STANDARD MONOMIALS AND INVARIANT THEORY OF ARC SPACES II:
SYMPLECTIC GROUP

ANDREW R. LINSHAW AND BAILIN SONG

ABSTRACT. This is the second in a series of papers on standard monomial theory and in-
variant theory of arc spaces. For any algebraically closed field K, we construct a standard
monomial basis for the arc space of the Pfaffian variety over K. As an application, we
prove the arc space analogue of the first and second fundamental theorems of invariant
theory for the symplectic group.

1. INTRODUCTION

Invariant theory. Given an algebraically closed field K, an algebraic group G over K,
and a finite-dimensional G-module W, a fundamental problem in invariant theory is to
describe the ring of invariant polynomial functions K [W]C. It is natural to also consider
K[V]¢, where V = W @ W*% is the direct sum of p copies of W and ¢ copies of the dual
G-module W*. In Weyl’s terminology [18], a first fundamental theorem of invariant theory
(FFT) for the pair (G, W) is a generating set for K[V]¢, and a second fundamental theorem
(SFT) for (G,W) is a generating set for the ideal of relations among the generators of
K[V]%. When char K = 0,if G is one of the classical groups and W is the standard module,
the FFTs and SFTs are due to Weyl [18]]. The analogous results in arbitrary characteristic
were proven much later by de Concini and Procesi using standard monomial theory [4].

In this paper, we consider the case where G is the symplectic group. For an even integer
h,let W = K®" be equipped with a non-degenerate, skew-symmetric bilinear form given

by w = Z?:/? dZQi_l VAN dZQZ‘. Then
Spn(K) ={A € SL,(K)| A preserves w}

is the symplectic group over K. For p > 1, let V= W% be the direct sum of p copies of
W. The affine coordinate ring of V' is

K[V]=K[aY|1<i<p 1<I<h]
Theorem 1.1. (FFT and SFT for Spy,(K) and W = K®")
(1) The ring of invariants K[V]%P»() is generated by

h/2
Xq(fz))) = Z(ai(;)iflai(g)i - aig)iflaz(g)i)v 1 <u,v<p.
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(2) The ideal of relations among the generators in (1) is generated by the Pfaffians

oo
(11) P .2 ! .2 : . 2_ it , 1< Uy < Ujgq < p.
O. 0. : . :
Xl(th)+2U1 Xﬂgh)jqw e Xi(Lh)+2uh+2

Standard monomials and Pfaffian varieties. Standard monomial theory was initiated
by Seshadri, Musili and Lakshmibai [17, 8, 9} [10], generalizing earlier work of Hodge
[6]. It involves combinatorial bases for the coordinate rings of Schubert varieties inside
quotients of classical groups by parabolic subgroups. In this paper, we only need the case
of Pfaffian varieties. For a positive integer p, let

(12) R=PR =701 <uv<pl/() +al), ()

VU YUY

be the ring of polynomial functions with integer coefficients on the space of p x p skew-
symmetric matrices. Consider the Pfaffian P(B) of the skew-symmetric matrix

(0) (0) (0)

Tujur  LTujug  *°° Tujuy
(0) (0) (0)
LTugur  LTugus *°°  Lugy
(13) B= . . . . L )
(0) (0) (0)
Lupur  LTupuz - Tupuy,

with 1 < w; < u;41 < pand h € 2Z>,. Throughout this paper, we will represent P(B) by
the ordered h-tuple |uy, . . ., u2, ui|. There is a partial ordering on the set of these Pfaffians
given by

lup, .. ug, ur| < |uh, . ub |, iR < hyu <

R has a standard monomial basis (cf. [11]) with respect to this partially ordered set; the
ordered products A; A, - - - A;, of Pfaffians A; with A; < A;;,, form a basis of R.

Similarly, let R[h] be the ideal of R generated by the Pfaffians of the diagonal h x h-
minors, which are precisely the elements with h + 2 replaced by h. Let

(1.4) Ry, = R/R[h +2).

Then R, has a basis consisting of ordered products A; A, - -- A, of the Pfaffians A; with
by, 2,1] < A < Ay,

For an arbitrary algebraically closed field K, let SM, = SM,(K) be the affine space
of p x p skew-symmetric matrices with entries in K. The affine coordinate ring K [SM,)]
is obtained from R by base change, that is, K[SM,] = R ®; K. Let K[SM,][h] be the
ideal generated by the Pfaffians of the diagonal & x h minors. The Pfaffian variety Pf; =
Pfy(K) is a closed subvariety of SM, with K[SM,][h] as the defining ideal. Then for an
even integer h, the affine coordinate ring K[Pf,] = K[SM,|/K[SM,][h] has a standard
monomial basis: the ordered products of A;Ay--- A, with |[h —2,...,2,1| < A; < Ay
form a basis of K[Pf,]. For G = Sp,(K) and V as in Theorem[1.1} we have V//Sp;(K) =
Spec K[V]PnK) == Pf, . The proof of Theorem in [4] makes use of this standard
monomial basis. The key is to consider an integral form of K[V]|, namely, Z[aglo)] for1 <
i <pand 1l <[ < h, and show that the natural map R, — Z[aglo)] is injective. After
tensoring with K, this yields an injective map K[P f; 2] — K[V]| whose image is precisely
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K[V]%P5) A uniform treatment of these results for all the classical results using standard
monomial theory can be found in the book [11] of Lakshmibai and Raghavan.

Arc spaces. Given an irreducible scheme X of finite type over K, the arc space J..(X) is
defined as the inverse limit of the finite jet schemes J,,(X) [5]. By Corollary 1.2 of [2], it is
determined by its functor of points: for every K-algebra A, we have a bijection

Hom(Spec A, Jo (X)) = Hom(Spec A[[t]], X).
If G is an algebraic group over K, J(G) is again an algebraic group over K. If V is a

finite-dimensional G-module, there is an induced action of J.(G) on J (V). The quotient
morphism V' — V//G induces a morphism J.. (V) — J(V//G), so we have a morphism

(1.5) Joo(V) ] Joo(G) = S (V] G),
and the corresponding ring homomorphism
(1.6) K[J(V)G)] = K[Jo(V)]7=.

In the case K = C, if G is connected and V//G is smooth, it was shown in [12] that (1.6)
is an isomorphism, and under some additional hypotheses this also holds when V/G is a
complete intersection. In general, (1.6) is neither injective nor surjective.

Standard monomials for arc spaces Let

(1.7) R=R=Z[zW|1<uv<p k>0/=" +20 20)

with a derivation 0 characterized by ozlh) = (k+ 1)x§ﬁ,+l) It can be regarded as the ring of

polynomial functions with integer coefficients on the arc space of p x p skew-symmetric
matrices; in particular, K[J.(SM,)] = R @z K.

Let MR[h] be the ideal of %R generated by the Pfaffians of the diagonal 4 x h minors
in the form of and their normalized derivatives 50" P(B ) Let R, = R/R[h + 2].
Let J, be the set of Pfafﬁans of the matrices of the form of (1.3) with ~ < r and their
normalized derivatives +,0"P(B). Note that R and R, are naturally subrings of R and
R, respectively. In Sectlon we will define a notion of standard monomial on J;, that
extends the above notion on R}, and in Section We will prove the following result.

