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GRAPHICAL ABSTRACT

PUBLIC SUMMARY
◼ Complex stochastic systems are characterized by many interacting components that evolve randomly over time.

◼ We develop a unifying framework of Yau-Yau nonlinear filter and idopNetworks to infer Yau-Yau networks.

◼ Nodes and edges of Yau-Yau networks stochastically perturb around and across time.

◼ Yau-Yau networks reveal at which level of perturbation the system transmits from order to disorder.
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Complex systems are characterized by nonlinearity, uncertainty, and noise 
interference, making it challenging to unravel their internal operation mech-
anisms. Here, we overcome this issue by implementing the Yau-Yau 
nonlinear filter theory to reconstruct stochastic networks from noisy 
data. Beyond ordinary differential equation-based deterministic networks, 
Yau-Yau stochastic networks can estimate the real states of actions and 
interactions among agents within dynamical systems and characterize 
how these states fluctuate due to stochastic perturbations. We perform 

Monte Carlo simulation to validate the statistical behavior of the Yau-Yau 
algorithm under different application scenarios. We employ the new 
approach to learn microbial stochastic interaction networks from a tri-cul-
tural data of bacterial species, gaining new insight into how microbial inter-
actions facilitate information processing and leverage robustness against 
perturbations. Yau-Yau networks open up a new avenue to reveal the emer-
gence of order from disorder for complex systems.

INTRODUCTION
Many physical, natural, and social phenomena, ranging from the global 

climate change to cells, the human brain, organisms, microbial communities, 
ecosystems, social and economic organizations, and even the universe, may 
emerge as complex systems composed of many interacting parts. 1–6 Given 
their central relevance to the understanding of nature and human society, com-
plex systems have increasingly become a focus of interest and research across 
a wide range of scientific areas. 6–12 Numerous mathematical, statistical, and 
computational approaches have been developed for disentangling complex 
systems, among which network modeling has been recognized as a main-
stream means given its capacity to reveal hidden mechanisms. 13–21 Specif-
ically, it can not only characterize intricate patterns of interactions but also 
reveals essential emergent attributes of complex systems to answer why the 
whole is greater than the sum of its individual parts. 22,23

Complex networks model and describe the internal components and their 
relationship characteristics in complex systems by encoding the components 
as nodes and the relationships as edges between nodes into graphs. Existing 
network methods have advantages and disadvantages in describing the prop-
erties of interactions. Correlation-based networks can estimate the strength of 
interactions but fail to identify their direction. 16 Bayesian networks can infer 
causal relationships by calculating conditional probabilities, but their strength 
and sign remain unknown. 17 All missing information about interactions can 
be retrieved by a generalized statistical mechanics model derived from the inte-
gration of evolutionary game theory, community ecology theory, and graph the-
ory. 21,24–26 This model decomposes values of an entity into its independent 
components (assumed to occur in an isolated condition) and dependent com-
ponents (resulting from directed influences of other agents on this agent) and 
assembles these independent and dependent components into informative, dy-
namic, omnidirectional, and personalized networks (idopNetworks). 27,28 The 
integration of idopNetworks and the GLMY (A. Grigor’yan, Y. Lin, Y. Muranov, 
and S.-T. Yau) theory, a computational topological theory pioneered by Yau 
S.S.T., 29 has been shown to be powerful for studying complex systems. 30,31 

Current network modeling is deterministic, assuming that complex systems 
do not fluctuate over time and context. However, complex systems may not 
only display nonlinearity but also stochasticity and noise interference, all of

which are inevitable and result from interactions with the environment. 32 While 
nonlinear interactions are the main cause of emergence of the whole being 
more than the sum of parts, 6,11,12,33,34 stochasticity can help the systems alter 
internal structure for adapting changing environments, 7–10,35 improving infor-
mation processing, 36,37 and increasing robustness. 38,39 To the end, complex 
systems can be better described and disentangled when three characteristics 
mediating their internal operation mechanisms 3 —nonlinearity, uncertainty, 
and noises—are all taken into account in network reconstruction.
In this study, we incorporate the Yau-Yau nonlinear filtering model to identify 

stochastic networks from noisy data. The core objective of filtering is to pursue 
accurate estimation or prediction for the actual state of stochastic complex sys-
tems based on a series of noisy data. 38,39 Filtering theory was dated back to 
Gauss’ time two centuries ago, but it was well established by R. E. Kalman in 
the 1960s 40,41 The resulting Kalman theory has been instrumental for under-
standing stochastic systems, but its widespread application is limited by the 
linear assumption. Many nonlinear filter theories have been subsequently pro-
posed, aiming to enhance practical applications for prediction. 42,43 A global 
approach for computing these theories is derived on the basis of the conditional 
probability of the state that satisfies the Duncan-Mortensen-Zakai (DMZ) equa-
tion. 44–46 However, it is difficult to directly solve the DMZ equation, since it is 
parabolic with coefficients containing observations. Yau and Yau 47,48 derived 
an elegant algorithm for solving the DMZ equation by reducing it to a forward 
Kolmogorov equation (FKE). This algorithm, now referred to as the Yau-Yau 
filtering algorithm, has been theoretically proven to converge to the true solu-
tion, provided that the growth rate of the observation is greater than that of 
the drift. 49 In both theory and practice, the Yau-Yau algorithm has been shown 
to be advantageous over more classic ensemble Kalman filters (EnKFs), un-
scented Kalman filters (UKFs), and particle filtering methods. 50–53 Therefore, 
it is regarded as groundbreaking in the field of control theory, displaying great 
potential to magnify filtering applications for various complex systems. We 
show that stochastic networks by the Yau-Yau filter can capture hidden pat-
terns and relationships of complex systems due to randomness and uncer-
tainties, providing unique insight into revealing the fluctuating mechanisms of 
natural and social phenomena.

