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The goal of nonlinear filtering is to determine the conditional mean of the state given the observation
history, and one way is to solve the Duncan-Mortensen-Zakai equation in real time and in a
memoryless manner. One of our approaches is the direct method which works exceptionally well for
time-varying Yau filtering system under the assumption that a certain function p is quadratic. In this
paper, we eliminate this assumption, thereby extending the direct method to generalized time-varying
Yau filtering systems. Furthermore, we provide a theoretical proof that, under very mild conditions,
the error of its estimation result in the original framework is derived from the Gaussian approximation
for a non-Gaussian initial distribution, and can be made arbitrary small if the error between this
distribution and its Gaussian approximation is sufficiently small in L' (B) sense for a sufficiently large
ball Bg, which facilitates numerical computation. Additionally, the extended direct method can still
behave well provided that p can be approximated properly by its Taylor polynomial of degree 2. We
also present three numerical experiments demonstrating the superior efficiency of the extended direct

method compared to the extended Kalman filter and the particle filter.
© 2026 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction o Y ={Y;:0 <t <T}is the R™-valued noisy observation to
the state process X;

Estimating the state of a stochastic dynamical system from oV = {V:0=<t<Tland W = {W;:0=<t<T} are

noisy observations is of central importance in engineering. Fil-
tering serves as a powerful tool for estimating unobservable
stochastic processes that occur across various applied fields. The
continuous time-varying filtering problem we address can be
described as follows:

{dxt =f X, t)dt +g(t)dV;, Xo=§&,

t e [0.T], 1
AV, = h(. 0 dt +dw,,  Yo=o, ' SOTI (M

where:

o T > 0 is a fixed termination;
e X = {X;:0<t <T} is the R"-valued state process we
would like to track;

™ The material in this paper was not presented at any conference. This paper
was recommended for publication in revised form by Associate Editor Yanlong
Zhao under the direction of Editor Alessandro Chiuso.
* Corresponding author.
E-mail addresses: fengminli@bimsa.cn (M. Feng), cxq0828@ruc.edu.cn
(X. Chen), yau@uic.edu (S.S.-T. Yau).
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mutually independent Brownian motion processes, with
E[dvidV[] = Q(t)dt and E[dW,dW[] = S(t)dt,
respectively, where Q and S are Cc*®
positive-definite-matrix-valued functions;

e £ is a random variable with probability density function oy,
which is independent of V and W;

e f and h are C* functions, possibly nonlinear, and g is a C*®
matrix-valued function.

Interest in filtering problem can be dated back almost two
centuries to the work of Gauss and later, the names of Wiener and
Kalman are associated with advances in filtering theory. The most
influential work in filtering theory are the classical Kalman filter
(KF) (Kalman, 1960), which was published in 1960, and its con-
tinuous counterpart Kalman-Bucy filter (Kalman & Bucy, 1961).
Since most systems considered in real applications are nonlinear,
there have been a lot of work which extend the filtering results to
the nonlinear filtering (NLF) problems, such as the extended KF
(EKF) (Gelb, 1974), and particle filter (PF) (Doucet et al., 2001;
Gordon et al, 1993). In fact, EKF performs poorly when the

0005-1098/© 2026 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.automatica.2026.112879
https://www.elsevier.com/locate/automatica
https://www.elsevier.com/locate/automatica
http://crossmark.crossref.org/dialog/?doi=10.1016/j.automatica.2026.112879&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:fengminli@bimsa.cn
mailto:cxq0828@ruc.edu.cn
mailto:yau@uic.edu
https://doi.org/10.1016/j.automatica.2026.112879
http://creativecommons.org/licenses/by/4.0/

M. Feng, X. Chen and S.S.-T. Yau

dynamic system is significantly nonlinear and is very sensitive to
initial value due to its reliance on linear approximation.

Since our focus is on the conditional mean, which is the mini-
mum variance estimate, an alternative approach to NLF problem
is to derive the conditional probability of the state X; given
the observation history )y = o ({Y;: 0 <s <t}). It is known
that the unnormalized conditioned probability density function
of the state satisfies the Duncan-Mortensen-Zakai (DMZ) equa-
tion (Duncan, 1967; Mortensen, 1966; Zakai, 1969). However, we
usually cannot get the explicit solution of the DMZ equation in
most situations, and listed below are some methods to solve it
numerically.

The first is the estimation algebra method proposed by Brock-
ett, Clark and Mitter in the 1970s (Brockett, 1981; Brockett &
Clark, 1980; Mitter, 1979). Once estimation algebra of system
is a finite-dimensional Lie algebra, Wei-Norman approach will
reduce the solution of DMZ equation to a Kolmogorov equation, a
system of ordinary differential equations (ODEs) and several first-
order linear partial differential equations (PDEs), and thus DMZ
equation can be solved completely. Through persistent efforts,
Yau and his collaborators have completely classified all finite
dimensional estimation algebras of maximal rank (Chen & Yau,
1996; Chiou & Yau, 1994; Yau, 1994, 2003; Yau & Hu, 2005), and
have been devoted to the study of non-maximal rank case (Ji Shi
et al,, 2017; Jiao & Yau, 2020; Shi & Yau, 2017; Wu & Yau, 2006;
Yu et al., 2024).

The second is Yau-Yau algorithm proposed by Yau and Yau
(2000, 2008). It separates the filtering process to on-line and off-
line parts, and thus we can compute the solution to the DMZ
equation numerically in a memoryless and real-time manner: it
uses each new observation to update a distribution without refer-
ring back to any earlier observations, and it makes the decisions
of the state on the spot while the observation data keep coming
in. The off-line procedure is numerically solving a Kolmogorov-
type PDE, and various kinds of methods have been proposed, such
as spectral methods (Dong et al., 2021; Luo & Yau, 2013b), proper
orthogonal decomposition (Wang et al., 2020), tensor training (Li
et al,, 2013), etc.