Theorem 1.2. For an even integer h, Ry, has a Z-basis given by the standard monomials of J,.
The proof is based on a technical result (Lemma whose proof is quite long and is
deferred to Section |6l

Let Joo (P frt2) be the arc space of the Pfaffian variety P f;1. Then the affine coordinate
ring K [Joo (P fri2)] is Ry, @z K, so we immediately have

Corollary 1.3. K[Joo(P fri2)] has a K-basis given by the standard monomials of J,.
Application in invariant theory. Our main application of Theorem[I.2)is to prove the arc
space analogue of Theorem 1.1} As above, for an even integer h > 2, let Sp;,(K) be the

symplectic group over K, W = K®" its standard representation, and V' = W the sum
of p copies of W. Then

K[Jo(V)] = K[aW|1<i<p, 1 <1< h, k € Zsy),

which has an induced action of Jo(Sp,(K)). The following theorem is the arc space ana-
logue of Theorem 1.1} and is proved in Section 4,
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Theorem 1.4. Let X} = 0" S1"2(a!)_ 0, — ') _1a'D), for 1 < w,v < p, where &* = Lo.

=1 V21 v2i—1"u2i

(1) The ring of invariants K[ Jo(V)]7=SPn()) is generated by X%
(2) The ideal of relations among the generators in (1) is generated by

X{L?%u X{L?%lz e X{i?}hw
= Xuou Xuou te Xuou
(1.8) o'p o o ) e ; I < <wuigq <p.
0. O. : . :
Xéh)jLzul Xl(th)+2H2 e Xl(Lh)jLzuhjLQ

(3) K[Joo(V))/=5PnK) has a K-basis given by standard monomials of J),.

Corollary 1.5. Forall h > 1and p > 1, the map K[Jo (V) Spn(K))] — K|[Jo (V)] =(5PnKD)
given by (1.6), is an isomorphism. In particular,

Joo(V) [ Joo(Spn(K)) = Joo (V] Spn(K)).

Corollary generalizes Theorem 4.5 of [12], which is the case K = Cand p < h + 2.
A similar result was proven in [13] for the general linear group G L, (K). The approach
in this paper is similar to [13] but more involved since we need a result of Bardsley and
Richardson [1] which provides a version of the Luna slice theorem in arbitrary character-
istic.

Theorem has significant applications to vertex algebras which are developed in
[14, 15, 3]. First, it provides a complete description of certain cosets of affine vertex al-
gebras inside free field algebras that are related to the classical Howe pairs. This implies
the classical freeness of the simple affine vertex (super)algebras Ly (0sp,,,) for integers
k,m,n > 0 satisfying —% +n + k + 1 > 0. Next, for any smooth manifold X in either the
algebraic, complex analytic or smooth settings, the chiral de Rham complex QS is a sheaf
of vertex algebras on X that was introduced by Malikov, Schechtman and Vaintrob in
[16]. Theorem [1.4]is essential in the description of the vertex algebra of global sections
I'(X, Q%) for a d-dimensional compact Kéhler manifold X with holonomy group Sp(%).
This algebra is isomorphic to the simple small N = 4 superconformal algebra with central
charge 3d, and is an important building block in the structure of I'(X, Q%) for an arbitrary
compact Ricci-flat Kdhler manifold X [14].

2. STANDARD MONOMIALS

Fix an integer p > 1 and recall the ring
R =Zla)| 1 <wv <py k> 0)/(al) + ), 2ll)),

with derivation 0 given on generators by ozh) = (k+ 1)ng,+1). As above, this is an integral

version of the coordinate ring of the arc space of the space SM,, of p x p skew-symmetric
matrices, i.e., K[J(SM,)] = R ®; K, for any field K.

For [ > 0, we have the ["" normalized derivation ' = 19’ on R. It satisfies 5%%“) =
() ¢ R, where for k,n € Z>,,

!
Ck+lfcz‘j

n! .

{ Wm0 = k<mn

ck = X
0, otherwise.

n



The following statements are easy to verify.

Proposition 2.1. For any a,b € R,

d'(ab) = a0,

'FQ“

I
o

and d'a € R.

Proposition 2.2. For a skew-symmetric matrix B of the form in Equation with h = 21,

o S ZSIgn (n (n2) L gm)
(2-1) 0 P(B> - 11921 x 51(1>ua(2)x%2<3) o(4) x“ol(hfwucf(h)
ni+--+n;=n o
'r‘LiGZZO
The second summation is over all permutations o of 1,2,--- , h and sign(o) is the sign of the
permutation.

Generators. Recall that the Pfaffian P(B) of the matrix B in is represented by the
ordered h-tuple |up, ..., ug, us| with 1 < w; < w41 < pand h € 2Z>(. Similarly, let

(22) Jzénll,bh,...,UQ,'LLl’

represent 9" P(B) € R, the n™ normalized derivative of P(B). For convenience, we use
the notation °|uy,, . . ., us, u; | instead of |uy, . . ., uz, u;| when n = 0, and we shall call such
expressions O-lists throughout this paper. We call wt(.J) = n the weight of J and call
sz(J) = h the size of J. Let J be the set of these 0-lists, and

I =4J € T|sz(J) < h}

be the set of elements in J with size less than or equal to h. Let £ be the set of ordered
h-tuples of ordered pairs of the form

(2.3) E = |(un, kn), - .., (u2, k2), (u1, k1)
with 1 §uz Sp,u, #Ujle#jandk'l EZZO~ Let
|E|| = 0" [to(ny, - - -+ Uo(2)s Uoy| € T -
Here n = ) k;, and o is the permutation of 1,2, ..., h such that u,¢;) < Uug(i11). Let
wi(E) =wt(|[El]),  sz(E) = sz(|[E]]).

Let

En={FE €& sz(F) < h}.
For J € 7, let

E(J)={E € &[||E]| = J}.

Note that the Pfaffians represented by 7 form a set of generators of R, and each J € J
can be represented by an element of the set £(J).
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Ordering. For any set S, let M(S) be the set of ordered products of elements of S. If S is
an ordered set, we order the set M(S) lexicographically, that is
8152"'Sm < SiSéS;I lfSZ = S:,Z < io, WlthSZO < SZ/O Orig =m + 1,71 > m.

We order M(Z), the set of ordered products of integers, lexicographically.
There is an ordering on the set J:
lup, . .. ug, ug| < Oy, ... b,
if
e W <h;
eorh=hand k < F/;

eorh =h, k=Fandu, --u < uj---u). Here we order the words of natural
numbers lexicographically.

We order the pairs (u, k) € Z>¢ X Z by
(u, k) < (W', K, ifk <k ork=Fand u < u'.
There is a partial ordering on the set £:
|(uh7 kh)v ce (ub kl)’ < |(u/h’7 k;ﬂ>7 R (ulla ki)l
if ¥ < hand (u;, k;) < (ul, kl), for 1 <i <h'.
Finally, there is an ordering on &:
[(wn, kn)ys - oy (g, k)| < | (s k) - oy (U], KD
if
e h>h;
eorh="nand > k <> ki
eorh="n,> ki => kiand
(un, bon) -+ (un, a) < (u, ) - - (ud, Ky)

Here we order the words of Z>( x Zx( lexicographically.

Lemma 2.3. If E < E, then || E|| < ||E'||.

