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1. Introduction

An arrangement of hyperplanes is a finite collection of C-linear subspace of
dimension (I — 1) in C". For such an arrangement .o/, there is a natural
projective arrangement o/* of hyperplanes in CP'~! associated to it. Let
M(«#) =C' — | J{H:He &/} and M(/*) = CP'"! — | ) {H*: H*e &/*}. Then
it is clear that M(&/) = M(&/*) x C*. The central problem in the theory of
arrangements is to find connections between the topology or differentiable
structure of M (/) (or M(£/*)) and the combinatorial geometry of 7.

The study of the topology of M(</) is important both in the theory of
hypergeometric functions. (See the work of Gelfand [Ge] and his subsequent
papers, the work of Deligne and Mostow [De-Mo] and subsequent papers by
Mostow) and in the singularity theory ([Ar], [Br], [De] and also [Ca].).
Moreover, it plays a role in some interesting problems in algebraic geometry
(see especially the works of Hirzebruch [Hi] and Moishezon [Mo].).

Let M, denote the braid space with [ strands i.e., M, is the complement
of complexified braid arrangement A, defined by Q =Il;<i<j<i(z; — z)).
In 1969, Arnold [Ar] was able to calculate the Poincaré polynomial of
the pure braid space M, and the cohomology ring structure of H*(M)). In
general for an arbitrary arrangement 7, define holomorphic differential forms
wy = (1/2ni)(da /o) where ay is the linear form defining the hyperplane H
for Heo/ and let [wy] denote the corresponding cohomology class. Let
R() = Dl=p R, be the graded C-algebra of holomorphic differential forms
on M(</) generated by the wy and 1. Arnold conjectured that the natural map
n — [n] of R(&Z) - H¥(M(&Z), C) is an isomorphism of graded algebras. This
was proved by Brieskorn [Br] in 1971 who showed in fact that the Z-
subalgebra of R(«) generated by the forms wj and 1 is isomorphic to the
singular cohomology H*(M (), Z). Although Brieskorn proved the Arnold
conjecture, it was not known whether the algebra R(/) is determined by the
combinatorial data of &/, since the linear forms enter the definition of R(s/).
In 1980, Orlik and Solomon [Or-Sol] showed that for an arbitrary arrange-
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ment ./ the Poincarté polynomial of M(</) equals the Poincaré polynomial
of o/. Hence the betti number of M(s7) is combinatorially determined. They
also introduced a graded algebra A(s/) in [Or-Sol]. It is a combinatorial
invariant of &/. The main result of [Or-Sol] asserts that there is an isomor-
phism of algebras A(&/) ~ R(&7). This, together with the Brieskorn solution to
Arnold’s conjecture, imply that the cohomology ring H*(M (&), C) is a
combinatorial invariant of /.

The next difficult unsolved problems involve the homotopy groups of M (/).
In a Bourbaki Seminar talk, Brieskorn [Br] generalized Arnold’s results. He
replaced the symmetric group and the braid arrangement by a Coxeter group
W acting in R'. Then A acts as a reflection group in C'. Let o = o/ (W) be its
reflection arrangement. Brieskorn conjectured that /(W) is a K(=, 1) arrange-
ment for all Coxeter groups W. He proved this for some of the groups by
representing M as the total space of a sequence of fibrations. Deligne [De]
settled the question by proving that complement of complexification of real
simplicial arrangement is K(x, 1). This result proves Brieskorn’s conjecture
because the arrangement of a Coxeter group is simplicial. Shepherd and Todd
[Sh-To] classified finite irreducible complex reflection groups. Recall that real
reflection groups are also called Coxeter groups because finite irreducible real
reflection groups were classified by Coxeter [Co]. Every real reflection group
may be viewed as a complex reflection group. There are examples of complex
reflection groups which are not Coxeter groups. Orlik and Solomon [Or-So2]
conjectured that all the complex reflection arrangements are K(=w, 1). For a
subclass of irreducible complex reflection groups called Shepherd groups, this
was proved by Orlik and Solomon [Or-So3]. The conjecture is still open for
the remaining irreducible complex reflection groups. In [Sal], Salvetti made a
fundamental contribution to the understanding of the higher homotopy in the
complement of an arrangement. He considered a union of real affine hyper-
planes in C' with complement M and constructed explicitly a CW-complex
X = M of dimension [ with the homotopy type of M. Recently, he introduced
a class of cellular complexes by which Deligne’s result is re-proved and
generalized [Sa3]. Orlik [Or] has constructed for all arrangements a finite
simplicial complex of the homotopy type of M. In [Ar], Arvola exhibits a
simplicial homotopy equivalence between Salvetti complex and Orlik complex
in the case of real arrangement. Recently, Bjorner and Ziegler presented a
general method for constructing regular complexes with the homotopy type of
M(<7). They generalized the construction of Salvetti [Sal] to complex arrange-
ments, gave a new proof of Brieskorn-Orlik-Solomon theorem and investigated
a class of topological deformed complex arrangements [Bj-Zi].

The difficult and still unsolved problem is whether the topological or
diffeomorphic type of complement M (<) of an arrangement is combinatorial
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in nature. The purpose of this paper is to give a partial solution to this
problem. Let o/ be a central arrangement in C> and &/* be the corresponding
projective arrangement in CP2. We can define a graph G(&/*) which depends
only on the combinatorial data of the arrangement. An arrangement &/* is
called a nice arrangement if after removing pairwise disjoint star shaped
subgraphs of G, the graph becomes a forest.