The third is the direct method proposed by Yau and Yau (1996,
1997). In Yau and Yau (2004), they proceed and restrict the sys-
tem to finite-dimensional case, named Yau filtering system, with
arbitrary initial condition, and obtain the fundamental solution of
Schrodinger equation by solving ODEs. This technique is extended
to time-varying cases in Chen et al. (2019, 2017), Ji Shi and
Yau (2018). In Chen et al. (2019), there are essentially only two
assumptions: f in (1) is of the form (5), and p in (8) is quadratic.
Under these assumptions, the error of its estimation result is to-
tally derived from the Gaussian approximation proposed in Ji Shi
and Yau (2018), where we approximate the non-Gaussian initial
distribution by the sum of several Gaussian distributions.

The purpose of this paper is to extend the direct method by
eliminating the assumption that p is a quadratic polynomial, thus
generalizing the method to a broader class of time-varying Yau
filtering systems. Unlike previous work, we provide a rigorous
convergence analysis for both the original and the extended direct
method, showing that under very mild conditions, the estimation
error of the original method can be made arbitrarily small when
the error between the true distribution and its Gaussian approx-
imation is sufficiently small in the L! (B) sense for a sufficiently
large ball Bg. Additionally, the extended direct method can still
behave well provided that p can be approximated properly by its
Taylor polynomial of degree 2.

As stated in the Introduction of Ji Shi and Yau (2018), “the di-
rect method is much stable and has theoretic convergence proof”.
The convergence of those using linear approximation is based
on strict assumptions (Picard, 1991), and examples in Section 4
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demonstrates situations where EKF fails due to high nonlinearity.
In contrast, the proposed method, like the original direct method,
shows superior performance both theoretically and numerically.

The key contribution of this paper is to transform the error
analysis problem of the direct method into a well-posedness
problem in the context of parameter perturbations in a class of
PDEs. This allows us to apply classical tools from PDE theory
to solve the problem more effectively. Our extension goes be-
yond simply replacing p with a Taylor expansion; it focuses on
how perturbations in the solution to a second-order parabolic
PDE can be controlled by perturbations in the coefficients. This
advancement makes the method applicable to a broader range
of time-varying Yau filtering systems. Moreover, it ensures the
robustness of the method in practical numerical applications,
even when the approximations are not perfect.

Furthermore, we provide three numerical experiments that
demonstrate the superior efficiency of the extended direct
method compared to existing methods such as the EKF and PF.
These experiments further highlight the practical advantages of
the proposed method in terms of computational efficiency and
accuracy in nonlinear filtering tasks.

This paper is organized as follows. Section 2 provides the
preliminaries and summarizes the main procedure of the direct
method. Our main results are stated in 3, while detailed proofs
of convergence analysis are postponed to Appendix B. We will
demonstrate numerical simulation results in Section 4 and draw
our conclusion in Section 5.

2. Preliminaries

In this section, we elaborate on the development of the direct
method: starting from the DMZ equation, through several trans-
formations, we convert the solution to the DMZ equation into that
to a second-order parabolic PDE, and point out that when the
coefficients of the equation satisfy certain conditions, its solution
under Gaussian initial value will also always take the form of a
Gaussian distribution. At this point, the problem is reduced to
solving a system of ODEs. The propositions involved have been
rigorously derived in their respective original literature, and thus
will not be repeated here.

In Duncan (1967), we know that the unnormalized density
function o(x, t) of X; conditioned on the observation history )
satisfied the DMZ equation in U := R" x [0, T]:

1
do = <5VTGV —fTv - divf) odt

+ hW's~lady,
o(x,0) =o0p(x)

in U,

in R",

where G(t) := g(t)Q(t)g(t)". For each arrived observation, making
an invertible exponential transformation (Rozovsky, 1972)

u(x, £) = e MOS0 Vg (1),

the DMZ equation is transformed into a deterministic PDE with
stochastic coefficients:

ou _ Lu inU
at ’ (2)
u(x,0) = op(x) inR",

where
1 _p T 9 o ren\T
E:Ev GV — (GVK — f)'V + —5(h ST Y
1 1
+ 5VTGVK + i(VK)TGVK —fTVK — divf

1
—thS”h) ,
2
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and
K(x, t) == h(x, £)'S(£)"Y,.

However, the exact solution to (2), generally speaking, does not
have a closed form.

Let us denote the observation time sequence as
P={0=1m<1<---<ty=T}.

Let uy be a solution to (2) in UV := R" x [t_1, 7] with Y, = Y, _,

on the time interval [t_1, 4],k =1,...,N:
au
Tk _ LUy in U%,
ot 3
11(x, 0) = 0o(x) in B", (3)
Uy (X, Te—1) = Ug—1 (X, T—1) for k>2 inR",

where

1
L :ZEVTGV —(GVK, — f)'V

9 1
+ (_ﬁ ('S™) Yo, + 5 V'GVK

1
+ 3 (VKT GVK, — fTVK, — divf

1
——hTS‘1h> ,
2
and Ki(x,t) := h(x, t)'S(t)" 'Y, ,. By Yau and Yau (2005), we
know that in both pointwise sense and L? sense,
ulx, t) = lim

u(x, 7), VT € [T)—1, ] -
supy<k<n (tk—Tk—1)—0

Therefore, u, is a good approximation of u in the interval
[tk_1, T]. We only need to seek a solution to DMZ Eq. (3).

In Luo and Yau (2013a), an on- and off-line algorithm is
proposed. The key observation is that the heavy computation of
solving PDE can be moved to off-line by the following proposition.

