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The multi-level convex hull principle

PUBLIC SUMMARY

= The grand biological universe integrates natural vectors derived from all reliable reference sequences.
m The multi-level convex hull principle is validated within the grand biological universe.
m Convex hull separation originates from biological traits rather than high-dimensional space characteristics.

m The optimal metrics for classification are constructed within the grand biological universe.
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Analyzing the geometric relationships among genomic sequences from
a mathematical perspective and revealing the laws hidden within these
relationships is a crucial challenge in bioinformatics. The natural vector
method constructs a genome space by extracting statistical moments
of k-mers to illuminate the relationships among genomes. This approach
highlights a fundamental law in biology known as the convex hull princi-
ple, which states that natural vectors corresponding to different types of
biological sequences form distinct, non-overlapping convex hulls. Previ-
ous studies have validated this important principle across various data-
sets. However, they often focused on specific kihngdoms and did not
thoroughly analyze the significance of the dimensions required for the
convex hull separation. In this study, we integrate all reliable sequences
from different kingdoms to construct the grand biological universe,
within which we comprehensively validate the multi-level convex hull
principle. We demonstrate that the separation of convex hulls arises
from biological properties rather than mathematical characteristics of
high-dimensional spaces. Furthermore, we develop suitable metrics
within the grand biological universe to facilitate efficient sequence clas-
sification. This research advances the convex hull principle through both
theoretical development and experimental validation, making significant
contributions to the understanding of the geometric structure of
genome space.

INTRODUCTION

Imitating Hilbert, who proposed 23 problems in mathematics in 1900, the
Defense Advanced Research Projects Agency (DARPA) introduced 23 mathe-
matical challenges in 2008. These challenges have proven to be highly influ-
ential for the development of mathematics in the 21st century. Many of these
challenges significantly intersect with the field of biology. From a mathemat-
ical perspective, biological problems can be understood more deeply and
quickly than relying solely on expensive experiments. Notably, two intimately
connected challenges—"Geometry of Genome Space” and “What are the
Fundamental Laws of Biology?"—have garnered widespread research interest.

To explore the geometric structure of genomes from a mathematical
perspective, genomes must first be mapped into what is referred to as genome
space, a specific type of metric space. This mapping concept forms the foun-
dation for many alignment-free methods. Traditionally, biological sequence
comparison relies on alignment techniques that assess sequence similarity us-
ing dynamic programming algorithms.' ™ These methods align sequences po-
sition by position, making the process computationally demanding. In response
to the growing number of discovered sequences, search-based alignment
methods have emerged.”’ While the concept of searching has enhanced the
computational efficiency of alignment methods, these methods heavily depend
on large databases and often analyze sequences in fragments rather than un-
derstanding their overall structure. Consequently, alignment-free methods have
been developed to overcome these constraints in recent years.®® The predom-
inant idea in alignment-free methods involves transforming genomes of diverse
sizes into fixed-dimension vectors, allowing their distances to be calculated us-
ing the LP norm. The key advantage of this strategy is its computational speed
and independence from databases, enhancing efficiency when analyzing exten-
sive sequence datasets.

Various alignment-free methods, based on different theories such as Fourier
transforms, Markov chains, and deep learning, have been successfully imple-
mented in fields like sequence similarity search, clustering, classification, and
phylogenetic analysis.'® ' These methods introduce novel concepts and tools
for bioinformatics research. However, not all alignment-free methods can accu-
rately depict the geometry of genome space, as they must fulfill specific math-
ematical properties. Most fundamentally, the genetic relatedness between se-
quences should be well represented by the distance between vectors, and
different types of sequences should exhibit good separation properties in the
vector space. Furthermore, we seek a one-to-one transformation from se-
guences to vectors, which is a necessary condition in genome space. Using
deep learning-based alignment-free methods as an instance, due to their
black-box nature, it is typically difficult to mathematically prove the one-to-
one correspondence between sequences and points, making it challenging
for rigorous mathematical analysis. Additionally, the embedding space of
deep learning models can change significantly depending on the training
data, making it unsuitable for analyzing stable genome space properties.
Among the various alignment-free methods, the natural vector method, which
embeds sequences based on statistical moments of k-mers, stands out for ful-
filling these criteria.'® °

Building on the characterization of the geometric structure of genome space,
the natural vector method further reveals a fundamental law of biology: the
convex hull principle. This principle asserts that the natural vectors correspond-
ing to different types of biological sequences form distinct, non-overlapping
convex hulls in high-dimensional space. This property has been extensively vali-
dated across various types of biological data, suggesting that it represents a
widely applicable theorem in the biological domain."”2° The convex hull princi-
ple has broad applications: not only can we classify unknown sequences by
determining to which convex hull they belong, but we can also reverse the pro-
cess to identify potential natural vectors within the convex hull that correspond
to sequences yet to be discovered experimentally.?'** This principle, derived
from a mathematical perspective, encapsulates one of the fundamental laws
of biology.