MAIN THEOREM. Let o/, and s/, be two central nice arrangements in C* and

* /% be the corresponding projective arrangements in CP2. If the lattices of
&/, and o/, are isomorphic, then the complements of the projective arrangements
A%, /% in CP? are diffeomorphic to each other.

The proof of our Main Theorem above actually works for much general
arrangements. We shall give an example in Section 4 to demonstrate this. Any
arrangement such that the proof of our Main Theorem works is called a good
arrangement. Given a projective arrangement o/* in CP?, it is important to
find a presentation of the fundamental group of the complement M(</*) and
determine whether 7,(M (&/*)) depends only on the lattice L(<Z). If o/* is the
complexification of a real arrangement, then this problem was solved by
Randall [Ra]. The following corollary is an immediate application of our Main
Theorem above.

COROLLARY. A presentation of the fundamental group of the complement
M(2/*) of a nice arrangement in CP? can be explicitly written and it depends
only on the lattice of /.

The second author would like to thank M. Falk for his invitation to
participate in the AMS-CBMS on Arrangement of Hyperplanes at Northern
Arizona University in 1988. The Main Theorem was announced in the survey
paper [Ji-Ya]. The Main Theorem is based on the observation that the
diffeomorphic types of the complements of arrangements are the same in a one
parameter family of arrangements with isomorphic lattices. This follows
immediately from a Teissier’s numerical characterization of Whitney condition
[Te] and Thom’s first isotopy theorem. It was also observed independently
during the AMS-CBMS on Arrangement of Hyperplanes by Randell [Ra].
Recently Arvola [Ar] has determined 7,(M («/*)) from a certain planar graph.
In Section 2, we shall recall some terminology in abstract lattice theory. In
Section 3 we shall prove the Main Theorem. For each projective arrangement
in CP?, we associate a variety in (CP')” where p is the number of lines in the
graph G(s/*). This variety plays an important role in studying the diffeomor-
phic type of arrangement. In Section 4 we shall study two examples of these
varieties.
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2. Arrangement </ and its lattice (/)

We begin by recalling some terminology in lattice theory.

DEFINITION 2.1. Let P be a poset. An upper bound of a subset X of P is an
element ae P such that x < a for every xe X. The least upper bound is an
upper bound less than or equal to every other upper bound; it is denoted by
sup X. The notion of lower bound of X ard greatest lower bound (inf X) of X
are defined dually.

DEFINITION 2.2. A lattice is a poset P any two of whose elements have a
greatest lower bound or “meet” denoted by x A y, and a lowest upper bound
or “join” denoted by x v y.

DEFINITION 2.3. An element y covers an clcmeit x in a lattice L if and only
if x <y, but x < z <y for no element z in L.

DEFINITION 2.4. A chain in a lattice L is any linearly ordered subset of L.

DEFINITION 2.5. A lattice having no infinite chains is said to be semimodu-
lar whenever it has the covering property: for all lattice elements x, y, if x and
y cover x A y, then x v y covers x and y.

DEFINITION 2.6. Let L be a lattice with finite elements. The length of a chain
C of L is defined as |C| — 1. The rank of ae L, denoted by r(a), is the length of
the longest chain in L below a. Let 0=infLand1= sup L. Then r(ﬁ) = 0. The
rank of L (rank L) is defined to be r(f). If a in L has rank 1, then a is called a
point or an atom of the lattice.

DEFINITION 2.7. A point lattice (or atomic lattice) is a lattice in which every
element is a join of points. A geometric lattice is a semimodular point lattice
with no infinite chains.

In this paper an arrangement o/ is a finite collection of hyperplanes
{H,,...,H,} through the origin in C' The lattice L(s/) is the set of all
intersections of subsets of &/, partially ordered by reverse inclusion i.e.
X<YeoYc X The rank function r on L(&) is r(X) =codimX =
I —dimc X for Xel(s/), each H; is an atom of L(</), the join is by
XvY=XnYandthemeetisby X A Y={{Z:ZeL(), XLVY cZ}.

LEMMA 238. Let </ be an arrangement. Then

(i) for every X e L(s/) all chains from X to C' have the same cardinality,
(i) every element of L(s/) — {C'} is join of atoms,
(iii) for all X, Y e L(s/) the rank function satisfies
r(XAY)+r(XvY)<rX) +r(Y)

Thus L(s/) is a geometric lattice.
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DEFINITION 29. Let L, = L,() := {X € L{s/):r(X) = p}. The Hasse dia-
gram of L(sZ) has vertices labelled by the elements of L(</) and arranged on
levels L,, p > 0. Suppose X €L, and YeL,, . An edge connects X with Y if
X<Y

EXAMPLE 2.10. Let &/ be an arrangement of hyperplanes in C* consisting of
the elements

{(x5 Y, Z)€C3:X = .V}a {(X, Y, z)eC3:x = _y} {(X, Y, Z)GCB:y = Z}’
{(x, ,2)eCy= —z}, {(x, y, 2)€C:x =z}, {(x, y, 2)€C>:x = —z}.
Figure 2.1 shows the Hasse diagram of L(<7).