MATERIALS AND METHODS 
Deterministic interaction networks
Mathematical modeling of evolutionary game theory. Consider a dynamic system, 

such as the gut microbiota, a multicellular tumor, or the climate change, with m inter-
acting agents (variables), which are measured at a series of T time points. Let y j (t) 
(j = 1, …, m; t = 1, …,T) denote the observed value of the jth variable of the system 

measured at time t. Sun et al. 25 integrated evolutionary game theory to characterize 
how interactions between two variables behave like a game and further derived a sys-
tem of mixed ordinary differential equations (mODEs) to quantify this process. These 
mODEs are expressed as

dy j (t)
dt

= Q j 
( 

y j (t) 
) 

+ 
∑m

j ′ = 1;j ′∕=j 

Q j←j ′ 
( 

y j ′ (t) 
) 
; (Equation 1)

where the observed value of a variable can be decomposed into its independent compo-
nent Q j (y j(t)) due to the intrinsic strategy of this variable and dependent component
Q j←j ′ 

( 
y j ′ (t) 

) 
arising from the extrinsic influence of other variables through their strategies 

acting on this variable. The independent strategy component of variable j occurs when it is
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assumed to be in an isolated condition. For growth variables, the independent strategy 
component may obey the growth equation, expressed as

Q j 
( 

y j (t) 
) 

= α j y j (t) 

( 

1 − 
(

y j (t)
K j

) β j 
) 

; (Equation 2)

where α j is the relative change rate of variable j over time, K j is the asymptotic value of var-
iable j when time tends to be infinite, and β j is the shape parameter of the growth curve. The 
dependent component reflects how and how much a variable j ′ affects the focal variable j, 
expressed as a function of the value of variable j ′ . In general, the forms of dependent com-
ponents are unknown so that a nonparametric approach is implemented.
LOP fitting of dependent components. Because of its favorable mathematical proper-

ties, a Legendre Orthogonal Polynomial (LOP)-based nonparametric approach can be used 
to fit the time trajectories of dependent components. 25,26 Let u j←j ′ = 

( 
u j←j ′ 0 ; u j←j ′ 1 ; …;

u j←j ′ R 
) 
denote a vector of basis values at degree R related to Q j←j ′ 

( 
y j ′ (t) 

) 
, multiplied by

P j←j ’ (t) = 
( 
P j←j ’ 0 (t); P j←j ’ 1 (t); …; P j←j ’ R (t 

) ) 
at degree R. Then, the dependent components 

in Equation 1 are formulated as

Q j←j ′ 
( 

y j ′ (t) 
) 

= u j←j ′ PT
j←j′ (t)ŷ j ′ (t); (Equation 3)

where ̂y j ′ (t) is the predicted value of y j ′ (t) using the growth Equation 1. For each variable, its 
optimal order of LOP can be determined via Akaike Information Criterion (AIC) or Bayesian 
Information Criterion (BIC).
Integrating graph theory. The mODEs of Equation 1 are solved under the fitting condi-

tions given in Equations 2 and 3 by implementing the fourth-order Runge-Kutta algorithm. 
Ultimately, we obtain the estimates of two terms of Equation 1, independent components 
and dependent components. The independent components are only related to individual 
variables, whereas the dependent components describe how one variable affects, or is 
affected by, the others. For a specific pair of variables, there are two possible reciprocal 
dependent components, which represent the bidirectionality of variable-variable interac-
tions. The estimated values of the independent components are associated with the

strength of interactions, whereas their positive or negative estimation implies the relation-
ship of promotion and repression between two given variables, respectively. Thus, accord-
ing to graph theory, we encode the estimates of the independent components as nodes and 
the estimates of the dependent components as edges into informative networks that can 
fully capture the properties of bidirectional, signed, and weighted (bDSW) interactions. 
Since nodes and edges estimated by Equation 1 are a function of time, bDSW networks 
may dynamically change in structure and, thereby, its relationship with function. 
Equation 1, subject to variable selection by which a small set of the most significant vari-
ables linked to the focal variable j is chosen, can characterize all possible functionally exist-
ing links, forming sparse but omnidirectional networks. Network reconstruction by 
Equation 1 does not require data from multiple samples, meaning that bDSW networks 
can be reconstructed for each individual sample. Taken together, the model allows an idop-
Network to be reconstructed from a broad spectrum of data domains. 26,27 Given the
nonlinear forms of Q j (y j(t)) and Q j←j ′ 

( 
y j ′ (t) 

) 
, the idopNetwork provides a state-of-the-art

means of disentangling hidden patterns of complex nonlinear systems.

