1
1 , a1 ≤ i1 ≤ 3a1 − 1}.

Remark 4.9. It is easy to check that, when a1 = 2, a2 = 3, the monomial base is consistent 
with the list in (1) if we look x−1

1 as 0.

Case (1): When a1 ≥ 3, a2 ≥ 3, and a1 = a2 − 1, we obtain the following basis of 
L2(V ):

xa2−2+i2
2 ∂1 − xa1−1

1 xi2
2 ∂2, 1 ≤ i2 ≤ a2 − 1;

xi1
1 xi2

2 ∂1, 0 ≤ i1 ≤ a1 − 4, 2a2 − 2 ≤ i2 ≤ 3a2 − 3;

xi1
1 x2a2−3

2 ∂1 −
1

a2(a2 − 2)x
2a1
1 ∂2, 1 ≤ i1 ≤ a1 − 3;

xi1
1 xi2

2 ∂1 + xi1−1
1 xi2+1

2 ∂2, 1 ≤ i1 ≤ a1 − 3,
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0 ≤ i2 ≤ 2a2 − 4;xa1−3
1 xi2

2 ∂1, 2a2 − 2 ≤ i2 ≤ 2a2;

xa1−2
1 xi2

2 ∂1 + xa1−3
1 xi2+1

2 ∂2, 0 ≤ i2 ≤ a2;

xa1−2
1 xi2

2 ∂1, a2 + 1 ≤ i2 ≤ 2a2 − 2;xa1−1
1 xi2

2 ∂1 + xa1−2
1 xi2+1

2 ∂2, 0 ≤ i2 ≤ a2 − 1;

xa1−2
1 x2a2−1

2 ∂1;

xa1−1
1 xi2

2 ∂1, a2 ≤ i2 ≤ 2a2 − 2;xi1
1 ∂1, 2a1 ≤ i1 ≤ 3a1 − 1;xa1

1 ∂1 + xa1−1
1 x2∂2;

xa1+1+i1
1 ∂1 − xi1

1 xa2
2 ∂2, 0 ≤ i1 ≤ a1 − 2;

1
a2(a2 − 2)x

2a1+i1
1 + xi1

1 x2a2−2
2 ∂2, 0 ≤ i1 ≤ a1 − 4;

xi1
1 xi2

2 ∂2, 0 ≤ i1 ≤ a1 − 4, 2a2 − 1 ≤ i2 ≤ 3a2 − 3;xa1−3
1 xi2

2 ∂2, a2 + 2 ≤ i2 ≤ 2a2;

xa1−2
1 xi2

2 ∂2, a2 + 1 ≤ i2 ≤ 2a2 − 1;xa1−1
1 xi2

2 ∂2, a2 ≤ i2 ≤ 2a2 − 2;

x3a1−3
1 ∂2;x3a1−2

1 ∂2;x3a1−1
1 ∂2.

Therefore, we obtain the following formula

ρ2(V ) = 4a1a2 − 4a2 + 7. (7)

Remark 4.10. (1) When a1 = 3, a4 = 4, one looks xi1
1 xi2

2 ∂1, 0 ≤ i1 ≤ a1 − 4, 2a2 − 2 ≤
i2 ≤ 3a2 − 3 as 0 above. We use this similar convention throughout the paper.

(2) It is easy to check that the case of a1 = 2, a2 = 3 also satisfies the formula (7)
above, it has the following basis:

x2
2∂1 − x1x2∂2;x3

2∂1 − x1x
2
2∂2;x4

2∂1;x5
2∂1;x1∂1 + x2∂2;x1x2∂1 + x2

2∂2;x1x
2
2∂1 + x3

2∂2;

x1x
3
2∂1;x1x

4
2∂1;

x2
1∂1 + x1x2∂2;x3

1∂1 − x3
2∂2;x4

1∂1;x5
1∂1;x4

2∂2;x5
2∂2;x1x

3
2∂2;x1x

4
2∂2;x4

1∂2;x5
1∂2.

ρ2(V ) = 19.