Proof. If sz(E') < sz(E) or sz(E) = sz(£') and wt(E) < wt(E’), then ||E|| < ||E"|].
If s2(F) = sz(E') and wt(F) = wt(E'), we must have k; = k] . So u; < ul, we have

[E[| < [[E"]]. O
Relations. In the previous notation of the J-list 5k|1£h, ..., u1|, we require u; < Ujiq.
To describe their relations, we extend this notation 9*|uy, ..., u| to any 1 < u; < p.

O¥up, . .., uy] still represents 0¥ P(B) with B in Equation (1.3) without the requirement
u; < uj. Thus we have two obvious relations:

OFlup, ... ,u1| =0
if thereis 1 < i < j < h such that u; = u; and
5k|ug(h), ey Ug(2), Ue(1y| = sign(o)]
for a O-list J € J of and a permutation g of 1,2, ..., h.
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Lemma2.4. For 0 < k < s,and h' > s+ 1, we have
1 - _
Z Tl Slgn( )80|ua(h+s), e U (st 1) | oF|uj, . .. U1, Uo(s), - - - Ug(y| € R[R+2].
Here the summation is over all permutations o of 1,2,..., h + s.

Proof. It is easy to see that

h
(24) éo‘uha s 7ul| - Z(—l)zxg?l)go’uh’ ey Ui 1, U1y - -5 U]
=2
(25) 51]uh,...,u1| = Z (—1)i+j+lxl(-71j)50\uh,...,uj+1,uj_1,...,ui+17ui_1,...,u1 .
1<i<j<h
Let!’ =h /2. For0 <k <s,
Ak, / _ sign(o o Re)
F - Ui oty o = D D ml' '(uom)a< o) Lo, o (u,)

ki+-- +k‘l/ k o

S

W
(2.6) - Z Z ((Z U Jigo + Z ((1)<1>ua<7>g”"+ Z am“om Pijior

j=s+1 i=1 1<i<j<s 1<i<j<s

Here fij ., gij.o» hijo € R, and if 01 is a permutation of 1,2, ..., s and 0, is a permutation of
s+1,...,h+s, then

N (0)
U( )ufzu c - mgn(al)x U(Z)ufal_l(i)u,oalay
(0) — g (0)
z O'(Z)UG(J)gz-]’ - Slgn(al)x U(z)ua(])gal (Z)O’l (]) 00102’
(1) G 1)
TugotoMise = SIBNTVTu i R (107 ) 0o

We can also require that if o3 is a permutationof i, s +1,...,h + S, fine = fiucos and if o4
is a permutation of ¢, j,s + 1,...,h + 5, Gijo = Gijoosr Pijo = Nijoos SO by Equation (2.4),
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and (2.6),

5y o S ot ] Pl 1 )|
_ Z:Slgh?sl ;;h_ﬂm ohts)s - - - s Uo(s41)s Uo(i)s U] fijo
- Z % Z (h +1) 50|U0(h+s); s Ug(s41)s Yo () Uo(i)| Gijio
- 1<i<j<s
! Xo: Slil(! ) 1<;j<s (h+ 1)1(h +2) O tg(hts)s - - - Uo(s1)s Uor () Uo(i)| i
— i Z — 5ign(0) 0 [t (hrs)s - - - 5 Ua(s 1) Uo(s)s U] fojo

j=s+1a(h+s)>->0(s)
o(s—1)>>0(1)
+ Z 6 | Ug(h+s)y -+ s Ug(s4+1)5 Uo(s)s ucr(sfl)l Gij,o
o(h+s8)>-->0(s)
o(s—2)>->0(1)
+ Z - Sign<0)50|ua(h+s)a <oy Ug(s41)y Ua(s)s ua(s—1)| hij,a

o(h+s)>-->0(s—1)
o(s—2)>>0(1)

€ Rh + 2]
U

Lemma 2.5. For i,j, h,h' ko,m € Zso withh > h', 1 < h, j < W and kg < m, let Iy =
i+ j — h — 1. Given any integers ay, for kg < k < ko + ly, there are integers ay, in the range
0<k<kyandky+ly <k <m,such that

(2.7) PN P Z,—lj, sign(o)
O Flun, .. i1, o (i), o(ur)] OF|up, .. ul o)), . o(uh)] € R[h+2].
Here the second summation is over all permutations o of u;, ..., uy,uj, ..., vy and sign(o) is the
sign of the permutation.
For simplicity, we write Equation (2.7) in the following way,
(2.8) Z €ar0™ Flup, . Ui, Ui, - ug |0, Wy, W, uy| € ML+ 2]

Remark 2.6. Since the second summation in Equation is over all permutations, each mono-
mial in the equation will appear i!j! times, and the coefficient of each monomial will be +ay,.

ProofofLemmaﬁ 2.5 Let Fi(up, ..., Uip1; Uy, ..., )

sign(o _
_Z i 80| Upy U, 0 (W), o (un)] O fuly, . Wy, o (uf), .. o (uh)].
We have Fi(up, . -, i Wy, o, U )
= Fr(Uns - oo Wi 13 Wy« ooy Wy y) 2 F(Upy ooy Uig1s Wy oo Wy, ).
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Ifi =hand 0 <1 <y, by Lemma 2.4), Fi( ;uj,...,uj,,) € R[h + 2]. By induction on
h — i, we can see that Fi(up, ..., Uiy1; Uy, ..., u} ) € R[h + 2]. Thus

m .
sign(o) =, -
SO Y S Gkt o). o] iyl 0o

= 0" ' Fi(un, - - Uig1s Wy, - W) € R+ 2],

Now the (Io + 1) x (Io + 1) integer matrix with entries c;; = C}, ,;, 0 < i, j <l is invertible
since the determinant of this matrix is +1. Let b;; € Z be the entries of the inverse matrix.
Let ap = 25020 ;0:0 C,lcbl,jak0+j. So

lo o

left hand side of Equation = Z Z blvjakoﬂ-gm_l}“l(uh, e U1 Wy ,U;_,’_l) € R[h+2).

1=0 j=0

U

Standard monomials. Now we give the definition of standard monomials of 7.
Definition 2.7. An ordered product EyE; - - - E,, of elements of £ is said to be standard if

(1) Ea S Ea+1/ 1 S a< m,
(2) E, is the largest in E(|| E1||) under the order <,
(3) Eqy1 is the largest in E(||Eq1]|) such that E, < E, ;.

An ordered product J, Jy - - - Jy, of elements of J is said to be standard if there is a standard ordered
product E\Es - - - Ep, such that E; € £(J;).

Let SM(J) € M(J) be the set of standard monomials of 7. Let SM(E) € M(E) be
the set of standard monomials of £. Let SM(J},) = M(J,)NSM(T) be the set of standard
monomials of J;,. Let SM (&) = M(E,) NSM(E) be the set of standard monomials of &;.

By Definition2.7} if J, J; - - - J,, is standard, the standard monomial E, - - - E,,, € SM(E)
corresponding to .J; - - - J,,, is unique and £} has the form

|(up, wt(EL)), (up—-1,0),...,(us,0)| € &
with u; < u;4;. Therefore the map
T SM(E) = SM(Tn),  ErEy--- Em = [[Exll[[Eol] - - || Enl]
is a bijection.

We order M(J), the set of ordered products of elements of 7, lexicographically. The
following lemma will be proved later in Section 6]

Lemma 2.8. If J = J; --- J, € M(J) is not standard, J can be written as a linear combination
of elements of M(J) preceding J; - - - Jy_1, with integer coefficients.

