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A sharp estimate of the number of integral points
in a 4-dimensional tetrahedra

By Yi-Jing Xu at Chester and Stephen S.-T. Yau at Chicago

§ 1. Introduction

The general problem of counting the number Q of nonnegative integral points satis-
fying

χ y z
a b c =

where a, b and c are positive integers, had been a challenge for many years. In 1951,
Mordell [Mo] gave a formula for Q, expressed in terms of three Dedekind sums, in the
case that a, b, c are pairwise relatively prime. Recently Pommersheim [Po], using the
technique of toric varieties, has given a formula for Q for arbitrary positive integers a, b
and c. More generally, let Δ be a polytope of dimension n in the lattice Zn. Denote /Δ(/τ)
the number of lattice points in Δ dilated by a factor of the integer k:

(1.2) / (£) =

It was proved in [Eh] that /Δ(&) is a polynomial in k of degree n with rational coefficients

l^(k) = ankn + a^k"'1 + • • · + α0·

It is called the Ehrhart polynomial of Δ. One would like to find the coefficients at in terms
of the geometry of Δ. Ehrhart showed that

an = volume of Δ,

£„_! = half the sum of the volumes of n — l dimensional faces of Δ

(measured with respect to the (n — l)-dimensional lattice in the (n — l)-plane),
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2 Xu and Yau, Integral points in a 4-dimensional tetrahedra

For a three-dimensional integral convex polytope Δ, Ehrhart's results give

(1.3) /A(Jk) = vol(A) :3 + ^ S(&)k2 + α^ + \

where 5(Δ) denotes the sum of the lattice volumes of the two dimensional faces of Δ. The
contribution of [Po] is the explicit description of a1 in (1.3). Later, Kantor and Khovanskii
[KK] succeeded in Computing an_2 in general. In fact, they gave a general formula for
the number of integral points in any integral polytope in (R4. Most recently Cappell and
Shaneson [CS] have announced a fantastic result with which they can compute all the a^s
in (1.2) explicitly. Unfortunately, s in the case of [Po], they need to assume the vertex
points of Δ are in Z".

However, for the sake of applications in number theory and geometry which we shall
explain below, we are interested in the problem of estimating the number P of positive
integral points satisfying (1.1), where a, b and c are positive real numbers. Of course one
can deduce the estimate of Q once the estimate of P is known. The novelty in our problem
is that we count the lattice points in a polytope whose vertices are not necessarily integer
points (or even rational points). In [XY] we proved the following theorem.

Theorem 1.1. Lei a^b^.c^.2be real numbers. Then

and the equality is attained if and only if a = b = c = integer.

It is a natural question to ask whether one can generalize Theorem 1.1 to higher
dimension. Namely, we like to estimate the number Pn of positive integral points satisfying

(1.4)

where a± ^ a2 ^ · · · ̂  an > 0 are positive real numbers. There are at least two reasons to
consider this problem. Firstly, we were told by Professor Granville [Gr] that this is an
extremely important question in number theory; it would have many applications to current
Problems in analytic number theory, primality testing and in factoring. Given a set 9 of
primes ργ <p2 < - - · <pn ^ y. Number theorists are interested in counting the number of
integers m ̂  χ where m = p^p2

2 -' p„n is composed only of primes from the ̂ , and χ = yu

for u not too large (V M > 2 would be nice, but Vw > log>> would still be interesting). Thus
they wish to count the number of (fi9 . . . , /„) e (Z+ u {0})n such that

£ * + £ + . . . + <.£! where a

This is, of course, the problem that we consider above. Readers may want to consult a
special issue of the Philosophical Transactions of the Royal Society Vol. 345, 1993, which
is all about this subject and applications. They may also want to look at the excellent
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Xu and Yau, Integral points in a 4-dimensional tetrahedra 3

reviews by Hildebrand and Tenenbaum [HT] and by Morton [Mo]. Perhaps the best
reference for the application is Carl Pomerance's lecture [Pol] at the Z rich ICM. Secondly
the problem has interesting application in geometry. Let/: (CM, 0) -> (C, 0) be the germ
of complex analytic functions with an isolated critical point at the origin. The Milnor
number μ of the singularity is dim C [zi9 . . . , zn} /(/Zi, . . . , /ZJ. Let π : M -> Fbe a resolution
of V = {(z1? . . . , z„) :/(z1? . . . , z„) = 0}. The geometric genus pg of the singularity (F, 0) is
the dimension of Hn~i(M, &). In 1978, Durfee [Du] has made the following conjecture.