Proposition 1 (Luo & Yau, 2013a, Proposition 2.1). For each t €
[tie1, el k=1, ..., N, ug(x, t) satisfies (3) if and only if

hx, 0TS0 g

U(x, t) =e Tug(x, t)

satisfied the Kolmogorov forward equation (KFE)

A (1
e _ <fvch — TV — (divf

Jat 2
1 -
+§hTS’1h>> iy in y®, (4)
u1(x, 0) =op(x) inR",

Uiy (%, Tk—1) =tle—q (X, 1) fork>2 in R",

In Chen et al. (2017) and Chen et al. (2019), the results for
time-invariant Yau filtering systems are extended to the more
general time-varying Yau filtering systems:

fx, t) = Li(t)x + Lo(t) + V(x, ), (5)

where L; : [0,T] = Mnpa(R), L : [0,T] — R" and ¢ :
R"x[0, T] — R are C* functions. When n = 1, this assumption is
trivial, since any continuous function from R to R has a primitive
function. As for the general case n > 2, it is a generalization of
the linear case, so the direct method can behave better than those
using linear approximation.

Proposition 2 (Chen et al., 2017, Proposition 2). Assume that G is a
positive-definite-matrix-valued function. Suppose iiy is a solution to
(4), and f is of the form (5). Let

U(x, t) = e’ (x, 1),
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where ¢ satisfies V(x,t) = G 1(t)Ved(x, t), then we have the
following equation for vy:

e (1
0% _ (VTGV (x4 L)V

at 2
+P) Ui in U®,
D1(x, 0) =e~**0q(x) in R", (6)

Ui (%, Te—1) =exp (h (X, T—1)" S (5e—1) ™

(Y‘Ek,1 - yrk,z)) ﬁk*l (X, Tk*])
fork > 2 in R",

where
S o 7 T
D :=§V GV¢p — 5V¢ GVp — (Lix+ Lo) V¢
~ 0 1
— AP — 9 _ —h'S™'h —trL;.

ot 2
Proposition 3 (Chen et al, 2019, Theorem 1). Assume that G is a
positive-definite-matrix-valued function. Suppose vy is a solution to
(6), and let
Ue(x, t) = wi(z, t),

where z = B(t)"'x, and B is a positive-definite-matrix-valued
function such that G(t) = B(t)B(t)'. Then v is a solution to the
following equation:

dvg 1 T
5 = EA — (Fiz+Fy)' V.
+Dp) vk in U®,
vi(z,0) =e ** 00 (B(0)2) i R", 7)

v (2, ie1) =exp (h (B (ti—1) Z, T—1)"

S (Tk*])il (Yfk—l - YTk—Z))
vk (2, Teeq) for k> 2 inR",

where
Fi(t) = (B(t)™") B(t) + B(t)'Li(t)B(t),
Fo(t) := B(t)~"Lo(t),

and p(z, t) := p (B(t)z, t) .

Therefore, what we shall pay much attention to is the follow-
ing second-order parabolic equation

dvg 1
a”t’ (2.0) =5 Au(z, 0) = (R + Fo(t) Vuy(z. 1) )

+ p(z, thuilz. 1) in U®.

In the original direct method, we need to assume that p
in (8) is quadratic with respect to (w.r.t.) z. Though the as-
sumption about p seems restrictive, it includes Kalman-Bucy and
Benés (Benés, 1981) filtering systems as its special cases.

Proposition 4 (Chen et al., 2019, Theorem 2). Assume that p in (8)
is of the form:

p(z, t) = 2"P,(t)z + P1(t)z + po(t),

where P, : [t—1, %] = Muxa(R), P1 : [tee1, w] — R" and
Do : [tk_1, Te] = R are C* functions, and P, is a symmetric-matrix-
valued function. Then with Gaussian initial condition

T T
vk (z, Tk—1) = exp (z Ay g 2+ Al,,k_lz + aoyfkq) s

where Az 1, , € Muxa(R) is a symmetric matrix, Ay ,,_, € R", and
o7, € R, a solution to (8) is of the following form

w(z, t) = exp (2'Ax(t)z + A1(t)'z + ao(t))
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where Ay : [tk—1, Tkl = Mupxn(R), Ay : [tie1, ] — R" and
ap : [tk—1, ] — R are C*™ functions with A; (tv—1) = Az,
Ay (tk—1) = Ay, and ag (Ty—1) = 0o ,_,, which satisfy the follow-
ing system of nonlinear ODEs, and A, is a symmetric-matrix-valued
function:

A, = 2A% — 2A,F; + Py,
(A1) = 2A%A, — ATF, — 2FJA; + P,
/ 1 T T
ay = trAz + §A1A] — FoAl + Po.

However, the initial value vy (x, 7x—1) in (7) in every step usu-
ally cannot be Gaussian. Therefore we need to derive its Gaussian
approximation. It is well known that any non-Gaussian density
function can be well approximated by finite linear combination
of Gaussian distributions and the most widely used technique is
expectation-maximization algorithm. However, in Ji Shi and Yau
(2018), a new and original way to do Gaussian approximation
is proposed, which is very effective as verified by the numerical
experiments.

3. Main results
3.1. Algorithm

In the previous section, we have covered all the preliminar-
ies of the original direct method for time-varying Yau filtering
systems with arbitrary initial distributions. For generalized time-
varying Yau filtering systems, i.e. p in (8) is not required to
be quadratic, a natural idea is to approximate p by its Taylor
polynomial of degree 2.

An outline of extended direct method is given in Algorithm 1.
Clearly, the error of the output

/ Xwi(X)vg (B (‘Ek)il X, ‘L’k) dx
Rn

/ Wwi(X)vk (B (w) ' x, Tk) dx
]Rﬂ
is entirely due to the Gaussian approximation of vy (z, 7,_1) and

the polynomial approximation of p, where

wi(x) = P TTS@! (Yoe—Ya1) (9)

More precisely, assume v, and 9, are solutions to (8) with the
initial conditions v (-, 7v—1) = ¢ and Uk (-, 1) = @, and
coefficients p and p, respectively. We expect that

/ xwi(X)vg (z, ) dx / xw(X)0k (z, ) dx
Rn ]Rn

f wi(X)vk (z, ) dx / wi(X)k (2, T) dx
Rn R)’l

can be made arbitrary small if the error between ¢ and ¢ is
sufficiently small in some sense, and so is the error between p and
D, where wy, is independent of the initial value and the coefficient,
and z := B(r)~ ! x. Without loss of generality, we may assume
B (ty) is an identity matrix in the discussion that follows.

