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Abstract

Let (V,0) C (C",0) be a weighted homogeneous isolated hypersurface singularity. In this
paper, we give explicit formulas of its k-th Milnor numbers and the k-th Tjurina numbers in
terms of its weight type. Moreover, we propose a sharp lower bound conjecture for the k-th
Tjurina numbers and verify this conjecture for binomial singularities. We also give a new
characterization for the simple hypersurface singularities.

Keywords Moduli algebra - Isolated singularity - Weighted homogeneous - Derivation Lie
algebra

Mathematics Subject Classification 14B05 - 32S05

1 Introduction

Let 0, = C{xy, ..., x,} be the analytic algebra of convergent power series. For any isolated
hypersurface smgularlty (V 0) C (C” 0) where V. = V(f) = {f = 0}, f € O,, the
algebra A(V) = O,/(f, ) is an invariant of (V, 0). This algebra is called the
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moduli algebra of V; its dimension (V) is called Tjurina number. The order of the lowest
nonvanishing term in the power series expansion of f at 0 is called the multiplicity of
the singularity (V, 0) denoted as mult(f). A polynomial f € Clxy,..., x,] is weighted
homogeneous, if there exist n positive rational numbers wy, ..., w,, called weights of the
variables xp, ..., x,, such that )" a;w; = d is the same for all nonzero terms of f. The
d is called the weight degree of f with respect to weights wy, ..., w,, and is denoted by
w-deg f. The weight type of f is denoted by (wy, ..., wy,; d). Without loss of generality, we
can assume that w-deg f = 1. The Milnor number of an isolated hypersurface singularity
is denoted as u := dim C{xy, .. xn}/(ax1 (,X ) The Tjurina number and Milnor
number are probably the most important invariants of s1ngu1ar1t1es. In [16], Milnor and Orlik
proved that the Milnor number 1 of a weighted homogeneous hypersurface singularity of type
(w1, ..., wy; 1) can be given by its weight: u© = (— — 1)(i —1)-- (— — 1). According
to the beaut1fu1 theorem of Saito [18], f becomes a Welghted homogeneous polynomial after
a biholomorphic change of coordinates if and only if © = 7.

By Mather-Yau theorem [17], the complex structure of an isolated hypersurface singu-
larity is uniquely determined by its moduli algebra. Motivated by this, Yau has considered
further the Lie algebra of derivations of the moduli algebra A(V), denoted as L(V) :=
Derc(A(V), A(V)). This Lie algebra L(V) has been proven to be finite dimensional and
was called Yau algebra. The dimension (V) of L(V) was called Yau number [6, 14, 23].
The Yau algebra plays an important role in singularity theory [19]. Yau and his collaborators
have been systematically studying the Yau algebra and its generalizations since the 1980s
[3-5, 8-12, 15, 20-22, 24, 25].

Recall that we have the following well-known generalized Mather-Yau theorem ([7],
Theorem 2.26).

Theorem 1.1 Let m = (x1, ..., x,) be the maximal ideal of Oy. Let f,g € m C O,. The
following are equivalent:

1. (V(f),0) = (V(g).0);

2. Forallk >0, Oy /(f,mFJ(f)) = 0,/(g,m*I(g)) as C-algebra;

3. There is some k > 0 such that O,/ (f, m*J(f)) = 0, /(g, m*J(g)) as C-algebra,

where](f)—(axl e, dx )

In particular, if k = 0, 1 above, then the claim of the equivalence of (1) and (3) is exactly
the same as those in the Mather-Yau theorem [17].
For each integer k > 0, we call 75(V) = dim

/’Lk(v) = dim kJ(f)
tions of the Tjurma numbers and Milnor numbers.

For a weighted homogeneous singularity (V, 0), Milnor and Orlik obtained a formula for
o [16]. In this paper, we shall generalize the formula to wk(V) and T%(V). We shall show
that 7%(V) and uf(V) can also be computed by just the weight type. Thus, both 75(V)
and p* (V) are topological invariants for binomial plane curve singularity, since the weight
type is a topological invariant. We obtain the formulas of t¥(V) and (V) for binomial
singularities as follows.

Theorem A Let (V, 0) be a binomial isolated singularity defined by f. Then t* (V) depends
only on the weight type of (V,0). We have:
(1)if f = xl —i—xz2 (2 < ay < ap) with weight type (— —: 1), then

’!12

Oy
W the k-th Tjurina number and

the k-th Milnor number, respectively. These invariants are generaliza-

vy = | @@ = @ +an) +1 + B 0 <k <a,
ark + Ge=a@=D, k>ap;
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2)if f = xl Yxo +x22 (2 < a1 + 1 < ap) with weight type (£ a1a2 , 02 i 1), then

tk(V): ajay — az+1+k+3k k<ap+1,
(@ +1)k+7(2”2 W@=D 4 1; k>a+1.

3)if f = )c1 "X +x2 (a1 + 1 > ap > 2) with weight type(ala2 , a2 1), then

2
)

K43k .
‘L'k(V)= alaz—az—i—l—l—T, 0<k<a,
wk+aiax+% - % a <k

4)if f :xl "y +x2 x1 (1 < ay < ap) with weight type (a1a2 I a1a2 1, 1), then

a1a2+k+3k 0<k<apa >2,
k 2
TW=V @+ Dktaiar+ % -0 k>a =2,

2k + 1; k>0,a =1

Theorem B Let (V, 0) be a binomial isolated singularity which is defined by f. Then t(V)
depends only on the weight type of (V,0). We have:
(1)if f = xl “2 (2 < ay < ap) with weight type (a a3 3 1), then

kv ajay — (a1 +a)) + 1 +k>+k;  0<k<a,
= 2
(a1 — Dk 4 Geza)@=D 4 ko p > gy

2)if f = xl Yxp +x22(2 < a1 + 1 < ap) with weight type(ala2 , az ; 1), then

kv) — aja; — a2+1—|—k2+k 0<k<a +1,
K (a1+2)k+ +(202 al)(al D +1; k>a +1;

3)if f _x] "X +x2 (a1 +1>apy =2)with welghttype(ala2 , a2 ; 1), then

alaz—az—l—l—l—k—i—kz' 0<k<a,
uh (V) = a2
(@-Pk+ % +ala2+*—72, ay < k;
(4) iff:xl x2+x2 x1 (1 < ay < ap) with weight type (ala2 l’alaz 1,1) then
k2+k+alaz; 0<k<aia =2,
2

k() = (a1+ )k+ +a1612+*—a71, k>a; >2,

—|— k41, k>0,a1 =1.

Secondly, we conjecture the following sharp lower bound for 7 (V) and verify it in the
case of binomial singularities.

Conjecture 1.1 For each k > 0, assume that tk({xf' +odxIn=0) = Ky, ..., an).
Let (V,0) = {(x1,x2,...,x5) € C*" : f(x1,x2,...,x,) = 0}, n > 2, be an isolated
singularity, defined by the weighted homogeneous polynomial f(xg, x2, ..., x,) of weight
type (w1, wa, ..., wy; 1). Then

V) = 1wy, L wy).
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Remark 1.1 Conjecture 1.1 says that, with the same weight type, the Brieskorn singularity has
the Tjurina number ¥ being smaller than or equal to that of any other weighted homogeneous
singularity.

In this paper, we verify Conjecture 1.1 for binomial singularities. See Theorem C below.

Theorem C Let (V, 0) be a binomial singularity (see Corollary 2.1) defined by the weighted
homogeneous polynomial f(x1, x2) with the weight type (w1, wy; 1). Then

11 1 K243k . < 1 <l -1
1 1 wiwy (w1+w2)+ 2 +1’ O_k<wl7 z_wl_wl
AN (—, —) = Lo
wr w2 (=) (G==D)
ko lwp wipZwp 7. 1 1 1
" 5 ; k=gs 2< g0 < 45

Recall that the Yau algebras of simple singularities and simple elliptic singularities were
computed and a number of elaborate applications to deformation theory were presented in [2]
and [19]. However, the Yau algebra can not characterize the simple singularties completely.
In [6], it has been shown that if X and Y are two simple singularities except for the pair Ag and
Ds, then L(X) = L(Y) as Lie algebras if and only if X and Y are analytically isomorphic.
Therefore, it is natural to find new Lie algebras which can be used to distinguish singularities
completely at least for the simple singularities. In [9], we introduced the k-th Yau algebra
in the following way.

Based on Theorem 1.1, it is natural for us to introduce a new series of k-th Yau algebras
L¥(V), which are defined to be the Lie algebra of derivations of the k-th moduli algebra
AK(V) = O0,/(f, m* T (f), k = 0, ie., LX(V) = Derc(AX(V), A¥(V)). Its dimension is
denoted by AF(V). This number A¥(V) is a new numerical analytic invariant of the singu-
larities. We call it the k-th Yau number. In particular, LO(V) is exactly the Yau algebra, thus
LOV) = L(V), A%V) = A(V). Therefore, it is reasonable to believe that these new Lie
algebras LF(V) and the numerical invariants A¥ (V) should also play important roles in the
study of singularities.

Recall that the simple (i.e., ADE) singularities play a significant role in singularity theory
[1]. They consist of two series Ay : {x\™1 4 x3 =0} € C%, k > 1, Dy : {xixy + 257! =
0} C C2, k > 4, and three exceptional singularities E¢, E7, Eg defined in C? by polynomials
x? + x§ , x1% 4+ x1x23 and x% + xg , respectively. Notice that each simple singularity belongs
to one of these three series: A) x{ + xé’, B) x{x2 + xg, and C) x{x2 + xgxl. These are called
binomial singularities, a special kind of fewnomial singularities, see Definition 2.1.