Case (2): When a1 = 1, a2 ≥ 2, we obtain the following basis of L2(V ):

x2∂1 − x2∂2;x2
2∂1;x2

1∂1;x1∂1 + x2∂2;x2
2∂2;x2

1∂2.

Therefore, we obtain the following formula

ρ2(V ) = 6.

Case (3): When a1 ≥ 3, a2 = 2, we obtain the following basis of L2(V ):

x2∂1 − a1x
a1−1
1 x2∂2;x2

2∂1;x3
2∂1;xi1

1 xi2
2 ∂1 + a1x

i1−1
1 xi2+1

2 ∂2, 1 ≤ i1 ≤ a1 − 2, 0 ≤ i2 ≤ 1;

xi1
1 xi2

2 ∂1, 1 ≤ i1 ≤ a1 − 3, 2 ≤ i2 ≤ 3;xa1+1+i1
1 ∂1 − a1x

i1
1 x2

2∂2, 0 ≤ i1 ≤ a1 − 3;xi1
1 ∂1,
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2a1 − 1 ≤ i1 ≤ 3a1 − 1;xa1−2
1 x2

2∂1;xa1−1
1 ∂1 + a1x

a1−2
1 x2∂2;xa1−1

1 x2∂1;

xa1−1
1 x2

2∂1;xa1
1 ∂1 + a1x

a1−1
1 x2∂2;

xi1
1 ∂2, 2a1 ≤ i1 ≤ 3a1 − 1;xi1

1 x3
2∂2, 0 ≤ i1 ≤ a1 − 3, xa1−2

1 x2
2∂2;xa1−1

1 x2
2∂2.

Therefore, we obtain the following formula

ρ2(V ) = 8a1 − 3. (8)

When a1 = 2, a2 = 2, the Lie algebra L2(V ) has the following basis:

x2∂1 − 2x1x2∂2;x2
2∂1;x1∂1 + 2x2∂2;x1x2∂1;x1x

2
2∂1;x2

1∂1 + 2x1x2∂2;x3
1∂1;x4

1∂1;

x5
1∂1;x2

2∂2;x1x
2
2∂2;

x4
1∂2; x5

1∂2. Thus, we obtain the following formula

ρ2(V ) = 13.

It also satisfies the formula (8) above.
Case (4): When a1 = 2, a2 ≥ 4, we obtain the following basis of L2(V ):

xa2−1
2 ∂1 −

2
a2 − 1x1x2∂2;xa2

2 ∂1 −
2

a2 − 1x1x
2
2∂2;xi2

2 ∂1, a2 + 1 ≤ i2 ≤ 2a2 − 2;

x1x
i2
2 ∂1+ 2

a2−1x
i2+1
2 ∂2, 0 ≤ i2 ≤ a2−2;x1x

i2
2 ∂1, a2−1 ≤ i2 ≤ a2+1;x2

1∂1+ 2
a2−1x1x2∂2;

xi1
1 ∂1, 3 ≤ i1 ≤ 5;xi2

2 ∂2; a2 ≤ i2 ≤ 2a2 − 2;x4
1∂2;x5

1∂2;x1x
i2
2 ∂2; 3 ≤ i2 ≤ a2 + 1.

Therefore, we obtain the following formula

ρ2(V ) = 4a2 + 6.

Case (5): When a1 ≥ 3, a2 ≥ 4, and a1 �= a2 − 1, we obtain the following basis of 
L2(V ):

xa2−2+i2
2 ∂1 −

a1

a2 − 1x
a1−1
1 xi2

2 ∂2, 1 ≤ i2 ≤ a2 − 1;

xi1
1 xi2

2 ∂1, 0 ≤ i1 ≤ a1 − 4, 2a2 − 2 ≤ i2 ≤ 3a2 − 3;

xi1
1 x2a2−3

2 ∂1 −
a1

a2(a2 − 1)(a2 − 2)x
2a1
1 ∂2, 1 ≤ i1 ≤ a1 − 3;

xi1
1 xi2

2 ∂1 + a1

a2 − 1x
i1−1
1 xi2+1

2 ∂2, 1 ≤ i1 ≤ a1 − 3,

0 ≤ i2 ≤ 2a2 − 4;xa1−3
1 xi2

2 ∂1, 2a2 − 2 ≤ i2 ≤ 2a2;

xa1−2
1 xi2

2 ∂1 + a1
xa1−3

1 xi2+1
2 ∂2, 0 ≤ i2 ≤ a2;
a2 − 1
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xa1−2
1 xi2