Durfee Conjecture. n\pg ^ μ with equality only when μ = 0.

The connection between Durfee conjecture and the proposed problem is s follows.
A polynomial in (zl9 . . . , z„) is weighted homogeneous of type (w l9 . . . , w„), where w1? . . . , w„
are fixed positive rational numbers if it can be expressed s a linear combination of

monomials z}1, . . . , zl
n

n for which — + · · ·+ — = !. If/is a weighted homogeneous poly-
Wl Wn

nomial of type (al9 . .., an) with isolated singularity at the origin, then Milnor and Orlik
[MO] proved that μ = (a± — 1)(α2 — 1) · · · (an — 1). On the other hand, Merle and Teissier
[MT] showed that p g is exactly the number Pn of positive integral points satisfying (1.2).
Thus Durfee conjecture provide us a guidance for the upper estimate of Pn. Unfortunately
Durfee conjecture is not sharp s it can be seen in our Theorem 1.1. The purpose of this
paper is to prove the following theorem:

Main Theorem. Let a^b^.c^d^.2 be real numbers. Let P4 be the number of
positive integral points satisfying

X V Z W
(1.5) - + ̂  + - + - < l .v ' a b c d ~

Then

24P4 5^ abcd - - (abc + abd + acd + bcd)

+ — (ab + ac + bc) - 2(a + b + c)

and the equality is attained if and only ifa = b = c = d = integer.

It was pointed out to one of us by Pommersheim that even for 3 dimensional tetra-
hedron, he cannot deduce our result [XY1] by his formula. In fact the special case of our
estimate gives a sharp polynomial upper bound of the Dedekind sum appearing in his
formula. Likewise, our sharp estimate of number of integral points in 4-dimensional tetra-
hedron gives a sharp polynomial upper bound of the generalized Dedekind sum appearing
in the formula of Cappell and Shaneson [CS]. Although the strategy of the proof of our
theorem is very simple, our proof is quite delicate. This perhaps reflects the fact that sharp
inequality is sometimes harder than equality. We first give an estimate of the number of

positive integral Solutions of - + \ H- - ^ l where a ̂  b ̂  c ̂  l are real numbersa u c
(cf. Theorem 2.1). We then apply this result to estimate the number of positive integral
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4 Xu and Yau, Integralpoints in a 4-dimensional tetrahedra

Solutions of (1.3) on hyperplanes parallel to xyz-plane and sum this estimates iip. Unlike
the case n = 3, we have to face an additional difficulty due to the fact that the right band
side of (2.1) may be negative. Our main theorem follows from a careful analysis of this sum.

We would like to thank professor Granville for providing us various number theoreti-
cal references.

§ 2. Sharp upper estimate of the number of integral points in a tetrahedron of dimension 3

The following Theorem 2.1 which is a slight generalization of the theorem in [Xu-Ya]
is needed for our later computation.

Theorem 2.1. Let a^b^c^.\ be real number s. Lei P3 be the number of positive
χ y zintegral Solutions of — h - + - ^ l i.e.a b c

where Z+ is the sei of positive integers. If P3 > 0, then

(2.1) 6P3 ^ (a - \}(b - l)(c - 1) - c + l

and the equality is attained if and only ifa = b = c = integer.

Proof. We have shown (2.1) is true if a ̂  b ̂  c ̂  2. So we only need to consider
χ y lthe case l < c < 2. Observe that in the latter case, a> 4. - + 7 < l -- impliesa b c

(2-2)

By (2.2) of [Xu-Ya], we have

(la[b , „, 1= \— -(c-l)-l
[c IG J

3α

In order to prove the theorem, it suffices to prove

(2.3) ^[i (e_i)_,] + _»L_
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Xu and Yau, Integral points in a 4-dimensional tetrahedra 5

From (2.2), we may assume that b 11 ) = *> otherwise P3 = 0. So the left hand side of
(2.3) has the following estimates: ^ c'

3a 3a
c 4c

1\ 9
c c / 4c

^

cj 8

9

To prove (2.3), it remains to show that

< h A-a< ab — a — b.
4 8 ~

This is äquivalent to show that

which is obviously true since a ̂  4. Q.E. D.