Recall that 23[h] denotes the ideal generated by J € J with sz(J) = h, and R, = R/
R[h + 2]. If b > p, then J,, = J and R, = R. By the above lemma, we immediately have

Lemma 2.9. Any element of R, can be written as a linear combination of standard monomials of
Jn, with integer coefficients.



Proof. We only need to show that any element of R can be written as a linear combination
of standard monomials of J with integer coefficients. If the lemma is not true, there
must be a smallest element J € M(J), which cannot be written as a linear combination
of elements of SM(J) with integer coefficients. So J is not standard. By Lemma
J=>,EtJ,with J, € M(J)and J, < J. Since J, can be written as a linear combination
of elements of SM(J) with integer coefficients, J can also be written as such a linear
combination, which is a contradiction. O

3. A CANONICAL BASIS
A ring homomorphism. Let
Sp={aP|1<i<p 1<I<h, keZs,
and let
(3.1) B = Z[Sh],

the polynomial ring generated by S),. Note that for a field K, if W = K®" and V = W,
the affine coordinate ring K[.J. (V)] is obtained from B by base change, i.e., K[J(V)] =
B X7 K.
Let O be the derivation on ‘B given by 8a§f) = (k+ 1)a§;€+1). We have a ring homomor-
phism
h/2
Qn: R — B, o) > O Z(ai%)i_la(o)» - a’ig)i—lal(LOQ)i)'

027
i=1

For any J € J with sz(.J) > h, we have Q,(J) = 0, so Q) induces a ring homomorphism
(32) Qn : Ry, — 8.

Tableaux. Let S,=S;, U {*}. We define an ordering on the set Si:
for agf), ag,’j.? € S, agf) < xand al(.f) < ag,kj,) if kij < k'i'j’.
We use tableaux to represent the monomials of 8. Let 7 be the set of the following

tableaux:

Yihy " Y1,2,Y11

(3.3) :
Ym,hy " 5y Ym,2, Ym,1

Here y,,; are some a™ or *, every row of the tableau has elements in S, and y, ; < ys41;-

/
We use the tableau 1} to represent a monomial in B, which is the product of az(f) sin the
tableau. It is easy to see that the representation is a one-to-one correspondence between
7T and the set of monomials of 8. We associate to the tableau (3.3) the word:

Yth Y1920 Y21 " Ymh """ YUm,1

and order these words lexicographically. For a polynomial f € B, let Ld( f) be its leading
monomial in f under the order we defined on 7.
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For E; = |(ujy, . k},), ..., (uy, k%), (ul, k})| € €, 1 < i < m, we use a tableau to represent
Ey---E, € SM(E),

(Uél’kél)’”"( 2 15 2 12
(uhgvkhg)a'“ 7(u2ak2)7(u17k1)

(3.4) .
(up’ K7 ), (ugn’ k), (k)
Let T : SM(J,) — T with
|
e 7*7ai’jhl}31 L fﬁ%l)
T(Ey---Ep) = - ,*,ai;’;2]327... a(’fl)
S a(’?ﬁnh) . ,Clgfl?l)

Obviously, T is an injective map and T(E) < T'(E') it E < E'.

Lemma 3.1. Let J;---J,, € SM(Jy) and E, --- E,, € SM(E,) be its associated standard
monomial. Assume the tableau representing E - - - E,, is (3.4). Then the leading monomial of
Qn(Jy1 -+ Jp) is represented by the tableau T(E\Ey - - - E,,). Thus

LdoQu=Tom ' :SM(T) =T
is injective. The coefficient of the leading monomial of Qy(J; - - - Jp,) is £1.

Proof. Let W, be the monomial corresponding to the tableau T'(E; - - - E,,). Let
(ki ) (k™)

Mm = auﬁ” o~ auﬁl
be the monomial corresponding to the tableau 7'(E,,). Then W,,, = W,,_1 M,,,. Let [, 7”,
by a direct calculation,

(k2) (k3) (ks) o (krp—1) (Bhm)

Zia m(1)251 1% ( )281 u (3)252 la’u (4) ugl(hm—l)%lm la’ua(h )28lm'

The summation is over all k; > 0 with > k; = wi( m), all s, with1 < 51 < 59 < --- <
s1,, < h/2 and all permutations o of 1,2, ..., hy,.

We prove the lemma by induction on m. If m = 1, the lemma is obviously true. Assume
it is true for .J; - - - Jy—1. Then Ld(Qn(J1 - - - Jin—1)) = Wy,—1, the monomial corresponding
to T(E; - - En—1), and the coefficient of W,,,_ in Qn(J1 - - - Jp—1) is £1. M,, is one of the
monomials in @ (J,,) with coefficient £1. All of the monomials in Qp,(.J; - - - J;,,—1) except
W, 1 are less than W,,_, so any monomial in Qp,(.J; - - - J;,,—1) except W,,_; times any mono-
mial in Qp,(J,,) is less than W,,,_;. Since W,,,_; < W,,, the coefficient of W, in Qp,(J; - - - J,,)
is not zero. Now

W1 < W, < Ld(Qh(Jl s Jm))

The leading monomial Ld(Q(J; - - - J;,,)) must have the form

k1) (k) (ks) (k) ) ()
W Wm 1a m( )231 1%u (2)2sla’u (3)232 1%u™ (4) au;”(hm_l)2slm 1 ua(hm)Qslm'
If some s; is greater than h,,_;/2, then W < W,_;. So s; < h,_1/2. We must have

m—1
a®) > a(’fn 1 ), otherwise, W < W,,,_;. If there is some h,, 1/2 > s; > l,,,, then W < W,,,.

uits;
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So we can assume s; = i. Such monomials in @), (/,,) are in one-to-one correspondence
with E; € &(J,,) such that E,,_y < E/ . E,, is the largest in £(J,,) with E,,,_; < E,,

since E' is standard, so W), is the leadmg term of Qp(J; - -+ J). The coefficient of W, in
Qn(J1 -+ Jp) is £1 since the coefficients of W,,,_; in Qx(Jy - - - Jp—1) and M,, in Qp(J,,) are
+1. U

Proof of Theorem([1.2} By Lemma[3.1} Ld(Qx(SM(J,))) are linearly independent, so SM(7;)
are linearly independent. By Lemma [2.9) SM(J,) generates Ry,. So SM(T,) is a Z-basis
of %h O

Theorem 3.2. ), : R, — B is injective. So we may identify %h with its image Im(Q)y,), which
is the subring of B generated by 0" S°"*(a'9),_,a'9), — aff;)z a0, In particular, Q,(SM(Jy)) is
a Z-basis of Im(Qp,).

Proof. By Lemma Ld(Qn(SM(J,))) are linearly independent. Since SM(J,) is a Z-
basis of Ry, @, : Ry, — B is injective. O

Since @), is injective and ‘B is an integral domain,

Corollary 3.3. R, is an integral domain.

4. APPLICATION

In this section, we give the main application of our standard monomial basis, which is
the arc space analogue of Theorem[I.1]

Arc spaces. Suppose that X is a scheme of finite type over K. Its arc space (cf. [5]) Joo (X)
is determined by its functor of points. For every K-algebra A, we have a bijection

Hom(Spec A, Jo (X)) = Hom(Spec A[[t]], X).