2 ∂1, a2 + 1 ≤ i2 ≤ 2a2 − 2;xa1−1
1 xi2

2 ∂1 + a1

a2 − 1x
a1−2
1 xi2+1

2 ∂2, 0 ≤ i2 ≤ a2 − 2;

xa1−1
1 xi2

2 ∂1, a2 − 1 ≤ i2 ≤ 2a2 − 2;

xi1
1 ∂1, 2a1 − 1 ≤ i1 ≤ 3a1 − 1;xa1

1 ∂1 + a1

a2 − 1x
a1−1
1 x2∂2;

xa1+1+i1
1 ∂1 −

a1

a2 − 1x
i1
1 xa2

2 ∂2, 0 ≤ i1 ≤ a1 − 3;

( 1
a2(a2 − 2)x

2a1+i1
1 + xi1

1 x2a2−2
2 )∂2, 0 ≤ i1 ≤ a1 − 4;

xi1
1 xi2

2 ∂2, 0 ≤ i1 ≤ a1 − 4, 2a2 − 1 ≤ i2 ≤ 3a2 − 3;xa1−3
1 xi2

2 ∂2, a2 + 2 ≤ i2 ≤ 2a2;

xa1−2
1 xi2

2 ∂2, a2 ≤ i2 ≤ 2a2 − 2;xa1−1
1 xi2

2 ∂2, a2 ≤ i2 ≤ 2a2 − 2;

x3a1−3
1 ∂2;x3a1−2

1 ∂2;x3a1−1
1 ∂2.

Therefore we obtain the following formula

ρ2(V ) = 4a1a2 − 4a2 + 6. (9)

When a1 ≥ 3, a2 = 3, this case also satisfies the formula (9) above, it has the following 
basis:

x1+i2
2 ∂1 −

a1

2 xa1−1
1 xi2

2 ∂2, 1 ≤ i2 ≤ 2;xi1
1 xi2

2 ∂1, 0 ≤ i1 ≤ a1 − 4, 4 ≤ i2 ≤ 6;

xi1
1 x3

2∂1 −
a1

2(a1 − 2)x
2a1
1 ∂2, 1 ≤ i1 ≤ a1 − 2;xa1−2

1 x4
2∂1;

xi1
1 xi2

2 ∂1 + a1

2 xi1−1
1 xi2+1

2 ∂2, 1 ≤ i1 ≤ a1 − 2;

0 ≤ i2 ≤ 2;xa1−3
1 xi2

2 ∂1, 4 ≤ i2 ≤ 6;xa1−1
1 xi2

2 ∂1 + a1

2 xa1−2
1 xi2+1

2 ∂2, 0 ≤ i2 ≤ 1;

xa1−1
1 xi2

2 ∂1, 2 ≤ i2 ≤ 4;xi1
1 ∂1, 2a1 − 1 ≤ i1 ≤ 3a1 − 1;xa1

1 ∂1 + a1

2 xa1−1
1 x2∂2;

xa1+1+i1
1 ∂1 −

a1

2 xi1
1 x3

2∂2, 0 ≤ i1 ≤ a1 − 3; (1
3x

2a1+i1
1 + xi1

1 x4
2)∂2, 0 ≤ i1 ≤ a1 − 3;

xi1
1 xi2

2 ∂2, 0 ≤ i1 ≤ a1 − 3, 5 ≤ i2 ≤ 6;xa1−2
1 xi2

2 ∂2, 3 ≤ i2 ≤ 4;xa1−1
1 xi2

2 ∂2, 3 ≤ i2 ≤ 4;

x3a1−2
1 ∂2;x3a1−1

1 ∂2.