3. Proof of the Main Theorem

In this section, we denote </ the (central) arrangement of hyperplanes in C3
and o/* its associated projective arrangement of hyperplanes in CP2. Let L(.s/)
be the lattice associated with 7.

DEFINITION 3.1. A point p in CP? is of multiplicity k in =/* if p is the
intersection of exactly k lines in &/*. Let t,(&/*) be the number of k-tuple

points in the arrangement /*. Then the complexity of «/* is defined to be
Ziza(k — 2, (7).

Let us define the graph G from an arrangement 2/* in CP2. Let VG be the
set of vertices of G consisting of all points of «/* with multiplicity greater than
2. Let EG be the set of edges of G. Each edge in EG is a pair of distinct vertices
(v,,v,) of VG which span a line {v,, v,> of s/*. A reduced path of G is denoted
by a (n+ 1)-tuple (vy...,v,) such that (v;_,,v)eEG and

o

VS S A\

Fig. 2.1. Hasse diagram of Example 2.10.
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(i1, v,y # (v, 04,y for i=1,..., n — 1. Furthermore, it is a loop when
vy = V,, n = 3. G is called a jorest if it does not contain such a loop.

For a v,eVG, define a subgraph St(vy) of G by setting VSt(vy) =
{v,} U{v e VG:{vy,v) € &*} and ESt(vy) = {(v,w) € EG:v =1, orw=0,
otherwise{v, w) = Vg, V) }-

Fig. 3.2. The graph G of &/*.
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Fig. 3.3. The graph G' = G — (ESt(v,) L {v,} L ESt(v,) L {v,}).

DEFINITION 3.2. An arrangement ./* in CP? is said to be nice if the graph
G from o/* has the following property: There are v,,...,0,,€ VG such that
St(v,), ..., St(v,,) are pairwise disjoint in G and G’ =G — | JI-, (ESt(v)) L {v;})
is a forest.

THEOREM 3.3. Let /& and /% be two nice projective arrangements in CP2,
If the lattices of </, and </, are isomorphic, then the complements M (<) and
M (/%) of the projective arrangements o/ § and /¥ in CP? are diffeomorphic to
each other.

Proof. We represent the two arrangements as &/F = {H,, H,,...,H,} and
A =1{G,, Gy,..., G,} where H; = (h;y, hyy, hi3) and G; = (9,4, giz, gi3) are in
CP2. We shall construct a one-parameter family of arrangements .&/*(t) such
that &/*(0) = &8, &*(1) = &% and L((t)) = L(,) for all 1[0, 1].

Let o/* = {F,, F,,...,F,} where F; = x,G; + y;H,; for some x;, y;€C such
that F;isin CP%,i=1,2,...,n. Let I = {(i, j, k):1 <i<j<k <n}.So|l| = (3).
Consider any triple (F;, Fj, F}), (i, j, k) € 1. Denote the matrix

X9 + Yihi Xigi2 + Vihiz  Xigi3 + yihis
X;d1 +.thj1 X;9j2 +yjhj2 X;gj3 + Yihis
X + Vil X Giz + Vi XiGis + Vi

by [F,F;F,] and its determinant by |F;F;F,|. We now can write

|F.F;F,| =1G;G;Gy|x;x;x, + |H;G;Gy|y; x;x,
+ |G H;G,|x;y;x, + |G;G;H,|x; Xy,
+ |G;H;H,|x;y;yy + |H;G;H,|y; x;yx
+ |H;H;Gy|y;y;x, + |H;H;H|y;y; i (3.1)
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Since each two lines in CP? meet exactly at one point, to get L(&/) = L(,),
it is sufficient to have the following

For any (i, j, k) el, |F,F;F,| = 0 if and only if |G;G;G,| =0 (3.2)

Let | =233 (g)tj(dT). By (3.2), we need to have ! equations and (5) —/
inequalities

P,=0,.. P=0 (3.3)
Q,#0,...,051#0. (3.4)

Both P; and Q; have the forms like (3.1). But for P;, the first term and the last
term are zero since |G;G;G,| = |H;H;H,| = 0 by (3.2). Among P,..., P, at most
c(y) =Zj>3(j — 2)t;(«/1) of them are independent. To see this, we consider
a j-tuple point V (j > 3). Let Fy,..., F; be the lines of &/* passing through V.
We have (3) equations (|F,F,F,| = 0,...,etc). Since {F,,...,F;} can be linearly
generated by F, and F,, the () equations is reduced equivalently to j — 2
equations |F,F,F,| =0 fori=3,...,j. Now consider all j- tuple points (j = 3).
We have a system of c(&,) equatlons say {P, =0,..., Py, = 0} which is
equivalent to {P, =0,..., P, = 0}.
As we observed before, each Pr can be written like

Pr =aryirxjrxkr + brxiryjryjr'xkr + Crxirxjryk r +o xlryjrykr

+ Bryirxjrykr T Ve Yie Y jr Xr (3.5)

where a, = |H,G;G,,| etc. Replacing /§ by ¢(£/§) il necessary where
¢:CP? - CP? is a complex analytic automorphism, we assume without loss of
generality that any one (two) line(s) in /& and any two (one) line(s) in
#% do not intersect at a point. This means that a,b.c,a,8,y, #0 for all
r=1,...,c().