Stochastic interaction networks
IdopNetworks are the networks that capture nonlinear relationships between different 

nodes. The behavior of many complex systems exhibits not only nonlinearity but also sto-
chasticity. 32 One crucial step toward complexity research is to incorporate stochasticity 
into idopNetworks to better understand the internal workings of complex systems. It is 
not unreasonable to assume that the nodes and edges in the networks perturb stochasti-
cally over spatiotemporal scales to shape complex systems, whereas the perturbing 
pattern of the nodes and edges can be characterized from the noisy measurements of vari-
ables at multiple time points. This procedure can be formulated through the lens of the Yau-
Yau nonlinear filter theory, 47,48 involving two coordinated state or signal and observation 
processes (Figure 1).
Yau-Yau nonlinear filter. A filtering system involves the actual state of a stochastic 

process that cannot be measured directly during the process but can be estimated from 

an observation process. Let x(t) = (x 1 (t), …,x p (t)) ∈ ℝ p denote the actual state vector of 
p agents comprising the system at time t, and let y(t) = (y 1 (t), …,y m (t)) ∈ ℝ m denote the

Figure 1. Diagram of reconstructing stochastic networks from noisy observations (A) Data structure for a complex system whose three components (variables) are measured at a 
series of T time points. (B) A deterministic interaction network among three components reconstructed by a system of mixed ordinary differential equations (mODEs). (C) The data 
are analyzed by the Yau-Yau filter to find the real states of three components. (D) The integration of mODE and Yau-Yau filter leads to the reconstruction of a stochastic interaction 
network (Yau-Yau network).
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observation vector of m variables describing the system measured at time t. The nonlinear 
filtering model 47,48 is built to determine approximate states from a given observation his-
tory, written as

{ 
dx(t) = f(x(t))dt + dV(t) x(0) = x 0
dy(t) = h(x(t))dt + dW(t) y(0) = y 0

; (Equation 4)

where f(x(t)) is the vector-valued state transition function in a nonlinear form, h(x(t)) is the 
vector-valued nonlinear function describing the hidden pattern of observation process, and
V(t) ∈ ℝ p and W(t) ∈ ℝ m are mutually independent standard vector-valued Brownian 
processes with covariance matrices E 

( 
dV(t); dV T (t) 

) 
= Cdt ∈ ℝ p and E 

( 
dW(t); 

dW T (t) 
)

= 1dI m dt ∈ ℝ m , respectively.

Equation 1 represents a generic model of the nonlinear filtering system, whose internal 
workings can be approached by natural law. For example, the observed system behavior is 
influenced by its actual state and measurement errors. How the system’s actual state de-
termines its observed behavior may be manifested through the operation mechanism of 
how the underlying agents act and interact with each other. In this study, we assume 
that p agents governing the actual state of the system correspond to m variables measured
for the system. Taking into account these considerations, we rewrite the filtering
Equation 4 as 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dx(t) = f(x 1 (t); …; x m (t))dt + dV(t)

dy 1 (t) = 

(

h 1 (x 1 (t)) + 
∑m

j = 2

h 1←j 
( 
x j (t) 

) 
) 

dt + dW 1 (t)

⋮

dy m (t) = 

(

h m (x m (t)) + 
∑m − 1

j = 1

h m←j 
( 
x j (t) 

) 
) 

dt + dW m (t)

; (Equation 5)

where the second to last equations specify the observation processes of m vari-
ables, with h j (x j (t)) and h j←j ′ 

( 
x j ′ (t) 

) 
(j ′ ∕= j) representing the independent strategy 

component of variable j due to its intrinsic capacity and dependent strategy compo-
nent of variable j resulting from the influence of variable j ′ on this variable, respec-
tively. In Equation 4, W j (t) ∈ ℝ m is a standard Brownian process of variable j with

covariance matrix E 
( 

dW j (t); dWT
j (t) 

) 
= D j dt ∈ ℝ m . While the state equation de-

scribes how the state of variables fluctuates due to the recurrence of random diffu-
sions, the observation equations specify how observed variables are affected by the 
state of variables through their self-regulation and interactions, subject to measure-
ment errors. Equation 5 provides a unified framework of integrating idopNetworks 
into the Yau-Yau filtering model.
Fitting the state process. The Yau-Yau filter result shows that the state vector x(t) can 

be estimated from the observation vectors y(t) by solving the Kolmogorov equations. The 
state transition function f(x 1 (t), …, x m (t)) is locally Lipschitz continuous. In real data pro-
cessing, f(x 1 (t), …, x m (t)) can be approximated by a data-driven nonparametric method, 
such as recurrent neural networks (RNNs) and sparse identification of nonlinear dynamics 
(SINDy) methods. Here, we consider SINDy methods. Let ̂y = (ŷ(t 1 ); ⋯; ̂y(t m )) denote the 
estimated mean values of y(t) at a series of time points (t 1 , …, t T ). Let

𝕐 =

⎛ 

⎜ 
⎜ 
⎜ 
⎜ 
⎜ 
⎜ 
⎜ 
⎜ 
⎜
⎝ 

ŷ(t 2 ) − ŷ(t 1 )
Δt

ŷ(t 3 ) − ŷ(t 2 )
Δt 
⋮ 

ŷ(t m ) − ŷ(t m − 1 ) 