Corollary 2.2. Lei a^b^c>0be real numbers. Lei Qz be the number of non-
X V Z

negative integral points satisfying — h 7 + - ^ l . # ' ß>0 , thena b c

Q ^ - ^2 _^ ^a _|_ ̂ ^ w//ere s = a£c + 0:6 + ufc -h 6c

and the equality is attained if and only ifa = b = c = integer.

Proposition 2.3. Lei a^.b^c^.\be real numbers and

If the R.H.S. of (2.1) (a - \)(b - l)(c - 1) - c + l is negative, then P3 = Qandb< 2.

Proof. The R.H.S. of (2.1) = (a - \}(b - l)(c -1) - c + l = (c - \)(ab -a-b)

is negative if and only if ab — a - b < 0 i.e. a < -—-. Therefore b^a< -—- whicho — i b — l
implies b < 2. Since b < 2 implies P3 = 0, it follows that (c — \)(ab — a — b) < 0 implies
P3 = 0. Q.E.D.
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6 Xu and Yau, Integral points in a 4-dimensional tetrahedra

§ 3. Proof of the Main Theorem

We shall first prove that ifa^b^c^d^2, then

(3.1) 24P4 <; abcd - - (abc + abd + acd + bcd) + — (ab + ac + bc) - 2 (a + b + c) .
<£* *J

Let d = [rf] + β with Ο ^ β < 1. At the level of w = [d] = </- , we need to consider the
inequality

χ y z d — β
- + £ + - + —^£1a b c d

which is equivalent to

(3.2) JL + JL + ̂ _S1.~

There are two cases to be considered:

Case (i). If — β ̂  3, -r >2 and — β > l, then (3.2) has positive integral Solutions.d d d
Therefore in the following estimate (3.3), we have to take k = [i/] = d— .

Case (ii). I f 4 < 3 or — β <^2 or — /? fS l, then (3.2) has no positive integrald d d
Solutions. Therefore in the estimate (3.3) below, we need to take k = [c/] — l = d — (l + ).

In view of the 3-dimensional estimate (cf. Theorem 2.1) we have

(3.3) 6P4

-

+ k(abc — ab — ac — bc + a + b)

abc fc2(fc + l)2 3a6c -ab-ac-bc

. . .H -- - - - - - — - - - · — ̂ — — - + k(abc — ab — ac — bc +
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-k)
2H- — - — - (&2 + £) + (ÖÄC -ab-ac-bc + a

abc , A ( abc 3abc — ab — ac — bc_ _ L·**· _l_ l _ _ __ _
4d3

abc labe — ab — ac — bc —3abc_ _ _

(3abc — ab — ac — bc — 3abc + 2ab + 2ac + 2bc — a — bM - 6^ - + - Yd -
+ abc — ab — ac — bc + a + b } k

__abcdik\4 6abcd -labe- 2abd - 2acd - 2bcd ik\3

4 \d) 6 [d

abc - 3abcd + labe + 2abd + 2acd + 2bcd - ab - ac-bc - ad- bd\ {k\2

l l A I '4d 2 J\d

(labcd -labe- labd - 2acd - 2bcd + 2ab + 2ac + 2bc + 2ad + 2bd -a-b
\ 2

3abc — ab — ac — bc\ ( k
6d J\d

However, in ligth of Proposition 2.3, we have to consider when a negative amount
is added on the right hand side of (3.3).

(a) If d is an integer, then at level k, we have

d

For k — d— l, we have

y z
a b c

~d ~d

If bld<2, a negative amount is possibly added in (3.3). For k<d—\, we have

M! ] ^ 2 — ̂ 2. In view of Proposition 2.3, if dis an integer, we need to take special
\ d J d

care for the case — < 2. In this case we only need to add up to k = d— 2 level in (3.3).
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8 Xu and Yau, Integral points in a 4-dimensional tetrahedra

(b) If d is not an integer, then d = [</] + β with 0 < β < l. At level k = [rf] = d - ,
we have

χ y z

7' 7> 7>

At level k = [W] - l = rf- β - l, we have

At all other lower levels, no negative amount problem will occur in (3.3).