Since L (V) can not characterize the simple singularities completely [6], there is a natural
question: whether the simple singularities (or which classes of more general singularities)
can be characterized completely by the Lie algebra LX (V) fork € N> ?In[11], we proposed
the following conjecture.

Conjecture 1.2 If X and Y are two ADE singularities, then L*(X) = L¥(Y) forany k € N5
if and only if X and Y are analytically isomorphic.

Conjecture 1.2 has been confirmed positively for k = 1 in [11]. We shall validate this
conjecture for k = 2, from which we could see that the k-th Yau algebra LKV, k > 1, is
more subtle compared to the Yau algebra L(V).

Theorem D If X and Y are two simple hypersurface singularities, then L*(X) = L*(Y) as
Lie algebras, if and only if X and Y are analytically isomorphic.
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2 Fewnomial singularities

Since we would also deal with new Lie algebras of fewnomial isolated singularities, we
recall the definition of fewnomial isolated singularities. The concepts related to fewnomial
are introduced in [13].

Definition 2.1 We say that a polynomial f € C[zy, z2, ..., z,] is fewnomial, if the number
of monomials in f does not exceed n.

Obviously, the number of monomials in f may depend on the system of coordinates.
In order to be rigorous, we shall only allow linear transformations of coordinates, and say
that f (or rather its germ at the origin) is a k-nomial, if k is the smallest natural number
such that f becomes a k-nomial after (possibly) a linear transformation of coordinates. An
isolated hypersurface singularity V is called k-nomial, if there exists an isolated hypersurface
singularity Y analytically isomorphic to V, which can be defined by a k-nomial and k is the
smallest such number. It was shown that a singularity defined by a fewnomial f can be
isolated, only if f is a n-nomial in n variables with its multiplicity at least 3.

Definition 2.2 We say that an isolated hypersurface singularity V is fewnomial , if it can
be defined by a fewnomial polynomial f. V is called weighted homogeneous fewnomial
isolated singularity, if it can be defined by a weighted homogeneous fewnomial polynomial
f.A2-nomial (resp. 3-nomial) isolated hypersurface singularity is also called binomial (resp.
trinomial) singularity.

The following proposition and its corollary tells us that each simple singularity belongs
to one of the three types of series.

Proposition 2.1 ([25]) Let f be a weighted homogeneous fewnomial isolated hypersurface
singularity with multiplicity at least 3. Then f is analytically equivalent to a linear combi-
nation of the following three series:

Type A. x{' 4+ x5% + - - —|—xZ"_’1] +ximon>1,

Type B. x{'xp + x3x3 + -+ + xZ”_’]'xn +ximn>2,

Type C. x{'x2 4+ x5%x3 + - + xf;”_’ll Xn +x0x1, n > 2.

Corollary 2.1 ([25]) Each binomial isolated singularity is analytically equivalent to one of
the three series:
_ L a a
Type A. [ _x}ll + x5 A
Type B. [ :xb xz+x% s
Type C. f = x{'x2 4+ x5°x1.

In many situations, it is necessary to display explicitly all the basis of A(V). And there
always exist such basis consisting of monomials. This kind of basis is called monomial basis
and will often be used in the sequel. Recall that the monomial basis of moduli algebras of
simple singularities (Ax, Dy, E¢, E7, Eg) are given in [1].

@ Springer
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2.1 An algorithm to compute the k-th Tjurina number 7¢ of binomial isolated
singularities

Propositlon 2.2 Let (V,0) be a binomial lsolated singularity of type A, defined by f =

M+ x5 (2 < a1 < ap) with weight type (—, o 1. Then
1 k* +3k 0<k
vy =] D2 - (@ +a)+1+ ; <k <ay,
ark + Qaz— al)(al 1)’ k>a.

Proof The Jacobian ideal of f is J(f) := (ax1 ()xz) (a1x}'” ! ,asxs?” 1y, and maximal
ideal of O, ism = (x1, x2).

To compute the k-th Tjurina number, i.e., the dimension of the C-module A(f) =
F(V)/nﬁkf(f), we first consider the local algebra F (V) := C{x1, x2}/(f) = C{x1, X2};

then by a quotient again, we get AX(f) = F(V)/m*J(f). Throughout this paper, we
draw a bar over a term to denote its image in the corresponding quotient map.

According to the identity f = 0 in C{x{, X2} = C{x1, x2}/(f), we have the identity
)Ef‘ = —x22 (*). And then we have the following direct sum decomposition of C-module
F(V):

ar—1

C{Z1, ©2) = C{fa} + C{F)F1 + ClF2)i} + - - - + Cl)xy ™! Z CiR)E. (@)

The right hand side of (i) contains only finitely many terms, since all the higher order
terms can be included in the first few terms, say

C{i}x|" = C{ip}x3° C Cxa),

by the identity x| = —x37 (). .
Next, in the local algebra F'(V), we give a simplification of m*J(f). There we use the
notations J; = (dXI) J = (jf ). And then when £ > 1 we have

—k 7 “k k-1
kI (f) = G & %, xEs xz)(Jl, )
= 7 ck—1 ck—2=
=x1J1(x]", X xz,...,x2 )+x2J1
] k 2= - k=2 —k—1 -k 7
+x212(x1 X2, .., X1Xy T, Xy )+ X2

=BG THGE, xz)’H + B0+ B E B+ D
By the equality )El —x22 () in the local algebra F(V), when k > 1 we then have
mkf(f) E @ E) T+ 5

_Z(—k+a2 1—i - )+(x2xa1—l)+(xl —ay)— 1)

_Z( —k+ar—1—i 1)+(x2xu1 1).

@ Springer
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When k > a; > 2, we have

ay—1

)_ Z(—k+a2 1— t—z)+z(—k+a2—l—z—z)+(x12<x;1|—1)

Z(—k+a2 1—- t—t)+(xk+a2 alx;zl—l +Z(—k+a2—l "’)+(X§xf‘ 1).

By the assumption a; < a in f = x{' 4+ x3%, when k > a; > 2, we have inclusions of
ideals:

- -1 —1
( k+ar—ay al )C (x2X )!

aj -1
Z( k+ay—1—i = ) - Z( —k+ar—1—i —1)
—k+2a,—1—i —l —a
and here the inclusion of Za ! (x5 ) arises from the fact that we have
k d—1 (h+1)a;—1
—k+ - —k+ - —k+ -

DEIRETES DD DIRTICREIND y Ea)
i=ap h=1 i=ha; da;

where d € N> is such thatk — (d — 1)a; > aj, and k — da; < ay.
Furthermore, by the identity )Ef = x22 (), one has

k d—1 (h+1)a;—1
° Z(—kJraz 1—i - 1) Z Z (ik+(h+l)a2 1—i = 1 ha|)+ Z (xk+(d+l)a2 1—i 1 da|)
i=ay h=1 i=ha i=da;
d—1a;—1 k—day
—k+(h+1 l—i—haj = —k+(d+1)ar—1—i—day -j.
_ZZ( ( Jay—1—i—ha; l)+ Z( Jay—1—i—da l]))
h=1 i=0

e I1<h<d-1l,a1 <ay,k—da <a

d—1a;—1 a;—1
—k+(h+1 1—i—hay - k 1—

:ZZ( +(h+1Day—1—i—ha; L)CZ(X+HZ —i 1)

h=1 i=0
k—day ay—1

—k+(d+1)ax—1—i—d. —k 1—

Z ( +(d+1)ay—1—i— alx,) c Z( +ar— le
i=0 i=0

Consequently, we have the simplification of m*J (f) whenk > a; > 2 :

i J(f)_ Z(—k+a2 1- 1X1)+(x§x?] 1).

i=0
And then, when k > aj, we have for f = x{" +x5° (2 < a) < ap):
Cla v} . Gl 1o}
(f) +mkJ(f) mkJ(f)
ay—2

YL Chinli
_ L — =) (k+ar—1-i)+k
T - G

™*(f) = dim

= dim

ay a
—alk—i—azal—az—?—i—?

@ Springer
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If k < a; < ap, we still have

ay;—1

C{x1, %2} = ) Clia}x,

i=0
ik T(f) = Z("‘“Z IR 4 @l @b,

If there is the case that 0 < k =a; — 1 < a; < ap, then

(xzxal 1)_(xa1 1 a1 ])

ar—1

lk 1 1
L @A) =@ R,

= (X5 xl) C (xzxa1 b,

Then there we have
Y Cln)E
Za] 2( —ay+ary—2—i l)+( —a;—1- al 1)

ar—2
= {Z(m +a2—2—i>} + (@ =1

i=0

= dim

— 1243 — 1
— a1ay — (@) +ap) + 1+ (ap — 1 (a1 ).

2
If0<k <a; —1 < ap, then )
we can take an expression of mkJ( f):
-1 a;—2
AT =Y @D+ G + @D+ Y 6
i=0 i=k+1

There we choose an equivalent expression of 77X J( f), and then we do the quotient:

_ Z‘“‘l i)
rk(f) = dim k— 1(—k+112 1—i l !
i=0

Xy )+(x2 )+(X2xa1 1)+Zal_kil 52" lxl)

k—1
:|:Z(k+az—1—i):|+(a2—1)+k+(a1—k—2)(a2—1)
i=0

k% + 3k

=aja — (a1 +a2) + 1+ 5

Consequently, we get the whole formula of 7%(f), that is:

o (al+az)+1+k+%k, O<k<a,
ark +ara; —ap — 1-{- k>ay.