However, the responses to DARPA's two questions remain incomplete. Spe-
cifically, there are two main issues. First, previous alignment-free methods,
including the natural vector approach, have often been limited to classifying se-
guences within specific datasets, such as those confined to a single kingdom,
without integrating all types of biological data. This has resulted in an incom-
plete genome space, meaning that the inferred fundamental laws have only
been tested within localized genome spaces rather than within a comprehen-
sive genome space that encompasses all biological sequences.'” ?° Second,
spaces of different dimensions possess distinct geometric properties, and chal-
lenges such as the curse of dimensionality become particularly significant in
high dimensions.?® Previous interpretations of the convex hull principle have
not quantitatively analyzed the dimensions required for the non-overlapping
property of the convex hulls, nor have they distinguished between the biological
and mathematical mechanisms underlying this non-overlapping nature. There-
fore, there is still room for further development of the convex hull principle.

In this paper, we will utilize the natural vector method to construct a complete
genome space using all reliable sequences from seven datasets (bacteria,
archaea, fungi, plants, protozoa, invertebrates, and vertebrates) available in
NCBI, which we will refer to as the grand biological universe. This grand biolog-
ical universe will be employed to validate the convex hull principle, offering a
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comprehensive verification of this important law. Furthermore, we will demon-
strate that the dimensionality required for the non-overlapping property of the
convex hulls is sufficiently small and is based on biological mechanisms rather
than solely the mathematical mechanisms of high-dimensional spaces. Addi-
tionally, we develop metrics that integrate various sequence features within
the grand biological universe to measure similarities between sequences, facil-
itating efficient sequence classification. In conclusion, we have constructed a
marvelous geometric picture: within the grand biological universe, there exist
seven mutually disjoint biological galaxies. Within each galaxy, there are also
numerous mutually disjoint star clusters, and the distances between stars
can be measured by metrics distorted by the gravitational influence of the stars.
The work presented in this paper provides a geometric characterization of the
complete genome space and makes significant contributions to the theoretical
development and experimental validation of the convex hull principle.

MATERIALS AND METHODS
Materials

Seven types of genomes were downloaded from NCBI to construct the grand biological
universe: bacteria, archaea, fungi, plants, protozoa, invertebrates, and vertebrates. The data-
set was sourced from the RefSeq database (https://ftp.nchi.nim.nih.gov/refseq/release/),
the Assembly GCF database (https://ftp.ncbi.nlm.nih.gov/genomes/refseq/), and the As-
sembly GCA database (https://ftp.ncbi.nim.nih.gov/genomes/genbank/) in March 2022.

This study applies the following filtering criteria: (1) removal of duplicate sequences, (2)
exclusion of unassembled sequences or organelle sequences, (3) removal of sequences
containing degenerate bases, and (4) omission of sequences lacking classification labels.
After the filtering process, 30,121 reliable sequences remain.

In the phylogenetic analysis of fungi, plants, protozoa, vertebrates, and invertebrates, we
incorporated organelle data as supplemental information separately. These data originate
from the same sources as the previously mentioned datasets, but instead of being con-
strained to chromosomal sequences, they are based on complete organelle sequences. Af-
ter the filtering process, 16,577 reliable sequences remain.

To verify the stability of the grand biological universe, we additionally introduced the lat-
est plant reference sequences as a supplement. This dataset was sourced from the RefSeq
database (https://ftp.nchi.nlm.nih.gov/refseq/release/) in March 2025, and the same data-
cleaning methods as before were applied. A total of 170 new chromosomes were included.

The accession numbers and names of all reliable sequences can be found in the GitHub
repository (https://github.com/BobYHY/GrandUniverse).

The natural vector method

The natural vector method is an alignment-free approach that transforms DNA se-
quences into vectors of moments.'® Let s;,a € {A,C,G, T} and consider the sequence
S = $1S7...Sy, We can define

Wals) = T,si=a
ot 0, otherwise.