Thus, we obtain

ρ2(V ) = 12a1 − 6.

Therefore, the first part of Proposition 4.8 has been proved.



188 N. Hussain et al. / Journal of Algebra 618 (2023) 165–194
It follows from Proposition 4.5 that

h2(a1, a2) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

6; a1 = 2, a2 = 2
4a2 − 3; a1 = 2, a2 ≥ 3
4a1 − 3; a1 ≥ 3, a2 = 2
4a1a2 − 4(a1 + a2) + 7; a1 ≥ 3, a2 ≥ 3, and a1 = a2
4a1a2 − 4(a1 + a2) + 6; a1 ≥ 3, a2 ≥ 3, and a1 �= a2.

After plugging into the weight type (a2−1
a1a2

, 1
a2

; 1) of binomial isolated singularity of type 
B, we obtain

h2(
1
w1

,
1
w2

) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

6; a1 = 1, a2 = 2
4a2 − 3; a1a2

a2−1 = 2, a2 ≥ 3
8a1 − 3; a1 ≥ 2, a2 = 2
4a1a2 − 4a2 + 7; a1a2

a2−1 ≥ 3, a2 ≥ 3, and a1 = a2 − 1
4a1a2 − 4a2 + 6; a1a2

a2−1 ≥ 3, a2 ≥ 3, and a1 �= a2 − 1.

The Conjecture 1.8 claims

h2(
1
w1

,
1
w2

) ≥

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

4a1a2 − 4a2 + 7; a1 ≥ 2, a2 ≥ 3, and a1 = a2 − 1
6; a1 = 1, a2 ≥ 2
8a1 − 3; a1 ≥ 2, a2 = 2
4a2 + 6; a1 = 2, a2 ≥ 4
4a1a2 − 4a2 + 6; a1 ≥ 3, a2 ≥ 3, and a1 �= a2 − 1.

(10)

It is easy to check that (10) holds. Thus the second part of Proposition 4.8 has been 
proved. �
Proposition 4.11. Let (V, 0) be a binomial isolated singularity of type C which is defined 
by f = xa1

1 x2 + xa2
2 x1 (a1 ≥ a2 ≥ 1) with weight type ( a2−1

a1a2−1 , 
a1−1

a1a2−1 ; 1). Then

ρ2(V ) =

⎧⎪⎨
⎪⎩

6a1; a1 ≥ 1, a2 = 1
4a1a2 + 3; a1 ≥ 2, a2 ≥ 2, and a1 = a2
4a1a2 + 2; a1 ≥ 2, a2 ≥ 2, and a1 �= a2.

Furthermore, we have

ρ2(V ) ≤

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

6; a1a2−1
a2−1 = 2, a1a2−1

a1−1 = 2
4(a1a2−1)

a1−1 − 3; a1a2−1
a2−1 = 2, a1a2−1

a1−1 ≥ 3
4(a1a2−1)

a2−1 − 3; a1a2−1
a2−1 ≥ 3, a1a2−1

a1−1 = 2
4a1a2 + 3; a1 ≥ 2, and a1 = a2
4a a + 2; a1a2−1 ≥ 3, a1a2−1 ≥ 3, and a �= a .
1 2 a2−1 a1−1 1 2
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Proof. It follows from Lemma 4.1 that the local algebra

M2(V ) = O2

/〈
f,

(
∂f

∂x1

)3

,

(
∂f

∂x2

)3

,

(
∂f

∂x1

)2
∂f

∂x2
,
∂f

∂x1

(
∂f

∂x2

)2

,

(
∂f

∂x2

)2
∂2f

∂x2
1

+
(

∂f

∂x1

)2
∂2f

∂x2
2
− 2 ∂f

∂x1

∂f

∂x2

∂2f

∂x1∂x2

〉
,

has a monomial basis of the form:

(1) When a1 ≥ 3, a2 ≥ 3, and a1 = a2,

{xi1
1 xi2

2 , 0 ≤ i1 ≤ a1 − 1; 0 ≤ i2 ≤ 2a2;xi1
1 , a1 ≤ i1 ≤ 3a1 − 1;xi2

2 , 2a2 + 1 ≤ i2 ≤ 4a2 − 4;

xi1
1 xi2

2 , 1 ≤ i1 ≤ a1 − 2, 2a2 + 1 ≤ i2 ≤ 3a2 − 3;x1x
3a2−2
2 }.