O
Algorithm. Let f be any binomial isolated singularity. The proof of Proposition 2.2

provides an algorithm for computing the k-th Tjurina number % ( f) of the binomial isolated
singularity f.

@ Springer
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Step 1. Do a direct sum decomposition of the local algebra F (V) = M =: C{x1, X2}
using the equality f = 0in F(V).

Step 2. Simplify the expression of m*J(f) in C{x;, %,}, i.e., the image of mkJ(f) in
F (V). Usually, we first give the simplification under the assumption that k > hq, where hg
is some positive integer.

Step 3. After having a simplified expression of /m* J (f) under the condition that k > hj,
we do the quotient F(V)/m*J(f) and determine its dimension, which is exactly the k-th
Tjurina number for k > hg. As one can see, till this step, we may only have parts of the
results due to some restrictions of k, say k > hg, needed in the simplifications above. To
complete the results for all possible values of k, we need the last step.

Step 4. Complete the formulas of 7¥( £) for all possible values of k. In general, in this
step, conversely to the idea in Step 2 to some extent, we add some terms to the simplified
expression of m* J(f) keeping it an equivalent expression of m* J(f). Adding some terms
is an operation which makes /2% J(f) seem more complicated but quite useful when we do
the quotient F (V) /m*J (f).

In the next part, following the steps in the Algorithm, we shall give the formulas for
the other two series of binomial isolated singularities: (B) f = xflxz + x?z and (C) f =
x1'x2 4 x5 xy, respectively.

Lemma2.1 For (B) f = x{'x2 + x3%,a1 > 1, and (C) f = x{'x2 + x3?x1, a1 > 2, their
local algebras F (V) = m = C{x1, X2}, as modules over C, have the same forms direct
sum decomposition

ar—1
C{x1, B2} = ) C{E}¥] + Clx1)x]".
i=0
Proof (1) For f = x{'xp + x37, there is an identity x]' X, = —x52(*) due to the equality

f = 0in C{x1, X»}. Thus we have a series of equalities:
C{x}x]" = Cx{" + ClRa}ix)! = Cx{' + C{R)35?,
CLa)a("™! = CaP' ™ + Clam)as,

CLa)n ™™ = CH" ™+ Clealag e

CLR}i™ = CH™ + Cli)is2x! £ C3" + Cla}i= ',

By the equalities above, we observe a periodic result that all the second parts of (C{iz}ii,
| > ay, are contained in 27]:61 (C{)Eg})fi. The reason is that if / = [{(mod a;),0 < [; < ay,
that is, if there exists such a positive integer d € N> that 0 < [ — (d — 1)a; > ay, and

| —da; < a;, we then have
Cli2)i £ Cx} + Clrpag @@ Vo
and an inclusion of the second parts of (C{)Ez}ii :

a|—1
Clilry @ Ve ¢ 3 clm)il.
i=0
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Thus we have

a;—1 ay;—1
Cl1, B2} = Z C{xa}x! + Z C{xa}xl = Z C{xa}x! + Z(Cx“‘+’
i=ay
a;—1 )
= Y C{i)i] + Cla(".
i=0

(2) For f = x{'x2 + x5%x1(a; > 2), there is an identity ¥/' %, = —X52X| () due to the
- 1 2 1 2
equality f = 0in C{xy, x»}. Thus we have a series of equalities:
C{xa}x|" = Cx{" + C{i )" = Cxj' + C{i} x5 71,
CLa)E™! = CaP ™! + Cla)a i,

)

C{m}_zl T=CH" T Cla
Cla}i ™ = Cr ™ + Clag £ Ci ' + Clnda @5,

Like in case (1), we observe a similar periodic result that all the second parts of C{iz}ii,

| > ay, are contained in Zf":Il (C{)Ez}i{ , since if there exist such a positive integer d € Nx¢
that! — (d — 1)(a; — 1) >a; — 1,and [ —d(a; — 1) < a; — 1, one has

C{ia)i) = CE| + Cry)rde (@D gl =+l
and the inclusion of the second parts of (C{)Ez}i{ :

ar—1
Cliplry @ @ V@D 3" cim)i.
i=1

Thus we have the expression of the local algebra of f = xf' X3+ xgle :

aj—1 aj—1
C{x1. B2} = Z C{R)x! + Z Cli}d] = ) Clia)i] + C{i J&]"
i=a i=0

[m}

Next we shall give, to some extent, simplified expressions of 7% J ( £) in their local algebras
C{x1, x2} of the binomial singularity of types (B) and (C).

Remark 2.1 A weighted homogeneous polynomial f of type (wq, ..., wy; d) satisfies the
Euler identity:

i

n 9 .
d-f= Zwixi% in C{x}.
i=1

In our case, the identity:

d d
d- f—w1x1ff + wox 2ff
0x1 0x7
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leads to equalities of elements in the local algebra C{x{, x2}/(f):

- _af _af
0=fe(f)=x1 f—xz ! *)
0X] axy’
as well as of ideals:
)E]J_l = )22.]_2, **)

where we use the notation (J;, J3) := ((%), (%)), and then a notation for J_(f), that
is, image of J(f) in the local algebra, i.., J(f) = J| + Ja.

Using the equality (**) here, we have a kind of simplifications of 7% J (f) for general
cases.

Lemma 2.2 For each binomial isolated singularity f, the ideal m* J(f) has the following
kind of simplified form, whenever k > 1, in its local algebra F (V) = C{xy, x2} :

m* I (f) =514 &, ) + BT+ 2.
Proof By Remark 2.1, one has

m*J(f) = (&, %}~ 1x2 L EHBTLEHU + )
=5 G LR B @ BT 7R
=Jflf1(il,f2)k +x211+x212(x1,x2) +x1 J
) G w2+
O

Lemma 2.3 Fortype (B) f = xi”xz +x§2, in the local algebra F (V) = C{xy, X2}, l’l_lkj(f)
has a simplification when k > 1 :

Z(—k+a2 1— zx1)+(xk+1 -aj— )+(xl+a1 +a2xk ;2 l)’

and specifically we have
(I1A). If3<a;1+ 1 <ayandk > ay + 1, there is

ay—2

ﬂkj(f): Z(—k+az 1—i 1)_,’_(xk+l (111 l)+()flf+al);

i=0
(IB). If2=a1+ 1 <ay andk > 1, there is
m*J(f) = (& + @&
(2A). Ifa1+1>ay >2anda; > k > ay, there is:

k—an k—1
I’I_l J Z(—Zaz 1 1 Z (—k+a2 1—i z)
i=k—ar+1
a|—1

—ay =i —k+a —ar—1 =ky.
+ Z(x22x’1) + (X7 Fak? T OXD;
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2B). Ifa1 + 1 >a, >2andk > ay > ap — 1, there is:

k—1—da k—dai+ai—az
n_ik.]_ Z (—k+(d+l)u2 da;—(d+1)—i = l)+ Z ()Eéd‘f’l)aZ*dii)
i=k—day
ar—1
+ Z (X§+a2+(d—1)(a2_al)_d_i)zi)+()E]1(+al).

i=k—dai+aj+1—ap

Proof The image of the Jacobian ideal of f = x{"x, 4+ x37 in its local algebra is
J(f) = ’1“ X2, X1+ ax x5 h.
By Lemma 2.2, when k > 1, we have
mEI(f) = 1D, 805+ B+ E

o cai—l= = = k=1, =k/= 1
= x (&) %) (31, )X 1—i-)cg()ca1 x2)+x1(x1 +axxy’ )

L @G B+ GO R + FE 4 axh
k—1

= S R a5,
i=0

(1). When 2 < a; + 1 < ap, we first have that

k—1
n_’lk.]_(f) — Z()E]Q(‘Jraz—l—lill) + (.Xk+1 —ay— )+ (xk+a1 +a2xtl2 1= k)
i=0
(1A). Ifa; + 1 < ap, k > a; + 1, firstly we have

ay;—1 k—1
rflkj(f)= Z(—k+a2 1—i - l)+2(fk+a2 1—i = l)+(xk+1 a|—1)
i=0 i=a

k 1-
+ (x +ai +a2xu2 llc)