Note that P, is viewed as polynomial in ((x,:y,),-..,(x,:y,) e(CPY)". For
each r, indices i,, j,, k, are pairwise distinct and (i,, j,, k,) # (i, j,, k) for r # s
where 1 <, j,, k,, i, j, k, <mand <r, s < ¢(«,). Before we can continue our
proof, we need to introduce the following concept.

DEFINITION 34. (x;:y;)) e CP! is called irregular for the following equation

ay;x;x; +ibxiijk + XXy + 00X YV + ﬂYixjyk
+7y:y;% =0 (abcaPy # 0) (3.6)
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if (ay)x;x, + (bx; + yy)y % + (cx; + By)x;y, + (ax;)y;¥, is a reducible poly-
nomial of the other two variables (x;:y;) and (x,:y,). Otherwise we call (x;:y,)
regular for the equation (3.6).

LEMMA 3.5. Assume ((x ,:y,), (X;:¥,), (x3:3)) €(CP')? is a solution of (3.6).
If (x,:y,) is irregular, then either (x,:y,) or (x3:y,) is irregular for (3.6). If
(x,:y,) is regular, then (x,:y,) and (x5:y;) are either both regular or both

irregular for (3.6). In other words, the number of irregulars cannot be 1.
Proof. When y, =0, (3.6) becomes

by,x3 + cxy3 +ay,y; =0

which is irreducible. So if (x,:y,) is irregular, then x, # 0 and y, # 0.
Write (3.6) as polynomial of (x,:y,) and (x5:y;)

(@y)x2x3 + (bxy + yy1)y2xs + (cxy + By )x2ys +(ax )y, 3 = 0.
It is reducible if and only if
(bx, + yy Nex | + By,) = aax,y,
or
bex? + (bB + ye — aa)x,y, + Byyi =0 (3.7

which has at most two roots of (x,:y,). When (x,:y,) is a root of the equation
above, (3.6) becomes

[(ay,)x; + (ex, + By)ys] [xz Sy yz] =0

from which we have the solution to either (x,:y,) = (—oax,:cx, + By,) or

(x3:y3) =(—(cx, + By,):ay)).
In the first case, we have

X 1
X, = —72 and y, =—

Y2 +*C‘
B af

X,.

Put these into (3.7) yields
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befx3 — (ex3 + ax,y,)bB + yc — aa) (y2 + 2 x2>

BZ
=bep3 — (ex3 + ax,y,bp + yc — aa)

1 2c c?
+ o= (J’% +;x2y2 +?x§> =0

+ (ex3 + 2xayx,y, + ya2y3) = 0

=(beB — b — yc? + aca + pc2)x3 + (—abf — ayc + o2a)
+ 2ay)x ¥, + ya?y3 =0

=cax} + (an + yc — bﬁ)xzy% + yoy3 = 0.

The last equation is a necessary and sufficient condition for (x,:y,) being
irregular of (3.6). For the second case, we have the same conclusion for

(x3:y3)- g

From the argument above we also have

LEMMA 3.6. There are at most two irregular (x;:v;) of (3.6) for eachi=1,2,
3.(0:1) and (1:0) are regular of (3.6).

LEMMA 3.7. For each fixed regular (x,:y,) of (3.6), the following relation
prodcuces an automorphism of CP!

("3):1((_5“_“‘ o )(X2>, KeC* (38)
V3 ay, bx, + 7y )\)2

which sends regular wvalues to regular values of (3.6). In particular
(x;:y)) = (x5:y,) = (0:1) (respectively (1:0)) corresponds to (x3:y;) =(0:1)
(respectively (1 :0)).

Proof.
— — —ax
By, — cx, T —bex? — (b + yc — aa)x,y, — Byyi.
ay, bxl + ¥,

Since (x,:y,) is a regular value, the above expression is nonzero by (3.7). So
(3.8) is an automorphism of CP'. Clearly (3.8) satisfies equation (3.6). By
Lemma 3.5, the mapping (3.8) sends regular values of (3.6) to regular values of
(3.6). The last statement of the lemma is obvious. O
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REMARK 3.8. Equation (3.8) is equivalent to equation (3.6). For we write (3.6)
as

@y x; + bx,y, + vy y2)xs + (ax 1y, + By x, +cx;x;) = 0.

Then (x4, y3) = K(—ax;X; — By,y; — €XX3, ay;x, + bx,y* + yy,y,) which is
(3.8). So if (x,:y,) and (x,:y,) are regular of (3.6), then there is a unique
(x3:y3) solved in terms of (x, : y,) and (x,:y,). We call such procedure “fixing
two variables to solve the other” and such (x,:y,), (x,:¥,), (x3:y3) “solved
variables”. Let us now return to the proof of Theorem 3.3. Since &/ is a nice
projective arrangement in CP?, there are vy, ...,v,€ VG, where G is the graph
of 7%, such that St(v,), ..., St(b,,) are disjoint pairwise in G and

6= G- ) (EGw) ol

is a forest.

