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A tutorial on Yau-Yau nonlinear filtering algorithm:
from model-driven to data-driven
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Filtering is a subject of providing sequential estimations of a given
stochastic dynamical system based on noisy observations. At the
beginning of this century, a two-stage algorithm framework was
proposed and analyzed for general nonlinear filtering problems,
which is now referred to as the Yau-Yau algorithm. The two-stage
structure of this framework theoretically guarantees the poten-
tial of solving nonlinear filtering problems in a real-time manner,
which is crucial for practical applications. With the introduction of
spectral method and neural networks, numerous model-driven and
data-driven implementations of Yau-Yau algorithms have been pro-
posed in the last decade. In this paper, we will present a thorough
review of the development of nonlinear filters under the Yau-Yau al-
gorithm framework, from model-driven approaches to data-driven
approaches, which serves as a guidance for practitioners. Current
status and promising future directions in the research of Yau-Yau
nonlinear filtering algorithm framework are also summarized and
discussed in this paper.
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1. Introduction

Filtering is a subject about the sequential estimation of the state of a stochas-
tic dynamical system based on noisy observations [27, 6]. The origin of modern
filtering problems could date back to the middle of 20th century, when people
started to use state-space models (SSM) to systematically describe and ana-
lyze the problem of sequential state estimations [57]. After nearly a century of
development in theory and algorithms, nowadays, filtering has wide applica-
tions in various areas such as aerospace industrial [46], target tracking [1, 52],
autonomous driving [15], weather forecasting [9], mathematical finance [13]
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and so on. In this context, the study of filtering theory and algorithms has
long been an important topic in applied mathematics and control theory. The
progresses and breakthroughs in filtering theory and algorithms also make a
great difference to the technological innovations in those related application
areas.

In 1960s, the notable Kalman filter was proposed [31, 32], which theoreti-
cally solves the state estimation problem for linear-Gaussian systems (that is,
the evolution of the state is governed by a linear stochastic dynamical system,
the observation function is linear, and the noise in the system is modeled as
Gaussian-type). The establishment of Kalman filter signifies the beginning of
systematic research and application of modern filtering theory and algorithms
within both the academic and industrial realms. Nevertheless, in real applica-
tion scenarios, the dynamical systems in filtering problems are often nonlinear
and the noise in the system may not be ideally modeled as Gaussian-type. In
this case, the solution of these general nonlinear filtering problems cannot be
expressed in an explicit form as Kalman filter. The study of nonlinear filtering
theory and algorithms is still a major issue in modern control community.

In the sense of mean square errors (MSE), the optimal estimations of
state process based on historical observations are the conditional expecta-
tions [6]. If the filtering problem is modeled in discrete-time setting, then the
evolution of the conditional expectations can be formally expressed by the
Bayesian formulae [27]. For practical implementations, although the evolution
equations cannot be computed directly in general, sub-optimal estimations of
the state processes can be obtained by approximating the theoretical expres-
sion with linearization or Monte-Carlo techniques, which results in the two
most famous kinds of nonlinear filtering algorithms: Kalman-based algorithms
[8, 44, 53, 3, 19] and particle filters [4, 59, 58, 50, 49, 33, 2].

For general nonlinear filtering problems in continuous-time setting, in
the late 1960s, Duncan [18], Mortensen [42] and Zakai [65] independently
derived the stochastic partial differential equation satisfied by the unnor-
malized conditional probability density function, which is now referred to as
the Duncan-Mortensen-Zakai (DMZ) equation. After numerically solving the
DMZ equation, the optimal estimations of the state process, i.e., the condi-
tional expectations, can be obtained by computing the normalized integral.
Therefore, the introduction of DMZ equation paved the way of the applica-
tions of numerical methods to partial differential equations (PDE) in filtering
algorithms. Later on, a great many PDE-based nonlinear filtering algorithms
have been proposed and studied in details [20, 7, 5, 22, 14].

Because in many application scenarios such as aerospace industrial, it is
highly demanding that filtering problems can be solved in a real-time man-
ner, the efficiency of solving the DMZ equation is essential for PDE-based
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filtering algorithms. The idea of operator decomposition methods is dividing
the complicated differential operators in PDEs into several relatively simple
parts and dealing with each part respectively. The introduction of operator
decomposition methods to nonlinear filtering algorithms can date back to
the end of 20th century [20, 38, 14]. Later on, a two-stage nonlinear filter-
ing algorithm was proposed by Yau and Yau [61, 62], which is now referred
to as the Yau-Yau nonlinear filtering algorithm. Yau-Yau nonlinear filtering
algorithm successfully applies the idea of operator decomposition, and the
computationally expensive part of the DMZ equation is observation-free, and
can be studied and solved offline. In this way, the DMZ equation, together
with the nonlinear filtering problem, can theoretically be solved in a real-time
manner. Theoretically, the Yau-Yau algorithm provides a pathway to extend
PDE theory to filtering theory. For example, it enables the extension of the
convex maximum principle for parabolic PDEs to the concept of the convex
filter [34].

The offline-part of Yau-Yau algorithm consists of solving a Kolmogorov
equation which does not depend on the observations. Although the Kol-
mogorov equation can be solved offline, the process of solving and transferring
the solutions to the online-part is still challenging especially for general high-
dimensional nonlinear filtering problems. With the development of artificial
intelligence, the capability of neural networks and deep learning techniques to
dealing with high-dimensional problems is attracting more and more atten-
tions in the control community. Recently, many deep learning based nonlinear
filtering algorithms have been proposed [11, 51, 55, 21, 28, 54, 63]. These al-
gorithms outperform classical filters in numerical experiments especially for
problems with high dimension and high nonlinearity. Nevertheless, the math-
ematical theory of deep-learning based nonlinear filtering algorithms has not
yet been systematically established, which also restricts the spread of these
kind of algorithms in application areas. In this context, deep learning based
algorithms under the framework of Yau-Yau nonlinear filtering algorithms
have been proposed and studied [10]. With the help of the solid mathemati-
cal foundation of Yau-Yau algorithm, such kind of algorithms has the poten-
tial of becoming the first mathematically interpretable deep learning based
nonlinear filtering algorithms.