Δt

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

ℤ =

⎛ 

⎜ 
⎜ 
⎜ 
⎜ 
⎜ 
⎜ 
⎜ 
⎜ 
⎜ 
⎜
⎝ 

(ŷ(t 2 ) − ŷ(t 1 ) − f(ŷ(t 1 ))Δt) 2

Δt

(ŷ(t 3 ) − y(t 2 ) − f(ŷ(t 2 ))Δt) 2

Δt 
⋮

( ̂y(t m ) − ŷ(t m − 1 ) − f( ̂y(t m − 1 ))Δt) 2

Δt

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

;

which are estimates of drift terms and diffusion terms of the state model in the Yau-Yau 
filtering Equation 4, respectively. We construct a library Φ consisting of nonlinear candidate 
functions of ̂y, which may be constant, polynomial, or more exotic functions, such as trig-
onometric and rational terms, and so on, which is expressed as

Φ = 
( 
1; ̂y; ̂y 2 ; ⋯; sin(ŷ); cos(ŷ); sin(2ŷ); ⋯ 

) 
; (Equation 6)

which is used to characterize the structure of stochastic differential equations (SDEs). We
transform the identification problem of SDEs into a linear regression problem using the
following models:

𝕐 = Φc y + ϵ y (Equation 7A)

ℤ = Φc z + ϵ z ; (Equation 7B)

where c y and c z are the regression coefficients that determine the form of the state transition 
function, and ϵ y and ϵ z are residual errors following a multivariate normal distribution. The 
least-squares method is implemented to estimate c y and c z as the inference of the state tran-
sition function. Because the library Φ is constructed as a function space from which only an 
appropriate function is searched, c y and c z each require a certain level of sparsity, which can 
be determined by Least Absolute Shrinkage and Selection Operator (LASSO), sparse 
Bayesian learning, and some other methods.
Fitting the observation process. The observation process function includes an inde-

pendent strategy component, h j (⋅), and dependent strategy component, h j←j ′ 
( 
x j ′ (t) 

) 
, both 

of which can be model by a parametric or nonparametric approach. Here, we use an 
LOP-based nonparametric approach. Let u j = (u j0 ,u j1 , …,u jR ) denote a vector of basis values 
related to h j (x j (t)), multiplied by P j (x j (t)) = (P j0 (x j (t)), P j1 (x j (t)), …, P jR (x j (t))) which denote LOP 
values at degree R, and let u j←j ′ = 

( 
u j←j ′ 0 ; u j←j ′ 1 ; …; u j←j ′ R 

) 
denote a vector of basis values 

related to h j←j ′ 
( 
x j ′ (t) 

) 
, multiplied by P j←j ′ 

( 
x j ′ (t) 

) 
= 
( 
P j←j ′ 0 

( 
x j ′ (t) 

) 
; P j←j ′ 1 

( 
x j ′ (t) 

) 
; …; 

P j←j ′ R 
( 
x j ′ (t) 

)) 
which denote LOP values at degree R. Then, the independent and dependent 

components are formulated as

h j 
( 
x j (t) 

) 
= u j P Tj

( 
x j (t) 

)
(Equation 8A)

h j←j ′ 
( 
x j ′ (t) 

) 
= u j←j′ P Tj←j′ 

( 
x j ′ (t) 

) 
: (Equation 8B)

It is possible that h j (x j (t)) and h j←j ′ 
( 
x j ′ (t) 

) 
can be better fitted by different LOP degrees. 

This difference can be tested and determined by AIC or BIC.
Yau-Yau network reconstruction. We incorporate the Yau-Yau filter algorithm 47,48 to 

solve the filtering system described by Equation 4. The estimated independent strategy 
components and dependent strategy components are perturbed. We code the independent 
components as perturbed nodes and the dependent components as perturbed edges into 
graphs, forming stochastically perturbed networks (coined Yau-Yau networks). Each node 
and edge are perturbed by implementing random (co)diffusion processes related to vari-
able state values.

Application
A worked example. To demonstrate the reconstruction procedure of Yau-Yau net-

works, we analyze microbial data from a tri-cultural experiment. Three bacterial species, Es-
cherichia coli, Staphylococcus aureus, and Pseudomonas aeruginosa, were jointly cultivated 
in the same medium to form a triad. There were a total of 100 such triads generated inde-
pendently by 100 strains from each species. Each strain in the triads was measured for its 
abundance at a series of time points, which is used for network reconstruction.

In each triad as a small society, three co-existing bacterial species interact with each 
other in a nonlinear manner to shape microbial community behavior. We apply 
Equation 1 to reconstruct two deterministic interaction networks for triads #64 
(Figure 2A) and #91 (Figure 2B). We find that species E. coli exerts an antagonistic relation-
ship with both species S. aureus and P. aeruginosa, whereas there is little interaction be-
tween S. aureus and P. aeruginosa in both triads. We also find that interspecific interactions 
change over time, showing the dynamic property of microbial interaction networks (Video 
S1). In general, E. coli receives stronger but more cyclically changing inhibition from its co-
existing counterparts than do the other two species. Microbial inhibition estimated by a 
deterministic model is thought to be stable at each time, which cannot reflect the reality 
of microbial perturbation to better adapt to stochastic errors.