3.2. Convergence analysis

The proofs of all results in this section can be found in Ap-
pendix B.
Consider the following second-order parabolic equation
au 1
—(x, t) == Au(x, t) — F(x, t)'Vu(x, t
5 (%) =2 Aulx, 1) = F(x, 6 Vulx, t) (10)
+ p(x, t)u(x, t) inU
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Algorithm 1 Extended Direct method

1: fork e {1,...,N} do

2:  Calculate vy (z, T¢—1) according to (7).

3:  Get the Gaussian approximation of vy (z, tx_1) via method
proposed in Ji Shi and Yau (2018)

Ni
T T
~ 7' Ay k.iz+A7 , Zz4+ag ki
Vg (2, Tj—1) & E o i€ 2k TR ki TAOK

1

: forie{l,...,N,} do
5: Get the polynomial approximation of p in (8)

1
p(z, t) ~ Evazp(o, t)z + (Vp(0, t)"z + p(0, t).

6: Solve (8) with the initial condition

Vk,i (Z, Tk—1) = o7 A2 kit tAY g 00 ki
by Proposition 4.
7:  end for
8:  Assemble v ~ 3 iy s
Recover o (x, 1) by reversing the transformations in
Section 2.
10:  Calculate the conditional expectation of the state X, .
11: end for

[
T

Fig. 1. Proof strategy diagram.

with the initial condition u(-,0) = ¢, where F and p are suffi-
ciently smooth functions, and ¢ € H(} (R™). We relate it to the
following initial boundary value problem in Uk := By x [0, T]

8uR 1

— = —Aug — F'Vu ug in Ug,

" 5 AUk R + DUg R »
ug(x, 0) = ¢(x) in B, (n
up(x,t) =10 on Ig,

where R > 0. Note that ¢ may not belong to H(} (Bg), but we may
as well assume it holds by the use of mollification.

In numerical computations, we inevitably need to restrict the
domain from the entire space to a bounded domain Bg. To this
end, following the idea proposed in Yau and Yau (2008), we want
the solution ug to (11), which is defined on Bg, to approximate the
solution u to (10) with the initial condition u(-, 0) = ¢, which is
defined on the entire space, provided R is sufficiently large. To be
concrete, we hope that up contributes negligibly outside Bz and
that it closely matches u inside Bg.

The above strategy can be illustrated in Fig. 1. Theorems 5 and
6 will prove that the areas of the green and pink shadows can be
arbitrarily small, respectively.

At first, we show that the contribution of u outside Bz becomes
negligible as R increases.

Theorem 5. Let u be a non-negative solution to (10) with the initial
condition u(-, 0) = ¢. Under the assumptions of Corollary 16 (see
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Appendix A), as well as

n+1
2
where C; > 0 is a constant, we have

/ eV 1+ yx, T)dx < eClT/ eV 12 (x)dx.
R R
In particular, we have

/ u(x, T)dx < eClT_VHRZ/ eV o x)dx.
RM\By R

Next, we show u and uy differ by a small amount in the sense
of integral over a sufficiently large closed ball.

+ [F(x, ) + divF(x, t) + p(x, t) < G, V(x, t) € U,

Theorem 6. Let u and ug be non-negative solutions to (10) with
the initial condition u(-,0) = ¢ and (11), respectively. Under the
assumptions and notations of Theorem 5, as well as:

(1) p(x,t) < 0,V(x,t) € U;

(2) 124+2n+4|x| |[F(x, t)|+divF(x, t)+p(x, t) < C, V(x, t) € U;

(3) e VIR (12 4 2n + 4lx| [F(x, )] + diVF(x, ) < G,
V(x,t) e U,

where C, and Cs are non-negative constants. Then v := u — ug is
non-negative, and we have

/ <e|x|4/R3f2|X|2/R _ e*R) v(T)dx
B

R

GT __
§!C3e’ReC‘T/‘ eV 1+ o (x)dx.
C2 RN

In particular, we have

/ o(T)dx
Br/2

2 (e’ —1)
G

Then we show that the solution to (11) can be linearly con-
trolled by its initial value in L' (Bg) sense.

<

Cae’gR“GeClT/ eV 1+ o (x)dx.
Rn

Theorem 7. Assume that
divF(x, t)+ p(x,t) < C,V(x, t) € Ug,

where C > 0 is a constant. Let ug be a solution to (11). Then we
have

/ lug(x, T) dx < e

B B

lo(x)| dx.

To ensure that the right-hand side of the inequalities in the
above theorems is finite, we restrict the initial value function to
the following subset:

L= {¢ € H (B") N C? () : / M g(xdx
Rn
< ~|—oo,/ eV y(x)dx < +00, ¢ > O} ,
]Rﬂ

where ¢ > 0 is a constant. This restriction essentially requires
that the initial value function decays at a certain rate as it moves
away from the origin. Most functions in practical applications,
such as the Gaussian probability density function, satisfy this re-
quirement, so it will not offset the generalization of the proposed
method.