Takei = a; — 1 in (kara2 =iz 1), we have

al+1<a2:>(xk+az aj a1—1)C(xk+1 —aj— )
Then when 3 < a; + 1 < a», we have
ar—1 a;—2
Z(—k+a2 1—i ’)+(xk+1 al—l Z( —k+ax—1—i z)+( k+1 al—l)7 (1A.1)
i=0
and this leads to the equality:
ay—2
n_ik.]_(f)z Z(—k+az 1—i z)+(—k+l a|—1)+z(—k+az 1—i ,)
i=0 i=a

k+a —ar—1 -k
+ (&N 4 axxy? X)),
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Considering Zk_ ;1 (_k”2 1= ’) above, we use the similar argument in Lemma 2.1 about

the decomposition of C{x, x»}. This argument shows that we can always lower the power
of X1 in ()chr“2 =i 1) of the sum Zk_all (_H“2 =i 1) to a number less than or equal to
a; — 1, by the identity x xl "% = xzz(*). After this reduction, we have

k—1 al—]
Z(—k+a2 1—i z) c Z (i12€+u27171i{). (1A.2)
i=aj i=0

To explain (1A.2) explicitly, there is the equality:

d—1 (h+1a;—1
_ktay—1— —ktay—1— —k+ay—1—
D Il S
i=a; = i=ha day

where d € N> issuchthatk — 1 — (d — 1)a; > aj, andk — 1 —da; < ay.
Furthermore, by the identity Xf' Xy = i;z (*), one has

k—1

Y@ w) (1A3)

i=aj
d—1 (h+1a;—1

_Z Z (—k+(h+l)a2 —h—1—i - 1 ha1)+ Z (—k+(d+1)az —d—1-i z dal)

h=1 i=ha i=dag
d—1la;—1 k—1—day

_ZZ(-k+(h+l)u2 h—1—i—hay - )+ Z (-k+(d+1)a2 —d—1—i—daj - )

h=1 i=0 i=0

And since there is

a+l<a=k+h+Da—h—-1—i—hay>k+a—1—i, VI<h<d-1

This fact leads to the inclusion:

d—1la;—1 a;—1
Z Z(—k+(h+1)az —h—1—i—hay - ) c Z(—k-‘raz 1—i = ) (1A4)
h=1 i=0

Takeh = 1in) (L, (_"H'(h'H)“2 —h-l=izhar g i), we have Z;.“:Bl()E];H”rz*i*“lii).Thus
by the assumption 0 < k — 1 —da; < a; andd > 1, we have

k+d+Da—d—-1—i—day>k+2a—-2—i—a;,0<i<k—-1-da; (1AS)

k—1—day d—laj—1
2 : —k+(d+1)ay—d—1—i—da z :z : —k+(h+1)ay—h—1—i—ha
= ( 2— 1z ) C ( 2— 1z )
i=0 h=1 i=0

By (1A.4) and (1A.5), we then have (1A.2):

a;—1

Z(—k+a2 1—i l)C Z(—k+a2 1—i = 1)

i=a)

Furthermore,
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we also have

a;—2
aZX;Z lx1 c Z(—k+a2 1—-i 1)+(—k+1 —aj— )

Thus we come to the result that for f = x{'x +x5%,if 3 <a; + 1 < as, k > a; + 1, one
has

ay—2
Ak J(f) = Z(—k+a2 1—i - 1)+(xk+1 a|—1)+(_k+al)

(AB).If2=a; +1 <ap,k > 1,thenfor f = x1x» + )Egz, according to Lemma 2.2, one
has

mET(f) = 81T (F B+ 25T+ 2R

:Z(—§+a2 1—i 1)+(‘k+1 —aj— )+(xl+1+a2—a2 lxl)

(—k+42 1—i - ’)+(xk+1)+(i{(+l+az_a2 lx]l{)

There similarly hold the inclusions:

Z(—k+az 1—i = z) c (—k+a2 1) - (xk+1),

1= —k 1-
azx;z i GZ( +ar—1—i 1

And then when 2 =a; + 1 < ap, k > 1, we have

mkT(f) = @+ @ .

(). QA)Ifa; +1>a>2,a; — 1>k >ar > 2, we still have

k—1
AT (f) = Y TR @R 4 @ apr 7).
i=0

And the inequality a; — 1 > k leads to the equality:

k—1 a;—1
Z( —k+ar—1—i l)+(xk+1 a171 Z(—k+ﬂ2 1—i l)+ Z(x xi)+(xk+1 111171)’
i=0

and k > ay leads to the following inclusion of ideals:

ay;—1

EHEh c e ¢ Z(x x;)cZ( n T ). A
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Thus we have

k—1
@HEh Y@ E), (2A.2)
i=0
k—1
n_’lkj(f)=2(_k+a2 1- z—z)_|_(xk+l —aj— )+(xk+a1 +a2xa2 1- )
i=0

a;—1

= Z(‘“"z‘l T+ Z(x;”xi) + @+ x5

In fact, this expression is still not simplified enough, we need to do more.
As one can see, by x| Xy = X572 (%), there is

a;—1
@2 = @2x) Z(x 25, (2A3)
and k > a leads to the inclusion:
k—a> a;—1
Z(—k+a2 1— 1—1) c (—2a2 1) c Z(ingll) (2A.3/)

i=0
Thusifa; — 1>k > ap > 2, we have

ar—1

mhJ(f) = Z("‘“‘Z TED + Y ERED + @+ wi ')

k—1 a|—1
—k+ay—1—i - i —k+a —ar—1-k
= E (X, ’)+§ (23D + (T + axy? T x)).
i=k—ar+1

To do quotient of (C{)El %2} by m* J () in the sequel, we add some terms to this expression
just like we add > 71, (xa2 i) above.

Thus when a; — 1 > k > ap > 2, we can take the following form of mkf(f) :

k—an k—1

kJ(f) — Z —2ar—1 - z)+ Z (—k+a271 l—z)
i=0 i=k—ax+1
Ll]—l

+ ) @R + @& + x5,
2B). If k > a; > ap — 1, still we have
mhJ(f) = Z( TR + @D+ @ 4 ax? T w,

By the similar argument used in the decomposition of C{x1, X2} in Lemma 2.1, we can

always reduce the power of x; in Z _IZ('HQ_I i 1) as well as in azxgz lxlf to a power
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less than or equal to a; — 1 using the equality x}' ¥ = 37 (x). Firstly, we have
k—1 )
wmF 7 e Y @ w), (2B.6))
i=a|
And suppose d € N>y issuchthatk — 1 —(d —1)a; > aj, andk — 1 —da; < a;, we also
have
daj—1 d—1 (h+1)a;—1
—ktar—1— —k -
N I w1
i=ha
d—1 (h+a;—1
—k+(h+1)ap—h—1—i - 1 hay
Z > & )
i=ha
d—1a;—1
_k-+(h+Day—h—1—i—hay -i
= D e,
h=0 i=0
da;—1 ) da;—1 o
Z ('i§+a2_l_l'ill) x Z ()zlchrdagf(dfl)flfziif(dfl)al)
i=(d—1)ay i=(d—Day
a;—1 )
— Z()Elz{-i_daz_(d_l)_]_t_(d_l)al)fi).
i=0

[

And by the assumption of d, Vd > h > 1, we have
k+Mh+l)a—-—h—1—i—ha >k+da—(d—-1)—1—i—(d - 1ay,

which leads to the inclusion:

day;—1 ) day;—1 )
Y@t i e Y @t ). (2B.2)
i=0 i=(d—1)a
Besides, we have
k—1 _ '
Z (—k+a2 1—i ;) Z ()E/2<+(d+1)az—1—l—ditlfda1) (2B.3)
i=dag i=dag
k—1—da;
_k+(d+Day—1—i—d—daj -
=) & ).
i=0

Dividing the right hand side of (2B.1) into two parts, one has

da;—1 ay;—1
Z ()EIZ(-MZ_I_Z)?D — Z(j§+da27(d71)71717(d7l)al)Ell) (ZB.I/)
i=(d—1)aj i=0
k—1—da; ) a;—1 )
— Z ()Eéc—k—daz—(d—l)—l—z—(d—l)m)211)+ Z ()E12(+da2_(d_l)_l_l_(d_l)a')fll).
i=0 i=k—day

By the assumption a; + 1 > ay, there is

k+dap—-d-1)—1—-i—Wd-1Day>k+d+1Day—1—i—d—day,
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which leads to the inclusion:

k—1—day k—1—da; i
Z (—k+da2 (d—1)—1—i—(d—1)a; 1) - Z ()212c+(d+])a2—1—l—d—da1/€i) (2B.4)
i=0 i=0

Z(-k+a2 1—i = l)

i=da

Take i = k — 1 — daj in the middle part of (2B.4), we get the ideal (x(d“q)a2 —d k - d‘”)

and the inclusion:

k—day+ay;—ay k—da+a)—az

Z (—k+da2 d=1)—1—i—(d—Day #) Z (x(d+l)a2 d- #) C (x(d+l)a2—di;<—l—dul)
i=k—da i=k—day
(2B.4)
k—1—da; )
c Z (f§+(d+l)a2_l_l_d_dal.fll) Z (—k+a7 1—i = 1
i=0 i=da;

Here the inclusion holds since there is

i<k—da+a—ax=k+dar—(d—1)—1—i—(d—Da; > (d+Dar—d

According to (2B.4) and (2B.4)’, we have

da;—1
Z (—k+az 1—i = )+ Z (—k+a2 1—i = 1) (2B.5)
i=(d—1a; i=da
a;—1 k—1
_ Z (—k+daz (d—1)—1—i—(d—Da; 1)+ Z(_k+a2 1—i l)
i=k—da+a;—ax+1 i=da
Take i = a; — | in ()Ek+da2_(d_l)_]_i_(d_l)alX{) above, we get the ideal

(_k (@d=Dtd@—a) 3 “‘71) and then we have

atl1>ap=k—Wd-1)+da—a)<k+1 (2B.6)

k+1 = lll (-]2‘_(41_1)"‘41(”2_“1))-6?1—])'