As a tutorial and review paper of Yau-Yau nonlinear filtering algorithms,
this paper will summarize the theory and implementations of the filtering
algorithms under the Yau-Yau framework from the aspect of model-driven to
data-driven. The study of the model-driven Yau-Yau algorithm includes the
convergence analysis of its two-stage framework, as well as numerical methods
of solving the Kolmogorov equation, while the data-driven Yau-Yau algorithm
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Table 1: The contents and major references of this tutorial

Yau-Yau Nonlinear Filtering Algorithm

Contents Topics Major References
Time-invariant system (61, 62]

Theory Time-varying system [39]
Finite difference [64]

. . Wavelet Galerkin [37]
Model-driven algorithms Orthogonal basis [40, 17, 56]
Tensor training [36]

PINN [47, 48

Data-driven algorithms Uniform framework (10

consists of the deep-learning implementation as well as its capability of dealing
with high-dimensional problems.

The organization of this paper is as follows. In Section 2, the preliminar-
ies of general continuous-time nonlinear filtering problems will be presented,
which includes the filtering system, the DMZ equation, and the details of
the two-stage Yau-Yau algorithm. Section 3 will focus on the model-driven
part of the Yau-Yau algorithm and will discuss the numerical methods of
solving the Kolmogorov equations in the Yau-Yau algorithm. Section 4 will
summarize the data-driven aspect of the Yau-Yau algorithm, and focus on
the deep-learning implementation of the algorithm for high-dimensional prob-
lems. Finally, Section 5 is the conclusion and future prospects of the study of
Yau-Yau algorithm and nonlinear filtering.

Based on the organization of this paper, the contents and major references
of this tutorial are listed in Table 1.

2. Preliminaries

In this section, we will start with the state-space model of general continuous-
time filtering problems, give a sketch of the derivation of the DMZ equa-
tion satisfied by the unnormalized conditional probability density functions,
and then introduce the specific form of Yau-Yau nonlinear filtering algorithm
framework.

2.1. Continuous-time filtering problem

In general, the state-space model of a continuous-time filtering problem can
be described by the following coupled stochastic differential equations:

t 10,71,

" {dxt = f(t, X)dt + g(t, X;)dV;,  Xo =&,

dY, = h(t, X,)dt +dW,, Yy =0,
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defined on a filtrated probability space (2, F, {F: o<t<r, P), where X = {X; :
0<t<T}cCR¥andY = {Y;:0<t<T} CR?are Fi-adapted stochastic
processes, representing the state and observation of the system, respectively;
V={V;:0<t<T}yCRland W = {W;:0<t<T}CR?are mutually
independent, F;-adapted standard d-dimensional Brownian motions; £ is an
Fo-measurable, R%-valued random variable which is independent of V' and
W, with probability density function oo(z) € L2(R%); f : R x R? — R,
g : RxRI = R™ and h : R x RY — R?% are smooth enough vector-
or matrix-valued functions. If the functions f, g, h do not explicitly depend
on the time variable ¢, then system (1) is called a time-invariant system;
otherwise, it is called a time-varying system.

The main goal of filtering is to give accurate estimations of the state
process X; at each time ¢ € [0,7] based on the historical observations {Y; :
0 < s < t}. In the sense of expected mean square errors (MSE), given a test
function p(X;) such that ¢(X}) is integrable with respect to the probability
measure P, the optimal estimation of X; based on {Y; : 0 < s < t} is the
conditional expectation E[p(X;)|)V], where V; = o{Y, : 0 < s < t} is the
o-algebra generated by the historical observations. In fact, according to the
projection property of conditional expectations, we have

(2) Elp(X)¥] = argmin  E[(p(X,) - U)?.
U is Y¢-measurable
If the conditional probability distribution P(X; € -|)) is absolutely con-
tinuous with respect to the Lebesgue measure on R? with the density function
p(t, ), then the conditional expectations can be computed by

Q Ble(Xoil = | plalplt.o)de
and thus, a major task in filtering problem is to compute the evolution of the
conditional probability density functions.

In linear Gaussian cases, where the functions f(¢,z) = Fyx and h(t,z) =
Hyx are linear with respect to x, g(t, z) = Gy is a constant matrix with respect
to x, and the initial value £ is a normal random variable, the conditional
distribution P(X; € -|);) will remain Gaussian with p(t,z) = N (z; 3¢, Py,
the probability density function of a normal random variable with mean Z;
and covariance matrix P;. The evolution of Z; and covariance matrix P; will
satisfy the notable Kalman-Bucy filter [32]:

df)t = Ftifitdt + Kt(dY} - Hti‘tdt)

(4) dP
d—tt = F,P, + P,F,' + G,G] — P.H, H,P,
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where K; £ PthT is the Kalman gain matrix.

For general nonlinear systems, however, the conditional distribution do
not remain Gaussian, and even do not possess a finite-dimensional sufficient
statistics [24]. Therefore, the evolution of conditional probability density func-
tions cannot be computed explicitly in general. In the next section, we will
show that the evolution of conditional probability density function, without
considering a normalizing constant, will satisfy a linear stochastic partial dif-
ferential equation driven by the observation process, which is now referred to
as the DMZ equation.