(2) When a1 = 2, a2 = 2,

{xi1
1 xi2

2 , 0 ≤ i1 ≤ 1; 0 ≤ i2 ≤ 4;xi1
1 , 2 ≤ i1 ≤ 5;x5

2}.
(3) When a1 ≥ 1, a2 = 1, {xi1

1 xi2
2 , 0 ≤ i1 ≤ a1 − 1; 0 ≤ i2 ≤ 2;xi1

1 , a1 ≤ i1 ≤ 3a1 − 1}.
(4) When a1 ≥ 3, a2 ≥ 3, and a1 �= a2,

{xi1
1 xi2

2 , 0 ≤ i1 ≤ a1 − 1; 0 ≤ i2 ≤ 2a2;xi1
1 , a1 ≤ i1 ≤ 3a1 − 1;xi2

2 ,

2a2 + 1 ≤ i2 ≤ 4a2 − 4;xi1
1 xi2

2 , 1 ≤ i1 ≤ a1 − 2, 2a2 + 1 ≤ i2 ≤ 3a2 − 3}.
(5) When a1 ≥ 3, a2 = 2,

{xi1
1 xi2

2 , 0 ≤ i1 ≤ a1 − 1; 0 ≤ i2 ≤ 3;xi1
1 , a1 ≤ i1 ≤ 3a1 − 1;xi2

2 , 4 ≤ i2 ≤ 5}.

Case (1): When a1 ≥ 3, a3 ≥ 3, and a1 = a2, we obtain the following basis of L2(V ):

xi2+a2−2
2 ∂1 + a1(a2 − 2)xa1−2

1 xi2
2 ∂2, a2 + 2 ≤ i2 ≤ 2a2 − 2;xi2

2 ∂1, 3a2 − 3 ≤ i2 ≤ 4a2 − 4;
xi1

1 xi2
2 ∂1 + xi1−1

1 xi2+1
2 ∂2, 2 ≤ i1 ≤ a1 − 1, 0 ≤ i2 ≤ 2a2 − 4;

x1x
i2
2 ∂1 + xi2+1

2 ∂2, 0 ≤ i2 ≤ a2 − 2;
x1x

i2+a2−2
2 ∂1 − xa1−1

1 xi2
2 ∂2; 1 ≤ i2 ≤ a2;x2

1x
2a2−3
2 ∂1 + x1x

2a2−2
2 ∂2;

xi1
1 x2a2−3

2 ∂1 −
xi1+2a1−3

1
a1(a2 − 1)∂2,

3 ≤ i1 ≤ a1 − 1;x1x
i2
2 ∂1, 2a2 − 1 ≤ i2 ≤ 3a2 − 2;

xi1
1 xi2

2 ∂1, 2 ≤ i1 ≤ a1 − 2, 2a2 − 2 ≤ i2 ≤ 3a2 − 3;
xa1−1

1 xi2
2 ∂1, 2a2 − 2 ≤ i2 ≤ 2a2;xa1

1 ∂1 + xa1−1
1 x2∂2;xi1+a1

1 ∂1 − xi1
1 xa2

2 ∂2, 1 ≤ i1 ≤ a1 − 1;
xi1

1 ∂1; 2a1 ≤ i1 ≤ 3a1−1; (xa1−1
1 xi2

2 +xi2+a2−1
2 )∂2; 1 ≤ i2 ≤ a2;xi2

2 ∂2; 2a2 ≤ i2 ≤ 4a2−4;
xi1

1 xi2
2 ∂2; 1 ≤ i1 ≤ a1 − 2; 2a2 − 1 ≤ i2 ≤ 3a2 − 3;x1x

3a2−2
2 ∂2;

( x
i1+2a2−2
1 + xi1

1 x2a2−2
2 )∂2; 2 ≤ i2 ≤ a1 − 2;
a2(a1 − 2)
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xa1−1
1 xi2

2 ∂2, a2 + 1 ≤ i2 ≤ 2a2;xi1
1 ∂2; 3a1 − 3 ≤ i1 ≤ 3a1 − 1.