= (X, hc
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According to the inclusions (2B.1,4, 6) and (2B .4,5,6),ifk > a; > a» — 1, we have a
satisfying simplified form of m* J (f) :

da;—1
k3 -k 1- -k 1- 1
mk./(f)= Z( +ar—1-i - l)+ Z( +ax— lxl)+(xk+l —ar— )
i=0 i=da;
1
+(xl+d1 +a xaz ]lC)
da;—1
—k+ar—1—i —k+ar)—1—i k+a
= > &R+ Z( ED + T
i=(d—Da i=da;
ar—1
— Z (2126+da27(d71)7lfzf(dfl)al)Ell)
i=k—day+a;—ax+1
k—1—da;
—k+(d+1)ar—day—(d+1)—i =i -k
+ Z (x2+( +Day—day—(d+1) lXi)+(X1+al)
i=0
ar—1
_ Z ()?I2(+02+(d_1)(a2_a])_d_l)fll)
i=k—day+a+1—ay
k—1—da
—k+(d+1 d d+1 -k
+Z(+( Yar—dai—( )ll)+( +a1)
i=0

Then to do the quotient of C{X{, X2} by m*J(f) in the sequel, by (2B.4)’, we can add
some terms to this expression just like above in (2A). Thus when k > a; > a> — 1, we have

k—1—day k—dai+a)—az
I’I_’lkj(f) — Z (—k+(d+1)02 day—(d+1)—i - l) + Z (j§d+l)az_dji)
i=0 i=k—da;
ar—1
n Z ()E/2<+a2+(d—l)(a2—a1)—d—iii) " ()Ell(+al).

i=k—da+a+1—a

Lemma24 For (C) f = xf'xz + x;2x1,2 < a; < ap, in the local algebra F(V) =
C{&1, X2}, if k = a1, mXJ(f) has the following simplification:

ay—1

n_’lk.]_(f) Z(xk+a2 i l)+(x2+¢12 +(1]_k+1 —ar— )~I—(xk+a1)
i=1

Proof The image of the Jacobian ideal of f = x}'x, 4+ x37x; in its local algebras is
1

i} ) e o
J(f) =@ +arx{" X, X' + axxy? x).
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According to the Lemma 2.2, if k > 1, firstly we have
KT (f) = 510y Gy, E)R !+ 20+ 260

- ,-a —ar—1- \,= = \k— -k, -a —a;—1 —1-
:xl(x22+a1xll x2)(x1’x2)k 1+x§(x22+alxll x2)+x1(x1 +a2x2 x1)

— - \= = k=1, =k/= —ap—1 - k- —ar—1 -
(x§2x1>(x1 DB Fa T )+ H G a5

— Z(—k'f'aZ_]_l —l+1)+(x2+(l2 +a —k+1 ill )+(xk+al "f‘a —02 1')EI]C+])'
i=0
If2 <a; <ar, k > aj,thenthereis k — 1 > a; — 1, and we have inclusion of ideals:

k—1 a—2

—k4ar—1—i =i+1 —k+2a,—2— 1—l+2 —a k4ar—1— l— i+1

Z( TR S YD @ He Y @&rTTE,
i=a;—1 i=a;—1 i=0

which leads to the equality:

a;—2

Z(—k+a271 l—l+1)_ Z(_k+a27l l—z+l)+ Z (—k+a2 1- l—l+1)

i=a;—1

ay—2
_ktay—1—i —i+1
= 2:()62 2 .
i=0
Then we have
a;—2
k7 -k 1—i = k - k = 1
ka(f): Z( +ar—1—i l+l)+(x +a2+al k+1 a1 )+(x +ay T+ ark az 11<+1)
i=0
a;—1

k k 1=
= ST + @ @B + G+ arp w ),
i=1
Furthermore, for k > aj, we have the reduction of the power of x; in azx'f+1 27! This
reduction leads to the inclusion:

a;—1
—ap—1 - k+1 k+ax— l
ax,” x| € Z(x

Thus for f = x|"x2 +x5°x1(2 < a1 < az), we have when k > a; :

aj—1
k.](f)— Z(—k+a2 l—1)+( 2+al—a1 1 k+l)+(—k+a1)
i=1
O

We have given the formulas of the k-th Tjurina number for almost all but finitely many
values of k. Subsequently, as described in the step 4, we will complete these formulas for all
possible values of k.

Proposition 2.3 Ler (V,0) be a binomial isolated singularity of type B, defined by f =
x'x2 4+ x5% (2 < ay + 1 < ap) with weight type (2 L L. 1). Then

ayay ’ (lz

vy = | D@ - a2+1+k+3k k<a+1,
(a1+1)k+w+l k>a +1.

@ Springer



34  Page 20 o0of 35 Geometriae Dedicata (2023) 217:34

Proof (1). According to Lemmas 2.1 and 2.3 (1A), for f = x{'x2 +x5%,if 3 < a1+ 1 < ay,
and k > a; + 1, we have the simplified forms of C{x;, x»} and ka(f) respectively:

ar—1
Clin i) = Y Clia)d + Cla
i=0
ay—2
n_1kj(f) Z(—k+az 1— lxl)+(xk+l —aj— 1)+(xk+a1)

Thus we have

ko on C{il,iz}_aPz o
(f)=d 7mkj(f)_§(k+az 1—i)+(k+1)+k

_ (a1 — D)2k + 2ap — ay)

2k +1
5 + 2k +
2
Lll ai
=(a1+1)k+a1a2—a2—7+3+1_

Moreover, if 2 = a; + 1 < a», k > 1, according to Lemma 2.3 (1A), we have

Clx1, 2} Clxa} + Clxi 1
mkJ(f) @+ Eh”
k o C{xl,xZ}
°(f) = dim 7}1’1’{]_(]‘)
=(k+1)+k=2k+1.

This formula fits well with the situation when 3 < a; + 1 < ap.

(2).Inthecase2 <a;+1<ap, 1 <k <a;+ 1, as told in Step 4, one can complete
the formulas as follows.

According to Lemma 2.2, we have

* T(f) = 510 (G 8R!+ 55T + 7R

= 5 GE ) EL o)+ GO ) + BG4 ar T
2 E L B+ G R) + RE 4 ar
k—1
=Y @D + EHETD + G+ i w5,
i=0
Then there is
F(V) > I(C{)cz}xl—HC{xl}x1

mEI(f) AT R R 4 G e
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F(V)

Hence, as a module over (C, F 7

has a subcollection of basis consisting of
1,52, 53,..., ;T2

SIS SOOI s O

2 - -2 cktar—4 22,
X1 X2XT, ey Xy X1

—k—1 - —k—1 —ay—1-k—1,
X L XoX] o, Xt X

—a;—1 —k a1,1
X XXy s
as well as

T moxk, L RN *)

“k+1 = —k+1 —ap—1 —k+1.
Xy XX, Xy X7

-a1—2 - -2 —ay—1 -a;—-2
x1 xle R

Since in the quotient module — k J ( f) we have ()Ef”“ + azigz_] %) = 0, which leads to the

result that in C{x; }x{" =< x{ ,x;l'H,ff'H,-.- >, we havexk+al+h —arx5’” 'z {(Jrh-

ktath || <k < a; 4+ 1,h > 0.}, we observe that the
|1<k<a +1,0<h <a; —2—k.} have been counted
“271'1‘”' |l <k<aj,h>a —2—k}are

all zeros since we haveay — 1 >a; > k+ 1,k +h > a; — 1, and there is x’i“ i”*l 0

Thus for these generators in {x|

—ar—1 -
ones in {xk+al+h xgr gkh

in the above list (*); and the monomials in {X,

in _i(]‘:;) the monomial in {xa2 ! k+h | kK = ay, h = 0} has also been counted in the above
list (b), and all monomials in {X3>~ li’f”’ |k =aj,h>0}= {X%arzii’ | h > 0} are zeros
since there is x§+ 21 )E;‘Jr“rl =0and2ay —2>a; +ap — 1.
Thus the remaining part of the basis of the module —- (] (;) consists of
_111 ; )EfH_l, o iic—s—al—l.
Consequently, we have the dimension of this C-module:
F(V)
() = =[k+ar—D+k+a—-2)+ - +al
! ) (f)
+k+1)+axar—1—-k) +k
k +2a, — )k
= (#+(k+l)+a2(a1 —k—1+k
k* 4 3k
:alaz—az—i—l—i—T.

This formula fits well with the situation when & = 0.
The complete formulas of ¥ for f= xi”xz + xgz, 2<a;+1<ap,are

V) = ajay —ay + 1+ 53, k<a+1,
(a1 + Dk + 7(2“2 W=D 4 1 k>a +1.
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Remark2.2 For f = xg'xa +x5%,2 < a1+ 1 <ay,a1 > 1,1 <k <aj + 1, wedid an
operation above, like what is told in Algorithm.Step 4. We added some terms in the equality
of mK J (). This operation made n* J ( f) seem more complicated, but the operation is useful
when we do the quotient F(V)/m*J (f). The form of m* J(f) we used above is

ay—2
}’ﬁkj(f) Z(JE;-HQ 1—i = [)+ Z(—aZXll)_'_(xk-l—l —ap— 1)+(xk+al+az—tl2 1= k)

Propositlon 2.4 Let (V,0) be a binomial isolated szngularlty of type B, defined by f =
x{'x2 4+ x5 (a1 + 1 > ax > 2) with weight type (2=L L. 1) Then

ayay ’ a2

2
aay —ay + 1+ 55250 <k < ar,
2
agk—l—a](lz—l—f—%; ay <k;

W) =

Proof (1) If a; > k > ay, according to Lemma 2.3.(2).(2A), we have

k—a> ay—1

it 1(f) = Z(x”‘z )+ Z ) + Z(x )

i=k—ax+1

k —ay—1 -
+ (x; +ai + arxy’ x/f).