Case (i): ^3,— >2 and >\. In this case, we take k=[d] = d- ind a d
(3.3). In view of Proposition 2.3, we have

, « ^ l , , , n 3 abc n~ abc Λ- aZ?c ΛΑ6P4 ̂  - -abcd+abc -- -^ 2 + ^r 3 ~

d

3 abc 3

abc abc Λ anc Λθ 3 , , , Λ 3 abc

d d 2 d

ab 2 ac ac ac 2 bc bc bc 2
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ad a 2 bd b 2 l abc

l abc n l ab l ab n l ac l ac Λ

l 6c l 6c „ , , . Λ 3 , 3 _
• r —r P

abd+ab - acd + ac - bcd+ bc + ab β
a

a c b c 1 1
ac τβ + bc - + ad + bd--a--ba d 2 2

It follows that

(3.4) 6/4 ^ - abcd — - abc — - abd — - acd — - bcd + -ab + -ac
τ1 Z* D O 3 L* £.

1 l l l l floc l a* l ac l 6c
2 2 2 2 4 d 6 d 6 d 6 d

where

From (3.4) we have

4
(3.6) 24P4 ^ (2 cJ- labe - - (abd + acd + bcd} + 2(ab + ac + bc + ad+ bd)

abc 2 f ab ac

where

The diflference Δ between the right hand sides of (3.1) and (3.6) is
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10 Xu and Yau, Integral points in a 4-dimensional tetrahedra

(3.8) = R.H.S. of (3.1) - R.H.S. of (3.6)

= -abc- -(abd + acd+bcd) + -(ab + ac + bc) - 2ad-2bd2 6 3

abc 2 f ab ac bc\
-2c - + -*-j- + -J + -j)+&2·a)

We are going to show > 0. There are two subcases to be considered: (a) — ̂  2 and
_ c _ d

Case (i) subcase (a): 4 ^ 2. Observe that /J4 - 203 + ß2 = ß2 (ß - l)2 ^ 0 and

Let/(/?) = ~^3 + 2jß2-?j?. Then/' (j8) = - 4)ß2 + 4)8 - | . So the critical point of /(/ )
3 4- 1/3 3 — 1/3

is ""/ — . Then the minimum value of f(ß) in [0,1) is attained at /? = — -*- — with6 /- 6
1/3minimum value — *- — . Therefore

^ -abc- - (abd + acd + bcd) + - (ab + ac + bc) - 2ad - 2bd2 6 3
abc 2 (ab ac bc\ ]/3 f ab ac

'l 1 J abc \ (2 , 5 5 L ^ J ^ L J
= . - ö&c — - öÄa — -f ao l 4- l - ab + - ac -h - bc — 2ad — 2bd

2 ab 4 / ^ ^-7 + 5(e + *)-2c-

-aÄ+ -ac+-bc-2ad-2bd3 3 3

2 06 1/3
s7- 9

Notice that

since a^.
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Xu and Yau, Integral points in a 4-dimensional tetrahedra 1 1

2 5 5
- ab + - ac + - bc - 2ad- 2bd ̂  0 since a>b>c>d,3 3 3 ~~ ~~

*° smce ^2 ab 1/3 ab3 9 # *
a + b-~ 2c ^ 0 since a

Hence we see that > 0 in subcase (a) of case (i).

c cCase (i) subcase (b): — <2. Recall that in case (i), we have assumed — ß>\.
ä a

It follows that > -. Therefore in 2, we have

ß*_2ß* + ß2>0, -^ßi + 2ß2-^ß>0 and -2(ß ~ ß2) > - l for ^ < / ? < l .

In view of (3.8) and (3.7), we have

(3.9) &>-abc-7 (abd -h acd + ftcJ) + -(ab + ac + bc) - 2 / - 2bd - 2c2 6 3

abc 2

> -abc- -abd- ^- +ab} + \-ab+ -ac+ -bc-2ad-2bd2 2 a ) \3 3 3

2 ab
3^

2 ab

Observe that

It follows from (3.9) that > 0 since a^b^c^d^2.

