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ABSTRACT

In this paper, we introduce a series of new invariants for singularities. A new conjecture about the non-existence of negative weight derivations
of the new k-th singular locus moduli algebras for weighted homogeneous isolated hypersurface singularities is proposed. We verify this
conjecture in some cases.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0121485

I. INTRODUCTION

Many highly non-trivial physical questions such as the Coulomb branch spectrum and the Seiberg-Witten solution” can be eas-
ily found by studying the mini-versal deformation of the isolated singularity. In Ref. 3, we classify three-dimensional isolated weighted
homogeneous rational complete intersection singularities, which define many new four-dimensional /"= 2 superconformal field theo-
ries. In Ref. 4, we classify threefold isolated quotient as Gorenstein singularities. These singularities are rigid, i.e., there is no non-trivial
deformation, and we conjecture that they define 4d /=2 SCFTs that do not have a Coulomb branch. In this article, we will intro-
duce a series of new invariants for isolated singularities. These new invariants are very useful in the classification theory of isolated
singularities.

This article has two purposes. On the one hand, we introduce a series of new local Artinian algebras associated with singulari-
ties in Sec. II. These algebras and their dimensions are natural new invariants of singularities. On the other hand, motivated by the
famous Halperin conjecture, we investigate the derivation Lie algebras of these new local Artinian algebras. Again, these Lie algebras and
their dimensions are new invariants of singularities. We generalize the Halperin conjecture and verify the conjecture in several particular
cases.

We first recall the Halperin conjecture. A classic result of Borel® states that the Serre spectral sequence for the rational cohomology of
the universal bundle G/H — By — Bg collapses if G/H is a homogeneous space of equal rank pairs (G, H) of compact connected Lie groups.
Halperin made a very general conjecture on the collapsing of the Serre spectral sequence on a general fibration, which is one of the most
important open problems in rational homotopy theory (see Ref. 6, p. 516, and Ref. 7).

Recall that a finite simply-connected cell complex C is called elliptic if all but finitely many cohomology and homotopy groups of C are
finite. If C is elliptic, then C has a non-negative Euler characteristic.

Halperin conjecture (Ref. 6 p. 516). Suppose F is a rational elliptic space with a non-zero Euler-Poincaré characteristic, and F - E - B
is a Serre fibration of simply-connected spaces. Then the (rational) Serre spectral sequence for this fibration collapses at E,.

In fact, for an elliptic space with a positive Euler characteristic, all cohomology must be concentrated in even degrees, i.e., cohomology is
zero in an odd degree. Furthermore, the cohomology algebra is a complete intersection, i.e., it has the same number of generators as relations.

It was shown that the above conjecture is equivalent to the following conjecture about the non-existence of negative weight derivations
(Ref. 7, Theorem A on p. 329).
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Suppose that A is a weighted zero-dimensional complete intersection algebra, i.e., a commutative algebra of the form

A=Clz1,22,..»z0]/(g1:825 - - - gn)>

where the g, g,,..., g, is a regular sequence of length n. Here the variables have strictly positive integral weights, denoted by wt(z;) = «;
for 1 <i < n, and the equations are weighted homogeneous with respect to these weights. They are arranged for future convenience in the
decreasing order of the weighted degrees: d; := wt(g;) for i=1,2,...,n with di > dy > --- > d,. Consequently, the algebra A is naturally
graded, and one may speak of its weighted homogeneous degree k derivations (k is an integer). A linear map D: A — A is a derivation if
D(ab) = D(a)b + aD(b), for any a,b € A. We use Der(A) to denote the set of weighted degree k derivations of A, i.e., D belongs to Der* (A)
if D: A* - A**k_ One of the most important open problems in rational homotopy theory (see Ref. 6) is related to the vanishing of the above
derivations in strictly negative degrees.
Halperin conjecture.” Let

A=Clz1,-->21)/(g1:825 - - ->8n)>

be a weighted zero-dimensional complete intersection algebra. Here the variables z; have strictly positive integral weights, denoted by wt(z;)
= aj,1 <i<n,and g; are weighted homogeneous polynomials with respect to these weights. Then Der*’(4) = 0.

Assuming that all the weights a; are even, this has the following topological interpretation. If a space X has H*(X,C) = A as graded
algebras, then it is known that the vanishing of Der’(A) = 0 implies the collapsing at the E-term of the Serre spectral sequence with the C-
coefficients of any orientable fibration having X as a fiber. The above collapsing properties also imply vanishing properties when C is replaced
by Q and X in a rational space (see, e.g., Ref. 7). The Halperin conjecture has been verified in several particular cases, as follows:

(1) Equal weights (a1 = az =+ = ay), see Ref. 8.

(2) n=2,3,seeRefs. 9 and 10.

(3) “fibered” algebras, see Ref. 11.