Therefore we obtain the following formula

ρ2(V ) = 4a1a2 + 3.

Case (2): When a1 = 2, a2 = 2, we obtain the following basis of L2(V ):

x4
2∂1;x5

2∂1;x1∂1 + x2∂2;x1x2∂1 − x1x2∂2;x1x
2
2∂1 − x1x

2
2∂2;x1x

3
2∂1;x1x

4
2∂1;

x2
1∂1 + x1x2∂2;x3

1∂1 − x1x
2
2∂2;

x4
1∂1;x5

1∂1; (x1x2 + x2
2)∂2; (x1x

2
2 + x3

2)∂2;x4
2∂2;x5

2∂2;x1x
3
2∂2;x1x

4
2∂2;x4

1∂2;x5
2∂2.

Therefore, we obtain the following formula

ρ2(V ) = 19.

Case (3): When a1 ≥ 3, a2 = 1, we obtain the following basis of L2(V ):

xi1
1 x2

2∂1, 0 ≤ i1 ≤ a1 − 1; (xi1
1 + xi1+a1−1

1 )∂1, a1 + 2 ≤ i1 ≤ 2a1;

(xi1
1 + xi1+3a1−3

1 )∂1, 1 ≤ i1 ≤ 2;

(xi1
1 − x2a1−2+i1

1 )∂1, 3 ≤ i1 ≤ a1 + 1;xi1
1 xi2

2 ∂2, 0 ≤ i1 ≤ a1 − 1, 1 ≤ i2 ≤ 2;

(x2
1 − 2x3a1−1

1 − 3x2a1
1 )∂2;

(xi1
1 + 2xa1−1+i1

1 + x2a1−2+i1
1 )∂2, 3 ≤ i1 ≤ a1 + 1.

Therefore, we obtain the following formula

ρ2(V ) = 6a1. (11)

Remark 4.12. It is easy to check that the cases a1 = 1, a2 = 1, and a1 = 2, a2 = 1 also 
satisfy the formula (11) above. Their basis are as follows:
for a1 = 1, a2 = 1,

x2
2∂1;x1∂1;x2

1∂1;x2∂2;x2
2∂2;x2

1∂2,

for a1 = 2, a2 = 1,

x2
2∂1; (−x5

1 + x1)∂1;x1x
2
2∂1; (x5

1 + x2
1)∂1; (−x5

1 + x3
1)∂1;

(x5
1 + x4

1)∂1;x2∂2;x2
2∂2;x1x2∂2;x1x

2
2∂2; (−2x5

1 − 3x4
1 + x2

1)∂2; (x5
1 + 2x4

1 + x3
1)∂2.
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Case (4): When a1 ≥ 4, a2 ≥ 4, and a1 �= a2, we obtain the following basis of L2(V ):

xi2+a2−2
2 ∂1 + a1(a1 − 1)(a1 − 2)

a2 − 1 xa1−2
1 xi2

2 ∂2, a2 + 2 ≤ i2 ≤ 2a2 − 2;

xi2
2 ∂1, 3a2 − 3 ≤ i2 ≤ 4a2 − 4;

xi1
1 xi2

2 ∂1+ a1 − 1
a2 − 1x

i1−1
1 xi2+1

2 ∂2, 2 ≤ i1 ≤ a1−1, 0 ≤ i2 ≤ 2a2−4;x1x
i2
2 ∂1+ a1 − 1

a2 − 1x
i2+1
2 ∂2,

0 ≤ i2 ≤ a2 − 2;x1x
i2+a2−2
2 ∂1 −

a1 − 1
a2 − 1x

a1−1
1 xi2

2 ∂2, 1 ≤ i2 ≤ a2;