2.2. Unnormalized conditional probability density and the DMZ
equation

In this subsection, we will introduce the evolution equation satisfied by the
conditional probability density function without considering a normalizing
constant. The evolution equation is now referred to as DMZ equation and the
solution of DMZ equation is called the ‘unnormalized conditional probability
density function’. As for the derivation of the DMZ equation, we would like
to follow the change-of-measure approach based on the Girsanov’s transfor-
mation, which has been discussed in detail in the related monographs [6, 60].

Let us first consider the stochastic process Z = {Z; : 0 < t < T} which
is defined by

(5)  Z =exp <— /Ot R (s, X )dW, — %/Ot |h(S,Xs)|2ds) , t€10,7).

Under mild conditions, the process Z; is an Fi-adapted martingale. In this
case, according to the Girsanov’s theorem [35], we can introduce a series of
reference probability measures {f:’t :0 <t < T}, with each P, defined on F,
and satisfying

dP,
6 Z = —
(6) " AP |y
and under Pr, the observation process Y is a standard d-dimensional Brow-
nian motion independent of X.

The inverse of Z;, denoted by Z; can then be written as a functional of
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Y as

dP
dP, | #

—exp</ hT(sX dY, — /|th 2ds) te[0,7).

and for each F;-measurable and integrable random variable U € F;, its ex-
pectation with respect to P can then be computed as

Zy =77 =

(7)

(8) E[U] = E[ZU],

where F is the expectation with respect to Pr. Moreover, the conditional
expectations E[p(X;)|)y] can also be written as the ratio of two expectations
with respect to the reference probability measure P:

E [Z1o(X1) | V1]
E [Z,| V]

(9) Elp(X)|Wh] = , 1e[0,77.

The formula (9) is now called the Kallianpur-Striebel formula [29, 30], and
can be regarded as a generalization of Bayesian formula in the context of
continuous-time stochastic processes.

Because the denominator on the right-hand side of (9) is independent of
the test function ¢, the numerator E[Zyp(X;)|V] is often called the unnor-
malized conditional expectation of p(X;) and the measure p; defined by

(10) pu(p) = E [Zip(X,)|V] . Yoo € Cy(RY)

is then called the unnormalized conditional probability measure, where
Cy(R?) denotes the set of all bounded continuous functions in RY.

If the unnormalized conditional probability measure p; is absolutely con-
tinuous with respect to the Lebesgue measure on R? and the density func-
tion (or Radon derivative) o(t,x), together with its first-order derivatives
are square-integrable, then o(¢, x) is the solution of the following stochastic
partial differential equation driven by the observation process:

d
) do(t,x) = Lio(t,z)dt + Y hi(t,z)o(t,x)dY7, t € [0,T],
j=1

o(0,x) = op(z),
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where

(12) Z amzam] . Z Ox; (A8,

7]* =1

is the second-order elliptic differential operator with

a(tv ‘T) = (aij (tv w))lgm‘gd = g(t, I)g(t, x)T'

Equation (11) is now referred to as the DMZ equation corresponding to the
filtering system (1), and the solution of (11), o (¢, x) is called the unnormalized
conditional probability density function.

Although the DMZ equation (11) is a stochastic partial differential equa-
tion, if we introduce the exponential transformation [16]:

(13) w(t,z) == exp (=h' (t,2)Y;) o(t,z), t € [0,T7,

then the resulting function w(t, z) will satisfies
(14)

Ow 1 i a’ (z) Ow +iF.(t x)a—w + J(t, x)w(t,z), t € [0,T]
8t — 2 pa 81’181’] (ANS] 8% 9 ) 9 9

i,j=1 i=1

w(0,z) = oo(x)

with
. L0080l ;
1 i\Yy = ! . ]~ Ji .:17"'77
15) Rl =3 (G o SOV ) <
j=1 k=1
and
d .
1 d%a’ 1 Ohy, Oa¥
J(t, x) 5;: 02,01, 21 " o, O
d d d d
1 vk 0? hk ky lahk ahl
= Y)Y,

afz J ] 2 Tah
28171 ZY; fZ__|h’ t ot
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In comparison with the original DMZ equation (11), the stochastic differential
terms are eliminated in (14), which will result in a more robust equation
when conducting the time-discretization. Therefore, the deterministic partial
differential equation with stochastic coefficients (14) is called the robust DMZ
equation corresponding to the filtering system (1).

Starting from the robust DMZ equation (14), Yau and Yau [61, 62] pro-
posed a two-stage numerical method of solving the original DMZ equation
(11) as well as the filtering problem, which is now referred to as the Yau-
Yau nonlinear filtering algorithm (or ‘Yau-Yau algorithm’ for short).
The idea and framework of Yau-Yau algorithm will be presented in the next
subsection.

2.3. Yau-Yau nonlinear filtering algorithm

The idea of Yau-Yau nonlinear filtering algorithm is to decompose the task
of solving the DMZ equation into two parts. This algorithm decomposition is
designed such that the computationally expensive part of numerically solving
partial differential equations is independent of the real-time observations, and
therefore, can be done offline in advance. In this way, the real-time compu-
tation cost is sharply declined while the accuracy of the solution is largely
maintained.