(4) Assuming C[z1,22,...,21)/(g1,82 - - - »gn—1) is reduced, see Ref. 12.

(5) Homogeneous spaces of equal rank compact connected Lie groups [A = H*(G/K)], see Ref. 13.

For recent progress on the Halperin conjecture and its generalizations, interested readers can refer to Refs. 14 and 15.

Moreover, in the classification theory of isolated singularities, one always wants to find various invariants associated with isolated sin-
gularities. Hopefully, with enough invariants found, one can distinguish between different isolated singularities up to a certain equivalence.
However, not many effective invariants are known. Moreover, most of the known invariants, for example, the cohomological invariant geo-
metric genus, are hard to compute in general. In this article, we shall introduce two series of new numerical invariants for isolated hypersurface
singularities. One is the dimension of the new local Artinian algebras, i.e., SSingkX (see Definition II.1), and another is the dimension of its
derivation Lie algebra, i.e., Psing'x (see Definition I1.7). These new invariants can be calculated easily and compared with other invariants of
isolated singularities.

Let O, be the germs of holomorphic functions at the origin. Clearly, 0, can be naturally identified with the algebra of convergent power
series in n indeterminates with complex coefficients. As a ring, O, has a unique maximal ideal m, the set of germs of holomorphic functions that
vanish at the origin. Let (X, 0) be an isolated hypersurface singularity defined by the germ of the holomorphic function f : (C",0) — (C,0).
The multiplicity mult (f) of the singularity (X, 0) is defined to be the order of the lowest nonvanishing term in the power series expansion of
fatO.

For any isolated hypersurface singularity (X,0) c (C",0) defined by f, the algebra

A(X) = @”/(f’%""’gi)’

is called the moduli algebra of (X,0).!° The second author firstly introduced the Lie algebra of derivations of moduli algebra A(X), i.e.,
L(X) = Der(A(X),A(X)). It is known that L(X) is a finite-dimensional solvable Lie algebra.'” L(X) is called the Yau algebra of X in Refs. 18
and 19 to distinguish from Lie algebras of other types appearing in the theory of singularities.”” The Yau algebra plays an important role in
singularities.”! In this paper, we will introduce a series of new derivation Lie algebras that are natural generalizations of the Yau algebra.

Theorem A and Theorem B in Sec. II are our main results.

This paper is organized as follows: in Sec. II, we will introduce a series of new local Artinian algebras Mg, .« (see Definition IL.1)
associated with singularities. Motivated by the Halperin conjecture, a new conjecture (Conjecture I1.8) is proposed. Our main results are to
verify this conjecture in several particular cases. In Sec. 111, we give the proof of the main results.

Il. SINGULAR LOCUS ALGEBRAS

In this paper, we focus on weighted homogeneous isolated hypersurface singularities. However, our theory also applies to generally
isolated hypersurface singularities at the expense of introducing some complications in the notation and the formulation. In what follows, we
only consider weighted homogeneous singularity.
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Let (X,0) = {(z1,...,20) € C": f(z1,...,2n) = 0} be an isolated hypersurface singularity with f a weighted homogeneous polynomial.
We use Sing' X to denote the singular locus of X. Sing' X is a zero-dimensional scheme. We will construct a series of zero-dimensional schemes
called higher singular loci, which have different scheme structures as follows: in addition, we use the tool of new moduli algebras, which are
so called the higher singular locus moduli algebras (see Definition I1.1), to investigate the singularity (X,0).

To determine Sing' X, we need to consider the following Jacobian matrix at the singular point 0. By abusing notation, we shall omit the
point 0. Let

Jac' := [f1 fa oo fﬂ],
where f; := %. Hence, the first singular locus is defined as

Sing'X = {z|f1(z) =+ = fu(2) = 0} = {0}.

Denote Ig;, iy = (f1,. .. fn), which is just the Jacobian ideal of f. Sing'X is also an analytic space. It is just a point geometrically. We may

also consider its singular locus due to different scheme structures. To determine Sing®X := Sing' (Sing' X), we need to consider the following
Jacobian matrix at 0. Let

fu fa - fm
) fiz fn - fn

Jac” := ,
f 1n f 2n "t f nn
2
where fjj = 2/ Hence, the second singular locus is defined as
J 02,0z

Sing’X = {z|f1(z) =+ = fu(z) = h(z) = 0},

where h := det [ fj]i<ijcn. Denote Iy, oy := (f1,. . fu h). Sing®X is still an analytic space and just a point geometrically as well. We may also

consider its singular locus due to different scheme structures. To determine Sing®X := Sing' (Sing' (Sing' X)), which means the singular locus
of Sing?X, we need to consider the following Jacobian matrix at 0. Let

fu fa - fm h
3 fiz f2 o fm h

Jac™ := ) >
f 1n f 2n " fnn hn
where h; = %. Hence, the third singular locus is defined as