Consequently, we have

() = aim ST _ g, B! CLIT + Clo Y
m*J(f) mk I (f)
k—an k—1 a;—1
= |:Z(2a2— 1)] + Y kta-1-0|+ |:Za2:| +k
i=0 i=k—ar+1 i=k
ar—2
=k—a+1)Qa—D)+[Y_ Qa—2—Dl+ (@ — 1 —k+ Day +k
i=0
2
= ark + aray + - — %2.

2)Ifk > a; > a» — 1, according to Lemma 2.3.(2).(2B), we have

—1— k—da)+a;—a>
r;lk.]_ Z —k+(d+l)az da;—(d+1)—i - z)+ Z ()EédJrl)HZ*dii)
i= i=k—da)
a;—1
+ Z (—k+a2+(d D(ax—ay)—d—i - z)+(xk+a1)

i=k—da)+a1+1—a
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Then we have

Y ClE)E 4 CE R
mkJI(f)

*(f) = dim

k dal 1
=|: Z (k+d(a2—a1)—(d+l)+a2—i):|+(a1+1—a2)(da2—d+a2)
i=0
a1—1
+ Y ktatd-D@—a)—d-i)|+k
i=k—daj+a +1—az

ar—1
= |:Z(k+d(a2—a1)—d+i):|+(a1+1—a2)(da2—d+a2)+k
i=1

fraa+ 2 -2
=ap ajap ) 2

QIfl <k <ay,
by Lemma 2.2, when k > 1, firstly we have

W T(f) = E) G, 8+ GO T R + G 4+ axh
=Z(£/2<+az—l—iii)+(xk+l —a)— 1)+(xk+a1 +a2xa2 | k)
i=0

Sincethereis 1 <k <ar <a;+1=1 < k <ay —1 < a; — 2, following the Algorithm
Step 4, we can take the expression of m*J (f) :

a)— -2
I’t_lk.l_(f) Z(—H—az 1—i 1)+ Z(x le)+(xk+1 —aj— 1)+(xl+a1 +a2)2kxgz 1).
Then we have

Cfx1, 02} _dimz‘”‘ C{2)x] + Clx)x)"

k
T(f) =dim ——= =
mkJ(f) mk J(f)
k—1
=Z(k+a2—l—i)+(a1—2—k+1)a2+(k+1)+k
i=0
= +1+%+E
=aray — ax > 7

This formula fits well with the situation when k = 0.
Finally, we have

2
ajay —ar + 1+ 5240 <k < a,
2
a

vy =
amk +ajax + ”72 — 5 a <k
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Proposition 2.5 Ler (V,0) be a binomial isolated singularlty of type C, defined by [ =

a a . . 1 _
x{'x2 + x5°x1 (1 < ay < a) with weight type (u‘l’éz T a‘:;z 2 D). Then

alaz—l—ka 0<k<ay,a =2,
k
(V) = (a1+1)k+a1a2+——— k>a >2,

2k +1; k>0,a =1.

Proof (1). By Lemma 2.4,if2 < a; < ay, k > a;, we have

Cix, o) Zal ](C{xz}xl + Cx;}x}!
mkJ(f) > 1(‘k+"2 is ’)—I—(x2+ 2+al—k+1 —aj— 1)+(—k+a1)

Thus, when 2 < ay < ap and k > ay, we have

] - ClF, B — .
T(f):dlmn_’lk.]_(f):(k+a2)+|:§(k+az_l) +k
2

=(a1+1)k+a1a2—a?1+az—l.

2).2a)If 1 =a; <ap,and k > 1, we know

Cix1, x2}

Cixi.x2} = ——74—.
(x1x2 + x57x1)

and by Lemma 2.2, we have
AR (f) = 5172 + 2 @1, 22X+ FEE? + 2 + 7F @+ aaxy T R,
And then there is:

(f)
di C{x1, x2}
=ddm ————
m*J(f)
Clx1, x2}

(x1x2 + X52x1) + F1 (852 + %2) (F1, ¥2)k 1 + X5 (752 + %2) + XK (%) + ap%5?

= dim ——
X1)

Since in the local rings C{xy, x2} or C{x1, X2}, we have

(xix2 + x52x1) = xpe(l +x5271,

FE? + )@ ) = 8nE T + D@EL )
RGP o) =@,

@+ axy’ ) = ka(l + arxy?” b,

ar—1 -ar—1 1

and that 1 +x,” , X, +1,1+ az)c“2 are all units.
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Consequently, when 1 = a; < ap and k > 1, we have

Cix1, x2}
(r1x2) + FE (1, B)F L+ (BT + @
Cix1, x2}
(x1x2) + (le) + (_Hl)
=20+ 1) —1=2k+1.

() = dim

= dim

(2b) Inthecase k = 0,1 =a; < ap,itiseasyto get t(f) = 1.
(3a) For the case 2 < a; <ap and 1 < k < ay, according to Lemma 2.2, firstly we have

kT (f)
= %1 J1 (%1, X2)F ! +5c]2‘f1 +i{‘f2

- /=a —a;—1 = - = ~\k—1 -k =@ -a —1 -
= 0G24 a7 )G )+ BAGE 4 s R + G 4w )

15

—ar= No= = k=1 | =k = - _ai—1\ | =k =a —ar—1 =
(XX G, )+ X5 (E52 + ar%ox]! ) + X (R + aax5?T X))

-k = k = k -
=Z(x2+az —i l+1)+(x +az+a1 k+1 = al )+(x +ay + X az {<+1)

-k = k = = 1-
_Z( +ax—i ’)+(x2+a2+a1 k+1 a1 )+(xl+c11 + arx az 11c+l)
i=1

There we come to the situation mentioned in Algorithm.Step4. Thus we take an equivalent
expression of mEI(f) :

ar—1
_k.](f) _Z(—kJrag l—z)+ Z(x x§)+(x2+a2+al—k+l ?1 l)
i=1 k+l

k+a @ —k+1
+(xl 1 +a2 2— 1+ )

Considering C{x»} =< 1, X3, )222, ... >, the submodule of C{xy, x;}, we have
( —k+as +a xk+1 a1 ) 0= i —k+az _ )_ck'H ill—l’
which means 9212(+“2+h, h > 0in C{xp} =< 1, x3, )222, ... > are either equal to zero or
have been counted as generators. Thus C{x;} =< 1, 12, )E%, ... > contributes to %f}‘:;) a
collection of basis:
- =2 —k+ay—1
1, %2, X5, ..., %, 7.
Similarly, in the the quotient module — k J ( f) we have x3” lii‘“ = x]f“”. Thus elements
like x\ T p > 0 in C(x)3" =< )zf‘,;f‘“,if‘”, ... > are either equal to zero or
have been counted as generators.
Consequently, C{x;}x]" =< x| ,)Eflﬂ, ii”“, ... > contributes to mi;‘(/}) a finite col-
lection of basis:
o —aj+1 —a+2 —k+a;—1
XL x0T T .
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Thenif 1 <k <a; —1,a; > 2, one has

. %
=dim ———
T =dm e
(kta— D+t a]tal@ —1) — G+ 1)+ 1]+ k+a) + )
k+2a, — Dk
— %ﬂa(al k=D 4 (k+ay)+k
- K 3k
—a1a2+5+7.

Bb)Ifk=0,2 <a; <ay, wehave 7(f) = aja.
Consequently, we get the complete formulas of 7% for f= x%1x, + xgzil( 1 <a <a):

a1a2+§+%§ 0<k<ay,a >2,
X 2
TV =V (@ +Dk+aa+ % — Gk =a =2,

2k + 1, kz0,a1=1

2.2 From the k-th Tjurina number 7* to the k-th Milnor number p*

Lemma 2.5 Let A be a ring, and M be an A-module. If My, M> are submodules of M, then

M+ M) . (M)
M,y - MlﬂMz’

and there is an exact sequence:
(M1 + M3) M M
_ e

_— 0.
M; M; (M + M>)

0

Corollary 2.2 For f € O, = C{x1, ..., x,}, there is an exact sequence:

(f) +m I (f) On On
k k k
m*J(f) m*J(f) (f) +m*J(f)
which leads to an equality of the k-th Tjurina number and k-th Milnor number:

00— 0,

k
dim —2" = dim ——2" i LTI
mkJ(f) (f) + mkI(f) mkJ(f)
ie.,
k(fy = ok () +mEI(f)
w(f) =t°(f) +dim I

Proof Use Lemma 2.5, and let A, M| and M, be O,,, ka(f) and (f) respectively. O

Proposition 2.6 For an isolated singularity defined by a weighted homogeneous polynomial
f of type (wq, ..., wy;d), we have its k-th Tjurina number and the k-th Milnor number
satisfying

k—2
WA = TR + (” +n )

@ Springer



Geometriae Dedicata (2023) 217:34 Page 27 of 35 34

Proof By Corrollary 2.2, we only need to check that:

(f) +mkI(f) <n+k—2>
m--———= .
mkJ(f) n

A weighted homogeneous polynomial f of type (wy, ..., wy,; d) satisfies the Euler iden-
tity as mentioned in Remark 2.1:

n 9 '
d-f= Zwixia—){_ in C{x},
i=1 !

by which we know f is contained in J(f), and then we have

(f) CcmJ(f) = m*L( ) cmFIch.
By Lemma 2.5, there is

(f) +m*J(f) ~ @)
mkJ(f)y  (HNmkI(f)’

In W all the nonzero elements are exactly the images of the elements that belong to
the submodule m’(f), 0 <1l <k — 2. Thus we have
k—2 k
J
me D im S () = dim DD
(f) N mEJ(f) i mkJ (f)
_(nt+k-=2
= . .
Consequently, we have
n+k—2
GESER < . )
And for the binomial case in this paper, we have
2+k-2 k(k—1)
wEn =N+ ( ) ) =N+ —5—.