Yau-Yau networks can capture how microbial interactions fluctuate around their real 
states. To reconstruct Yau-Yau networks, we implement SINDy equations. From the library 
Φ, given in SINDy Equation 6, we determine the overall core power of the dynamical micro-
bial system. This power system is driven by the means of microbial growth over 100 tri-cul-
tures. The form of the state equation is determined by selecting as few bases as possible 
without losing too much information, which is expressed as

dx(t) = 
( 
A 0 + A 1 x(t) + A 2 x 2 (t) + A s sin(x(t)) 

) 
dt + dV(t); (Equation 7)

where A 1 , A 2 , A s , and A 0 are matrices ∈ ℝ 3×3 and E 
( 

dV(t)dV T (t) 
)

= 1
10I 3 dt. Figure 3 illus-

trates the fitness of the above SINDy equation to the abundance data of three species 
from two randomly selected triads, #64 and #91. It can be seen that all species in the com-
munity fluctuate around their real time-varying state, but to different extents, depending on
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species type and tri-culture. It appears that species E. coli and S. aureus each grow in an 
S-shaped curve in triad #64, which displays a different pattern from species P. aeruginosa 
in the same tri-culture. We find that estimated growth trajectories fluctuate during ontogeny, 
but with a considerably more frequent and larger fluctuation for species S. aureus and 
P. aeruginosa than E. coli (Figure 3).

The Yau-Yau filter contains a nonlinear observation equation that can characterize how 
different species act and interact with ach other to mediate the dynamics of microbial com-
munities. Using the Yau-Yau nonlinear filter algorithm, we reconstruct stochastic Yau-Yau 
idopNetworks (Figure 4). In general, the Yau-Yau idopNetworks are in broad agreement 
with deterministic idopNetworks (Figure 2) in microbial interaction structure and dynamics, 
but the former allow the nodes and edges to fluctuate around their actual states at each 
time (Video S2). We find that both microbial abundance and microbial interactions fluctuate 
strikingly during microbial growth, implying that bacterial species can better adapt to their 
co-existing counterparts by adjusting their states.

Monte Carlo simulation
We perform computer simulation studies to investigate the statistical properties of the 

Yau-Yau nonlinear filter algorithm in complex system dissection. We simulate data under 
three assumed systems (linear sensor system, nonlinear sensor system, and SINDy sys-
tem), which are analyzed by the Yau-Yau algorithm. The linear sensor system is described 
by the following equations:

{ 
dx(t) = Ax(t)dt + dV(t) 
dy(t) = h(x(t))dt + dW(t); (Equation 8)

where x(0) ∼ N 
( 
0; I d x 

) 
, A is a matrix with size d x × d x defined as

A jj ′ =

⎧ 
⎨ 

⎩

0:1; if j ′ = j − 1 
0:5; if j ′ = j 
0; else

;

and h(x(t)) is set as h(x(t)) = Px(t) + Qx 2 (t). To improve the generality of Yau-Yau filter in real 
data analysis, we orthogonalize matrix P, including the following procedure:

~ p 1 = P 1 ;

~ p 2 = P 2 − (P 2 ; ~ p 1 )
~ p 1

‖ ~p 1 ‖ 2
;

~ p 3 = P 3 − (P 3 ; ~ p 1 )
~ p 1

‖ ~p 1 ‖ 2
− (P 3 ; ~ p 2 )

~ p 2
‖ ~p 2 ‖ 2

;

⋯ ⋯

~ P j =
~ p j⃦
⃦~ p j
⃦ 
⃦ 
2

( 
1 ≤ j ≤ d y 

) 
:

which can be written in matrix form as ~P = TP; where T is a reversible lower triangular ma-
trix when P is a full rank matrix. Similarly, we perform the same linear transform T to orthog-
onalize matrix Q as ~Q = TQ. Then, we obtain the orthogonalized observation function
~h(x(t)) = Th(x(t)). In a three-dimensional linear sensor system, we implement the Yau-
Yau algorithm to estimate the real state process of three variables (Figure 5A). It can be 
seen that the Yau-Yau algorithm can capture the general trend of the real state process 
of each variable with increasing accuracy when the observations are orthogonalized. 

The nonlinear sensor system is formulated as
{ 

dx(t) = (Ax(t) + cos(x(t)))dt + dV(t) 
dy(t) = h 

( 
x 3 (t) 

) 
dt + dW(t); (Equation 9)

where A is the same in Equation 8. We orthogonalized the observation equation as h(x 3 (t)) = 
Px 3 (t) + Qx 6 (t). Figure 5B illustrates the real state process and its estimation by the Yau-Yau 
algorithm. In the nonlinear system, orthogonalization can strikingly increase the estimation 
process of the real state.