Suppose m = 1. Assume that v, is a point of multiplicity k in ©/%. Recall that
by the definition of G, k > 3. Then there are k variables appearing in k — 2
equations of (3.6). Suppose that these variables are (x,:y,),...,(x;:y,) and
(x1:yy) (x,:y,) appear in each of these k — 2 equations. We can fix (x,:y,),
(x,:y,) to solve (x5:y3), ..., (X1 W)

The rest of the unsolved variables and equations in (3.5) correspond to the
graph G’ which is a forest. At each following step, we consider the graph
formed by the vertices with unsolved variables. In each component of this
graph we pick a vertex which is adjacent (in G) to a vertex whose variables are
solved and apply the same procedure to solve its variables. (If there is a
connected component of G’ which is not connected with any vertices whose
variables are solved, we pick any one of its vertices.) The set of vertices whose
variables are solved and which lie in a same connected component of G span
a subgraph of G which is connected. Thus we can solve all variables in terms
of some variables without ambiguity since G’ is a forest.

For the case m = 0 or m > 1 we apply the same procedure. All variables are
presented as

((xl :yl)5 "'5(xn:yn)) = f((x 1 :y1)9"~a(xp:yp))
where each component of f is a composition by some maps as (3.8). So they

are homogeneous polynomial of (x,:y,),...,(x,:y,). Let U:=(CP')y —
{((x1:91),.-.,(x,:p,): for some 1 <i < p, (x;:y)) is irregular of some equation
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of (1)}. By Lemma 3.6, U is an open connected set of (CP')". By Lemma 3.7,
f defines an embedding from U < (CP')” to (CP')". Since U is irreducible, so
is f(U) irreducible. Observe that (0:1)" =((0:1),...,(0:1)) and (1:0)" =
((1:0),...,(1:0) are contained in f(U). We deduce that (0:1)" and (1:0)" are
in the same irreducible component of {P, =0, P, =0,..., P,y = 0}. Recall
that irreducible variety minus a subvariety is still a connected set. If
12y -y )=(1:0),...,(1:0)) (respectively ((0:1),...,(0:1)) then
* is o § (respectively /). Therefore condition (3.22) is satisfied at these two
points, so there is a curve from ((1 :0),...,(1:0)) to ((0:1),...,(0:1)) such that
(3.2) is satisfied for any point lying in the curve. This means that we have
constructed a one-parameter family of arrangements »o/*(t) such that
A*0) = o, S*(1) = T and L(A(t)) = L(,) for all t€[0,1].

We now define a stratification of CP? x [0, 1] which consists of three strata
W, X and Y only. Let Y be {(p,t)e CP? x [0,1]: p is a point of multiplicity
k> 2in &/*)}, X be {(p,t)eCP? x [0, 1]: p is a point of multiplicity one in
#*(1)} and W = CP? x [0,1] — {(p, 1) e CP? x [0,1]: p is a point of </*(t)}.
We can think of X U Y as a total space of the family of plane curve singularities
|&*(t)| (= union of hyperplanes of «/*(t)) in CP2. Since L(.27*(t)) is isomorphic
to L(«/%) for all t, we see easily that this family of plane singularities is a
pu*-constant family. In view of a theorem of Teissier [Te], the stratification
satisfies the Whitney condition. Consider CP? x [0, 1] together with the
projection map to the second factor. This map is proper since CP? is compact.
It is also a submersion. Moreover its restriction is a submersion on each
stratum. Now we apply Thom’s first isotopy theorem (proved by Mather
[Ma]) to finish the proof of our Main Theorem. For the convenience of the
reader, we recall the statement of Thom’s first isotopy theorem which can be
found for instance in [Go-Mac].

THOM'’S FIRST ISOTOPY THEOREM. Let f:Z — R” be a proper, smooth
map which is a submersion on each stratum of a Whitney stratification of Z. Then
there is a stratum— preserving homeomorphism

h:Z-R"x(f7(0)n2Z)

which is smooth on each stratum and commutes with the projection to R". In
particular, the fibres of f are homeomorphic by a stratum-preserving homeomor-
phism. O

4. Examples

In this section, we shall show an example of an arrangement which is not nice,
but the statement of our Main Theorem is still true.
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EXAMPLE 4.1. Let G be the following graph

G consists of 8 lines and 5 triple points

G =G — (E(S(Vy) u{V,}).

Clearly «/* is not a nice arrangement. However the proof of our Main
Theorem still works if we can show that ((1:0),...,(1:0)) and (0:1),...,(0:1))
in (CP")? is in the same irreducible component of the following variety defined
by the following equations

AoV 1Y2X3+boy XaX3+CoX1Y2X3+AoX 1 XY 3+ BoX1V2V3 + 70y 1%2Y3=0  (4.1)
a1Y3VaXs+b1Y3X4Xs +C1X3Y4X s+ X3X,4Y s+ B1X3VaYs +71Y3%4ys=0  (4.2)
a2, 5X6+byYoXs X6+ C2X,V5Xe + 02X, X 56+ B2X2Vs Ve +72V2X5)6=0  (4.3)
a3Y1VX7+ b3y 1XeX7+C3X VX7 +03X XY+ B3X VeV + 731Xy, =0  (4.4)

A4Y4Y7Xg +bay X Xg+C4X0Y7Xg + 0y X4 X7Yg + BaXsV1Vs +74Y4X7y5=0 (4.5)