x2
1x

2a2−3
2 ∂1 + a1 − 1

a2 − 1x1x
2a2−2
2 ∂2;

xi1
1 x2a2−3

2 ∂1 −
(a1 − 1)xi1+2a1−3

1
a2(a2 − 1)(a2 − 2)∂2, 3 ≤ i1 ≤ a1 − 1;

x1x
i2
2 ∂1, 2a2 − 1 ≤ i2 ≤ 3a2 − 3;xi1

1 xi2
2 ∂1, 2 ≤ i1 ≤ a1 − 2,

2a2−2 ≤ i2 ≤ 3a2−3;xa1−1
1 xi2

2 ∂1, 2a2−2 ≤ i2 ≤ 2a2;xa1
1 ∂1+ a1 − 1

a2 − 1x
a1−1
1 x2∂2;xi1+a1

1 ∂1

−a1 − 1
a2 − 1x

i1
1 xa2

2 ∂2, 1 ≤ i1 ≤ a1 − 1;xi1
1 ∂1, 2a1 ≤ i1 ≤ 3a1 − 1;

(xa1−1
1 xi2

2 + xi2+a2−1
2 )∂2, 1 ≤ i2 ≤ a2;

xi2
2 ∂2, 2a2 ≤ i2 ≤ 4a2 − 4;xi1

1 xi2
2 ∂2, 1 ≤ i1 ≤ a1 − 2, 2a2 − 1 ≤ i2 ≤ 3a2 − 3;x1x

3a2−2
2 ∂2;

( x
i1+2a2−2
1

a2(a1 − 2) + xi1
1 x2a2−2

2 )∂2, 2 ≤ i1 ≤ a1 − 2;xa1−1
1 xi2

2 ∂2, a2 + 1 ≤ i2 ≤ 2a2;

xi1
1 ∂2, 3a1 − 3 ≤ i1 ≤ 3a1 − 1.

Therefore, we obtain

ρ2(V ) = 4a1a2 + 2. (12)

Remark 4.13. It is easy to check that the case a1 = 3, a2 ≥ 4 also satisfies the formula 
(12) above. The basis is as follows:

xi2+a2−2
2 ∂1 + 6

a2 − 1x1x
i2
2 ∂2, a2 + 2 ≤ i2 ≤ 2a2 − 2;xi2

2 ∂1, 3a2 − 3 ≤ i2 ≤ 4a2 − 4;

x2
1x

i2
2 ∂1 + 2

a2 − 1x1x
i2+1
2 ∂2, 0 ≤ i2 ≤ 2a2 − 4;x1x

i2
2 ∂1 + 2

a2 − 1x
i2+1
2 ∂2,

0 ≤ i2 ≤ a2 − 2;x1x
i2+a2−2
2 ∂1 −

2
a2 − 1x

2
1x

i2
2 ∂2; 1 ≤ i2 ≤ a2 − 1;

x2
1x

2a2−3
2 ∂1 + 2

a2 − 1x1x
2a2−2
2 ∂2;

x1x
i2
2 ∂1, 2a2 − 2 ≤ i2 ≤ 3a2 − 3;x2

1x
i2
2 ∂1, 2a2 − 2 ≤ i2 ≤ 2a2;x3

1∂1 + 2
x2

1x2∂2;x4
1∂1
a2 − 1
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− 2
a2 − 1x1x

a2
2 ∂2;xi1

1 ∂1, 5 ≤ i1 ≤ 8; (x2
1x

i2
2 + xi2+a2−1

2 )∂2, 1 ≤ i2 ≤ a2 − 1;

xi2
2 ∂2, 2a2 − 1 ≤ i2 ≤ 4a2 − 4;x1x

i2
2 ∂2, 2a2 − 1 ≤ i2 ≤ 3a2 − 3;

x2
1x

i2
2 ∂2, a2 ≤ i2 ≤ 2a2;xi1

1 ∂2, 6 ≤ i1 ≤ 8.