Case (ii): Either — ß < 3 or —ß^2 or --ß<\. In this case, we takev ' dp rf dr

k = [J] - l = d- (l + ß) in (3.3). We have
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12 Xu and Υ au, Integral points in a 4-dimensional tetrahedra

4
(3.10) 24P4 ^ abcd - 2abc - - (abd + acd + bcd) + 2 (ab + ac + bc + ad + bd)

abc 2 f ab ac bc
-2(a + b) + —--( — + - + -a 3 a a a

where δ ̂  0 is an adjusting term due to the negative amount added to R.H.S. of (3.3).
The difference Δ between the right band side of (3.1) and (3.10) is

(3.11) Δ = R.H.S. of (3.1) - R.H.S. of (3.10)

= - abc — - (abd + acd + bcd) -f - (ab -f ac H- bc) — 2ad
2 6 3

abc 2 (ab ac bc

where

_//?4 o/?3 /?2\^ ^4 ~* —» 2 \ (ab ac bc

To prove the theorem, we shall show that Δ ̂  0 for a ̂  6 ̂  c ̂  rf ̂  2. We shall view Δ
s a function of a, fe and c with ^ 6 ^ c ( ^ d ^ 2 ) by fixing d and jS. Consider the

following cases:

Case (ii) subcase (a): On a = b = c(— d) i.e. on the vertex of the region under
consideration

(al) a = b = c(= d) = integer.

In this case, at level k = d — l, we use estimate (l - 1)(1 — 1)(1 - 1) - (l - 1) = 0. So
δ = 0 and Δ becomes

Δ = l-a* - ^a3 + 5a2 - 4a2 - 2a - a2 + 2a + Δ3

(a2) a = b = c(= d) = [d] + β, Ο < β < 1.
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Xu and Yau, Integral points in a 4-dimensional tetrahedra 13

We first recall that in case (ii), we do not add level d - β in (3.3). At level k = d - β - l ,
we use the following estimate in the R.H.S. of (3.3):

(1 + - 1)(1 + β -

Therefore the adjusting term δ is β - β*. By the computation in (al), we have

-

Case (ii) subcase (b): On a = b = c(^. d) i.e. on a 1-dimensional edge. In this case,
Δ becomes

- a3 — - a2d + 5a2 — 4ad — 2a — — + ——

da 2 d d

2d

(bl) B = 0 and 4 = ~j = 4 - 2- Then δ = ° and
d d d ~

da d 2d

> 0 since a^.d^2.

2 Journal f r Mathematik. Band 473
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14 Xu and Yau, Integral points in a 4-dimensional tetrahedra

(b2) β = 0 and 4 = τ = 4 < 2· Then at level A: = d- l, we have estimatea a a

So δ = l - - l l - l - - l ) > 0 and
.«

- 2) . a2(d-2)
αα α 2α α da

d 2d d d\d

> 0 since a > d > 2.

(b3) 0 < jS < 1. Since we do not add level d— β in (3.3), we only need to consider
α

level k = d- β - 1. At this level, we have estimate ( - (l -h ) - l l - ( - (l + ) - l ) .

If 4(1+ 0)^2, then(5 =α

da d 2d
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Xu and Yau, Integral points in a 4-dimensional tetrahedra 15

a (a \ (a \3

If-(l + ß)<2, then<5 = -(l + ß)~ l - -(l + fi)- l . So

c 2 2 d

3 a

dA\.,b,e_a(a-d)(d-2) a\d-I) , Q 4_____ _ +_____+ 8 a _ 4 r f -2+-

Observe that the derivative of l — 4d + — l with respect to d is —^ < 0, we
deduce from d ;> 2 that ^ '

4
d ~

It follows that

//~— + a ~2} + (8 - 2) + (-8 + 2 )

, , , l+ß~ ~ ~ ~ ~
m ^ ,10 - 10H ~ä~V

12(1 + ß) , 2(1

= lOa 10 , 33d d2 \d ) d

10 | 10(1
3d 3d
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16 Xu and Yau, Integralpoints in a 4-dimensional tetrahedra

> 100-20 +

d

5 +
3d

> 0 since a>d>2.

dM =.
From the computation in (bl), (b2) and (b3), we know that * c > 0. Therefore theda
minimum value of A| =b=c is attained at a — b = c = d. In case (ii) subcase (a), we saw
that Δ ^ Ο ο η # = £ = £ = d. Hence A^Qona = b = c^d. Actually Δ > 0 s long s
a = b = c>dora = b = c = d not an integer.