Then the j-th ordered element D/, of the natural vector can be defined as

wheren = na +nr+nc+ng. DY and D] are known as the frequency and the mean position
of nucleotide a. We define the natural vector of order m as

(nasNc, NG, N7, g, e g s -+, D, DZ, DF, D).

It is proven that one-to-one correspondence between sequences and natural vectors ex-
ists rigorously when the order is sufficiently high.

The k-mer natural vector method is an extension of the traditional natural vector
method.'® A k-mer is a string composed of k nucleotides, resulting in 4€ possible k-mers,
denoted as I,...,Iu. For a sequence S = $1S,...S,, We can view it as a sequence consist-
ingofn — k+1 k-mers;i.e., (S1...Sk),--,(Sn_ks1---Sn). We can define the j-th ordered mo-
ments of k-mers similarly to those of nucleotides and thereby define the k-mer natural vec-
tor as follows:

m T
(n/w,...,ﬂ/“‘/t/,,...,u/Ak,...,Dh : ...,D,ak).

Since the k-mer natural vector method has already extended the information content of
the vectors from the perspective of k-mer length, there is no need to further expand it in
terms of moments. Therefore, in the k-mer natural vector, the order m is typically set to
2. Additionally, if DY = 0,wesetD] = D} = ... = 0.

The convex hull principle

The convex hull is one of the most basic concepts in computational geometry. Mathe-
matically, the convex hull is the minimal convex set that contains the finite point set C =
{X1, X0, X b, xi € RS

Conv(C) = {Xk:e,x,

i=1

k
0,>0,> 6 = 1}.
i=1

The determination of convex hull disjointness can be solved using optimization methods.
Suppose that A = Conv({an, ...,am}) and B = Conv({bs, ...,b,}) are convex hulls in RX.
Any point in A and B can be represented by a linear combination of their point sets. If A
and B intersect, then the convex combination of these points satisfies the equation

n
Aai = > 0b;,
Jj=1

NgE

i=

where non-negative numbers 4, 6 satisfy >/ 14 = 1and 33716, = 1.

Therefore, the problem of determining the disjointness of convex hulls can be trans-
formed into an optimization problem. The objective is to find coefficients
{A1,..,4m, 6h, ..., 6, } so that the optimal solution of the following optimization problem
is zero:

n

ob;

min
49 =

m
2/1,8,'—
i=1

subject to:

m
Z/l, =1,4 >0 forallj

i=1

>4 =1,62>0 forallj

j=1

BN

If the optimal value is greater than zero, then the convex hulls A and B are disjoint. It is
worth noting that, when certain dimensional values are relatively small, numerical errors in
optimization can arise. To mitigate these numerical errors caused by differing magnitudes
across dimensions, we employed maximum normalization.

In this study, the convex hull principle is applied to sets of points x;, where each point
represents the 1-mer natural vector corresponding to a nucleic acid sequence. These se-
quences are grouped by shared biological classifications, such as belonging to the same
family or originating from the same biological dataset, referred to as the biological galaxy.
The convex hull principle posits that the natural vectors derived from sequences of different
classifications form distinct, disjoint convex hulls in the vector space. Furthermore, the low
dimensionality of this space implies that the separation of these convex hulls is highly
dependent on the correctness of the biological classification labels. This indicates that
the mechanism underlying the convex hull principle is driven by biological factors rather
than purely mathematical properties, underscoring the importance of accurate classifica-
tion in determining disjointness. This is the rationale for using lower-dimensional 1-mer nat-
ural vectors in this analysis.

After establishing the method for determining convex hull intersections, we introduce
the concept of the significance ratio to further prove that the dimensionality used is biolog-
ically meaningful. The significance ratio is computed by randomly shuffling the classifica-
tion labels of the sequences and reapplying the convex hull principle. This process is
repeated N times. Let n represent the number of instances where the convex hull principle
still holds after the randomization. The significance ratio is then defined as M52, A higher
significance ratio indicates that the convex hull disjointness relies more on biologically
meaningful labels rather than mathematical properties alone. In this study, N = 100.