[m}

By Proposition 2.6, once we have known the formulas of the k-th Tjurina numbers 7% (f),
we have a quick way to give the formulas of the k-th Milnor numbers!

Prop05|t|on 2.7 Let (V,0) be a binomial lsolated singularity of type A, defined by f =
x' +x5% (2 < ay < ap) with weight type (— 1). Then

7u7

& ajay — (a1+a2)+1+k2+k 0<k<a,
u (V)= Qar—a)(a—1)
(a1 — bk + Quzap@=h L 2y > o)
PropOSItlon 2.8 Let (V,0) be a binomial isolated smgularlty of type B, defined by f =
x1 "xo +x2 (2 < ay + 1 < ay) with weight type (ma2 , az 3 1). Then
X ajay — a2+1+k2+k O<k<a +1,
" (V) = (2ay—ay)(a;—1)
(@ + Dk+5 +72 =) 4 15 k> ay + 1;
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Proposition 2.9 Ler (V,0) be a binomial isolated singularity of type B, defined by f =
x'x2 4+ x57 (a1 + 1 = ax > 2) with weight type (2=1 L. 1) Then

ayay ’ ay’

alaz—ag—i—l—i—k—i—kz; 0<k<a,

k

(V) = .
a (a—%)k+§+alaz+%2—a72;az§k;
Proposition 2.10 Let (V, 0) be a binomial isolated singularity of type C, defined by f =

ap a . . ar—1 ar—1 .
x| x2 +x5°x1 (1 < ay < az) with weight type (am_l, a1 1). Then

K+ k+aa; O<k<apa =2,
2 2
/Lk(V)= (al—i—%)k—i-%-l-alaz-i-%—%l; k>a; >2,
E+¥dn k=0.a =1

3 Proofs of theorems

Proof of Theorem A.

Theorem A follows from Propositions 2.2— 2.5 immediately.
Proof of Theorem B.

Theorem B follows from Propositions 2.7-2.10 immediately.
Proof of Theorem C.

Proof It follows from Propositions 2.2 to 2.5 that the inequality

(B 0<k< L, 2L < L

1 1 wiwz wy’ = w = w’
TWWEﬁ(—w—>=

wy w2 (E-L)GE-1
koy lwp wy w7 1 11
w1 + 2 ’ k z wy’ 2 = wi = wy

holds true. ]

In the following proof of Theorem D, we shall distinguish a simple hypersurface singularity
from the other by using the corresponding dimension of the Lie algebra L?(V), minimal
number of generators of the nilradical of Lie algebra L2(V) or the dimension sequence of
the derived series.

Proof of Theorem D.
Proof Tt is easy to see that L2(Ak) associated to the series
A i+t =0y cClik > 1,

has dimension

k+6; k=2
2 o k=2,
AM“_{& k=1.

In the case k > 2, the Lie algebra L2(Ak) has the following basis:
e1 = (k+ 1)x101 +2x200, e = x§81, e3 = xzzaz, eq = xiaz, co e = xlz(_laz,
e+l = x§81 +2x102, epy2 = x§82, eky3 = X1X202, €pi4 = x§+132,

k+1
ek+5 = X1X201, €k+6 = X, O1.
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Let g(Ay) be the nilradical of Lie algebra L>(Ay), one has

g(Ay) =< ez, e3,e4,..., €46 > .

The nilradical g(Ay) has the following multiplication table:
Case 1. If kisevenand kK =2/ + 8,/ > 1, then

lez, e3] = —kerr6, le2, exv1] = ery2, lea, eki3] = exva, €2, exts5] = ek,
les, ea]l = es, les, es] =2e6, le3,ecl=3e7, ..., les, ex] = (k—3)ep,
les, ex+1] = —2ex+3 + kerye,  [e3, exr2]l = (kK — 2)exa,

lea, es] = e7, lea, ec] = 2es, [ea,e7] =3e9, ..., lea,er—2]= (k—6)e,
lea, ex—1] = (k — S)erya, lea, ex] = (k — g4,

les, es] = e9, [es, e7] = 2e10, les, es] =3e1r, ..., les,ex—3]1= (k —8)e,

les, ex—2] = (k — Terya, les, ex—1] = (k — 6)exi4,

lei+s, erv6] = ext10,  ler+s, er+7] = 2e1 412,
[e2i+9, eai+13] = —enrv13,  [ear+9, €e2+14] = —e2i412.

Case 2. Ifkisoddand k =21 +49, [ > 0, then

lez, e3] = —kekts, e, ext1] = erva, lez, ki3] = exta,  le2, exts] = erys,
lez, es] =5, ez, es] =2es, [e3,e6]l =3e7, ..., le3,ex] = (k—3)ers,
les, exr1] = —2e43 + kexre, 3, exy2]l = (k — 2)ext4,

leq, es] = e7, [es,ec] =2es, le4,e7] =3ey, ..., [e4,ex—2]= (k— 06)e,
le4, ex—1]1 = (k — S)ery2, les, ex] = (k — 4)epa,

les, es] = e9, les, e7] = 2e10, [es,es] =3err, ..., les,ex—3]= (k—8)e,

les, ex—2]l = (k — Teryo, les, ex—1] = (k — 6)ext4,

leir6, e119] = exv13,  [ear10, €2i414] = —e2i412,  [€21410, €21415] = —e21413.

It follows that when £ > 9, the minimal spanning set of the nilradical g(Ax)/[g(Ax),
g(Ap)]is

{e2, €3, e, ekt1, exqs).
It is easy to see that the Lie algebra L%(Dy) associated to the series
Dy i+ x5 =0) c C%k > 4,
has the following dimension:

k+10; k=5,

2(Dy) =
* (Dk)_{l3; k= 4.
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In the case k > 5, L%(Dy) has the following basis:
e1 = (k—2)x101 +2x202, ex = ()cI;2 +x12)81, e3 = —Xx1Xx20] +x2282,
e4 = x]2€7381, es = (X]2€72 +x12)82, eq = x%&z, e7 = x’zﬁzal,
eg :x%&z, €9 :xgaz, el :xfaz, cee k42 :x§7382,
ep43 = x’2‘7281 + X1x202, €pt4 = x§7232, ept+s = x?az, ek16 = x1x§8z,
ek+7 = x]2‘7182, €48 = x1331, ext9 = x1x§81, €k410 = x12€7181.
Let g(Dy) be the nilradical of the Lie algebra Lz(Dk) associated to Dy, one has
g(Dy) =< e, e3,e4,..., €410 > .
The nilradical g(Dy) has the following multiplication table:
Case l.If kisevenand k =2[+6,[ > 1, then
le2, e3] = —kert10, le2, es] =2eqs, ez, e6]l = —(k — 2)ex+10,
le3, ea]l = (k —2)e7, [e3, e5] = kert7 + exvs, 3, e6] = exo,
les, e7] = (k — Dex+10, Le3, es] = e9, [e3, e9] = 2e10, le3, €10l = 3err, ...,

les, ext2] = (k — S)epta, le3, exi3] = —2ex16 + (k — 2)er+10,
le3, exral = (k — Depy7, [ea, e6] = —(k —3)e7, [ea, eg] = —(k — 3)ex+10,

lea, ex+3] = ex+a, [e4, ek16] = ekt7, lea, ext9]l = ext10, les, e6] = —(k — 2)ex7,
les, ex+3] = ex+s, [es, e7] = (k — 2)ex+10, [e6, es] = €9,  [e6, e9] = 2e0,

les, er0] = 3err, ..., les, ekt2] = (k — 5)exa,
les, ex+3] = —ek+6 + (k — 2)exr10,  le6, ex+a] = (kK — Dext7, le7, €3] = ex7,
les, e9] = e11, les, er0]l = 2e1, les, e1n]l =3e13, ..., les,ex] = (k — 8)exa,
les, ex+1]1 = (k — T)epya, les, ekt2] = (k — 6)ex+7,
leg, er0] = e13, leg, e11] =2e14, leg, e12] =3ers, ..., [eg, ex—1]= (k —10)ej2,

leg, ex] = (k — Dewta, leg, exp1] = (k — 8)exy7,
lei0, e11]l = e1s,  [ei0, e12] = 2e16, ler0, e13] =3er7, ...,
le10, ek—2] = (k — 12)exq2, [e10, ex—1] = (kK — 1D)exra, [er0, ex] = (k — 10)ex7,

ler+7, er+8] = ex+10,  [er+7, e149] = 2e21413.