Sing’X = {z|f1(z) =+ = fu(z) = h(z) =>h'(z) =--- = K" (z) = 0},

where*h/, 1 < j < n, are defined as follows: let 31:1,' =[fa fo - f,-n]T be the i-th column of Jac® for 1 < i < nand Sl_z,ﬂl = b h,,]T
be the (n + 1)-th column of Jac’. Set *H' := [3;11 Sy e ke 3’%1] for 1 < i < n by deleting the column k;. We define *h’ := det(*H').
Weuse I, ox = (f1,- - fu s *K',...,°h") to denote the ideal generated by those polynomials defining Sing®X.

k+1

In general, if we have defined the ]ack with k > 2, we define Jac**! as follows: Assume that Jac® has (Ix + 1)n x n-submatrices. We use

kH', 0 < i < I to denote all those submatrices. There is a special n x n-submatrices

fu fa - fm
fio fa2 o fm

fln on frm
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We always use *H? to denote this submatrix [that is why we use (I + 1) in stead of I above]. Set “h’ = det(*H") (note that *h° = h). In general,
the k-th singular locus is defined as

Sing'X = {2lf1(2) = -+ = fu(z) = h(z) ="' (z) = -+ = "h" () =0},

Therefore

Lgngix = (Froo oo fu SRR,

Hence, ]ackJr1 is defined as

fu fa o fu b CEY o G
fiz fo - fm h (khl)z (khlk)z

]ack+1 -

>

fin fan o fan e CED. o (RY),

k+1

. k
where ("I/); := % for1<i<mn,1<j<I.Infact, it is easy to see that Jac**! is obtained by just adding some ordered columns to the Jac*. We

only emphasized the first (1 + 1) columns of Jac**! here because these columns will play a key role in the subsequent discussion. For other
newly added columns, we do not emphasize their order here. Hence, the (k + 1)-th singular locus is defined as

Sing™ X = {2lf1(2) =+ = ful2) = h(z) = 'R\ (2) = - = H (2) =0,
where 111 < j < Ixy1 are defined similarly as above. We use

k+141 k+1q by
e V4TI N Ry A ) |

to denote the ideal generated by those polynomials defined Sing**' X.

Definition IL1. Let (X,0) be an isolated hypersurface singularity. We define the (first order) singular locus moduli algebra,
MSingIX:: @”/ISinng’

which is just the Moduli algebra.
Furthermore, we define the k-th singular locus moduli algebras as follows:

MSingkX = Oy /ISingkX’

The C-dimension of Mg, i as a vector space is denoted as SSingkX.

Remark I1.2. Mg, 1 is consistent with the usual moduli algebra A(X), thus Mg;, iy are natural generalizations of moduli algebra. In fact,
Mg;, 2 is consistent with the algebra that was studied by the second and third authors in Ref. 22. Those algebras are Artinian local algebras.

We recall some basic knowledge of the module of Kahler differential and Fitting ideal briefly. For more details, readers can refer to
Refs. 23 and 24.

Definition IL.3. Let S be a C-algebra, the module of Kéhler differentials of S over C, denoted by Qg ¢, is the S-module generated by the set
{df : f € S} satisfies the relations

d(ss") = sd(s') +s'd(s),
d(rs+1's") = rd(s) + r'd(s"),

forallr, ' eCands,s €8.
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Let S=C[z1,...,z4]/I be a finitely generated C-algebra. If I=(g,,...,g,), then Qg = coker(d: I/I* - &;Sdz;), where @;Sdz;

=8®cOc[z,...z,]/c is a free S-module on generators dz;. We view I/I ? as a homomorphic image of a free S-module with generators e; mapping
to the classes of the g, the composition

I @ Sei » 1|I" > P Sdz,

is a map of free S-modules. Hence, Qg is the cokernel of the Jacobian matrix 7 = [g—‘z]. The reader can find more details and examples in
Chap. 16.1 of Ref. 23.

The Fitting ideal was first defined by Fitting in Ref. 25. The reader can also find this definition in Chap. 20 of Ref. 23 and Sec. 1 of the
lecture notes Ref. 24.

Definition I1.4. Let M be a finite generated C-module. We represent M as the cokernel of an C-linear map between free C-modules of finite
rank,

FYG6oM-o,

where F is a free C-module of rank q and G is a free C-module of rank p. For each j we associate to M, the ideal F;(M), called j-th Fitting ideal
of M, generated by the (p — j) x (p — j) minors of the matrix representing ¢. If j > p, we set F;(M) = C. If p—j > q, we set F;(M) = 0.

Remark IL.5. F;(M) depends only on the C-module M and not on the choice of a presentation.

Proposition I1.6 (Ref. 23, Corollary 16.20). Let R = C[z1, . . .,z4]/I be an affine ring, and suppose that I has pure codimension c. Suppose
that 1= (g,,...,g,)- If ] is the ideal of R generated by c x c minors of the Jacobian matrix [%], then ] defines the singular locus of R in the
sense that a prime P of R contains ] if and only if Rp is not a regular local ring.