The natural metrics
In the k-mer biological universe, we define a series of selectable distance metrics based
on the k-mer natural vectors. The general structure of these metrics is represented as
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iakdﬁ,
k=1

where df, denotes the distance metric derived from the k-mer natural vector in the L space.
In this study, p is set to either 1 or 2, and K ranges from 1 to 9. The coefficients ay represent
different weighting strategies, which are developed from previous work,*’ and consist of
the following seven choices:

Al:ae=Ty-x
A2:ak:1'1?
A3:ak=%
A4:ak=%
A5:ak=%
A6:ak:%
A7:ak=%

The natural metrics are selected based on which of the 126 possible combinations
achieves the highest 1-nearest neighbor classification accuracy under the leave-one-out
strategy.

t-distributed stochastic neighbor embedding

t-distributed stochastic neighbor embedding (--SNE) is a non-linear dimensionality
reduction technique specifically designed to map high-dimensional data to 2D or 3D space
for visualization. It emphasizes preserving local structures and partially addresses the
crowding problem inherent in high-dimensional data visualization.

The principle of t-SNE can be summarized in the following steps. First, it models the re-
lationships in high-dimensional data using Gaussian distributions. Then, it reconstructs
similar probability relationships in the low-dimensional space using the t distribution. By
minimizing the difference between the high-dimensional and low-dimensional distributions,
it achieves a low-dimensional visualization that closely approximates the high-dimensional
structure.

t-SNE has been widely adopted in various fields, such as bioinformatics and natural lan-
guage processing, due to its ability to reveal patterns and structures in complex datasets. It
is important to know that, while t-SNE effectively captures local relationships, it fails to suf-
ficiently maintain global relationships. Moreover, the distances in the t-SNE plot may not
accurately reflect the true pairwise distances in the original high-dimensional space. There-
fore, we do not expect that the convex hull principle holds after dimension reduction.
Instead, we conduct t-SNE to indirectly observe separation properties of natural vectors.

RESULTS
Overview of the grand biological universe

The goal of the grand biological universe is to embed all known reliable bio-
logical genomes into a vector space and analyze them from a unified geometric
perspective. This allows us to prove the important convex hull principle and
perform effective classification.

As shown in Figure 1, the basic framework of modern classification, based on
the Linnaean system, consists of domain, kingdom, phylum, class, order, family,
genus, and species.”*?® In this study, we divide the grand biological universe
into seven parts based on the classification, analogous to galaxies in the
cosmos. These biological galaxies correspond to bacteria, archaea, fungi,
plants, protozoa, invertebrates, and vertebrates. Our analysis covers both the re-
lationships between these seven biological galaxies and the internal properties
and structures within each biological galaxy.

The method employed for embedding genomes into vector space is based on
the natural vector, demonstrating a one-to-one correspondence in high-dimen-
sional space. Following previous research, we adopt two different strategies to
extract sequence features. The first considers only T-mers and increases the or-
der of the moments. This approach results in a lower-dimensional space, within
which we will demonstrate profound geometric properties, such as the convex
hull principle. In addition, this space allows for rapid classification. We refer to it
as the 1-mer biological universe. The second method considers k-mers, embed-
ding sequences into a higher-dimensional space that enables more refined clas-
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(Order ) (Family ) ( Genus ) Species
Life with cellular structure
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%

Vertebrates & Invertebrates

Figure 1. The basic scheme of modern classification for lives

sification. We refer to it as the k-mer biological universe. Both approaches are
finite-dimensional truncations of the same feature extraction method, collec-
tively forming the grand biological universe.

The convex hull principle

The concept of the convex hull illustrated in Figure 2 is fundamental in math-
ematics. The convex hull of a point set characterizes the region corresponding
to the set. The convex hull principle is an important empirical law in the field of
biology, stating that the natural vectors corresponding to biological sequences
of different classifications form distinct, non-overlapping convex hulls in space.
In Figure 3, we present a toy example that demonstrates the process of trans-
forming sequences into the vector form where the convex hulls can be tested
for non-overlapping properties. Previous validations of this principle were typi-
cally based on relatively homogeneous datasets. Here, we provide a complete
validation using the grand biological universe. We aim to achieve this
non-overlapping property in a lower-dimensional space, which is why we
consider the 1-mer biological universe.