Case (ii) subcase (c): On a = b, i.e. on a surface boundary of the region. In this
case, Δ becomes

Δ|Λ=ί, = \a2c- 1-(a2d+2acd) + \(a2 + 2ac)-4ad-2c- ̂  + \ (ζ + ̂
2 6 3 ί / 3 \ α α

l J JX 10 10 Λ , 2ac 4 a 4 c
-(^+c ?) + -^+-^-4rf- — + -- + --3 3 3 d 3 d 3 d

We want to show that —^^ > 0 on ac/a

da2

4 4
3 +37

(cl) )S = 0 and 4 = - ^ 2. Then δ = 0 and
rf α
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Xu and Yau, Integral points in a 4-dimensional tetrahedra 17

2A|0_„ 2d 4 4
,2 ^~ TOUT 3 3

Now on a( = 6) = c ΞΞ rf,

2 2 20 2α2 8 a
= a

2--ad+— a- 4d -—- + ---—- --oa 3 3 d 3 d

a(a-d)(d-2) ad U AJ 8 α

(c2) β = 0 and — = — < 2. At the level k = rf- l, we have used the estimated a

T" 1 ) (τ "O I T - 1 l "(τ-1 l on the riSht hand side of (3·3). Hencea J \d l \a \d /

d2\\a=b 2d 4 4 2 (c
= ^ r + T + - > j + ~ 7 2 l T T ~ lΛ -j m Λ ' < - > ' ' · > r ' »9 l iaz 3 3 3α <jr \ d

2d 4 4

Now on a(= 6) = c ̂  </

θΔ|α_6 , 2 _, 20 , J 2α2 8 α 2 (a'U —υ „z „J ι Λ ^ J ι ι Ι

d a 3 3 d Id d\d

a(a-d)(d-2) ad 14 , _, 8 β 2 / o
3 α ' 3d ' dd

(c3) 0 < j8 < l . Since we do not add level d— in (3.3), we only need to consider level

/c = d -l.Atthis level, we have used the estimate ( 4θ + 0)-l J ̂  ^-(l+j?)-l - l i.
V^ / lLrf J J

^2, theni = 0,

4 4 49^
= 3 3 3</ 18i/2

4i/ 4 4 49^ — + — + -- — >0 since i /^2 .
3 3a 3 Jo

Now on <s(= b) = c^d,
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18 Xu and Yau> Integral points in a 4-dimensional tetrahedra

=b 2 2 20 2 2
 8 a· = a2--ad+— a- 4d -—- + ---d a 3 3 d 3 d

+ ß(ß + 1) ß(ß + 1) - (2ß + 1) +

f 2 _, ~ 2 " 14 „ , 8 a= [a2-ad+2a-—- ) + — + —a-4d+ - -a l i 3 3 a

-2) arf 14 . . 8 a

14 , 8 a 16

aa* 14 . , 8a

^ , 8 8>

> 0 since a>d>2.

2rf 4 4 49^ + 1) / C \ 2
^ -T + ö + TT 7̂ 31 + T (l + P) ~ l 3ä (J + P>da2 = 3 r 3

4 4
3 3 3rf 18rf2 /2 a" rf2

4 85j32 + 121jg + 36 36(1 + 3ß + 3jS2)
T 3 Jd ISrf2 18i/
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Xu and Yau, Integralpoints in a 4-dimensional tetrahedra 19

2d 4 4= y + 3 + 37 +

>0 since

Now on # ( = Z?) = c ̂  i/,

,b 2 2 20 2α2 8 α_^-£ = α2 αί/+ 0-4J- +
δα 3 3 d 3 d

^ , 2 J 20 , J 2α2 8 α
= " -3 u?+T -4i/-V + 37

> 0 s shown before.

From the computation in (cl), (c2) and (c3), we know that

rfr >0 on a = b^c(^
δα

and

da
>0 on a = b = c> d.

We deduce that ^—- > 0 on α = 6 > c > d. It follows that the minimum valueda ~ ~
of A|a = b on a = b^c^ d must be attained at 0 = Z? = c ̂  i/. However we have already
shown in case (ii) subcase (b) that A| a = b = c ^ 0. So A| f l = b ^ 0. In fact from the conclusion
of case (ii) subcase (b), we deduce that Δ > 0 s long s we are not in the Situation where
a = b = c = d= integer.

Case (ii) subcase (d): On a ̂  b ̂  c ̂  d.