J is the (n — c)-th Fitting ideal of Qg/c. Hence, ] depends only on R and C.

In our setting, I, ., has pure codimension 7 for all k > 2 when Sing® # . By the above-mentioned discussion, all higher singular locus
moduli algebras are invariants of isolated hypersurface singularities whose dimensions are numerical invariants of isolated hypersurface
singularities.

Inspired by Yau algebra, we give the following definition:

i fork>1,ie, Ly iy = Der(M M kX). The dimension of

Definition I1.7. We define Lgingix be the derivation Lie algebra of M sing'x> Msing

Sing’ Singk

L as a C-vector space is denoted as Psingx-

SingkX
By the definition, the Lg;, .1 is the same as the Yau algebra L(X). Therefore, the L, gx isa natural generalization of the Yau algebra.
Motivated by the Halperin conjecture, we proposed the following conjecture, called the generalized Yau conjecture.

Conjecture I1.8. Let (X,0) = {(z1,...,24) € C": f(z1,...,2a) = 0} be an isolated singularity defined by the weighted homogeneous poly-
nomial f of weight type (a1, . . ., an; d). Assume that d > 201 > - - - > 2a, > 0 without loss of generality.”® Then for any k > 1, there is no non-zero

negative weight derivation on Mgy, i.e. Ly, vy is non-negatively graded.

This Conjecture I1.8 is a generalization of Conjecture 1.5 in Ref. 27. It was investigated only for small k before. This Conjecture was
verified in low dimensions when k = 1 or 2 (cf. Theorem II.9 and Theorem II.10) and, in general, in # dimensions for k = 1 under a certain
condition (cf. Theorem II.11).

In this paper, we obtain the following two main results, which verify Conjecture I1.8 for any k in low dimensions.

Theorem A. Let (X,0) = {(z1,...,21) € C": f(21,...,24) = 0} be an isolated singularity defined by the weighted homogeneous polyno-
mial f of weight type (a1, ..., 0n; d). Assume that n < 4 and d > 2ay > - - - > 2a, > 0 without loss of generality. Then for any k > 1, there is no

non-zero negative weight derivation on Mg g i€ Ly 1 non-negatively graded.
For k = 1 or 2, Theorem A has already been proved in Refs. 27-29. The following Theorem I1.9 verified the Conjecture II.8 for k = 1 and
n<4.

Theorem I1.9 (Refs. 28 and 29). Let (X,0) = {(z1,...,2z4) € C": f(z1,...,24) = 0} be an isolated singularity defined by the weighted
homogeneous polynomial f of weight type (a1, ..., an; d), n < 4. Assume that d > 2a; > - - - > 2a, > 0 without loss of generality. Then there is
no non-zero negative weight derivation on Mg, 1y, i.e., Ly, ¢ is non-negatively graded.
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The following Theorem II.10 verified the Conjecture I1.8 for k =2 and n < 4.

Theorem I1.10 (Ref. 27). Let (X,0) = {(21,...,20) € C": f(21,...,24) = 0} be an isolated singularity defined by the weighted homo-
geneous polynomial f of weight type (a1, ..., 05 d), n < 4. Assume that d > 2ay > - -+ > 20, > 0 without loss of generality. Then there is no

non-zero negative weight derivation on Mg, 2y, i.e., Lg, 2y is non-negatively graded.

In this article, we obtain the following two results, which verify Conjecture I1.8 for any k, in general, and n dimension under a certain
condition.

Theorem B. Let (X,0) = {(z1,...,24) € C": f(z1,...,2n) = 0} be an isolated singularity defined by the weighted homogeneous polyno-
mial f of weight type (a1, . .., an; d). Assume that d > 201 > - - - > 20, > O without loss of generality. If ay < 2a, then for any k > 1, there is no

non-zero negative weight derivation on Mg g i€ Ly 15 non-negatively graded.

For k = 1, Theorem B has been proved in Ref. 30. In fact, the following Theorem II.11 verified the Conjecture II.8 for k = 1 under the
condition a; < 2ay,.

Theorem I1.11 (Ref. 30). Let (X,0) = {(z1,...,24) € C": f(21,...,24) = 0} be an isolated singularity defined by the weighted homoge-
neous polynomial f of weight type (a1, ..., an; d). Assume that d > 2ay > - - - > 2, > 0 without loss of generality. If a1 < 2a,, then there is no
non-zero negative weight derivation on Mg, 1y, i.e., Lg, 1y is non-negatively graded.

lll. PROOF OF THEOREMS

First, we recall the following known results, which will be used to prove our main results frequently.