If i : X — Y is a morphism of schemes, we get a morphism of schemes i, : Joo(X) —
Joo(Y). If i is a closed immersion, then i, is a closed immersion. If i : X — Y is an étale
morphism, then we have a Cartesian diagram

Jo(X) — Ju(Y)

{ l
X — Y

If X = Spec Klz1,...,x,], then J(Y) = Spec K[xz(-k)ﬂ < i < n,k € Z>o|. The identifi-
cation is made as follows: for a K-algebra A, a morphism ¢ : K[xzy,...,z,| — A[[t]] de-
termined by ¢(z;) = >, alP ek corresponds to a morphism K [xl(k)] — A determined by

xz(»k) — agk). Note that K[z, ..., z,| can be identified with the subalgebra X [xgo), Ce %(10)} C

(0)

K [x(k)] and from now on we use z; ' instead of x;.

The polynomial ring K [ ] has a derivation 0 defined on generators by
(4.1) 2" = (k + 1)z"t.
It is more convenient to work With the normalized k-derivation 0* = L 50%, but this is a
priori not well-defined on K [ ] if char K is positive. But 0 is well defmed on Z[z (k)]
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and 0% maps Z[xgk)} to itself, so for any K, there is an induced K-linear map
(4.2) 0" K[z — K[z,
obtained by tensoring with K.

If X is the affine scheme Spec K[wgo), . ,x%o)]/(fl, ..y fr), then J(X) is the affine
scheme

Spec K[z i=1,..., k€ Zso)/(@'f;| j=1,....7, 1 >0).

Indeed, for every f € K [x§°>, . ,x%o)], we have
o) =D @ NE",....aD)t"
k=0
It follows that ¢ induces a morphism K [z 0. a0/ (frs- . f2) — A[[t]] if and only if
@ f)(@”, ... a®y =0, foralli=1,...,r, k>0.

If Y is the affine scheme Spec K[yg ) ,yﬁn)]/(gl, ..., gs), amorphism P : X — Y gives a
ring homomorphism P* : K[Y] — K[X]. Then the induced homomorphism of arc spaces
Py Joo(X) = J(Y) is given by

In particular, P commutes with 8’“ for all k > 0.

Arc space of the Pfaffian variety. Recall that the space SM, of skew-symmetric p x p

matrices over K has affine coordinate ring
K[SMy) = K[ |1 <0, j < pl/ @) + o)) = R K,

where R is given by (1.2). The Pfaffian variety P f), is the subvariety of SM, determined
by the ideal K[SM,]|[h] generated by the Pfaffians of all diagonal ~-minors, so

K[Pfi] = KISM,J/KISMJ[A = Ry, @z, K,
where R),_, is given by (1.4). Similarly, recall that
K[Jo(SM,)] = Kzl 1 <4, j <pl/(af) +28,2)) = Rz K.

gi o Lij

Then
K[Joo(Pf1)] = K[Joo(SMp)|/ K[Joc (SMp][h — 2] = Ry @7 K.

Proof of Corollary|1.3} By Theorem [1.2) SM(J),—2) is a Z-basis of R;,_». So it is a K-basis of

Recall the map @, : R, — B given by (3.2), which extends to a map

(4.3) Qn : K[Joo(Pfuy2)] = K[Jo(V)],

where K[J (P fr+2)] and K[J (V)] are identified with i), ®; K and 8 ®;, K, respectively,
and QF = Q) ®1d.

Theorem 4.1. Q¥ is injective, so we may identify K[Juo(P fni2)] with the subring Im(Q5) of
K[Joo(V)]. In particular, K[J (P fn12)] is integral.

13



Proof. By Lemma[B.1} Ld(Q,(SM(Jy))) are linearly independent. By Corollary[1.3, SM(J7,)
is a K-basis of Ry, so QF is injective. Since K[J (V)] is integral, so as K[Jw (P fri2)]. O

In general, if char K = 0, the arc space of an integral scheme is irreducible [7] but it
may not be reduced. Pf,(K) is an example whose arc space is integral.

Principle G-bundles. Let G be an algebraic group over K. If G acts morphically on an
algebraic variety X, then we say that X is a G-variety. An affine G-variety X is a principal
G-bundle in the the étale topology if, for every = € X/ G, there is an étale neighborhood
V — X of z such that V x x/c X =V x ( as G-varieties. The following result is from [1]
by P. Bardsley and R. W. Richardson,

Proposition 4.2. Let X be an affine G-variety. Then X is a principal G-bundle in the étale
topology if and only if for every x in X, the orbit G - x is separable and the stabilizer G, is trivial.

The group structure G x G — G induces the group structure on its arc space
Joo(G) X Joo(G) = Joo(G).

So J«(G) is an algebraic group. For a G-variety X, the action G x X — X induces the
action of J.(G) on J,.(X),

Joo(G) X Joo(X) = Joo(X).
The quotient map X — X /G induces morphisms J(X) = J»(X/G) and
Tx ¢ Joo(X) I (G) = Jo( X/ G).

Proposition 4.3. If X is a principal G-bundle in the étale topology and X |/ G is smooth, then 7wx
is an isomorphism.

Proof. For any étale morphism V' — X /G with V x x)q X = V x G as G-varieties, we have
Cartesian diagrams

Jo(V) X Jo(G) — Ju(X)

Joo(V) = Ju(X/G) } i
d 4 and VxaG — X
Vv — X/G i) l

Vv - X/G

S0 J (V) = Joo(X/G) is an étale morphism and

Joo (V) X se(x ) Joo(X) [ Joo(G) (Voo (V) X e (x ) Joo(X)) [ oo (G)
(V xxp6 Joo(X)) [ Jo(G)

Joo (V) X Joo (@) [ Joo(G)

Joo(V)-

e 1 1R

1%

If mx is not an isomorphism, there is an étale morphism V. — X//G such that V xx ¢
X 2V x G as G-varieties and 7y : Joo(V) Xy (x/6) Jo(X) [ J(G) = Jso(V) is not an
isomorphism. But V' x x/q Joo (X G) = Jo(V), which is a contradiction. O
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Invariants for the arc space of the symplectic group action. Let G = Sp,(K) be the
symplectic group over K, W = K®" its standard representation, and V = W®. Recall
that V has affine coordinate ring

K[V] = Kla3)|0<i,j <p,1 <1< hl.
The action of G on V induces an action of J.(G) on the affine coordinate ring
K[Jo(V)] = K[a{)] 0 < i,j <p, 1 <1< h, k€ Zsg),
which is identified with B @, K, where B is given by (3.1).
Ifp>h,let A =QF(|h,...,1|), and let K[Jo(V)]a and Im(Q¥) be the localization of
K[Js(V)] and Im(QX) at A.
Lemma44. Ifp > h,
Kl (VIS = 1m(Qf)s.

Proof. Let K[V]a be the localization of K[V] at A and VA = Spec K[V]a. By Theorem
the ring of invariants K[V]?» is generated by QX (xgi,)) so the affine coordinate ring of
Joo(Va /@) is isomorphic to Im(QF)a. To prove the lemma, we only need to show that
Ty ¢ Joo(Va)[J(G) = Jx(Va)G). By Proposition Va is a principal bundle in the

étale topology, and by Proposition 4.3} 7y, is an isomorphism. O]
Theorem 4.5. K[J,(V)]7=PE) = [m(QLK).