Let 0 = 19 < 1 < -+ < 7 = T be a uniform partition of the time
interval [0, 7], with 7, — 7,—1 = 0 = %, k=1,---,K. At each time interval
[Tk—1,7k], in order to solve the robust DMZ equation (14) numerically, we
will restrict the equation to a large ball B = {x € R?: |z| < R} and freeze
the observation-dependent part of the coefficients F'(¢,x) and J(¢,z) to the
left endpoint ¢ = 7_1. The initial-value problem of the robust DMZ equation
(14) is then converted into a initial-boundary value problem on the ball Bg:

(17)
Oup _ 1 Xd: a’(x (9 Uk

o2

~(t7 Tk—1, $)Uk(t, ‘T)v

Q)
8
Q
8
<.
W.M&
"qz
H~
=

(t,x) € (Tk—1,Tk] X Bg,
Uk (Th—1,%) = Up—1(Tk—1, ), T € Bp,
ug(t,x) =0, (t,z) € [Tk—1,Tk] X OBg,

where E(t,7,_1,2) and J(t,7,_1,2) are the same functions as F(t,x) and
J(t,x), except that each Y; is substituted by Y7, | in the definitions (15) and
(16), respectively.
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The following theorem states that under mild conditions, the solution of
the initial-boundary value problem (17) can approximate the solution of the
robust DMZ equation (14) well, as long as the time-discretization step ¢ is
small enough. The time-invariant version of the theorem was first presented
and proved in [62]. Later on, Luo and Yau [39] obtained the result for the
time-variant case.

Theorem 2.1 ([62, 39]). With mild assumptions on the coefficients of the
filtering system (1) and the observation trajectory {Y; : 0 < t < T}, as is
stated in [62, 39], the solution uy of the initial-boundary value problem (17)
will converge to the solution w(t,xz) of the robust DMZ equation (14) on the
time interval [Tx—1,Tg], as the time-discretization step & — 0 and the radius

R — 0. Especially, we have the following estimation:
(18)

|w(t, l‘) _uk(tyl’”dl' < C1€_CQR+63\/5, Vte [Tk_th], k=1, K.
R4

where c1,cg > 0 are generalized constant which depends on the coefficients of
the filtering system, the terminal time T, and the reqularity of the observation
trajectory {Y; : 0 <t <T}; co > 0 is a constant. Here, we define ux(t,x) =0
when || > R.

Since the solution of (17) is a good approximation of (14), instead of
solving the robust DMZ equation (14) directly, in the framework of Yau-
Yau algorithm, we will deal with (17) for large R > 0 and small § > 0.
The benefits of this approximation will be revealed if we consider another
exponential transformation for the solution ug(¢, ) of (17) on [7_1, 7x):

(19) Uy(t,z) = exp (hT(t, x)YTk*l) ug(t,x), t € [Th—1, Tk,

because the equation satisfied by g:

8uk _ i~
= Z 31‘Z8J}] a uk(t,z))
(20) w

d
0 ,,. T o
= g (itw(t,2) = 5 |hPik(t,2), (t,2) € (reor, ] X Br,
i=1 "

is a Kolmogorov-type partial differential equation independent of the obser-
vations, it can be dealt with offline in advance.
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According to the exponential transformations (15) and the initial value
of (17), the initial value of (20) satisfied by @y can be recursively computed
by

(11, 2) = exp (b (Th1,2)Yr,_,) wk(T41, 2)
(21) =exp (h' (7p—1,2)Yr, ) wbo1(Tho1, @)
=exp (b (Tp—1,2) (Yo, — Yo ) G (71, ), b > 2.

In summary, the robust DMZ equation (14) can be numerically solved by
(i) dealing with the Kolmogorov equation (20) offline and (ii) computing the
exponential transformation (21) when real-time observations are obtained.

If we further take the first exponential transformation (13) into consid-
eration, then the solution of the original DMZ equation, o(7x_1,z), can be
approximated by t(7x—1,x) at each time t = 7,1, k = 1,--- , K. The two-
stage algorithm of computing (741, ) is now referred to as the Yau-Yau
nonlinear filtering algorithm.

The Yau-Yau nonlinear filtering algorithm provides a framework of solving
the DMZ equation as well as the general nonlinear filtering problem. Never-
theless, in order to implement Yau-Yau algorithm in practice, we still need to
consider the specific methods of dealing with the Kolmogorov equation (20)
and transferring the result to online computations. In the next two sections,
we will review the existing studies on the implementation of Yau-Yau algo-
rithm from the perspectives of model-driven and data-driven, respectively.

3. Model-driven Yau-Yau algorithm

The model-driven implementations of Yau-Yau algorithm mainly consists of
numerically solving the Kolmogorov equation (20) with different initial values.
In fact, many classical numerical methods can be used to solve (20) and will
result in different implementations of Yau-Yau algorithm. For example, the
finite-difference method is applied in [64] and the Wavelet-Galerkin approach
is studied in [37].

As is remarked in [62], the aim of the offline step of Yau-Yau algorithm
can be achieved by solving Kolmogorov equation (20) with initial values be-
ing an orthogonal basis {¢;} of the Hilbert space £2(R?), an then the online
computation is to express an observation-dependent function as a linear com-
bination of {¢;} and conduct the exponential transformations. For practical
implementations, this idea corresponds to the spectral methods of solving
partial differential equations, in which the equation is first projected on a
finite-dimensional subspace spanned by a properly-chosen orthogonal basis
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and the solution is constructed and computed in this finite-dimensional sub-
space. In the rest of this section, we will mainly focus on this spectral-method
based implementation of Yau-Yau algorithm.

3.1. Orthogonal basis and the spectral method

The idea of spectral method is to approximate functions with its projection
on a finite-dimensional subspace, and the first step of implementing spec-
tral method is to construct this subspace with a set of mutually orthogonal
functions.

For a given domain D C R, a set of polynomials {qu 2y with degree
deg ¢; = i are called an orthogonal basis of the Hilbert space L?(D) with
weight function w(z), if

(22) /D 5:(2)6; (2 )w()dz = 0, ¥ i # J.

The corresponding orthogonal basis functions {¢i}2, can then be obtained
by defining ¢;(x) = ¢;(z)/w(z), and we have

(23) (61, 65) & /D 61(2)05(x)d = 0, Vi # j.