Proposition IIL1 (Ref. 31, Proposition 2.6). Let A = @ yA; be a graded commutative Artinian local algebra with Ay = C. Suppose the
maximal ideal of A is generated by A; for some j > 0. Then L(A) is a graded Lie algebra without negative weight.

Lemma IIL2 (Ref. 32). Let (A, m) be a commutative local Artinian algebra [m is the unique maximal ideal of A and D € L(A) be the
derivation of A]. Then D preserves the m-adic filtration of A, i.e.,, D(m) c m.

Lemma II1.3 (Ref. 29 Lemma 2.1). Let f be a weighted homogeneous polynomial with isolated singularity in zy, .. .,z, variables of type
(a1s. . s on; d). Assume wt(z1) = a1 2 wt(z2) = ap > - -+ > Wt(2s) = . Then f must be as in one of the following two cases:

Case (1):

f=2l'+ai(za,.. ., z)d "+t am1 (22 . 20) 21+ Am(22s -+ 5 Z0).
Case (2):
f=2lz+ai(zs....20)20 "+ +am1(2z2. .., 20)21 + am(22s . . > Z0)s

with2 <i<n.

Lemma IIL4 (Ref. 28 Lemma 1.2). Let f be a weighted homogeneous polynomial in z1, . .., z, that defines an isolated singularity at the
origin. Then there is a term of the form z" or z{"zj in f for any i (a; > 2 in the case 2" and a; > 1 otherwise).

Lemma II1.5 (Ref. 33). Let I be an ideal in R = C[z,. . .,z,]. Then there is a natural isomorphism of Lie algebras,
(Der(R)/(I- DercR) = Derc(R/I).

First, we need to deal with the mult(f) = 2 case, i.e., d < 2a; + a. By Lemma II1.3, f must be as in one of the following cases:
Case (1):

f= 4 +a(z2- . rzn)z1 + a2(22s - . . 2n).
Case (2):
f =2z1Zi + a1 (22, . ,Zn),
fori=2,...,n.
J. Math. Phys. 64, 031701 (2023); doi: 10.1063/5.0121485 64,031701-6
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If a1 = - - = &y, then the polynomial f of both Case (1) and Case (2) is a homogeneous polynomial. Hence, there exists no non-zero
negative weight derivation on any higher singular locus moduli algebra M i
As follows, we assume that not all the o; are equal, i.e., f is not a homogeneous polynomial. We consider the following three propositions:

Proposition I1L6. Let (X,0) = {(z1,22) € C*: f(z1,22) = 0} be an isolated singularity defined by the weighted homogeneous polynomial f
of weight type (a1, 02; d < 201 + a2). Assume that d > 2a, > o > 0 without loss of generality. Then for any k > 1, there is no non-zero negative
weight derivation on Mg gix-
Proof. As in the discussion earlier, we just need to consider the following two cases. Let Dy = ¢z} 8%, be a negative derivation of Mg, hx
by Lemma IIL.2.

Case (1). f = 22 + a1(z2)z1 + a2(22).

For any Mg, .« with k > 3, let F be an element of the smallest weighted degree in Iy, «y. If g—zfl =2z + a1(z2) is such F, then Dy ( S—Z{)
= 2cz) = 0, which implies that ¢ = 0, Hence, Dy, = 0. If g—zfl is not such F, i.e., wt(F) < a1, then F must be the form Iz} with / € C and
sap < ap. If Dk(%) =0, then ¢ = 0. Hence, D; = 0. If Dk(%) =2czy #0, then r >, i.e, 25 € ISingkX. Hence, Dy = 0 as a derivation
of Mg, iy

Case (2). f = z1z2 + a1(22).
Since a1 + &z = d > 2a;, we obtain that a; = a, i.e., f is a homogeneous polynomial. Hence, there exists no non-zero negative weight
derivation on any higher singular locus moduli algebra Mg; . o

Proposition IIL7. Let (X,0) = {(z1,22,23) € C* : f(21,22,23) = 0} be an isolated singularity defined by the weighted homogeneous poly-
nomial f with mult(f) = 2 of weight type (a1, a2, a3; d). Assume that d > 201 = 20, > 2a3 > 0. Then for any k > 1, there is no non-zero negative
weight derivation on Mg; iy
Proof. As in the discussion earlier, we just need to consider the following three cases. Let Dy = p(22,23) 8%1 +czy aizz be a negative weight

derivation of M, X by Lemma IIL.2.

Case (1). f = Z+ a1(z2,z3)21 + a2(22, 23).
Consider the following coordinate transformation:

4 1 ! 4
z1 =21 — —a1(2y,23),
2

14
22 =2

/
Z3 = Z3.