For a SINDy system, we choose the sensor system from the library in Equation 4, which 
is expressed as

Figure 2. Deterministic interaction networks inferred from decomposed abundance dynamics using mODEs Deterministic idopNetworks of tri-cultured bacterial species (E. coli, 
S. aureus, and P. aeruginosa) from triads #64 (A) and #91 (B) by mODEs. Left: overall abundance trajectories of each species (E. coli, S. aureus, and P. aeruginosa) (blue) decomposed into 
independent component curves (red) and dependent component curves (green). The independent component arises from the intrinsic capacity of a species that is fully expressed when 
this species is assumed to be in isolation, whereas the dependent component is the consequence of directed influence of other species on this species. Right: three-node bidirectional, 
signed, and weight interaction networks. Red and blue arrowed lines denote promotion and inhibition, respectively, with the thickness of lines proportional to the strength of interaction.
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{ 
dx(t) = SL(x(t))dt + dV(t) 
dy(t) = h(x(t))dt + dW(t) ; (Equation 10)

where L(⋅) is the basis library with m triangle functions, i.e., L(⋅) = [sin(⋅), sin(2⋅), sin(3⋅),⋯, 
cos(⋅), cos(2⋅), cos(3⋅),⋯], and S is a sparse coefficient matrix, ∈ ℝ n×m . As can be seen, 
the Yau-Yau algorithm can accurately estimate the real state of the system based on 
orthogonalized observations (Figure 5C).

We assess the precision of the Yau-Yau algorithm by estimating the mean square 
errors. As expected, under the same condition, a simpler linear sensor system can 
be estimated with greater precision than a more complex nonlinear system, 
both of which can be much more precisely estimated as compared with a SINDy 
system (Table 1). However, when the observation process is orthogonalized, the 
three systems can be estimated by the Yau-Yau algorithm almost with the same 
precision.

We perform additional simulation studies to validate the Yau-Yau algorithm for analyzing 
a complex system simulated by linear, nonlinear, and SINDy algorithms under various levels 
of noise (0.8, 1.0, 1.5, and 2.0). In general, the actual state of the noisy system can be well 
estimated (Figure S1), although, as expected, the root-mean-square errors (RMSEs) of the 
system estimation increase with an increasing level of noise (Table S1). Given that the 
noise value of 2.0 is quite large relative to the system size, a reasonably low RMSE estimate 
indicates the robustness of the Yau-Yau algorithm.

Materials availability
Ecological experiment of microbial culture. We design and conduct an ecological 

experiment to validate the biological value of the model. We collected 100 bacterial strains 
of each species, E. coli, S. aureus, and P. aeruginosa, from the National Infrastructure of Mi-
crobial Resources, China. These strains were pre-cultivated with a procedure described by 
He et al. 54 The culture experiment includes 100 tri-cultures each for a set of three strains 
(triad) at a 1:1:1 ratio from different species. To assure the independence of triads, none of 
the same strains were used in any two co-cultures or any two tri-cultures. All cultures were 
taken in flasks of the same size, filled with 25 mL of twice-diluted brain heart infusion me-
dium (Oxoid, Basingstoke, England). The flasks were incubated at 30 ◦ C and shaken at 
130 rpm.

Each strain in the flasks was sampled once every 0.5 h during the first 2 h of cultivation, 
followed by once every 2 h after 2 h and once every 4 h after 12 h, with a total culture period 
of 36 h. Quantitative PCR (qPCR) measurements of E. coli and S. aureus were performed 
according to the previous protocol. To detect P. aeruginosa strains, 159 bp of the gyrA 
gene encoding DNA gyrase subunit A were amplified by forward primer CAAGCCCTACAA 
GAAATCCG and reverse primer TCCACCGAACCGAAGTTG. The qPCR counts of each strain 
at a time point, averaged over three replicates, were used as the time-varying abundance 
level of this strain.
Data preprocessing. We use Box-Cox transformation to assure that microbial abun-

dance data follow a normal distribution. A data imputation method is applied to obtain

Figure 3. Comparison of real and estimated microbial abundance states Shown are the real state (black) and estimated states (red) of microbial abundance trajectories for tri-
cultured bacterial species (E. coli, S. aureus, and P. aeruginosa) from triads #64 (A) and #91 (B).
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dense and equally spaced abundance data. Here, we use linear interpolation to fill in the 
observations at the newly added observation time points. The advantage of using linear 
interpolation is that the newly filled observations will also obey a normal distribution due 
to the additivity of the normal distribution.

Algorithm availability
The Yau-Yau algorithm. We convert the problem of interaction network evolution 

into a nonlinear filtering problem with a form described by Equation 2. We aim to 
obtain the accurate and instantaneous estimation of the state process x(t) through 
the noisy observation history y(t) : = {y(s):0 ≤ s ≤ t} by calculating the conditional 
expectation E(x(t)|y(t)). Per the Yau-Yau nonlinear filter algorithm, we calculate the 
entire conditional density ρ(t, x) of x(t) given the observation history y(t) : = [y(s):
0 ≤ s ≤ t] in a general form of Equation 2. In the 1960s, Duncan, Mortensen, and Zakai 
proposed σ(x,t), the unnormalized density function ρ(t,x), 44–46 which satisfies the DMZ 
equation:

{ 
dσ(x; t) = Lσ(x; t)dt + dσ(x; t)h T (x; t)dy(t) 
σ(x;0) = σ 0 (x) 