The next theorem is the central result about the original di-
rect method, essentially aligning with our expectations from the
previous subsection.
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Theorem 8. Let u and i be non-negative solutions to (10) with
initial conditions u(-,0) = ¢ and u(-,0) = @, respectively, with
@, ¢ € Ty Assume that:

(1) divF(x, t) + 2p(x, t) is upper bounded in U;

(2) |F(x, t))? + 2p(x, t) is upper bounded in U;

(3) Ap(x, t) is upper bounded in U;

(4) |F(x, t) + cx/|x||*> +2p(x, t) has a upper bound in U less than
1/T;

(5) |F(x, t)] + divF(x, t) + p(x, t) is upper bounded in U;

(6) p(x,t) <0,V¥(x,t) € U;

(7) 4|x| |F(x, t)] + div F(x, t) + p(x, t) is upper bounded in U;

(8) e=V1+X* (12 4 2n + 4|x| [F(x, t)| + divF(x, t)) is
upper bounded in U.

Then for any ¢ > 0, there exist positive numbers R and §, such that
lu(-, T) — (-, T)ll 1 gny < & provided ||p — @1,y < 8.

Note that F is linear and p is quadratic within the framework
of the direct method. Under these assumptions, most expressions
simplify to quadratic polynomials. Therefore, as long as the lead-
ing coefficient of p is sufficiently small, the expressions will have
an upper bound. For simplicity, we rewrite the previous theorem
in the following form.

Theorem 9. Let u and i be non-negative classical solutions to (10)
with initial conditions u(-,0) = ¢ and u(-,0) = @, respectively.
Assume that:

(1) F is a C° function of the form F(x, t) = Fo(t) + Fy(t)x;

(2) pis a C*° function of the form p(x, t) = po(t) + p1(t)'x +
XTpa(t)x;

(3) Dis a C! function with |D(x)| < dg + d1|x|, and |div D(x)| <
e + eq]x| + ez|x|%;

(4) w is a positive C> function with Vw(x) = w(x)D(x), and
we, w, Xjwe, X;wd € Iy, where x; is the ith component of
X.

Further assume that:

(5) [F1(0)* + 2pa(t) +2d2 + e, <0,Vt € [0, T];

(6) A(IDI> — divD — 2F'D) is upper bounded in U;

(7) 2p(x, t) + |D(x)|* — divD(x) — F(x, t)'D(x) < 0, V(x, t) € U;
(8) (2d; + 8) |F1(t)| + 2pa(t) + d? + 8dy + e, < 0,Vt € [0, T].

Write

Xest :=/ xw(x)u(x, T)dx/ w(x)u(x, T)dx,
]Rn Rn

Xest ::/ xw(x)i(x, T)dx/ | wx)u(x, T)dx.
P RM

Then for a given ¢ and any ¢ > 0, there exist positive numbers
R and §, such that for any ¢, we have |xest - )?est| < ¢ provided

le — §2’||L1(BR) <é.

Remark 10. Assumptions (1) and (2) are requirements of the
direct method. Assumptions (3), (4), and (6) are also natural,
since they just require that each wy in (9) does not vary too
drastically, and each initial valued in (8) to be similar to rapidly
decreasing function. Although Assumptions (5), (7), and (8) may
appear technical, in essence they only require p,(t) to be small
enough, which is typically achievable in practice. Therefore, we
think these assumptions are very mild.

Now we consider the extended case. Using the same idea,
we just need to pay attention to the perturbation of solution to
equation of the form (10) when its coefficients vary. It is obvious
that such variation can introduce errors into the solution, but we
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will show that this error is typically small if the perturbations
themselves are small. As shown in Theorem 8, the perturbation
of the solution can be controlled as long as the perturbation in
the initial value is sufficiently small. As a corollary of Theorem
8, Theorem 9 demonstrates that the error of the estimates given
by the direct method remains small, provided that the Gaussian
approximation is sufficiently accurate. Parallelly, the following
theorem will deal with the perturbation of p.

We might as well proceed by proving a more general result.
The key point is to estimate the L! (Bg) norm of the difference
between (11) and the following initial boundary value problem:

dlg 1 . e

e 5AuR—F Vug + pug in Up,
fig(x, 0) = (%) in B, (12)
tig(x,t) =0 on Ik.

Theorem 11. Assume that:

(1) divF(x, t)+px t) <C, V(x,t) € Ug;
(2) IFC.t) = FC, )l 28y < 21, VE € [0, T;
(3) |p(x, t) — B(x, t)] < A2, ¥(x, t) € Ug,

where C, Ay, and A, are non-negative constants. Let ug and iz be
non-negative solutions to (11) and (12), respectively. Then we have

/ |up(x, T) — fig(x, T)| dx < K (A1, 12) ,
B

where K R, x Ry — Ry is an increasing function with
K (A1, A2) — 0 as either .y — 0 or A, — 0.

In particular, the extended direct method can behave well if
A1 = 0 and X, are small enough when R is as large as we need,
or equivalently, the Taylor polynomial of degree 2 of p in (8) is a
sufficiently good approximation to itself.

Remark 12. Furthermore, we have proved that the assumption
that f in (1) is of the form (5) can be relaxed provided that f is
close enough to the gradient of some function. In fact, through a
variable substitution, we can show that the equation for iy in (4)
can be transformed into the form of (10), and the perturbation of
F and p in (10) is minimal when f in (4) undergoes only slight
variations. By use of the conclusion above, the extended direct
method remains effective in this case.

4. Simulation

Now we use three numerical examples to verify the efficiency
of Algorithm 1, and the filtering system here is as follows:

a~
dX[ = (LX[ +l+ £ (X[, t)) dt+dvt, Xo = S,

dy! = hy (x) dt + dw/, yo =0, (13)
dy? = hy (x) dt + dw?, ¥e =0,
t €[0,T],

where:

e [ and ! are constants;

e T = 10 is a fixed termination, with the sampling interval
At = 0.01 for observations and its corresponding time
sequence 1y .= kAt,k=0,1, ..., 1000;

e x;,y!l, and yf are scalar stochastic processes;

e v, w/l, and w? are scalar independent Brownian motions,
with variances 1, (1 + sin(0.2t))?, and (1 + sin(0.2t))?, re-
spectively;
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e & is a scalar random variable with unnormalized probability
density function

oo(x) := exp (—x sinx — 0.5xcos X — x* + 3x + 2) ,

/ 50(x)dx'
R

To compare the average performance of different methods, we
introduce the MSE. The MSE for m repeated realizations at instant
7y is defined as follows:

i.e., its probability density is og :=

e ¢, hy, hy are C* functions.

m k

MSE (1) = ml >3 (x"fj — x’,})

i=1 j=0

2
P

where xij is the real state at instant 7; in the ith realization and
% is the estimate of X by different filtering methods.