Let (x,:y,), (x,:y,) and (x,:y,) be regular values of (4.1), ...,(4.5). Thus we
have from (4.1),...,(4.5) respectively the following
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(x3:y3)=(— (X1 X5+ BoX 1V, +70V1%2) :(@0Y1 Y2+ boy X2 +€o%1Y2)) (4.6)
(xs:ys)=(—(a1x3%4s+ B1X3Va+71V3%0) :(1V3Ya+ brysxs +¢1%3y0))  (47)
(x6:Y6)=(— (0 3%;X5 + B2X5Y5+72V2X5) 1 (@225 + b2y, X5 +€3X,¥5)) (4.8)
(x7:y7)=(—(a 3%, X6 + B3X1¥6 +73V1X6) : (a3V1 V6 + b3y 1 X6 +€3X1V6)) (4.9)
(xg:yg) = (—(@4XgX7+ BaXsy7+74YaX7) :(AsYaY7+bsyaxs +caXsy,))  (4.10)

Let V= {((x,:¥,) (x3:¥2), (x4:74) €(CP')* :(x,:y}), (x5:y,) and (x4:y,)
are regular of (4.1)—(4.5)}. Since for each i, (x;:y;) has at most 2 irregular
values for each equation. So V is a connected open subset of (CP!)?
by taking away finite number of planes and lines from (CP')3. Let
W= {((x,:9,).-,(xg:yg)) €(CP")8: (4.6)—(4.10) are satisfied and ((x,:y,),
(x5:¥,), (x4:y4) €V}. Observe that V is homeomorphic to W by the map
defined by (4.6)—(4.10). It follows that W is an irreducible variety containing
((0:1),...,(0:1)) and ((1:0),...,(1:0)) e(CP')®. So the Main Theorem is still
true for this arrangement, i.e. &/* is a good arrangement.

REMARK. Each expression of (4.7)—(4.10) can be written in terms of (x, : y,),
(x,:y,) and (x,:y,) by successive substitution of each previous expression.

In the next example, we shall associate to a projective arrangement in
CP? two varieties in (CP')%. We shall show that these two varieties have 8
irreducible components. In the first variety, ((1:0),...,(1:0)) and
((0:1),...,(0:1)) are in the same irreducible component, while in the
second variety ((1:0),...,(1:0)) and ((0:1),...,(0:1)) are in different irreduc-
ible components.

EXAMPLE 4.2. Let o/* be a projective arrangement with the following
graph G.

G consists of 6 lines and 4 triple points
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/

5 \

G' =G — (E(St(vo) v {vo})

Aoy 1X2X3+boX1y2X3+CoX 1 X,y3+ 06X 1Y,Y3+ BoY1X2V3 + VoV 1Y2X3 =0
a1Y1X4X5+b X1 y4X5+C1X, X, Y5 +0,X1Y4Y5+B1Y1X4Ys+71Y1VaXs =0
A,Y2X5X6+b,X,)5X6+C2X, X5V + 02XV 56+ B2V 2XsVe+V2Y2VaXe =0

A3Y3X6X4 +b3X36X4 +C3X3X6Ya+A3X3V6Va+ B3Y3XeVa+73Y3V6Xe =0

(4.1)

(I). The simplest example is that we take a;=b,=c,=a; =B/ =7y,=1
(i=0, 1, 2, 3) in (4.11).

If (x5:y,) is irregular of (2), then Lemma 3.5 says that either (x,:y,) or
(x,:y,) is irregular of (2). Therefore if (x,:y,) and (x,:y,) are regular of (2),
s0 is (x3:y;). Thus we have

xt+y?+xy;#0 fori=1,23 (4.12)
ie. (x;:y) #(a:1) or (B:1) fori =1, 2, 3 where

_—1+./3i ﬁ_—l—v@i
B 2 > r 2

Observe that «f = 1, « + B = — 1. Write equation (4.11) as follows

(x3:¥3) = (=X 1%, — X1V2 — Y1X2:Y1V2 + V1 X, + X12)

G- ()G = G- G) -G 7
Ya s/ s 22 \ve/)” s RN
where k,e C\{0} and

A,=<—(xt+y¢) .—..xi ) i=1, 2’ 3.
Vi X+
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Each | 4,]| # 0 by (4.12). It follows from (4.13) that

Ge)-+ )
Ya Ya
where k is some number if C\{0} and

x3 — V3 x5+ 2x2y2)

A=(x%+y%+xy)(
1 Y§+2x2J’2 —(x3 -3

For a solution (x,:y,) € CP!, we must have det(kA — I) = 0. So

1

k=+ where A = (x3 + y} + x,y)(x3 + y3 + x,,).

For k = 1/A, we have a solution of (4.11)

(x4:y4) = (x3:y,)
(x3:y3) = (xs5:y5) = (=X X, — X1y, — V1 X2:01Y5 + XY, + Y1X5) (4.14)
(x6:y6) = (x,:y))

It is easy to check that the solution (4.14) of (4.11) is valid for all ((x,:y,),
(x2:y2) €(CP')? — {P,P,} where P, = ((o:1), (B:1)) and P, = ((B:1), (2 1)).
This solution set (4.14) is isomorphic to (CP')> — {P,,P,}. It contains
((0:1),...,(0:1)) and ((1:0),...,(1:0)) of (CP')®. We denote this solution set
U'.