;

where σ 0 (x) is the probability density of the initial state, and

L( ∗ ) ≡
1 
2

ΔC ∗ − 
∑m

j = 1

∂ 
( 
f j∗ 
)

∂x j
:

Next, we construct robust state estimators from any observed sample paths. For each 
given observation y(t), let

u(x; t) = exp 
[ 
dh T (x)y(t) 

] 
σ(x; t);

which yields the “pathwise-robust” DMZ equation.
In the Yau-Yau algorithm, 47,48 the robust DMZ equation is reformulated as

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩ 

∂u 
∂t 

(t; x) =
1
2 

ΔCu(t; x) + ( − f(x) + ∇K(t; x))⋅∇u(t; x)

+ 

( 

− ∇⋅f(x) −
d
2 
|h(x)| 2 + 

1
2 

ΔCK(t; x)

− f(x)⋅∇K(t; x) + 
1
2 
|∇K(t; x)| 2 

) 

u(t; x);

u(0; x) = σ 0 (x);

where K = 
∑ m 

j = 1 dy j (t)h j (x); f = (f 1 ; …; f m ) 
⊤ 
;h = (h 1 ; …; h m ) 

⊤ . We further have
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩ 

∂u j
∂t

(t; x) = 
1
2 

ΔCu j (t; x)

+ 
∑ m

l = 1

( 

− f l (x) + 
∑ m

j = 1

y j (τ t )
∂h j
∂x l

(x) 

)
∂u j
∂x l

(t; x)

− 

(
∑m

l = 1

∂f L
∂x l

(x) + 
1
2 
∑ m

l = 1
h 2l (x) −

1
2 
∑ m

j = 1

V j(τ t )ΔCh j (x)

+ 
∑ m

j = 1

∑ m

l = 1
y j (τ t )f l (x)

∂h j
∂x l

(x)

−
1
2
∑ m

p = 1

∑m

j = 1

∑ m

l = 1
y j (τ t )V l (τ t )

∂h j
∂x p

(x)
∂h e
∂x p

(x) 

) 

u j (t; x)

u j (τ t − 1 ; x) = u j − 1 (τ t − 1 ; x):

Let

u j (x; τ t ) = exp 

(

− 
∑n

j = 1

dy j (τ t − 1 )h j (x) 

) 

~ ut (x; τ t ):

Figure 4. Stochastic interaction networks from perturbation-based analysis using the Yau-Yau nonlinear filter algorithm Shown are Yau-Yau networks of tri-cultured bacterial 
species (E. coli, S. aureus, and P. aeruginosa) from triads #64 (A) and #91 (B) by the Yau-Yau nonlinear filter algorithm. Left: perturbed overall abundance trajectories of each species 
(E. coli, S. aureus, and P. aeruginosa) (blue) into perturbed independent component curves (red) and perturbed dependent component curves (green). Right: three-node bidirectional, 
signed, and weighted interaction stochastic networks with nodes and interactions fluctuating around their real states.
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Then, u j (x,τ t ) can be computed by ~ uj (x; τ t ), where ~ uj (x; t) for τ t-1 ≤ t ≤ τ t satisfies the 
following Kolmogorov equation, expressed as
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩ 

∂~ uj

∂t
(x; t) =

1 
2

ΔC~ uj (x; t) − 
∑m

j = 1

f j(x)
∂~ uj

∂x j
(x; t)

− 

(

divf(x) + 
d
2
∑ m

j = 1

h2
j (x) 

) 

~ uj (x; t);

~ uj (x; τ t − 1 ) = exp 

(
∑m

j = 1

d 
( 

y j (τ t − 1 ) − y j (τ t − 2 ) 
) 

h j (x) 

) 

~ uj − 1 (x; τ t − 1 ):

(Equation 11)

In Equation 11, the PDE itself does not contain observations, which means that, for 
any moment of observational updating, the equations that need to be solved are the 
same, only the initial conditions are different, and with the appropriate PDE solution, 
the updating at each moment can be transformed into matrix multiplication so 
that the online updating is hardly time consuming. At the same time, the initial state 
contains only the observations of that moment and the previous moment, and 
there are very little data to be saved. The method of solving Partial Differential Equa-
tion (PDE) here mainly uses quasi-implicit Euler method (QIEM).

At the end, we substitute E(x(t)|y(t)) into h j←j ′ ( ⋅) to obtain a microbial interaction network 
that takes into account stochasticity, observation errors, and the pattern of interaction evo-
lution over time.