By abusing the notation, we shall use the original symbol z; to represent the symbol z; after the coordinate transformation. We can
assume that

f=2+8(z,2).
We obtain that Mg, «y = Mg, ig, where (X,0) = {(22,23) € C* : g(z2,23) = 0} be the isolated hypersurface singularity defined by
£(22,23). By Proposition I11.6, we obtain the conclusion.
Case (2). f = z1z2 + a1(22, 23).
Since a1 + az = d > 2, we obtain that a; = @ > a3. (If a1 = a» = a3, then f is a homogeneous polynomial. Hence, we assume that

_ ; ; of _ — 9 r 9.
a1 = a > az) For any MsmgkX with k > 3. Since o =22 € ISingkX, hence, Dy = p(z3) 5o t g

We consider Dy ( %) = czj. Since

0 1 0

1 82611 82a1 82611
h = 8(22)2 622623 = 78(23)2.

0 82(11 82(11

02023 0(z3)*
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Hence, Dk(g—zfj) =cz3=0or Dk(%) is a linear combination of i = *1°, kn', ..., Fnk. 1f Dk(g—zfl) =cz3 =0, then c=0, ie., Dy = 0. If

21

Dk(%) is a linear combination of i = *h°, k', ..., *h¥, then kpi = zé" with 0 < [; < rfor 0 < i < [;. Hence, f must be the form

2
f =2z +az + bzl + dzl,

with d # 0.
Consider the following coordinate transformation:

4

Z, =z1 + az + b2,
4

2 =22

7 1
Z3 = d’123.

By abusing the notation, we shall use the original symbol z; to represent the symbol z; after the coordinate transformation. We can
assume that f = z1z; + z1. We compute the higher singular locus moduli algebra as follows:

[0 1 o 0
Ja =1 0 0 0
0 gz —q(q-1)7
10 0 0
Ja'={1 0 0 0 0
0 0 2" —q(q-DZ7 q(q-1)(q-2)"
[0 1 o 0 0
Jac=11 0 0 0 0
[0 0 ng_l fq(qfl)zg_2 (1) glzs

Hence,

Mg, ox = Clz,22,33) (21,22, 287,

Mgty = Clzi, 22, 23]/ (21,22, 217),

MSingkX = MSing"X = C[21,22,23]/(Z1,Zz,23),

for k > g + 1. It is directly to check that all the higher singular locus moduli algebra have no non-zero negative weight derivation.
Case (3). f = z1z3 + a1(22, 23).

Since a1 + a3 = d > 2a;, we obtain that a; = &y = a3, i.e., f isa homogeneous polynomial. Hence, there exists no non-zero negative weight
derivation on any higher singular locus moduli algebra M i ]

Proposition I11.8. Let (X,0) = {(z1,22,23,24) € Cc*. f(z1,22,23,24) = 0} be an isolated singularity defined by the weighted homogeneous
polynomial f with mult(f) = 2 of weight type (a1, a2, a3, 43 d). Assume that d > 21 = 20 > 203 > 2a4 > 0. Then for any k > 1, there is no
non-zero negative weight derivation on Mg; ..
Proof. As in the discussion earlier, we just need to consider the following four cases. Let Dy = p1(22,23,24) 8%1 + pa(z3,24) a%z + czif%

be a negative weight derivation of Mg, «, by Lemma IIL.2.

Case (1). f = 2+ a1(z2,23,24)21 + a2(22, 23, 24).
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Consider the following coordinate transformation:

! 1 ! A !
Z21 =21 — Eal(zz;za,zz;),

!
22 = 2,
’
Z3 = 23,
!
Z4 = Z4.

By abusing the notation, we shall use the original symbol z; to represent the symbol z; after the coordinate transformation. We can
assume that

f= z + g(22,23, 24).

We obtain that M, +y = Mg, +5» where (X,0) = {(22,23,21) € C : g(22,23,24) = 0} be the isolated hypersurface singularity defined by

£(22,23,2z4). By Proposition II1.7, we obtain the conclusion.
Case (2). f = z1z2 + a1 (22,23, 24).
Rewrite f as follows:

=22z +ai1(z2,23,24),
=z122 + 2281 (22,23,24) +g2(23, 24))

= Zz(Z1 +g1(Zz,Z3,Z4)) +g2(23,24)~

Consider the following coordinate transformation:

721 =21 +9(22,23,21),

’

2y =22,
’

23 = 23,
’

Z4 = Z4.

By abusing the notation, we shall use the original symbol z; to represent the symbol z{ after the coordinate transformation. Hence,
f =2122 + g(23,24). We obtain that Mg, = Mg 5> where (X,0) = {(23,24) € C*: g(2z3,24) = 0} be the isolated hypersurface singu-
larity defined by g(z3,z4). By Proposition II1.6, we obtain the conclusion.
Case (3). f = z123 + a1(22, 23, 24).
Rewrite f as follows:
f =2z1z3 + al(Zz,Zs,Zz;),
=Z123 + 23g1(22,23,24) +g2(22,24),

=z3(z1 + @1(22,23,24) ) + ©2(22,24).