For k = —1/A, we have another solution set of (4.11) denoted by U,

(

(X4:ye) = (=% = 2y,:2%;, + y,) (4.15)
(
(

for all ((x,:y,), (x ;:¥,) €(CP')? — {P,, P,}.
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For (x,:y,) or (x,:y,) being fixed as irregular of (4.11) we get all other six
solution sets of (2) in (CP')®.

Uy = {(x,:3,) = (x6:¥6) = (@:1), (x51y,) = (x4:y4) = (B: 1)}
Uy ={(x1:31) = (x6:¥6) = (B:1), (x21y2) = (x41y4) = (x:1)}
Us={(x1:y1) = (x6:¥s) = (2:1), (x3:y3) = (x5:y5) = (B:1)}
Us = {(x1:¥1) = (x6:¥6) = (B:1), (x3:y3) = (x5:y5) = (a:1)}
Uy ={(x5:55) = (x4:y4) = (1), (x3:y3) = (x5:y5) = (B:1)}
Ug = {(x2:52) = (x4:ys) = (B:1), (x3:y3) = (x5:p5) = (x: 1)}

Each of these six sets is isomorphic to (CP!)%. So they are irreducible
components. Furthermore, if we define

Vi={(x3:y3) = (x5:y5)} n(U;0Uy),

= {esrd =i (0} F)awsoval

in (CP')°. Let U, =Uj vV, and U, = UyU V,. Then both U, and U, are
irreducible components of the algebraic set defined by (4.11). For the proof of
the last statement we consider U} which is isomorphic to (CP')? — {P,, P,}.
Each element of V, is in the closure of U, since

(x3:¥3) = (x5:ys) = (=X X3 = X0 — X1 Y31 V1V2 + X1 Y2 + V1X2)
in U so U, is an irreducible component defined by the following equations:

X2Ya — V2Xa =0

XY — V1% =0

X3ys — V3Xs =0

(V1y2 + X1V5 + X 7)%5 + (x5 + X1y, + X%y)y; = 0.
Similarly we can show that U, is also an irreducible component.

The connection among those eight irreducible components can be expressed
by the following configurations.
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R, R,
U, U, U, U,
R, R, R, R,
U6 U1 US U6 U2 US
R,
R, ) R4 R 1
U4 U7 4 U4 & U7
R, R,
(a) (b)
Fig. 4.1.

Figure 4.1(a) and (b) indicates that U, nU, = {R,, R,,..., R} where the six
points are as follows:

UsnU, =R,

= {(x, VD=(x5:9)=(x 4 y)=(x¢:ye)=(a:1), (x3:y3)=(x5:y5)=(B: 1)}
UsnUg =R,

={(x, :)’1)=(x25)’2)=(X4ZJ/4)=(X63J"6):(ﬂ31)a (x3:y3) = (x5:y5) = (a:1)}
Uy;nUs =R,

={0x;:y)=(xg:ye)=(a:1), (xz3)’2)=(X3:y3)=(x43J’4)=(x53)’5)=(ﬂ51)}
U,nUg=R,

={(xl:yl)=(x6:y6):(ﬁ:1)’ (xz:y2)=(x3:y3)=(x4:y4)=(x5:y5)=(a:1)}
U,nU, =R,

={(x2:yZ)=(x4:Y4):(°‘:1), (xl:yl):(x6:y6)=(x3:y3)=(x5:y5)=(ﬁ:1)}
Uy;nUg=Rq¢

={(x;:y)=(x4:y)=(B:1), (x1:y)=(x6:ye)=(x3:y3)=(x5:y5)=(a: 1)}.

The intersection of U; (i =1 or 2) and U; = (j = 3, 4, 5 or 6) is a line. We list
them as follows:
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U nUz={(x,;:
(x5

UinUs={(x;:
(x3

U,nU; = {(xlz

(xs
U,nU, = {(xl:

(x5

U nUs={(x;:
(x3

U nUg={(x,:
(x

U,nUs={(x;:

(x4
U,nUg = {(xl

(x4

U nU,;={x,:
(x4
U nUg={(x,:
(x4

Uzr\U7={(x2:

(x:

V1) =(X61ye) = (a:1), (x5:9,) = (x4:p,) =(B:1),

¥3)=(x5:Y5)}

V1) =(X6:y6) = (B:1), (x2:¥)) = (x4:y,) = (a:1),

1y3) = (x5:y5)}

V) =(x6:y6) = (x:1), (x5:9,) = (x4:y4) = (B:1),

1Ys) = (x3:y3) <:; f)}

Y1) =(Xg:¥6) = (B:1), (X;:9,) = (x4:y,) = (x:1),

-1 2
1ys) = (x3:Y3) (_2 1>}

¥1) = (x6:¥6) = (2:1), (x3:y3) = (x5:y5) =(B:1),

1Y5) = (x4:Y4)}

Vi) =(x6:¥6) = (B:1), (x3:y3) = (x5:y5) = (a:1),

1Y2) = (x4:)4)}

V1) =(xg:y6) = (@:1), (x3:y3) = (x5:y5) =(B:1),

Ve =(x21y2) <:; f)}

1) =(x61y6) = (B:1), (x3:y;3) = (x5:ps5) = (a:1),

-1 2
Ve =(x3:y,) <_2 1>}

Vo) =(x4:p4) = (a:1), (x3:y3) = (xs5:y5) =(B:1),

V1) = (X6:Y6)}

V2) =(xX4:y) =(B:1), (x3:y;3) = (xs5:ps) = (a:1),

y1) = (x6:¥6)}

V2) = (x41p4) = (2:1), (x3:93) = (x5:y5) = (B:1),

Ye) = (x1:y1) <:§ ?)}

151
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U,nUg = {(x2:Y2) =(X4:yy) = B:1), (x3:y3) = (x5:y5) = (a:1),