T
" Recall that we shall japproximate p in (8) by its Taylor polyno-
mial of degree 2:

Pz, t) = %zT (V?p(0, £)) z + (Vp(0, t)" z + p(0, t).

Though in theory it may cause a fairly significant error when
the difference between p and p is too large, the direct method
still behaves well compared to other widely used methods in
real applications considering the trade-off between the MSE and
running time.

In the following three examples, the real dynamic system
(13) is approximated by Euler’s method with time step, and all
methods are numerically implemented by the Euler’s method
as well. For Unscented KF (UKF), we used the parameters o« =
1, B = « = 2. For Iterated EKF (IEKF), we terminated the iteration
when the update magnitude was less than 10~ or the number
of iterations reached 10. For PF, we conducted experiments with
2000 and 10000 particles, respectively.

Example 1. We set L = | = 0.1, ¢(x, t) := 10~4x3t, hy(x) = xsinx
and hy(x) = x cos x. It can be computed that

p(z,t) =— (4.5 x 107%¢%) z*
- (3x107%+107%) 2

1
- (3 x 1074t + —2) 2
2 (1+ sin(0.2t))

- (3x107%*)z -1,

which is approximated by

1
Pz, t)=— (3 x 1074t + —2> z?
2 (1 + sin(0.2t))

— (3x107%)z -1
(

when we apply Algorithm 1. Here, p is a polynomial of degree
4 with relatively small coefficients of high-order term, which
causes p to be a good approximation to p.

The result is demonstrated in Figs. 2, 3 and Table 1. It can
be seen that the proposed method achieves the lowest MSE,
provides ideal tracking of the state trajectory, and meets the
real-time requirements. In comparison, the methods based on
the KF, although having minimal time cost, shows instability in
some simulations for this nonlinear model. On the other hand,
the PF exhibits a large MSE with a small number of particles, and
fails to meet real-time requirements even with a slight increase
in particle count. Therefore, the proposed method demonstrates
superior performance.
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Fig. 2. MSE(t) based on 50 simulations of Example 1.
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Fig. 3. A typical simulation of Example 1.
Table 1
Average time cost and MSE(T) of Example 1.
Method Time/s MSE(T)
Direct method 1.8685 0.7725
EKF 0.0058 2.5975
UKF 0.0115 0.9152
IEKF 0.0174 1.2401
PF with 2000 particles 3.1213 1.8302
PF with 10000 particles 17.2285 1.5574

Example 2. In order to check the robustness of each algorithm
to noise, we replace the noise terms dv, dw!, dw? from the
previous example with a t-distribution with parameter v =
3, multiplying by a factor /(v —2)/v to keep their variance
unchanged.

The result is demonstrated in Figs. 4, 5 and Table 2. Both
the proposed method and the KF-based methods are built upon
Gaussian noise, so their performance deteriorates in the pres-
ence of non-Gaussian noise. However, it is evident that the pro-
posed method exhibits better robustness and outperforms other
methods, including the PF.
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Fig. 4. MSE(t) based on 50 simulations of Example 2.
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Fig. 5. A typical simulation of Example 2.
Table 2
Average time cost and MSE(T) of Example 2.
Method Time/s MSE(T)
Direct method 1.8640 0.8380
EKF 0.0053 4.3933
UKF 0.0112 1.4742
[EKF 0.0159 2.8973
PF with 2000 particles 9.7452 2.1108
PF with 10000 particles 54.0549 1.4190

Example 3. Let us consider a real-world example: A planet moves
in an elliptical orbit around a star under the influence of grav-
itational attraction, with a semi-major axis length of a and an
eccentricity e. The parametric equation of the orbit is given by

y(x) = (acosx,av/1—e?sinx). According to Kepler’s second
law, the planet’s velocity is given by

ds C

dt ~ 1—ecosx’

where C is a constant. Moreover,

E 1| = avT = eeostx,

dx
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Fig. 6. MSE(t) based on 50 simulations of Example 3.
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Fig. 7. A typical simulation of Example 3.
Table 3
Average time cost and MSE(T) of Example 2.
Method Time/s MSE(T)
Direct method 0.5822 0.1426
EKF 0.0054 1.2699
UKF 0.0107 1.2791
IEKF 0.0152 0.8006
PF with 2000 particles 8.1409 0.5088
PF with 10000 particles 49.7394 0.2601
which implies that
dx C
= = fx).

dt a(1 — ecosx)v/1— e2 cos2x
Therefore, the filtering system can be considered under the
following parameters in Eq. (13): L =1 =0, ¢(x,t) = fx’;f(x)dx,

hi(x) = —asinx and hy(x) = a+/1 — e?sinx, where we choose
C=a=10and e =0.1.

The result is demonstrated in Figs. 6, 7 and Table 3. In most
simulations, the proposed method performs just as well as the KF-
based methods, while the PF, constrained by real-time require-
ments, performs slightly worse. In a few simulations, at certain
moments, the noise is particularly large, causing interference
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to all methods. However, the proposed method demonstrates
significant robustness among these methods.
The comparison of these methods is presented in Table 4.