1 1 5Δ = - abc (abd+ acd+ bcd) + - (ab + ac + bc) - lad
2 6 3

abc 2 (ab ac bc
- 2bd- 2c- — + - - T + -T + -Td 3 d d d

Γ C 2 /aft ac 6c\
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20 Xu and Yau, Integral points in a 4-dimensional tetrahedra

δ Δ l bc-

»±*\ + ϊ]d2 ) + d\ d

δ2Δ _ l
δαδό ~ 2 '

d 5 _c_
6 + 3 ~ d

d
ο

2
3

2
3α

6d 3

^2cd-4(c-d) 2 2
- 6d +3 + ld

l 2\ l- - - -

-25 l
36

_
dadb'

δ«δ6 2

2bd +

2bd-

6 3 d 3d μ^μ 'lp^

(b-d)(d-6) ( 2 ( 2
6d 3 3c?

4(6 -rf) 2 2 25j (j8 + l)
6rf ' 3 ' 3rf 36rf2

' / I^ ^ \ r ' ) ij 1d 3 α J

/ 1 2\ 1 c
^ 3 3Jd2 δ,

δ2^
a5c '

dadc

)25
ade

b2 b 4 ( + l)(R2
 5 o 2\ Sd

= 6 3 3

ό2 6 4 1

/ 25_25 2X

V 3 6 ~ 1 8 + 5 /
l ~~

(dl) jS = Ο and - ^ 2. Then 5 = Ο andα

2 2 η . J „
^ ο + ΤΤ > ° smce d = 2'3 3d

~\2 Α

3 since

δΔ Z?2 6 4 l> 1 1 > 0.
6 3 3 186

Brought to you by | Hong Kong University of Science and Technology
Authenticated

Download Date | 8/17/19 10:29 AM



Xu and Υ au, Integral points in a 4-dimensional tetrahedra 21

(d2) β = 0 and — < 2. At the level k = d- l, we have used the estimate

on the right band side of (3.3). If

H ( - -
then (5 = 0 and the necessary estimates are exactly the same s (dl). If

then

2crf-4(c-rf) 2 _2_ J _+ + + ~
6d

>Q since c^

δ2Δ 2bd-4(b
dadb = 6d

>0 since b^d^2,

-d) 2 2 i / b \L -| ___ ι ___ l __ l __ 1 l
3 3d d2 \d J

(d3) 0 < β < l . Since we do not add level d— β in (3.3), we only need to consider
level k = d— β — l. At this level, we have used the estimate

(3.13)

If the above estimate ^ 0, then δ = 0,

2cd-4(c-d) 2 2_
dadb 6d + 3 + 3d

2 2 25
— T "*" TT ~ -n > '3 3α /z
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22 Xu and Yau, Integralpoints in a 4-dimensional tetrahedra

δ2ί± > 2bd-4(b-d) 2 2 25 ( + \
~ ~ 6d + 3 + 3 d 3 6 d ~ 2

2 2 25

b 4 l

If (3.13) is less than zero, then

02Δ 2cd-4(c-d) 2 2 25 ( + i) (l + )2 ( c

2 2 25
3 + 37-72> 0 '

d) t2 , 2 25 (
' 3 ' 3d 36d2

25 .

In all the cases (dl), (d2) and (d3), since — — > 0 and ,oaob oaoc

we deduce that -r— > O o n a > Z ? > c > i / also. It follows that the minimum value of Δda ~ ~ ~
must be attained on the surface a = b^c^d. But we have already shown case (ii) subcase
(c) that Δ ̂  0 on this surface a = b ̂  c ̂  d. Therefore Δ ^0 on a^. b ̂  c^d. This
completes the proof of case (ii). In view of case (ii) subcase (c), we deduce that Δ > 0 s
long s we are not in the Situation where a = b = c = d~ integer.

It is obvious that ifa = b = c = d= integer, then (3.1) becomes an equality. Con-
versely if (3.1) becomes an equality, then (3.6) and (3.10) must be an equality and Δ = 0.
By Theorem 2.1, (3.3) is an equality only if a = b = c. We have shown that in case (i), we
always have Δ > 0. Therefore if Δ = 0, we must be in case (ii). Hence if (3.1) is an equality,
we must be in case (ii) and a = b = c and Δ = 0. The proof of case (ii) subcase (d) shows
that Δ = 0 only i f a = b = c = d= integer. Therefore we have shown that (3.1) is an
equality if and only ifa = b = c = d = integer.
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