Different choices of the domain D and weight function w(z) will bring
about different orthogonal bases. Orthogonal bases which are commonly used
in practice include:

« Hermite functions, with D = R? and w(z) = e~*";

o Legendre functions, with D = [-1,1]¢ and w(z) = 1.

With a given number N, according to the orthogonal property of {¢;}2,,
the projection of an arbitrary square-integrable function F' € L?(D) onto the
N + 1-dimensional subspace spanned by {¢;}Y, can be written as

N
(24) PrF() =Y A0 ()

For the univariate case d = 1, if the function F' is smooth enough, the
projection Py F will converge to F' rapidly as N — oo. This property is
called the ‘spectral accuracy’. For example, for Hermite functions and Legen-
dre functions, we have the following theorems:
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Theorem 3.1 ([40]). Let us define the differential operator D, = & +x, and
the Sobolev-type space

(25)  W™R) ={uec L*R): D*uec L*(R), 0<k<m}, VmeN.

Then, the distance between a function u € W™(R) and its projection P](VH)U
on the (N + 1)-dimensional subspace spanned by the Hermite functions up to
degree N can be estimated by

(26) HP](VH)U—UHL2(R) < CN_%‘U‘WM,(R)7
where | - |ym ) is the seminorm defined by
(27) [ulwm®) = IDF vl L2w).-

Theorem 3.2 ([17]). Let H"([—1,1]) be the Sobolev space which is defined
by

k

(28)  H"([-1,1]) = {u c L*([-1,1]) : % c L*([-1,1]), 0<k < r} :

then, the distance between a function w € H"([—1,1]) and its projection P](\,L)u
onto the (N + 1)-dimensional subspace spanned by the Legendre polynomials
up to degree N can be estimated by

L -
(29) [Ju — Pz(\/)UHB([—l,u) < ON7"ullgr(-1,1))-

Although spectral method often performs well in univariate case, its ap-
proximation efficiency may sharply decrease for high-dimensional problems.
Because in high-dimensional space with d > 1, the orthogonal polynomi-
als are expressed as the tensor products of one-dimensional polynomials, the
orthogonal basis constructed in this way may suffer from the ‘curse of di-
mensionality’ for d > 1, in the sense that the number of the basis functions
are required to grow exponentially with respect to d in order to maintain the
approximation accuracy.

Apart from orthogonal polynomials, there are other approaches to con-
struct basis functions which can improve the approximation efficiency in
high-dimensional problems. Proper decomposition method (POD) constructs
orthogonal basis from the snapshots of some reference solutions of the Kol-
mogorov equation [56]. Such a basis can extract the low-dimensional structure
of a high-dimensional equation and reduce the number of basis functions in
the spectral method.
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3.2. Numerical solutions of the Kolmogorov equation

With properly chosen orthogonal basis {¢;}5°, C L%(D), the Kolmogorov
equation (20) can be numerically solved through standard Galerkin approach.
Without loss of generality, in the rest of this section, we also assume that the
orthogonal basis is normalized, that is,

(30) il = (¢, ¢5) =1, VieN.

According to the Kolmogorov equation (20), for each smooth test function
with compact support ¢ € C§°(D), we have

) 1 & Py & %,
1 — {7 [ E (5Fy E : X 2~ '

1,j=1

Let us denote by Vy the subspace spanned by the orthogonal basis {¢;}Y,.
The Galerkin approximation of the solution of the Kolmogorov equation (20)
is a function v(t, z) with v(t,-) € Vi for every ¢ € [0, 7], which satisfies

(32)

) 1 Zd 0% Zd opr, 1
— ] — — 2 <[ < .
at <U7¢)l> 2 <a’ U’ axzaq:J < <f’£ 7 Z> 2<|h| v7¢l>7 v 1 — l — N

If we write v(t, x) = SN, Xi(t)éi(z), then (32) implies that
d
d 1 g, %0m
il - E E ' ij
=5 MO 0 5 o)

d N 96 )
+2_ D M{fion 5 —52 Y(IB261, dm),

=

~
Il
—

—

forall 1 <m < N.
As a set of linear ordinary differential equations of the coefficients

At) = M), An ()],

equation (33) can be solved either explicitly or numerically. Up to now, we
have derived the numerical solution v(t, x) of the Kolmogorov equation (20)
in the Yau-Yau algorithm based on spectral method and Galerkin approxi-
mation.
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Although the Galerkin approximation v(¢, x) is not the exact projection
of 4y(t, z) onto the N-dimensional subspace Vi, convergence results can also
be obtained for classical Legendre polynomials [17], Hermite functions [41] as
well as the proper orthogonal decomposition approach [56]. We demonstrate
the convergence result of spectral method based on Legendre polynomials
here as an example.

Theorem 3.3 ([17]). Let 2 be a bounded domain, and assume that on € x
[0,T], the coefficients of the Kolmogorov equation (20) possess sufficient reg-
ularity, then for r > 1, if the solution @y € L*([1x—1, k], H"(Q)), then

(34)  Naw(t,) = v(t,)* < N (e, )llme @), Yt E [Tty 7,
where v is the Galerkin approzimation of iy with Legendre polynomials and

c is a constant which depends only on T, — Tk_1,d and the coefficients of the
Kolmogorov equations.

3.3. Neural networks and the spectral method

Consider the initial value problem for the Kolmogorov equation (20) in a
bounded domain Q2 C R over [0, 77:

auk _ Z amza% (a i (t, z))
d
2

Ur(Th-1,

(fitg(t,x)) — —]h|2uk(t x), (t,x) € (Th—1,Tk] X Q,

= p(z).

where p(x) is the initial density, typically determined by the previous time
step in an online algorithm, and homogeneous Dirichlet boundary conditions
are imposed for simplicity.