@ Springer



Geometriae Dedicata (2023) 217:34 Page 31 of 35 34

Case 2. Ifkisoddand k =2/ + 5,1 > 1, then

le2, e3] = —kery10, [e2, es] = 2exts, [e2, e6] = —(k —2)ext10,
[e3, eq] = (k —2)ex—a, [e3,es] =kexy7 +exqs, les, eg]l = exyo, ez, e7] = (k — Deryio,
[e3, eg] = e9, [e3,e9] =2e10, [e3,e10] =3e11, ...,

les, ex+1] = (k — 6)erya,

les, ex+2] = (k — S5)exta, [e3, ex+3] = —2e6 + (k — 2)exy10, €3, ekta]l = (k — egyr,
lea, ec] = —(k —3)e7, lea, eg] = —(k — 3)ekt10. lea, exy3] = exta, lea, exy6] = ex17,
les, ex+9] = ext10, les, e6] = —(k —2)ext7, les, ex+3] = exts, les, e7] = (k — 2)ex+10,
[es, es] = e9, [eq, e9] = 2e10, les, e10]l = 3er1, ..., les, ex+1] = (k — 6)et2,

les, ex+2] = (k — S)ex+3,  le6, ex+3] = —exr6 + (kK — 2)ext10,  [e6. ek+a] = (k — Hegy7,
le7, ex+3] = ex+7, les,eol =err, les, er0]l = 2e12, les, el = 3eys,

o less ex] = (k — 8)ej2,
les, ex+1] = (k — Tepta, les, ext2] = (k — 6)ex7,

leg, e10] = e13, [eo, e11] =2e14, [eg, e12] =3e1s, ..., [eg,er—1]= (k —10)er42,
[eg, ex] = (k — Oerra, [eq, ext1] = (k — 8)ex47,
lero. er] = e1s, le1o, e12] = 2e16, lero, ezl =3e17, ..., leio, ek—2] = (k — 12)exq2,

le10, ek—1]1 = (k — 11)ext4, [er0, ex] = (k — 10)ex47,

lei+7, e1+8] = exry12.

Itfollows that when k > 7, the minimal spanning set of the nilradical g(Dy)/[g (D), g(Dx)]
is {e2, €3, ea, €5, eq, €3, ex43}. Therefore when k > 7, nilradicals of Lie algebras associated
to the series Ax and Dy have different minimal numbers of generators.

Notice that the two pairs (L%(Ds), L%*(Ag)) and (L%(Dg), L?(A0)) have the same dimen-
sion. The minimal numbers of generators of the nilradicals of L%(Ds), L*(Dg), L*(Ag) and
L?(Ay0) are 6,7, 5 and 5 respectively. It is easy to see that A2 (Eg) = 17, A2(E7) = 19,
22(Eg) = 20. Next we need to distinguish the remaining pairs which have the same dimen-
sion. We only need to consider the following four cases:

(1) L*(Ee) 2 L*(D7), L*(Ee) 2 L* (A1), L2 (D7) 2 L*(Any),
(2) L*(E7) 2 L*(Dy), L*(E7) 2 L*(A13), L>(D9) 2 L*(A13),
(3) L*(Es) 2 L?(Dyg), L*(Eg) 2 L*(As), L*(D1o) 2 L*(A14),
(4) L2(Dg) 2 L*(A7).

Now it is sufficient to prove the following proposition.

Proposition 3.1 The Lie algebras L*>(V) associated to simple hypersurface singularities in
the following four cases are not isomorphic:

(1) L*(E¢) 2 L*(D7), L*(E¢) 2 L*(A11), LX(D7) 2 L*(A1),
(2) L*(E7) 2 L*(D9), L>(E7) 2 L*(A13), L*(D9) 2% L*(A13),

(3) L*(Es) 2 L*(D1o), L*(Es) 2 L*(A1s), L*(D1o) 2 L*(A1a),
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(4) L*(Dyg) % L*(A7).

Proof Case (1). It is easy to see that L%*(Aq) is a 17-dimensional complex Lie algebra
spanned by the following basis:
_ _ 11 _ .2 _ .3 _ 10
el = 12x101 +2x202, e2 =X, 91, €3 =x302,€4 =X502,...,€1] =Xy 02,
12
en =301 + X182, e3=x3'0, e =x108, e1s =370, el = x1X291,

el = x21231.
The nilradical g(A11) of the Lie algebra L%(Aq)) is spanned by

ez, e3,e4,..., €17}

The nilradical g(A11) has the following multiplication table:

[e2, e3] = —1ley7, [e2, e1n] = e13, [e2, e14] = ey5, [e2, e16] = €17, [e3, e4] = es,

[es, es] = 2es, [e3, e6] = 3e7, [e3, e7] = des, [e3, eg] = Se, [e3, e9] = 6ejo,

[e3, e10] = Teq1, [e3, e11] = 8eis, [e3, e12] = —2e14 + lley7, [e3, e13] = 9eys, [es, es] = e7,
[es, e6] = 2es, [ea, e7] = 3eg, [e4, es] = 4ej0, [e4, e9] = Seyy, [e4, e10] = 6ey3,

[e4, e11] = Teis, [es, ec] = e, [es, e7] = 2e10, [es, es] = 3ei1, [es, e9] = 4ey3,

[es, el0] = Seis, [es, e7] = e11, [es, es] = 2eq3, [e6, e9] = 3eys, [e7, es] = eis,

[e12, e16] = —e14, [e12, €17] = —eis.

It follows from the multiplication table that the sequence of dimensions of derived series is
{16, 11,5, 0}.

It is easy to see that L2(D7) is a 17-dimensional complex Lie algebra spanned by the
following basis:

2 . 2 4
e] =5x101 +2x202, ex = (xi +x7)31, e3 = —x1X201 +Xx502, e4=2x501,
5, 2 2 5 3 4 5
es = (x5 +x7)02, e =x502, €7 =x501, eg=2x302, €9 =Xx502, ej0= X501+ X1X202,
5 3. 2. 6. 3 2
el =Xx502, e =xj02, e13=x1x302, ey4=2x,02, e|5=x7d1, e16=X1Xx301,

ey7 = xgal.
The nilradical g(D7) of the Lie algebra L?(D7) is spanned by

{e2,e3,e4,..., €17}

The nilradical g(D7) has the following multiplication table:

[ez, e3] = —Te17, [e2, e5] = 2e12, [e2, e6] = —5Se17, [e3, e4] = Se7, [e3, es] = Tey4 + €15,
[e3, ec] = e16, [e3, e7] = 6e17, [e3, eg] = e9, [e3, e9] = 2e11, [e3, e10] = —2e13 + Sey7,
[e3, e11] = 3eu4, [es, eg] = —4e7, [es, es] = —4ey7, [es, e10] = e11, [e4, €13] = e14,

[es, e16] = e17, les, es] = —Sey4, [es, e10] = e12, [es, e7] = Se17, [es, eg] = eo,

[es, e9] = 2e11, [es, e10] = —e13 + Sei7, [es, e11] = 3ens, [e7, e10] = €14, [es, e9] = eya.

It follows from the multiplication table that the sequence of dimensions of derived series is
{16,9,3,1,0}.
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It is easy to see that L2(Eg) is a 17-dimensional complex Lie algebra spanned by the
following basis:

e =4x10] +3x207, e = x%Bl, e3 = 2x1x201 — x%Bg, eq = x%’i)l +x1282,
e5 = x1281 — X1X202, eg = x2282, €7 = X1X20p, eg = xlxgal, e9g = xlzf)z,
el = x1x§82, el = x1x§81 — x;az, e = xlzxzaz, e;3 = xlx;az, el = x;az,
e|5 = x12x281, el = xlxgal, ey7 = xgal.
The nilradical g(E¢) of the Lie algebra L2(Eg) is spanned by:
{ea, e3,e4,...,€e17}.
The nilradical g(E¢) has the following multiplication table:
[e2, e3] = deq + dey, [e2, ea] = 2e10 — 2e1s, [€2, es] = e11 — 3es, [e2, e6] = —2e4 — 2ey,
[ez, e7] = €11 — es, [ea, eg] = e17, [e2, e9] = —2e10 + 2e15, [e2, €10] = €14 — 2eye,

[e2, e11] = —3ey7, [e2, e1n] = 2e13, [e2, e15] = 2eys,
[e3, e4] = 6e12 — 3ey7, [e3, es] = 3ejp — 4eys,

[e3, ec] = —2es, [e3, e7] = 3e10 — 2eys, [e3, es] = —2ey6,

[e3, e9] = —6e1n — 2e17, [e3, e10] = 2e3,

[es, e11] = —eiq, [eq, es] = —2e14 — Seys, [e4, ec] = 2e12 — 3ey7,
les, e7] = —3es, le4, e9] = —2ey3,

[es, es] = e10, [es, e7] = —e12, [e5, es] = —e13, [e5, e9] = —3ei4,
[es, e11] = 3e1s, [es, e7] = —el0,

[es, es] = 2e16, [es, e9] = 2e12, [e6, e11] = e14 — 2eys,

[e7, es] = —e13, [e7, e9] = —eia, [e7, e11] = 3ey3.

It follows from the multiplication table that the sequence of dimensions of derived series is
{16, 10, 0}.

Therefore the Lie algebras L%(D7), L*(Eg) and L2(A ;1) have different sequences of dimen-
sions of derived series. Therefore these three Lie algebras are pairwise non-isomorphic.
Similarly we can prove the cases (2), (3), and (4). O

It follows from Proposition 3.1 that the Lie algebras L2(V) associated to the simple
hypersurface singularities, in the corresponding four cases, are non-isomorphic. Therefore
we completely characterize the simple hypersurface singularities by using their Lie algebras
L2(V). o
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