-2 2
(x6:y6) = (x1:y1) <_2 1>}

(I). The second example is that we take a,=—3, fi=7y,=—1,
b;=c;=a;=1fori=1,2, 3. Then we get the following P, equations in the
proof of Theorem 3.3

Py yiXoXs +X102%5 + X1X5)3 + X1 Y,V3 + Vi XaY3 + YiYaX3 =0

P,  —=3y;x4Xs + X1Y4Vs5 + X1X4Ys + X1V4Ys — V1XaVs — V1VaXs =0

Py —3y,Xsy6 + X3V5X6 + X3Xs5Y6 + X2VsXe — Y2XsVe — V2VsXe =0

P, —3y3xeXy + X3YeXs + X3X6Ya + X3V6Xa — V3X6Va — V3VeXa = 0.

To keep the same lattice, we want to take away the following varieties defined
by the following Q, equations in the proof of Theorem 3.3.

Q1 ayx1 XXy + by XXy 4 €1X1yaXg + d X1 X,y4 + €1X1Y2V4s + f1V1X2)4
+ 9 1V1YaXa + hiy1y2ya =0

0y a3%,X3Xs + byyyXaXs 4 €2X,¥3Xs + dyXoX3Ys + €3%X,3Ys + foV,%35
+ 92V2Y3%s + h3Y2y3ys =0

Q3 a3x3X,Xg + byysx X + €3X3Y1Xe + d3X3X, Ve + €3X3)1V6 + f3V3%1V6

+ 93V3V1%6 + h3y391¥6 = 0.
Similar computations as before shows that the algebraic set
W={P,=0,i=1,234}

has eight irreducible components W,, W,,..., W, where each W, is an irreduc-
ible component in (CP')® of dimension 2. In fact the equations for W, and W,
are given respectively

2x1%6 + X1Yg + V1X6 =0
2X2X4 + Xp)8 + Y3X4 =0
2x3%s5 + X3y + y3xs =0
1Yz + %12 + X2y )X 5 + (XX, + X1y, + X))y, =0
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XyVe + 3Y1%6 + 2y1Y6 =0
Xy¥q + 3V2%Xs + 2920, =0
X3ys + 3yaxs + 3y3ys =0
(192 + X2 + Xo¥2)X3 + (XX, + X1y, + x,91)y3 = 0.

Clearly (0:1),...,(0:1) e W, and ((1:0,...,(1:0)) e W,.
We want to show that for some chosen coefficients in equations Q,,

W — .Ql {Qi = 0}

becomes disconnected in such a way that there is no path joining
((1:0),...,(1:0) and ((0:1),...,(0:1)). We first observe that W, n W, = {R,
R,,...,R¢} where

Ry:((xy:y) = (x5 = (@:1), (x5:y3) = (B:1),

(x4:¥s) = (x6:¥6) = (—at:2a + 1), (x5:ys5) =(—B:2 + 1))
Ry:((x:y)) = (x2:y0) = (B:1), (x3:y3) = (a:1),

(x4:Y4) = (X6:¥6) = (=B:2B + 1), (x5:y5) = (—a:20 + 1))
Ry:((x,:y) = (a:1), (xg:y6) = (—a:2a + 1),

(x21¥2) = (x3:y3) = (B:1), (x4:74) = (x5:ys5) =(=B:28 + 1)
Ryi((x1:yy) = (B:1), (x6:y6) = (—B:2B + 1),

(x2:¥2) = (x3:y3) = (@:1), (x4:y4) = (Xs5:y5) = (—a:20 + 1))
Rs:((x5:y,) =(a:1), (x4:y4) =(—a:2a + 1),

(xp:y1) = (x3:y3) = (B:1), (x5:y5) = (x6:¥e) =(—B:28+1)
Re:((x2:y2) = (B:1), (x4:y4) = (—=B:28 + 1),

(e,:71) = (x3:95) = (@: 1), (xs:s) = (X61¥e) = (—a: 20 + 1))

Let us take q; =2, b, =1,¢;=1,d,=1,¢;,=0, g, = 2, h; = 1 in equations Q,,
Q,, and Q5. Then

{Q, =0} 2(W,n W) (W, n W) u(W,n W) u(W, " W,)
{Q, =0} 2 (W, n W) (W, L W) LW, W) u(W,n W)
{Q, =0} 2(W, n W) (W, N W) u(W, W) u(W,n W)
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So{R,,..

.»R¢} € | J?=1{Q; = 0}. The method in Theorem 3.3 does not provide

an affirmative answer. However we do not know whether the coefficients so
chosen can actually be realized in geometric situation.

In a forthcoming paper, we shall show that the diffeomorphic type of M (.7*)
indeed depends only on the lattice L(.<Z) for a general class of ./ which includes
Example 4.2 as a special case.
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