Given the linearity of (35), the solution can be viewed as the action of a
semigroup operator S(7x_1,t) on the initial condition: (¢, 2)=S(7k—1, t)p(z).
To compute iy, (¢, ), we can further assume p(x) € L*(Q) and decompose p(x)
using an orthogonal basis {¢; ()}, C L?(), satisfying:

(36) = (6:p)
k=1
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Selecting a finite subset Ky = {l1,...,lp} C N, the initial condition is
approximated as:

(37) p(z) ~ Z ao(x), = (p, 1))

ey

By linearity, the solution is:

(38) ax(t, ) = S(m-1,O)p(a) = Y aS(n-1,0)di(@).

lE]CM

At t = 73, we only need to compute:

(39) (e, x) = > ad(m, @),

ey

where (1, z) = S(Th_1, 7)1 (z) solves (35) with initial condition ¢;(Tx_1,
x) = ¢(x). Thus, the problem reduces to solving M Kolmogorov equations,
each with a basis function as the initial condition.

Neural networks provide a parameterized model to approximate any func-
tion. Specifically, a fully connected neural network with L layers can be ex-
pressed as a composition of activation function x and affine functions A;,

1=1,---, L, which can be expressed as

(40) F=ApokoA 10---0Ko0 Ay,
where

(41) Ai(x) =Wz +b;, i=1,--- L,

and {(W;,b;) : 1 < i < L} are constant matrices and vectors with proper
sizes; the activation function s can be chosen to be the ReLU function with
k(x) = max{z,0} [23]. The set § = {(W;,b;) : 1 < i < L} is the parameters
in the neural network F to be learned or optimized. With parameters 6 being
carefully trained, the fully connected neural network can be used to approxi-
mate a very general class of functions with arbitrary precision, and we have
the following universal approximation theorem for neural networks:

Theorem 3.4 (Universal approximation theorem for fully-connected neural
network [26]). For L > 2, the set of all L-Layer fully-connected neural net-
work F is uniformly dense in the space of continuous functions in a compact
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set D C RY, i.e., given a continuous function u € C(D), for every e > 0,
there exists a fully-connected neural network F such that

(42) sup | F(z) —u(x)| <e.
zeD

Solving the Kolmogorov equation requires embedding physical constraints
directly into the model. Physics-Informed Neural Networks (PINNs) provide
an elegant framework for this task by transforming the PDEs, boundary
conditions, and initial conditions into distinct loss functions [43]. A fully-
connected neural network serves as the parameterized model, generating so-
lutions from sampled spatio-temporal points and optimizing via standard
techniques to satisfy these physical constraints.

For each [ € Ky, we approximate the solution S(t,7,x—1)¢(x) using a
PINN, denoted wug,(t, ), where 0; represents the network parameters. This
neural network takes spatio-temporal coordinates (¢,x) € D = [1j—1, 7] X
as input and produces the approximated solution:

(43) U@l(t, x) = fNN(tvx;el)a

implemented as a fully connected architecture with smooth activation func-
tions such as hyperbolic tangent to ensure the differentiability required for
evaluating PDE residuals.

The training data Xain = X UX,UXc is synthetically generated through
strategic sampling of three types of points:

« Interior points Xy sampled uniformly throughout the domain to capture
the PDE’s behavior

o Boundary points X; sampled on the domain’s boundary to enforce
Dirichlet conditions

 Initial points Xj. sampled across €) at t = 7,_1 to encode the initial
state ¢(z)

This approach eliminates the need for pre-existing numerical solutions, as the
network can evaluate residuals and conditions at arbitrary locations during
training.

The loss function consists of three components, each addressing a specific
physical constraint:

« PDE Residual Loss Lppg: This term enforces adherence to the Kol-
mogorov equation within the domain (7_1,7%] x €. The residual is
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defined as:

0 1 % 0 1
Flug) = 0 — - S (a¥ug,) + Z £ (fiug,) + §|h\2uel,

with the corresponding loss calculated as the mean squared residual
over interior points X :

1
(45) Lppr = w

ST 1P (gt w)

(tixs)eXy

Initial Condition Loss L;¢: This term ensures the network satisfies
the initial condition ug, (Tx—1, ) = ¢i(x) at t = 7_1:

1
(46) E]C - X—

| iC|

Z o, (Tho1, i) — u(3)]?,

;€ Xjc

where X is the set of sampled initial points.
Boundary Condition Loss £p¢: This term enforces the homogeneous
Dirichlet condition ug, (t,z) = 0 on the boundary 0%

(47) EBCZW > Jug (ti, )|,

(ti, i) EXp

where X}, contains points on [1;_1, 7] X 9.

The total loss function combines these components with appropriate
weights:

(48)

Liotal = aLppe + BL1c +7LBC,

where «, 3, and «y are positive hyperparameters that balance the contribution
of each term. The network parameters 6; are optimized using Stochastic Gra-
dient Descent (SGD) or Adam optimizer, typically with a decaying learning
rate schedule to ensure stable convergence. By minimizing Liota1, the PINN
effectively learns a solution that satisfies the Kolmogorov equation along with
its boundary and initial conditions.

Then, the (39) can be approximated by M neural network ug, as

(49)

Uy (T, ) Z cug, (t, x),

lEK:]u
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where ¢; = (p, ¢1)12(q) which only depends on basis function ¢; and initial
density p(z).

Unlike traditional spectral methods, which project solutions onto a fixed
subspace of orthogonal basis functions and solve resulting ordinary differential
equations, PINNs parameterize solutions directly, offering greater flexibility
for non-linear dynamics and complex initial conditions without predefined
bases. An efficient filtering algorithm consisting of a forward Kolmogorov
equation solver based on a PINN and a probability density approximator
based on generalized Legendre polynomials is proposed in [48].