Proof. If p > h, we regard K|[J,.(V)] and Im(QX)a as subrings of K[J.(V)]a. By Lemma
we have

K[ T (V)X = K[ T (V)] N Im(Q}) .
Now for any f € K[J(V)|NIm(QF)a, f = &, with A"f = g € Im(Q}). The leading
monomial of g is

Ld(g) = (ai -+ ai)" Ld(f),

with coefficient Cjy # 0. Since g € Im(Q¥), there is a standard monomial J € SM(J,),
with Ld(Qy(J)) = Ld(g). Since J has the factor |h, ..., 1|", Qn(J) has the factor A". Thus
f—=Co~% A V) ¢ K[Jo(V)]NIm(QE) A with a lower leading monomial and Q’}fi‘]) € Im(QF).
By mductlon on the leading monomial of f, f € Im(Q¥), so K[J(V)] NIm(QF)a =
Im(Qj’), and K[ Jo(V)]7= 05D = Im(Qf).

More generally, let V' = W *th where W = K®" as before. Its arc space has affine
coordinate ring

K[Joo(VN = K[| 0<i,j<p+h, 1 <I<h, k€ Zsg,

which contains K[.J,.(V )] as a subalgebra, and has an action of J..(G). By the above
argument, K[J,,(V')]’=(“) is generated by X0 = ok Zh/ : (aELQ)Z 1@512)1 aq(f;)l 1%82)1) Let Z be
the ideal of K[J,. (V)] generated by aglk) with i > p. Then

KlJ.(V")] = K[Jx(V)] ® T.
Note that K[J (V)] and Z are J(G)-invariant subspaces of K[.J,.(V")], and
K[Joo (V)" = K[Joo (V)] & T/,

15



Ifi >porj>p, X,g“) € 77> 5o
K[Joo (V)] 2 K [Joo (V)] /(D /1)

is generated by Xi(f), 1 <i,j < p. Therefore K[J,,(V)]’=(@ = Im(QX), as claimed. O
Proof of Theorem [1.4, By Theorem 4.5/ and Theorem K[ oo (V)72 (520 = Tm(QK) =
K[Joo(P fri2)]- 0

Proof of Corollary[1.5] This is immediate from Theorem [1.4] because V/Sp;,(K) is isomor-
phic to the Pfaffian variety P f}». O

5. SOME PROPERTIES OF STANDARD MONOMIALS

By the definition of standard monomials, if E1Es--- E, € SM(E), then E;y, is the
largest element in ||£(E;41)|| such that £; < E; 1. In this section, we study the properties
of ||E(Ei;1)|| and E;1; that need to be satisfied to make E} F; - - - E,, a standard monomial.

Let
E = |(Uh, ]{Eh>, ceey (ul, k1)| eé,
J =0, ... uh] e J.

L(E,J'). For h' < h, let o be the permutation of {1,2,...,h'} such that u,, ;) < Us, (i41)-
Let L(E,J') be the smallest non-negative integer i, such that u; > u,, (i—iy), 710 < i < I
Let

E(h/) = ’(uh'7 kh’)a ) (ula k1)|
Then L(E,J") = L(E(R),J").
The following lemma is obvious.

Lemma 5.1. For J" = 0%|u},,... u| € J, if there are at least s elements in {u,,... u}} from
the set {u},,...,u}}, then L(E, J") > L(E,J") — I +s;

A criterion for .J' to be greater than £. We say J' is greater than FE if there is an element
E' € £(J') with E < E'. Then J' is greater than E if and only if J’ is greater than E(R').
The following lemma is a criterion for .J' to be greater than F£.

Lemma 5.2. .J' is greater than E if and only if wt(E(h')) — wt(J') > L(E, J').

Proof. Letiy = L(FE, J') and o be the permutation of {1,2, ..., '} such that us, ;) < s, (11

If wt(E(W)) — wt(J') > L(E, J'), let
i . = u;—&—ioa U(Z) +1p < w - ko(i)7 1+ < h/,i 7é n
CO T Wpignyy G0 >R T DT ke 1, i >R AR
h'—1
=1
Then
ké(h’) = wt(J’) — wt(E(h')) — 10+ ko(h/) +1-— 5?0 > ka(h’) +1-— 5?0.
(i) ko) = (Uot): Koti)):
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So .
E~/:|(1~L;1/,k’;l/),.. (u2>k/) (ﬂllvkll)|
is an element in £(J') with £’ > F.
On the other hand, suppose E’ € £(J') with £/ > E. Assume

E' = [(@hy, ki), - (8, k), (1, K).
We have (i}, k) > (u;, k;) i.e., ki > k; or k} = k;, 4} > u;. So
h/
D (k= ki) + #{) > wi, i1l <P <KW} >0,
=1
Letij = h' — #{@], > w;,i|1 <i < h’} Then

%SE:” wt(J') — wt(E(h)).

Here @}, .. ah, is a permutation of ul, ..., up. By the definition of iy, it is easy to see that
up > Ug(i—ip), Gy < 1 < h'.So iy > L(E,J'). Thus

wt(B(K')) — wt(J') > i, > L(E, J).

Corollary 5.3. J' is greater than E if and only if || E(R')||J' is standard.

Proof. By Lemma5.2} J' is greater than E if and only if wt(E(h')) — wt(J') > L(E, J') and
||E(R')||J" is standard if and only if wt(E(h')) — wt(J') > L(E(R'), J") = L(E, J'). O

The property “largest”. Let
W(E,J') ={J=0"uj ...u}||1<d <P, Jisgreater than E}.

Lemma 5.4. If E' is the largest element in £(J') such that E < E', then for s < I, ||E'(s)|| is
the smallest element in W,(E, J').

Proof. Assume
E = |(u;z’7 kh’)a SR (u/27 k2)> (u/17 kl)‘
For s < I/, let J; be the smallest element in W, (E, J'). Let

Ey = |(uf ko), (il ko), (o))
be the largest element in £(J;) such that E(s) < E,.

Assume [ is the largest number such that (u}, k}) = (u; l;;j) forj <l <s+1.1Ifl <s,
then i; > [ and (], ki) # (u),k}). If i; = 1, by the max1rna11ty of E’ and the minimality of

Js, we must have (u; , k) = (u}, k}), a contradiction. So 4, > I.
If (u”,kl) < (uy, kp), then (up, ky + ki, — ki) > (us,, k;l) Let £” be the element in £(.J)
obtained by replacing (u;, k;) and (] k;’ )in E' by (u;, ki) and (u), k] +ki, — k1), respectively.

Y

We have £/ < E” and E(h') < E". But E' # E” is the largest element in £(||E'"||) such
that £ < E’, which is a contradiction.

Assume (u; , ki) > (u), k). 11 ¢ {iy,..., i}, replacing (uj,, k) in E, by (u}, k}), we get '
with E(s) < E! and ||E’|| < J,. This is impossible since J; # || E’|| is the smallest element
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in Wy(E,E"). If l =i; € {ir,....is}, (u ”,kl + k- k) > (u;j,l%j). Let E! be the element
in £(J;) obtained by replacing (u;,, k;) and (wi, s k;) in E, by (u}, k}) and (uj,, ky 4k — kD),
respectively. We have E; < E! and £ < E!. But £ # E; is the largest element in £(.J;)

such that £ < FE/, a contradiction. Therefore £, = E’(s), and ||E’(s)|| is the smallest
element in W,(E, J'). O

Corollary 5.5. If E' is the largest element in E(||E'||) such that E < E', then for s < I/,

L(E, [|E"(s)]]) = wt(E'(s)) — wt(E(s)).
Proof. Since E < E', E < F’(s). By Lemma |E'(s)]| is the smallest element in
W,(E,J'). By Lemma5.2, L(E,||E'(s)||) = wt(E'(s)) — wt(E(s)). O

Corollary 5.6. If £ is the largest element in E(||E’||) such that E < E', then for s < h' and any
J e Ws(E, E'),
L(E,||E'(s)]]) < L(E, J).