Consider the following coordinate transformation:

4
Z1=21 +g1(22,23,24),

!

2 = 22,
4

23 = Z3,
4

Z4 = Z4.

By abusing the notation, we shall use the original symbol z; to represent the symbol z] after the coordinate transformation. Hence,
f =z123 + g(z2,24). We obtain that Mg gix = Mg 5> Where (X,0) = {(22,24) € C*: g(22,24) = 0} be the isolated hypersurface singu-
larity defined by g(z2,z4). By Proposition IIL.6, we obtain the conclusion.
Case (4). f = z1z4 + a1(22,23,24).
Since a1 + a4 = d > 2a1, we obtain that &) = ay = a3 = ay, i.e., f is a homogeneous polynomial. Hence, there exists no non-zero negative
weight derivation on any higher singular locus moduli algebra Mg, «. o
Proof of Theorem A. If mult(f) = 2, then by Proposition II1.6, Proposition II.7, and Proposition IIL.8, we obtain the conclusion. Now,
we assume mult(f) > 3. Since mult(f) >3 and d > 2a; > - - - > 2, > 0 by assumption, it follows from Lemma IIL.3 that the weighted degree
of f satisfied d > 2a; + & To prove Theorem A, we first need to prove the following lemma.
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Lemma II1.9. With the above notations, let f be a weighted homogeneous polynomial with an isolated singularity at the origin of weight
type (a1, ..., 005 d). Assume wt(z1) = a1 > wt(22) =02 >+ > wt(2zs) = an and d > 2a; + . Then

wt(*1') > wt(h),
fork>3,1<j<.

Proof. We compute directly that
wtCH )= (2n-1)d - 4y s+ aj,
s=1

=wt(h) + (n—1)d -2 a + aj,

s=1

for 1 <j < n.Since d > 2a; + a,,, we obtain that

n n—1
(n- 1)d—22(x;+0¢n= (d-201 —an) + Z(d—Zch),
s=1 s=2
> 0.

Hence, )
wtCh' ) 2 2 wtCH ) 2 - > wtCh" ) > wt(h).

We assume that wt('#) > wt(h) holds for all 3 < < k — 1. Now we consider the case I = k. For any *# with 1 < j < I}, there must be at least
one column of the corresponding minor kIP that is the s-th column of ]ack where s > n + 1. Hence, if there are more than two such columns
of *H, we obtain that wt('W/) > wt(h) by induction hypothesis with the assumption d > 2a; + a. If there is only one such column of *H/, we
obtain that wt('#') > wt(h) by the same discussion of wt(*H) > wt(h). ]

Let I, 2y = (f1, f2,- -, fu, h) be the ideal corresponding to Sing®M. For any k > 2, we set Igingix = (Ismng,I,i) be the ideal correspond-

ing to Sing"M, where I is generated by the rest generators of I§ingt For k > 2, if Dy is a non-zero negative weight

x except those of Ig; 2.
derivation of M, 50 by Lemma II1.9, we obtain that Dk(ISingz x) € Iging2 x> 1€, Dy is also a non-zero negative weight derivation of M,y by
Lemma IIL.5. By Theorem II.10, we obtain that such Dy does not exist. Hence, we finish the Proof of Theorem A. o

Proposition 1I1.10. Let (X,0) = {(z1,...,20) € C": f(z1,...,24) = 0} be an isolated singularity defined by the weighted homogeneous
polynomial f of weight type (a1, . .., an; d). Assume that mult(f) = 2, and d > 2a1 > 205 > - - - > 20, > 0. If ) < 2@, then for any k > 1, there

is no non-zero negative weight derivation on Mgy, o B-€5 Ly ey 15 non-negatively graded.
Proof. We prove Proposition I11.10 by induction, assuming that Proposition I11.10 has been proved for f which has less than (n - 1)
variables. Now we consider the n variables case. As in the discussion earlier, we just need to consider the following three cases. Let

Dy =pi(z,..., Z")a%l +pa(z3, ... 2n) 8%2 4ot CZ;% be a negative weight derivation OfMSingkX by Lemma IIL.2.

Case (1). f =22 +a1(z2,. .., 2n)z1 + a2(225 . . . s 2Zn).
Consider the following coordinate transformation:

4 1 4 4
z1=2 — Eal(zz,...,zn),

4
22 =2,
4
23 = 23,
4
Zn = 2y

By abusing the notation, we shall use the original symbol z; to represent the symbol z; after the coordinate transformation. We can
assume that

f= z +g(z2,.. s zn)

We obtain that Mg, «, = Mg, +5, where (X,0) = {(22,...,21) € C"':¢(z,...,24) = 0} be the isolated hypersurface singularity defined

by g(22,...,2xs). By induction, we obtain the conclusion.
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Case (2). f=zizi+ ai1(z2,...,z4) With2 <i<n—1.
Rewrite f as follows:

f=2121' +¢11(Zz,4 ~->Zn)>
=2Z1Zi +z,~g1(zz,...,zn) +g2(22,. ..,ZAi,...,Zn),

=zi(z1 + g1(z2,. ., 20)) + @22, . > Zis o 5 Zn)

Consider the following coordinate transformation:

Z =21 +g1(z2-.5zn),

!
2 =22,

!
Zy = Zn.