The results show that the convex hulls formed by the seven biological gal-
axies (or datasets) are non-overlapping in the order 16 1-mer natural vector
space, which is a 68-dimensional vector space. Furthermore, within this
68-dimensional space, the convex hulls formed by the families within each of
the seven biological galaxies are also non-overlapping. (Due to the limited num-
ber of reliable sequences in the archaea, invertebrate, and vertebrate datasets,
where the number of sequences from individual families is small, we instead
verified the convex hull principle using classifications at the phylum, order,
and class levels for these three datasets, respectively.) This result demon-
strates the multi-level convex hull principle. As illustrated in Figure 4, the larger
circles represent biological galaxies, while the smaller circles correspond to
families within each galaxy. Not only are the biological galaxies mutually non-
overlapping, but the families within each galaxy also do not intersect. In fact,
within each biological galaxy, the number of dimensions required for the convex

va=y7 Aa €A

i

min |7, }\,.a,. -57.8p)|

st IOA=1,
A20,i=12,..m
2B=1,

B20,j=12,..n

Figure 2. The convex hulls and the determination of their intersection The intersection
of convex hulls is equivalent to the optimization problem having a minimum value
of zero.
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Family A: Family B
Sequence
Sequence

Family C:
Sequence 1, ...,
Sequence n,

Convert sequences into vectojrusing the natural vector method

Convex hull B: Convex hull C:
NV 1,..,NVn, NV Vn,

Convex hull A:

Determine whether two convex hulls are disjoint using an optimization method

Convex hull A &B Convex hullA&C Convex hull B& C
are disjoint are disjoint are disjoint

Verify the convex hull principle of these three families

Figure 3. Flowchart of the convex hull analysis for a toy example

hulls to be disjoint is lower than the 68 dimensions required for the full space.
For example, only 20 dimensions are required for the convex hull principle within
the galaxy of plants. These details are provided in Table 1. This comprehensive
validation, using all reliable data, confirms the convex hull principle across mul-
tiple taxonomic levels.

Since dimensionality reduction leads to the loss of high-dimensional informa-
tion, the convex hulls are not necessarily non-overlapping in two-dimensional
space, making direct planar visualization of mutually exclusive groups difficult.
Therefore, we use an example to indirectly illustrate the spatial differences be-
tween various families. In Figure 5, we select the three largest families of bac-
teria and use the t-SNE method to visualize their natural vectors.?° Due to the
information loss from the dimensionality reduction, we do not expect that the
convex hull principle holds in this 2-dimensional space. This is merely used
as an example to demonstrate the clustering tendency and the separation prop-
erties of natural vectors. The effectiveness of our method is strictly validated by
the convex hull principle instead of the visualization.

We further analyze the value of the dimensions required for the convex hull
principle. In extreme cases, if we need thousands of dimensions to ensure
that the convex hull does not intersect, such a high dimensionality clearly lacks
value. We aim for the separation of the convex hull to be based on biological
mechanisms rather than mathematical properties of high-dimensional spaces.
We apply the concept of the significance ratio introduced before to assess the
magnitude of dimensions. The rationale behind the significance ratio is that if
the convex hull principle strictly relies on true labels rather than merely on
high-dimensional properties, then we consider it to have biological significance.
The results indicate that the significance ratios for the seven galaxies are all
close to 100%, further supporting the biological relevance of the convex hull
principle.

We can describe the convex hull principle in the grand biological universe us-
ing cosmological concepts: within the grand biological universe, there exist
seven biological galaxies that are mutually disjoint, and within each galaxy, there
are numerous star clusters that are also mutually disjoint.

The natural metrics

In addition to illustrating the geometric structure of the grand biological uni-
verse, we aim to define metrics on this space to measure distances between
biological sequences. Once pairwise distances between sequences are estab-
lished, we can apply straightforward classification methods, such as k-nearest
neighbors, to classify new sequences based on these distances.”’ Using the
Euclidean metric within the 1-mer biological universe, we can rapidly deter-
mine the biological galaxy to which a sequence belongs, achieving an accu-
racy of 94.1% under the 1-nearest neighbor method with leave-one-out strat-
egy. For more granular classification within a galaxy (typically down to the
family level, though for datasets with fewer sequences in the same family,
such as archaea, invertebrates, and vertebrates, classification is performed
at the phylum, order, and class levels, respectively), the reduced number of se-

Figure 4. Demonstration of the multi-level convex hull principle

quences enables us to utilize more refined metrics offered by the k-mer bio-
logical universe.