5. Conclusion

In this paper, we extend the direct method for time-varying
Yau filtering systems by removing the assumption that p in (8) is
quadratic, and provide a convergence analysis to show that under
very mild assumptions, Algorithm 1 can give accurate estimates
with arbitrary precision for the conditional mean of state process
given the observations, provided the Gaussian approximation

and the polynomial approximation are accurate enough.
Specifically, we demonstrate that the key to the extension is
not just the approximation of p but rather the ability to control
perturbations in the solution through perturbations in p. This
extension allows us to generalize the direct method to a much
broader class of systems, significantly improving its applicability.

Furthermore, we present three numerical experiments
demonstrating its efficiency compared to the EKF and PF. EKF
has the advantage of low computational overhead and performs
well in almost linear cases, but it becomes unstable in cases of
high nonlinearity. PF can handle nonlinear situations, but under
real-time requirements, its accuracy is not as high as that of
the proposed method. Therefore, the capability of the extended
direct method to solve very general nonlinear filtering problems
is theoretically and numerically verified.

Although the proposed method demonstrates superiority in
the one-dimensional case, its performance in high-dimensional
scenarios is limited by the time complexity associated with Gaus-
sian approximations. To enhance the efficiency and scalability of
our method in high-dimensional settings, one promising direction
for future research is the development of more efficient Gaussian
approximation techniques.
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Appendix A. Notations

U:=R"x[0,T], UM := R" x [tp_1, T&].
Br :={x e R":|x| <R}, IR :=0Bg x [0, T].

Sc ={uel?*(0,T;Hy (R")) :

/ eMy(x, t)?dx < +oo} .
Rn

sup
0<t<T

I = {(p e HS (R”) N c? (R") tp >0,
/ e My(x)?dx < +o00,
]Rﬂ

/ eV (x)dx < +oo} )
Rn

Appendix B. Detailed proofs of theorems in Section 3

B.1. Weak convergence

In the first place, we present some foundational concepts and
facts that will be necessary for the understanding of subsequent
results and proofs.
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For p > 1 and a Banach space (X, || - ||x), write

1P(0, T: X) :={u: [0, T] — X : |[ullwo.1:x)
= ) Ix oy < +00)

which naturally becomes a normed vector space. For

u e L'Y(0,T;X), say v € LY(0, T; X) is the weak derivative of u,

written u' = v, if
T T

| wowene =~ [ s e e e o).

0 0

Say ug € [*(0,T;Hy (Bg)), or its corresponding function

ug(x, t) = (ug(t)) (x), is a weak solution of (11), if ug(0) = ¢,
and uy € 12 (0, T; H} (By)) satisfies

1
/ upydx = / (—(VuR)Ter (—=F"Vug
Bg Bg 2

+pug) ¥)dx, a.e. t € [0, T],
Yy € Hy (Bg) .

A weak solution to (10) (with a certain initial condition) can be
defined similarly. Clearly, a classical solution is a weak solution.

Let ug € L? (0, T; H} (Bg)). Then its extension by zero belongs
to L% (0, T; H' (R")) = * (0, T; Hy (R™)). In this sense, the weak
solutions to (10) and (11) lie in the same space L? (0, T; H} (R")),
which should cause no confusion.

Lemma 13. Assume that:

(1) divF(x,t) 4+ 2p(x, t) < Cq, V(x, t) € U;
(2) IF(x, )] 4+ 2p(x, t) < G2, V(x, t) € U;
(3) Ap(X» t) =< C37 V(X’ t) € Ur

where Cy, G, and C3 are non-negative constants. Let ug be a weak so-
lution to (11). Then {ug:R >0} is a bounded subset of
12 (0, T; Hj (RM)).

Proof. Fix R > 0. Write

Eo(t) :=/ u2(x, t)dx, Eq(t) :=/ [Vug(x, t)? dx.
B

B

Taking the derivative of Ey, we have
Ej(t) =/ (upAug — 2ugF" + 2puy) dx
Br

=_ |VuR|2dx+/ (divF + 2p)uidx
Bg Bg

<CiEo(t),

which implies
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Taking the derivative of E;, we have

Eft)=— [ (Aup)*dx+ / 2 AugF"Vugdx

Br Br

— / 2pugp Augdx
B

< |FTVuR|2dx—/ 2up(Vp) Vugdx
B B
+/2pIVuR|2dx
B

< [+ 20) 1VusP ox-+ [ (aphden
B Br

<GE;(t) + G3Eo(t),
which implies

e —1_ g
C7C3e 1 Eo(o) < +00.
2

Ei(t) < e2TE(0) + (B.2)

By (B.1) and (B.2), we have ||uR||z2 ) < +o0.

(o,T;H(} (®M)

Lemma 14. Under the assumptions and notations of Lemma 13,
there exists an increasing sequence of positive numbers, written
{Ri}, such that limy_, oo Ry = +oo, and {ug,} weakly converges
in L (0,T; Hy (R")) to a weak solution u of (10) with the initial
condition u(0) = ¢.

Proof. Thanks to Diestel and Uhl (1977, Chapter VII, Section
6), L2 (0,T: Hj (R") is a reflexive space, since H} (R") has the
Radon-Nikodym property. So any bounded subset of
1? (0, T; Hj (R™)) has a weakly convergent sequence. In particu-
lar, by Lemma 13, {ug} has a weakly convergent sequence, written
ug, — win [? (0, T; Hj (R). Let us verify that u is indeed a
weak solution to 13 with the initial condition u(0) = ¢: Clearly,
ug, — uin [*(0, T; Hj (R")) implies that for any t € [0, T],
ug, (t) — u(t), Vg, (t) = Vu(t) and ujqk(t) — u/(t) in H} (R"), so
we have

/ (—%(Vu)TVx/f + (=F"Vu + pu) w) dx
RH

1
(-5 (V)" w0
Rﬂ
+ (—F"Vug, + pug,) ¥) dx

= lim
k—+o0

= lim
k——+o00

up Ydx

]RTI
:/ u'ydx,ae. t €[0,T], V¢ € Hy (R"),
Rl’l
and u(0) = limy_, ;. ug,(0) = ¢, since weak convergence implies
pointwise convergence.
For technical reasons, we restrict the weak solution to S,

defined in Appendix A, where ¢ > 0 is a constant.