Proof. Assume .J = 9" |ug, ..., ui|and ||E'(s)|| = 0'|ul, ... ui]. I m = L(E, J)—L(E, || E'(s)||) <
0, let J” = 0™ us,...,ui|. By Lemmal5.2} J” € W,(E, J’) By Lemmal5.4} || E'(s)|| is the
smallest element in W;(E, |]E/||) But wt(HE’( )I|) > wt(J"), a contradiction. O

Lemma 5.7. Let E; = |(uj, . k},), ..., (ui,k})|, i = a,b. Suppose that E, < E,, and that E,
is the largest element in E(|[E,||) such that £, < E,. Let 1 < h < h, and o; be permutations

of {1,...,h}, such that u ) < up ) < -+ < u’, .- Let uy, ... w, be a permutation of
uf, ... up, such that uy <uh < --- < . Assume wy, = ug, | with iy > i,. Then for any
K =0 up, ... usi1, g, .. ouy |,

with 1 <ty <o <ts <19, L(Eb,K) > L(Eb, HEa(h)H) + 5 — 1.

Proof. Let n = wt(E,(h)).

Let iy = R(E,, K), then uj > u? J(iio) fOT 8 = 1> .

Let iy = R(Ep, ||Eq(h)]]), then ug ;) > ugb(if%), for h > i > iy.
We have i; > 4. Otherwise, i; < 4. Replacing uj ) in [[E*(h)|| by some uf < u

with ¢ > h, (such u{ exists since iy > 1), we get

__ an|,,a a a
J=20 |u0{1(h)""7u0{1(i1+1) i» Ug! (11 1)7---7Uag(1)|

with R(Ey, J) < 4. By Lemma J is greater than E,. It is impossible by Lemma
since J < ||E,(h)|| and E, is the largest element in £(|| £,||) such that £}, < E,,.

If s > ’il, let

J/ g 5n|uga(h)7 e 7uz'a(il+1)’ U;{S, e 7u;s—i1+1|.
If L(Eb,K) < L(Eb, HEa( )H) + S5 — ’il,
b .
U; > Uo_b(z i0) Z uob(i7i673+i1)’ fori S S.

We have R(Ey, J') < ij. By Lemmal5.2} J' is greater than E;. By Lemmal5.4] it is impossible
since J' < ||E,(h)|| and E, is the largest element in £(||E,||) such that £, < E,. So when
s > il, L(Eb,K) > L(Eb, HEllH) + s — ’il.

If s <ip, lett) <ty <--- <t <igwith{t,... ,t,} C{t],... 1] }. Let

_ Ak, /
=0 |ut,1,...,utgl,ui1+1,...,uh|.
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By Lemma we have
L(-EbaK) Z L(EbaK/> + s — il 2 L(Eb7 HEaH) +s— 2.1-

So for any s > 0, we have L(Ej, K) > L(Ey, || E,||) + s — 1. O

The following lemmas are obvious.
Lemma 5.8. If J; < Jy < --- < J,, 0 is a permutation of {1,...,n}, then
Jida - Jn < Ty o)
Lemma 5.9. If K1 Ky--- Ky, < Jy---Jj, then
KKy Ky 1 JKg Ky <y Js 1 Js- - J.

6. PROOF OF LEMMA 2.8

In this section we prove Lemma[2.8] By Lemma 5.8, we can assume the monomials are
expressed as ordered products J;.J; - - - J, with J, < J,41. Fora € M(J), let

R(a) = {Z cifi € Rle; € Z, B; € M(T), Bi < «a, B # a,

the space of linear combinations of elements preceding « in M(J) with integer coeffi-
cients.

Lemma 6.1. If J, J, is not standard, J, Jo € R(J}).

Proof. Assume J; = 0" |uj, ... ub,uil, fori=1,2.
Let By = |(up,.n1), - .., (u1,0)|. Letig = L(Ey, J3). If ig # 0, there is iy < iy < hy, such that
u? < ul ;4. Ifig =0,leti; = 0. Let m = ny +ng and ay,—; = 6,0 < 1 < lp— 1. By

Lemma 2.5 there are integers a;, such that

- _
(6.1) Zeakﬁm S 7 T 7 V11 12 o [T VSO VL Tl IR ([ P U

(1) If hy = hy, then ny < ny. Since J;J; is not standard, J; is not greater than F;. By
Lemmal5.2} ig > ny —ny > 0. JiJo € R(J;) since in Equation (6.1):
e All the terms with k£ = n, precede J; except J; J; itself;
e All the terms with k = n, — 1,...,n; vanish since a;, = 0;
o All the terms with k = ny + 1, ..., m precede J; since the weight of the upper
O-listism — k < ny;
o All the terms with k£ = 0,...,n; — 1 precede J; after exchanging the upper
O-list and the lower O-list since the weight of the lower d-list is k < ny;
e The terms in Y[, + 2] precede J; since they have bigger sizes.
(2) If hy > hy. Since J;J; is not standard, by Lemma ip > ng. J1Jo € R(J;) since in
Equation (6.1):
e All the terms with & = ny precede J; in the lexicographic order except J;J,
itself;
e All the terms with £ = n, — 1,...,0 vanish since a, = 0;
e All the terms with k = ny, ..., m precede/J; since the weight of the upper 0-list
ism—k <ny;
e The terms in %[, + 2] precede J; since they have bigger sizes.
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Proof of Lemma We prove the lemma by induction on b.

If b=1, J; is standard.

If b = 2, by Lemma the lemma is true.

For b > 3, assume the lemma is true for b — 1. We can assume J; - -- J,_; is standard
by induction and Lemma Let £y - -- By € SM(E) be the standard ordered product
of elements of £ corresponding to J; --- Jy_;. If J;---J, is not standard, then J, is not
greater than £, ;. By Lemma (below), J,_1Jy, = > K, f; with K; € J, f; € R such
that K, is either smaller than J,_; or K; is not greater than Ej_». If K, is smaller than
Jp—1, then Jy - Jy 1 Kif € R(Jy -+ Jp_1). If K, is not greater than Ey_», J; - - - J,_o K is not
standard, so it is in PR(.J; - - - J,—2) by induction. Then J; --- J, o K;f € R(J;--- Jp—1). So
JioJy = J1 - S K fi € R(Jy -+ Jpa). 0

Lemma 6.2. Let E € &, J, and J, in J with J, < J,, and suppose that E, is the largest element
in £(J,) such that E < E,. If J, is not greater than E,, then J,J, = >  K,f; with K; € J,
fi € R such that K; is either smaller than J, or K, is not greater than E.