The k-mer biological universe integrates statistical information from k-mers
across varying values of k. Unlike the 1-mer biological universe, the k-mer bio-
logical universe offers a richer set of metrics. In addition to selecting different
upper bounds for k, we can apply various weighting schemes during the integra-
tion of k-mer statistical information. Furthermore, both L, and L, metrics are
available for measuring distances. By enumerating combinations of these three
adjustable parameters, we determined the optimal metric for each biological
galaxy, referred to as the natural metric. The natural metrics for the seven bio-
logical galaxies, along with their corresponding classification accuracies, are
presented in Table 2. In the table, df denotes the distance metric based on
the k-mer natural vector in the LP space. Furthermore, to better demonstrate
the advantages of the natural metric, we also included the accuracy obtained
using a simple natural vector approach (i.e, the Euclidean metric of the
12-dimensional natural vector). It is evident that, by integrating information
from various k-mers, the accuracy is significantly improved. More detailed re-
sults are provided in the GitHub repository.

We observed that, while all possible metrics result in relatively high classi-
fication accuracy, the optimal natural metric varies across galaxies. This vari-
ation can be attributed to inherent differences in the genome characteristics
of different biological galaxies. However, an alternative hypothesis can be
drawn from a cosmological analogy. If we were to incorporate all real-world
sequences into the grand biological universe, perfect classification (100% ac-
curacy) might be attainable. However, because not all real-world sequences
have been sequenced, and those that have been sequenced may contain er-
rors not filtered out, the data we are currently working with represent only a
small subset of the full set of sequences. The unobserved sequences, akin
to dark matter, are not part of the observable dataset but still influence the
natural metrics, much like dark matter in cosmology distorts space-time
metrics.

Furthermore, the method for constructing natural metrics can also determine
the optimal distance calculation method in phylogenetic analysis. In phyloge-
netic analysis, if a species’ genome is distributed across multiple chromo-
somes, with each chromosome sequence containing only partial genetic infor-
mation, the excessive sequence divergence can lead to poor phylogenetic
analysis results. Therefore, for species with multiple nuclear sequences (fungi,
plants, protozoa, invertebrates, and vertebrates), organellar sequences are used
as the analysis target. Although the grand biological universe focuses on se-
quences of nuclear or nucleoid DNA, we can still apply the same method to
determine natural metrics within the organellar space. We calculate the dis-
tance between two families in phylogenetic analysis by using the natural metric
between the average natural vector of all sequences within each family. Subse-
quently, we employ the BIONJ algorithm implemented in FastME for the phylo-
genetic analysis.”**° Some biologically meaningful conclusions can be drawn
from the results. For instance, we discovered a close relationship between Skel-
etonemataceae and Bacillariaceae. Despite this finding, they are classified un-
der different classes in the NCBI database. The classification of Skeletonema-
taceae has been a matter of debate. In the NCBI database, it is classified
under the class Coscinodiscophyceae. However, other sources, such as the
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Table 1. Dimension required for convex hull disjointness within each biological galaxy
and the corresponding significance ratio
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Table 2. The natural metric performance and simple natural vector performance
within each biological galaxy

Dimension for disjointness Significance ratio Natural metric Acc Simple NV Acc
Bacteria 48 100% Bacteria d}:90.3% 77.7%
Archaea 68 97% Archaea d}:90.6% 72.2%
Fungi 40 100% Fungi d}:90.6% 86.5%
Plants 20 100% Plants d}: 82.2% 79.7%
88.7%
Protozoa 36 100% Protozoa 9 1 4
3 pisdi 92.7%
Invertebrates 40 100% k=1 G
Invertebrat 9 =P
Vertebrates 28 100% nvertebrates > 1 87.8%
WTike K
82.6%
Vertebrates 2 1 4 >
3 ki 85.9%
=1

WoRMS (World Register of Marine Species; https://www.marinespecies.org/
aphia.php?p=taxdetails&id=622500) and GBIF (Global Biodiversity Information
Facility; https://www.gbif.org/search?q=skeletonemataceae), classify it under
the class Bacillariophyceae. Furthermore, in some databases, like AlgaeBase,™
it is grouped into the class Mediophyceae. This inconsistency seems to stem
from different classification decisions. Based on our comprehensive analysis
of mitochondrial sequences based on natural metrics, we argue that Skeletone-
mataceae and Bacillariaceae should belong to the same class, as the results of
WOoRMS and GBIF. We hope this provides additional information for taxono-
mists from the perspective of mitochondrial sequence characteristics. This
analysis is not a result of the grand biological universe itself but rather an appli-
cation of the same method in the organellar space. Therefore, we will not elab-
orate further; for more details, such as the structure of the organellar space as
well as the phylogenetic trees, please refer to the GitHub repository.