Thus, we obtain

ρ2(V ) = 12a2 + 2.

Similarly, when a1 ≥ 4, a2 = 3, we obtain

ρ2(V ) = 12a1 + 2.

Therefore, when a1 ≥ 3, a2 ≥ 3, and a1 �= a2, the formula (12) holds.

Case (5): When a1 ≥ 3, a2 = 2, we obtain the following basis of L2(V ):

xi1
1 xi2

2 ∂1, 1 ≤ i1 ≤ a1 − 1, 2 ≤ i2 ≤ 3;x4
2∂1;x5

2∂1;

xi1
1 xi2−1

2 ∂1 + (a1 − 1)xi1−1
1 xi2

2 ∂2, 2 ≤ i1 ≤ a1 − 1,

1 ≤ i2 ≤ 2;x1∂1 + (a1 − 1)x2∂2;x1x2∂1 − (a1 − 1)xa1−1
1 x2∂2;xa1

1 ∂1 + (a1 − 1)xa1−1
1 x2∂2;

xi1+a1
1 ∂1−(a1−1)xi1

1 x2
2∂2, 1 ≤ i1 ≤ a1−2;xi1

1 ∂1, 2a1−1 ≤ i1 ≤ 3a1−1; (xa1−1
1 x2+x2

2)∂2;

xi1
1 x3

2∂2, 1 ≤ i1 ≤ a1 − 2;xi2
2 ∂2, 3 ≤ i2 ≤ 5;xa1−1

1 xi2
2 ∂2; 2 ≤ i2 ≤ 3;

xi1
1 ∂2, 2a1 ≤ i1 ≤ 3a1 − 1.

Thus, we obtain the following formula

ρ2(V ) = 8a1 + 2.

Similarly, it is easy to check that, for a1 = 2, a2 ≥ 3, we get ρ2(V ) = 8a2 + 2.
Therefore, the first part of Proposition 4.5 has been proved.
It follows from Proposition 4.5 that

h2(a1, a2) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

6; a1 = 2, a2 = 2
4a2 − 3; a1 = 2, a2 ≥ 3
4a1 − 3; a1 ≥ 3, a2 = 2
4a1a2 − 4(a1 + a2) + 7; a1 ≥ 3, a2 ≥ 3, and a1 = a2
4a1a2 − 4(a1 + a2) + 6; a1 ≥ 3, a2 ≥ 3, and a1 �= a2.

After plugging into the weight type ( a2−1
a1a2−1 , 

a1−1
a1a2−1 ; 1) of the binomial isolated singu-

larity of type C, we have
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h2(
1
w1

,
1
w2

) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

6; a1a2−1
a2−1 = 2, a1a2−1

a1−1 = 2
4(a1a2−1)

a1−1 − 3; a1a2−1
a2−1 = 2, a1a2−1

a1−1 ≥ 3
4(a1a2−1)

a2−1 − 3; a1a2−1
a2−1 ≥ 3, a1a2−1

a1−1 = 2
4a1a2 + 3; a1 ≥ 2, a1 = a2
4a1a2 + 2; a1a2−1

a2−1 ≥ 3, a1a2−1
a1−1 ≥ 3, and a1 �= a2.

Conjecture 1.8 claims that

h2(
1
w1

,
1
w2

) ≥

⎧⎪⎨
⎪⎩

6a1; a1 ≥ 1, a2 = 1
4a1a2 + 3; a1 ≥ 2, a2 ≥ 2, and a1 = a2
4a1a2 + 2; a1 ≥ 2, a2 ≥ 2, and a1 �= a2.

(13)

It is easy to check that (13) holds. �
Proof of Theorem C. Let f ∈ C{x1, x2} be a weighted homogeneous fewnomial isolated 
singularity. It has the following three cases:

Type A. xa1
1 + xa2

2 ,
Type B. xa1

1 x2 + xa2
2 ,

Type C. xa1
1 x2 + xa2

2 x1.
Theorem C is an immediate corollary of Propositions 4.5, 4.8, and 4.11. �
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