Proof. Assume J, = 0" [uj, ... ujland J, = 9™ [ub ... ub|. J, < Jy, 5O he > hy. Assume
[|Ea(ho)|| = O™|ufy, ... uf]. Let m = ny + n,. Letiyc = L(E,,Jp). If ig # 0, there is
10 < i; < hy, such that uﬁ-’l <uf _; 41+ Ifig = 0, leti; = 0. Since J, is not greater than F,, by
Lemmal.2

(6.2) To > Np — My

« e a a . / / : ! / a a

By definition, {uj, ,...,u{} is a subset of {u}, ,...,u;} with uj < uj,, and uf < uf,,. If we
, .

assume u;, = uj _; .1, we have iy > i —ig + 1.

Now we prove the lemma. The proof is quite long and it is divided into three cases.
Case 1: h, = hy. Leta,, ; = 6 for0 <[ <is— 1. By Lemma there are integers a,
such that

(6.3) Zeakgm’k]u’ha,... u u ooy Oyl ) € Rlhe + 2]

) P —i0+17 Yi1—ig? » P +1 Mg

Jaudy € R(J,) since in the above equation,

e All the terms with k£ = n;, precede J, in the lexicographic order except .J, J, itself;

e All the terms with k =n, — 1, ..., n, vanish since n, = mg, ar = 0;

e All the terms with k = n;, + 1, ..., m precede J, since the weight of the upper 0-list
ism—k < ng

e All the terms with k = 0,...,n, — 1 precede J, after exchanging the upper 0-list
and the lower O-list since the weight of the lower 0-list is k < n,;

e The terms in M[h, + 2] precede J, since they have bigger sizes.

Case 2: hy < h, and ny < my,.

By Lemma [2.5]
(—1)*sign(o) ;
(64 > SO Y
- Z.(hb — Z)
0<i<hy, o
5m_k|u/ha, . ,U/Z-Jrl, ug(i)7 e ,UZ_@), U/l;(l)| 5k|u2(hb), . ,Ug(i+1), 'U/;7 e ,u/1| - %[ha + 2]

Here aj, are integers and a;, ; = dy; for 0 < I < hy — 4. The second summation is over

all permutations o of {1, ..., hy}. In the above equation:
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e The terms in R[h, + 2| precede J, since they have bigger sizes.

e All the terms with k = ny, ..., m precede J, since the weight of the upper 0-list is
m—k <n,.

e The terms with k = n; are J,.J, and the terms with the lower 0-lists

Ky = anb‘u” s up | €.
And all the other terms are cancelled. By Corollary [5.5and
L(Ey_2, Ko) > L(Ey_2, Eg(hy)) = maq — mp—2 > np — My_s.

By Lemma5.2] K| is not greater than E;_. )
e The terms with k£ < n; vanish unless h, — 7 < n; — k. In this case the lower 0-lists
of the terms are

Ky = 0 ul gy oy Uiy Uays -5 U .
By Lemmal5.1}
L(Ey—2, K1) > L(Ep—2, Ko) — (hy —1).

So
L(Ey_o, K1) > ny —mp—g — (hy — i) > k — myp_s.
By Lemma K is not greater than Ej,_.

Case 3: h, > hy and n, > m,. If iy = 0, then J, is greater than E, and J; --- J, is
standard. So iy > 0. By Lemma [2.5, we have

(6.5) Z Z S\(is _Sllgi ST Z ea;,

min{iy,ig}>s ©

am—k|, / ! ! ! b b| Ak b b b / !

O™ gy o UG Uiy 1y -+ o5 U (a1 U+ - o> Uy | O Uy o U g W Uy U+ Uy
€ Rlh, + 1.

Here aj, are integers, a; ; = do; for 0 <[ < i; —s, and o are permutations of {1,...,ip—1}.

z+s+t

sign(o) sign(01) <~ i
(66) Z Z (i —ip)! hb—z)'s'(Q—l—s)'Zeak

1>11>8 0,01

i2>s
an—k|, b b b b b Sk
O o) -+ Ua(iy - + - Ugr(in1ys Uiy - - Ugs Wp + o Uy gL O Wy oy Wiy U (i 1)+ -+ U (1) Yy (5) - -+ Yo (1)
€ Rlhq +1].
Here a° are integers, a’ mo_1 =00y for 0 <1 < (i+j; —s), o are permutations of {hy, ..., +
1}, and o, are permutations of {1,...,i; — 1}.

e We use Equation (6.5) when iy > iy — iy + 1;
(6.6

e We use Equation ) when iy = iy —i¢ + 1.
In the above relations:

(1) The terms in $R[h, + 2] precede J, since they have bigger sizes. B
(2) All the terms with £k =n;, + 1,...,n precede J, since the weight of the upper 0-list
isn—k < n,.
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(3) The terms with k = n;, are J,J;, the terms with the upper O-list preceding J, (the
upper O-lists are the d-lists given by replacing some u;, i > i in .J, by some u}) and
the terms with the lower 0-lists

Ky = 5”b|uzb, . ,uth, ufn(il), . .u;1(1)|.
And all of the other terms cancel. By Lemma
L(Ep—2, Ko) > L(Ey-2, [|[Ea(h)]]) + i1 — (i1 — o + 1);
By the above inequality,
L(Ep-2,Ko) = L(Ep2, |[Ea(h)|]) + io

(by corollary [5.5) = wit(E,(hy)) — wt(Ey_o) + 1o
(by Equation > wi(Ey) — wt(Ey_o(hy)).

By Lemma5.2] K| is not greater than E_.
(4) When iy > iy —ig + 1, the terms with k& < n; in Equation (6.5) vanishes unless
11 — s < np — k. In this case the lower 0-lists of the terms are

_ Aky,,b b b b / /
Ky = 0% upy s ooy Uy 1, Wiy Ug s Uy - -+ 5 U1

The underlined u in K; can be any underlined u in Equation (6.5). By Lemma
L(Eb_g, Kl) > L(Eb_27 Ea(hb)) + s — (21 — 19+ ].),

L(Ey 0, K\) > L(BEy_s, Ey(hy)) +k — ny + io
(by Corollary5.5) = wt(Eq(hs)) — wt(Ey—z(hs)) + k —np + io
(by Equation (6.2) > k — wt(Ep_2(hy)).
By Lemma K, is not greater than Ej,_.
(5) When iy = iy — ip + 1, the terms with £ < n, are the terms in the Equation ,
such that i — s < ny — k. In this case, the lower 0-lists of the terms are

__ aky,,/ / / ! ! 1
Kl = a |uhb+1, e 7ui27ual(i271), e "U,o.l(s+1),uo.1(s)7 e 71’(’01(1)"

The underlined v in K can be any underlined u in Equation (6.6). Let

Ki — 5k|u;€hb7 . e 7U;€i2,u;(iz_1), “ e ,u;(1)|

Here i, < ki, < kiyp1 < -+ < kn, < ho. By Lemmal5.1} there is some K7 such that
(67) L(Ebf%Kl) > L(Ebf27Ki) - (22 —-1- S) - (Z - 7:1)7

since in K the number of ] with u} > u, is at most i — 7, . By Corollary
(6.8) L(Ey—2, K1) = L(Ey-2, || Ea(h)]]).

By Equation (6.7,[6.8),

L(EnK2) 2> LBy || E(m)]]) + 5 — (i — i)
(by Corollary > wt(Equ(hy)) — wt(Ey_o(hy)) + k — ny + 1o

(by Equation[6.2) > &k — wt(Ey_o(hy)).
By Lemma K is not greater than Ej,_».
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