In the process of constructing the phylogenetic tree, it is worth noting the
method for measuring the distance between sets of vectors. In previous studies,
the Hausdorff distance was commonly used to compare the distances between
vector sets. In contrast, we directly use the distance between the average natural
vectors in this study for two main reasons. First, our study clearly demonstrates
the geometric relationships among different biological universes and among
families within the same biological universe. As shown in Figure 4, natural vector
sets are not irregularly shaped; rather, they occupy distinct positions with non-
overlapping convex hulls. In such cases, the distance between average vectors
sufficiently captures the inter-set differences. Second, when dealing with large
datasets, calculating the Hausdorff distance becomes very time consuming,
making it unsuitable for rapid phylogenetic analysis. The computation of the
average natural vector, however, is much faster and better meets the demands
of the big data era. Therefore, we chose to use the distance between the average
natural vectors to evaluate our phylogenetic analysis results.
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Figure 5. The t-SNE visualization of 48-dimensional natural vectors for the three
largest bacterial families

k

NV, natural vector; Acc, accuracy.

Stability of the grand biological universe

We further evaluated the stability of the grand biological universe by incorpo-
rating an additional dataset comprising the latest plant reference chromosome
sequences. After integrating these new chromosome data, the multi-level
convex hull principle continued to hold at the originally determined dimensions.
Specifically, the seven biological galaxies remained non-overlapping in the
68-dimensional space, and the convex hulls in the plant galaxy persisted as
non-overlapping in the 20-dimensional space. The unchanged dimensionality
at which these convex hulls remain disjoint underscores a strong correlation be-
tween the dimensionality and the biological universes. Moreover, on the
expanded plant dataset, the accuracy of the natural metric reached 82.4%,
which is in close agreement with the previous result of 82.2%. These findings
confirm the robustness and stability of the grand biological universe framework.
To facilitate future validations with new datasets, we integrated the convex hull
analysis code into our GitHub repository, enabling researchers to quickly assess
the applicability of the convex hull principle on their own data.

DISCUSSION

The natural vector method allows genomes to be mapped one-to-one into a
vector space using statistical techniques, enabling the study of the geometry of
genome space. The convex hull principle is a key geometric characterization in
this context. It states that the natural vectors corresponding to sequences from
different classifications form disjoint convex hulls in the vector space. This prin-
ciple is hierarchical, applying across multiple levels of classification. Previous
studies have partially validated this conclusion, but they were limited to smaller
datasets and did not further investigate the significance of the dimensionality of
the space.'"'8%0

In this paper, we extend the convex hull principle both in practice and theory.
For the first time, we validated this principle at multiple taxonomic levels using
reliable sequences from all species. Additionally, we introduced a novel algo-
rithm to demonstrate that the separability observed in the vector space is driven
by biological characteristics rather than purely mathematical properties. This
approach adds a new layer of understanding to the convex hull principle,
emphasizing its biological foundation.

The grand biological universe we constructed not only validates important
biological principles from a theoretical standpoint but also offers promising ap-
plications. For instance, when new, unknown sequences are discovered in the
future, we can apply the optimal metric to determine the category to which
these sequences should belong. Moreover, past research has demonstrated
that it is possible to reverse-engineer sequences by identifying points within
the convex hull corresponding to natural vectors, leading to the discovery of pre-
viously unknown sequences.”'”? With the convex hull principle now validated in
the grand biological universe, this methodology for detecting new sequences
can be further refined and developed, opening up new avenues for biological
discovery.

In conclusion, this paper introduces the concept of the grand biological uni-
verse, modeled after cosmological principles. Within this universe, we identified
seven disjoint biological galaxies, each representing a major taxonomic group.
Within each galaxy, there exist multiple star clusters, each forming a disjoint set
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in the universe. These clusters are composed of points that represent individual
sequences, and the relationships between these points are defined by natural
metrics. Interestingly, the natural metric varies slightly across different biolog-
ical galaxies, reflecting how the metric is influenced by the unique characteris-
tics of each galaxy. This nuanced variation demonstrates how the geometry of
the space is subtly shaped by the biological properties of the sequences, offer-
ing profound insight into the structure and diversity of life.
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