By abusing the notation, we shall use the original symbol z; to represent the symbol z{ after the coordinate transformation. Hence,
f=zzi+g(z,...,%i,...,2n). We obtain that M,

sing'x = Mgingi> Where (X%,0) ={(2z2,- . »2ir...»2a) €C" 2 : g(22,. . ., Bis. .. 20) = 0}
be the isolated hypersurface singularity defined by g(z2,...,%,. . .,zs). By induction, we obtain the conclusion.
Case (4). f =zizn + a1(22,. .., Zn).
Since ay + an = d > 21, we obtain that o) = a; = - - - = ay, i.e., f is a homogeneous polynomial. Hence, there exists no non-zero negative

weight derivation on any higher singular locus moduli algebra My, g O
Proof of Theorem B. When mult(f) = 2, by Proposition III.10, we obtain the conclusion. Now, we assume that mult(f) > 3. First, we
consider the following lemma:

Lemma IIL11. Let (X,0) = {(z1,...,20) € C": f(z1,...,2,) = 0} be an isolated singularity defined by the weighted homogeneous poly-
nomial f with mult(f) > 3 of weight type (a1, ..., d). Assume that d > 20y > - - - > 2a, > 0 without loss of generality. If ay < 2ay, then there

is no non-zero negative weight derivation on Mg, oy, i.e., Ly, is non-negatively graded.

Proof. Let D, be a negative weight derivation of Mg; . By Lemma II1.2, we can assume that D; has to be the following form:

0 1o} r
D2 =p1(Zz,. ..,Zn)aiz1 +p2(Z3,...,Zn)8722 + - '+CZnaz _1.

We compute the commutator [%,D] for 1 <i < nas follows:

_87—1”3]:0’
r o D]_ﬁpli

[02,°7] " 0z 021

r o ]_8])18 ) +6‘DH 1o}

_821" - (92,‘ 877:1 A aZ,‘ 8zi_1 ’

i) D]fapl 0 . 02 0 Oz 0

N = —_— “ e + .
| 0z, 0z, 021 0zn Ozy—2  O0zy OzZy—1
Since
n
wt(h) = nd -2 i,
i1
n—1
=(d-an)+(d=2m +an) + (n-2)d -2 a;
i=2
of )
>wtl — |,
(8271
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of \ _
o) =0
of if)
D(azz) ¢ (321 ’
If\(2F of )
e K oy
Hence,
o0f) _,
821 ’
20 (91)
822 821 ’

We obtain that % =g(z,... ,zn)g—zf:. If g(z2,...,2zu) # 0, then wt(g) > a,. This implies that wt( ang)) =wt(D) +d - a < wt(D)

2
+d-ap,<d-ap,<d—a1 +a, < wt(g(zZ, . ..,zn)g—zfl). This is a contradiction. Hence, g =0, ie., 8(822 ) — 0. For any 3<i<n, we

I

assume that

o(Df) of of

=qi(z2,.. .2 + o+ qim1(zis .. 5 2 .

oz; q1( 2 n)az1 qi 1( i ")321-_1
If there exists 1<j<i-1 such that q; £ 0, then wt(%) =wt(D)+d-ai<wt(D)+d-ay<d—oay<d—a; +a,
< wt(ql(zz,. ..,zn)% + +qic1(2Zis . . 2Zn a‘z{l ) This is a contradiction. Hence, q; = 0, forall 1<j<i-1, ie, 8(81?) = 0. Since Df
does not depend on z,...,z, we conclude that Df is a constant, which means that wt(D) = —d. Moreover, wt(D) > —a;. This is a
contradiction. Hence, there is no non-zero negative weight derivation on Mg, 2. O
By the assumption of mult(f) >3, we obtain that d > 2a; +a,. By Lemma IIL9, we obtain that wt(*#) > wt(h). Let Lgingx
= (f1> f2>- . -» fn> 1) be the ideal corresponding to Sing”M. For any k > 2, we set Igingix = (Ismng,I,i) for the ideal corresponding to Sing*M,

where I} is generated by the rest of the generators of I, , except those of Lgogx- For k > 2, if Dy is a non-zero negative weight derivation of

ing

Mg, +x> by Lemma IIL9, we obtain that Dy(Igngx) © Igyugxo i€ Dy is also a non-zero negative weight derivation of Mg;, .y by Lemma IIL5.

By Theorem III.11, we obtain that such Dy does not exist. Hence, we finish the Proof of Theorem B. ]
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