4. Data-driven Yau-Yau algorithm

Recently, in the face of the urgent demands of solving high-dimensional and
highly-nonlinear filtering problems from application areas, as well as the bot-
tleneck of the model-driven implementations of Yau-Yau nonlinear filtering
algorithm in dealing with high-dimensional problems, novel data-driven im-
plementations of the Yau-Yau algorithm framework based on deep-learning
have been proposed and studied in details [10]. Leveraging on the strong repre-
sentation and approximation capability of neural networks, this new approach
overwhelms classical filtering algorithms in many numerical experiments. In
this section, we will start with the introduction of neural network and deep
learning, and then summarize and highlight the theoretical and practical ad-
vantages of this data-driven Yau-Yau algorithm.

4.1. Neural network and the universal approximation theorem

From a mathematical perspective, the neural network is a set of hierarchically
parameterized functions which can be used to approximate target functions
in high-dimensional spaces. The deep learning process is to optimize the pa-
rameters in the neural network functions with stochastic gradient descent
methods.

From the fully-connected neural networks, researchers have proposed and
studied neural networks with various structures, in order to deal with different
application scenarios. Among all the neural networks, we would like to briefly
introduce the recurrent neural network (RNN) here because the recursive
structure of RNN is suitable for filtering problems and has been applied in
the data-driven Yau-Yau algorithm.

Definition 4.1. Let r1,79,73 € Zy be positive integers. A recurrent neural
network RN N"V"2"3 js the set of functions with the following open dynamical
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system form:

Ska1 = NSk, apa1,01);

(50) k1 = N(Sk, g1, 01) .
Br = ((sk, 02);

where a, € R™, s, € R™ and B € R™ for all k > 1; and n,{ are fully-

connected neural networks with parameter 01 and 03, respectively.

Definition 4.1 consists of a quite general class of neural networks with re-
cursive structure. Especially, the notable Long-Short Term Memory (LSTM)
[25] and Gated Recurrent Units (GRU) [12] are included.

Recurrent neural network also inherits the universal approximation prop-
erty of fully-connected neural networks, and can approximate a general class
of dynamical systems with arbitrary precision. This result was first stated
and proved in [45] for deterministic inputs, while Chen et al. [11] generalized
the result to the stochastic version. In the next subsection, we will summa-
rize the result that the implementation of the Yau-Yau nonlinear filtering
algorithm can be expressed as an open dynamical system, which can then be
approximated by an RNN with arbitrary precision.

4.2. The uniform framework of Yau-Yau algorithm

The idea of interpreting the Yau-Yau algorithm as an open dynamical system
originates from the spectral method implementation (33), which is an ordinary
differential equation of the linear-combination coefficients A(t). According to
the continuous dependence of the solutions of linear ordinary differential equa-
tions on initial values, at each time interval [7_1, 7%] in the framework of the
Yau-Yau algorithm, the evolution of A(¢) can be expressed as

(51) A(Tk) = m(A(Th-1)),

where 7, : RV — R¥ is a continuous function.

Assume that with properly chosen orthogonal basis {¢;}32,, v(7x, z) =
Z;.V:l Aj(T)¢j(x) is a numerical solution to the Kolmogorov equation (20),
and therefore an approximation of the offline step solution (7%, ). Then,
according to (21), the online update procedure of the Yau-Yau algorithm can
be written as:

(52) U1 (g, T) = exp (hT(YTk — le)) v(Tk, )
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The computation of (52) can also be projected onto the N-dimensional sub-
space Vi spanned by {#;})¥,, and we obtain
(53)

N
Uk+1 Tk, T Z)‘J Tk eXp (Y - Y'Tk—l)) 7¢j> £ 772()‘(776)7ka - K’k—l)7

where 75 : RV x R? — R¥ is also a continuous function.
Therefore, if we use an element in Vi to approximate the function g1 (7,
-) and express it as

N
(54) i1 (7, ) & Y Aj(Ta) i
j=1

for each k > 0, then the evolution of the coefficients \(r) is given by

(55) )‘(Tk) = 772(771 (5\(7‘]{71)), YTk - Yqu) S 773(;\(77?*1)7 YTk - Yqu)?

where 73 : RV x R? — R¥ is a continuous function.
Finally, for a test function ¢ : R? — R, the conditional expectation
Elp(X4,)|Yx,] can be computed by
(56)
- N 3
,x)d A i\ (T
E[‘P<Xm)|ym] ~ f]Rd w(m)um(m x) L Z]_l 5%1 J( k)

Jaa Wr (e, 2)de SN 5 X i(m)

£ (M),
where

(57) s = [ el@los@e, piy= [ o)

and therefore, (; : RV — R is also a continuous function.
Let us combine (55) and (56), and we find that the entire implementation
of Yau-Yau algorithm based on spectral method can be expressed by

(58) 1<k<K,

Sk+1 = 773(5k; Yo, — Yqu)

Br = Ci(sk) ’
which is an open dynamical system with respect to the coefficients s; 2
A(7) with input given by the observation process Y;, — Yr,_, and output S
approximating the conditional expectation Efp(X,,)|Vx]-
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The open dynamical system (58) can be approximated with arbitrary pre-
cision by a recurrent neural network (RNN), and therefore, can be learned
and computed in a data-driven approach that we will introduce later. Re-
markably, although the dynamical system (58) originates from the spectral
method implementation of Yau-Yau algorithm, it is uniform for every differ-
ent choice of orthogonal basis. Thus, (58) is called the uniform framework
of Yau-Yau nonlinear filtering algorithm. In addition, because the or-
thogonal basis functions do not explicitly appear in the expression (58), the
basis can be arbitrarily chosen such that the conditional probability density
functions of the filtering problem can be most efficiently approximated and
represented in theory, which means that the number of the basis functions
(accounting for the dimension N of the state s and the magnitude of the
RNN) required in the algorithm may be sharply decreased. In fact, we have
the following theorem:

Theorem 4.1 ([10]). Consider the time-invariant filtering system and ap-
prozimated unnormalized conditional probability functions {1 (7, x) e,
defined in the Yau-Yau algorithm in a large ball B C R%. There exists a set
of N normalized square-integrable functions, {(ﬁj};\le, which are orthogonal
to each other, such that for each k =0,--- | K, we can find a function vy (x)

in the N-dimensional vector space spanned by {qu}j-v:l, which satisfies

E/ \f}k(x) — uk+1(7k,x)|dx < CT\/S,
Br

Vk=0,1, K,

(59)

where C is a constant which depends on T, R, and the coefficients in the
filtering system, but does not depend directly on the dimension of the filtering
system, d, or the time discretization step J.

Next, if we represent vy, by

N

(60) T(2) =Y spe1,05 (@),
j=1
then the evolution of sp11 = (Sk+1,1,- - 73k+17N)T c RN satisfies an open
dynamical system
(61) Sepr =n3(se, Ve, = Ve ), k=1, K,

with a given initial value s1, where n3 : RN x R* — RN s a continuous

function with respect to s € RN and Y., -Y, € Rd, and is time-invariant.
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Moreover, the number N of functions in the set {gf)]};v:l can be chosen to
grow at most polynomially with respect to the dimension d, which shows the
capability of this framework of the Yau-Yau algorithm to overcome the curse
of dimensionality.

4.3. The implementation of Yau-Yau algorithm based on deep
learning

In order to practically implement the uniform framework of Yau-Yau non-
linear filtering algorithm, we need to compute or approximate the dynamical
system (58). Although the functions n3 and (; can be explicitly calculated if
the orthogonal basis functions are given, it is very inefficient to introduce the
orthogonal basis again and conduct the computations in this model-driven ap-
proach for high-dimensional problems. The reason mainly lies in the following
two aspects. On the one hand, the computations of the inner products in the
model-driven expression (33) involve many numerical integrals in high dimen-
sions, which is very hard to accurately obtain. On the other hand, the explicit
expression of the basis functions which satisfies the properties in Theorem 4.1
may be very complicated while the number of classical orthogonal basis func-
tions constructed by tensor products is required to grow exponentially with
respect to the dimension of the problem.

Therefore, in this subsection, we will introduce a data-driven approach to
implement the computation of (58) directly, without involving the orthogonal
basis functions. Specifically, we will train an RNN to approximate (58) with
data generated from Monte-Carlo realizations of the filtering system.

Let us denote by

(62)

{3k+1:77(5k704k+17€1)§ | <k <K

Br = ((sk, 02);

the RNN we used to approximate the dynamical system (58). Then, the pa-
rameters § = [0, 05] should be trained by minimizing the mean-square loss
function

(63) arg wind (184 = Blp(Xz,) 3]

[91792] k=1

However, the target conditional expectations E[p(X,)|Vr,] are hard to ob-
tain. Fortunately, according to the projection properties of conditional expec-
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tations,

E (18— (X5

(64)
— B |18 = Ble(X:)IVnll’| + B [lp(X5) = Elp(X)I¥n]P]
foreach k = 1,--- , K. Therefore, the parameters # can be equivalently trained
by optimizing,

(65) 0 = arg manE [\ﬂk o(X )]2} ,

0=[01.02] 13

in which the targets ¢(X,,) can be easily obtained through Monte-Carlo
realizations.

Let {(X Ti),YT(,f)) 1 <i< M, 1 <k< K} be M trajectories of the
Monte-Carlo realizations of the filtering system (1), then the optimal param-
eters  can be approximated by

| KoM
)~ i — _ (Z)
(66) f ~ arg min i kZ: Z ’ﬁk (X, ,

which can be implemented by standard stochastic gradient descent method
through the back-propagation process of deep learning.

Up to now, we have finished the procedure of conducting the uniform
framework of Yau-Yau algorithm with a well-trained RNN and fulfilled the
data-driven implementation of Yau-Yau algorithm.

5. Conclusion and future prospects

In this paper, we review the development of nonlinear filtering problem and
provide a comprehensive introduction of the theory, implementation and re-
lated topics of the Yau-Yau nonlinear filtering algorithm from the perspective
of model-driven to data-driven. The convergence results of the Yau-Yau al-
gorithm itself, the spectral method of solving the corresponding Kolmogorov
equation as well as the uniform framework of Yau-Yau algorithm are high-
lighted in this review. The idea and implementation details of Yau-Yau al-
gorithm together with its model-driven and data-driven approach are also
handled and sorted out in logical order, so that the readers with different
backgrounds will get a better grasp of the Yau-Yau algorithm and can make
an attempt to exploit it in practical application scenarios.
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There are at least two promising and important future research directions
in the study of Yau-Yau nonlinear filtering algorithms and related topics.
Firstly, apart from the standard filtering system of the form as in (1), there are
various non-standard filtering systems which are encountered by practitioners
from different fields. One promising research direction is to generalize the
Yau-Yau algorithm such that it can deal with these non-standard filtering
systems, and then to establish the corresponding convergence theory and
implementation methods for these problems.

Secondly, the relationship between the model-driven and data-driven im-
plementation of Yau-Yau algorithm still needs to be further discussed. Al-
though the target dynamical system in the data-driven implementation orig-
inates from the model-driven approach, the guidance of model-driven algo-
rithm to data-driven implementation deserves further analysis. For example,
how to engage the theory of model-driven Yau-Yau algorithm into the design
of network training process in the data-driven implementation, or further
improve the network structure, is an important research direction.
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