RESULTS AND DISCUSSION
Stochastic networks are the domain of a wide variety of complex systems in 

which components act and interact stochastically across spatiotemporal 
scales, subject to a structural rearrangement described by a graph. 36,55 While 
previous studies have focused on deterministic regular expressions of complex 
networks, it is largely unexplored to what extent nonlinearities, unclear causal 
chains, and unpredictable perturbations jointly govern system behavior. Anal-
ysis and interpretation of such stochastic networks require developing and 
combining concepts from graph theory to characterize inter-agent interactions 
and stochastic modeling to reveal how these interactions shape the long-term 

dynamics of the systems. Several studies have begun to infer SDEs that 
describe complex systems from observed data. 32,56–59 However, they fail to 
characterize how real states of nodes and interactions within networks fluc-
tuate due to unpredictable errors and how these real states can be detected 
from noisy data.
In this study, we implement the Yau-Yau nonlinear filter into a statistical me-

chanics framework for reconstructing stochastic idopNetworks (i.e., Yau-Yau 
networks) that are fundamental to complex systems. To demonstrate the sta-
tistical properties of the Yau-Yau algorithm, we conducted a series of computer 
simulations by assuming a variety of filtering systems. Results from simulation 
studies show that the Yau-Yau algorithm performs reasonably well in these 
simulation scenarios, especially after the observation data are orthogonalized. 
Beyond previous state-of-the-art deterministic networks, Yau-Yau networks can 
identify real states of how each agent acts and how it interacts with every other 
agent in response to stochastic errors to shape system dynamics. In theory, it is 
impossible to measure real states of natural phenomena, but the Yau-Yau net-
works can extract fundamental information or principles from observation data. 
All of these features make the Yau-Yau networks a powerful tool to automatize 
scientific discovery from chaotic disorders.
We design and conduct an ecological experimental by jointly culturing 

different strains from three bacterial species in the same medium to create a 
small-scale society. Deterministic models coalesce three species into idopNet-
works in which bDSW interactions between each pair of species are character-
ized. Although idopNetworks can illustrate the time-varying trajectories of mi-
crobial abundance and interactions, they fail to capture their stochastic 
fluctuations at species time points. In natural and living systems (e.g., the soil 
microbiota, the gut microbiota, or the ocean microbiota), microbial activities al-
ways tend to constantly perturb in order to better adapt to random errors during 
growth ontogeny. The Yau-Yau networks leverage idopNetworks to distill such 
concealed stochastic perturbation from observed data, which helps to 
unveil the biological mechanisms and rules that govern natural and social 
phenomena.
The Yau-Yau networks described in this study are reconstructed from contin-

uous time series data, but in practice, such data may not be available. We 
introduce and integrate allometric scaling law to convert static data into its 
quasi-dynamic representation by which Yau-Yau networks can be inferred. 
This integration not only showcases the applicability and flexibility of Yau-Yau 
networks but also generates novel insights for understanding the mechanisms 
hidden in various complex system scenarios using only snapshots rather than 
expensive temporal data.
One important feature of many complex systems is that they are composed 

of many agents and processes that interact with each other in interdependent 
manners and whose structure and behavior can be described at several nested, 
coupled scales by different principles and laws. By integrating RNNs, Chen 
et al. 60 proposed an algorithm to solve high-dimensional filtering problems. It 
shows that their algorithm can estimate 60–100 dimensions of filtering

Figure 5. State estimation performance with versus without observation orthogonal-
ization across system types Shown are simulation results for linear (A), nonlinear (B), 
and SINDy sensor systems (C) from non-orthogonalized observations and orthogonal-
ized observations estimated by the Yau-Yau filter algorithm. Black and red curves 
denote the real state and estimated states of the systems, respectively.

Table 1. Precision analysis and computation cost of the Yau-Yau algorithm to analyze 
linear, nonlinear, and SINDy sensor systems based on orthogonalized observations in 
a comparison with those based on non-orthogonalized observations shown in 
paratheses

Linear Nonlinear SINDy

RMSE 0.8421 (0.97103) 0.5797 (1.2687) 0.9052 (4.0451)

Mean error 0.7633 (0.81728) 0.5074 (1.1815) 0.8201 (3.7653)

Time cost, s 13.8775 (14.0072) 12.3792 (12.3732) 75.9961 (76.8672)
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systems, remarkably enhancing the ability of the Yau-Yau filter to analyze high-
dimensional data. To disentangle the ultrahigh dimensionality of complex sys-
tems, we may classify high-dimensional data into distinct modules, each of a 
smaller size, by implementing functional clustering. 61,62 A small-size module 
can be readily analyzed by the Chen et al. 60 algorithm.
Higher-order interactions have been increasingly recognized to be funda-

mental part of complex systems. 63–65 Feng et al. 66 proposed a general 
model for characterizing inter-agent interactions at any order across a 
wide spectrum of scenarios by which to reconstruct hypernetworks filled 
with nodes and directed, signed, and weighted edges and hyperedges. 
The Yau-Yau networks can be extended to accommodate high-order inter-
actions by incorporating additional terms into the Yau-Yau filter. While 
many complex networks have been successfully mapped in the past, dis-
secting the topological architecture of these networks may not always be 
feasible in certain scenarios. More recently, Yau and his team developed 
a GLMY model for computing the path homology of digraphs. 29 The integra-
tion of GLMY theory and Yau-Yau filters through idopNetworks will not only 
more precisely unveil the hidden patterns of complex systems but, more 
importantly, open up a unique gateway for contextualizing these two 
distinct disciplines into a unified mathematical framework. We pack the al-
gorithm for Yau-Yau networks into Yau-YauAL, a computing platform for 
solving nonlinear filtering problems. 67

RESOURCE AVAILABILITY 
Data and code availability

The microbial data and code for data analysis and computer simulation in this study have 
been deposited in the public GitHub repository (http://GitHub/BIMSA_YauYauNetwork).
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