Lemma 15. Let ¢ > 0 be a constant. Assume that
2

X 1
T F(x, t c— 2p(x,t) <C < =,V(x,t) e U,
i) < €TEN0) < 00, B [Fxn+es] 4o =c < 1w

Table 4

Comparison of the existing methods.
Method Direct method KF-based methods PF
Performance Best accuracy Optimal for linear and Gaussian systems High accuracy if particles is sufficient
Computational efficiency Moderate High Low
Applicability Broader than linear Linear or almost linear General

9
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where C > 0 is a constant. Then there is a unique weak solution to
(10) in Syc.

Proof. It is sufficient to show u 0ifop = 0. Let Ty €
(0, T] be arbitrary, and denote U := R" x [0, Tp]. For any ¢ €
12 (0, To; C° (RM)),

[ u'Yydxdt
U

ﬁ (_% (V)" vy — (F'Vu) ¢ + pu¢> dxdt
U

Replacing ¥ by e“®y and then approximating u by ¥, we have

/ ety (Ty)? dx < c[
Rn

1]
By the mean value theorem, there exists T; € (0, Tp) such that

ﬁe“c"“uzdxdt = TO/ ey (T)? dx.
0] R

So

J.

Repeating the above process, for any positive integer k, there
exists T, € (0, Tp) such that

/ e*Mu (To)? dx < (CTo)kf e* M (Ty)? dx,
R" R"

ey dxdt.

ety (Ty)? dx < CT, / ety (T;)? dx.

RN

where CTy < 1. Let k — 400, and we obtain u (To) = 0 since
U € Syc. Thus u = 0 since Ty is arbitrary.

The following result is an immediate consequence.

Corollary 16. Let u and ug be classical solutions to (10) with the
initial condition u(-, 0) ¢ and (11), respectively. Assume that
U € Sy, where ¢ > 0 is a constant. Then under the assumptions of
Lemmas 13 and 15, there exists an increasing sequence of positive
numbers, written {Ry}, such that limy_, ;o Ry = +00, and ug, — u
in (0, T; Hj (R™)).

B.2. Approximation inside and outside a disc

Proof of Theorem 5. Let up be a weak solution to (11). Writing

y(x) == +/1+ |x|?, we have
d
— | e updx
de ?
1 auR

1
== | div (e’ Vy)urdx + 7/‘ e’ —dS
2fBR ! 2 Josg dv

+ / (e”ur(Vy)'F + e’ (div F)ug + €’ pug) dx
Br

A vy |?
5[ e Ug (L'J"
Br 2

<Cq / e’ updx,
B

which implies

/ e’updx < eclt/ e” pdx.
Bg B

Fix r > 0. Consider the truncated function 5, := e” 13, and sup-
pose 7, € H(} (R™) by improving its regularity via a convolution
with a mollifier. Then we have

— (Vy)'F +divF +p> dx

(B.3)

10
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nrudx = lim

nrlUg,dx
k—+00

n/R” RN
lim
k— 400

< e’ ug, dx

BRk

t / e’ pdx
BRk

= ec‘t/ e” pdx.
Rn

By monotone convergence theorem, we obtain

f e’udx = nrudx < eC“/ e” pdx.
R R"

Proof of Theorem 6. Thanks to the maximum principle of solu-
tions to second-order parabolic equations (Evans, 2010, Chapter
7.1, Theorem 12), v is non-negative in U by Assumption (1), since
v = u is non-negative in U\Ug, which in particular holds on IF,

lim e&
k—~400

=

lim
r—+00 RN

and v(-, 0) = 0. Writing y(x) := |x|*/R® — 2|x|?>/R, n := e¥ — ef,
we have

— vdx

dr Jp,"

1 1 d 1 d
:f/ vAndx—f/ v—ndS—i-f/ n—vdS

2 Bg 2 Bg Jv 2 Bg v

(div (yF) + np) vdx — / nuFTvdS(x)

Bg Bk

1
=f/ e’v
2 Js,
+(Vy)TF+d1vF+p>dx

e
/ 2
te / (Ay +2|Vy|

§C2/ nudx + Cze R f eV 1+ ydx,
Bg R

which implies

/ nu(x, T)dx
Br

<e®T / nv(x, 0)dx
B

(A)/ + |V)/|2) dx

v ((Vy)'F 4+ divF) dx + / npvdx
Br

(AV+IVVI

+ (VY)TF + div F) dx

T
n e’ — 1C3e_ReC1Tf e‘/”""zwdx
G RN
T
=QC367R6C‘T/ evHIXIZ(de
Cz R

B.3. Estimation by the initial value

To show Theorem 7, we first introduce a technical lemma
without proof.

Lemma 17 (Yau and Yau 2008, Lemma 4.1). Let §2 be a bounded
domain in R" and let v : 2 x [0,T] — R be a C' function.
Assume that v(x,t) = 0 for (x,t) € 32 x [0,T]. Let 2} =
{x € 2 :v(x,t) > 0}. Then

d

v
i@ v(x, t)dx:/ﬂ o —(x,t)dx,a.e. t € [0, T].
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Proof of Theorem 7. Write

2F = {x € By : Fug(x, t) > 0}.
Using Lemma 17, we have

d

— ugdx

dt Jo+ ¢

1 T
= —Aug — F Vug + pug | dx
o 2

1 au
:f/ —dx +
2 a2 av

SC/ ugdx, a.e. t € [0, T],
Q+

t

which implies

/ updx < eCf/ pdx, a.e. t € [0, T].
oF of

t 0

/ (divF + p)ugdx
A

The result regarding £2; can be similarly derived. Therefore, we
have

|ug| dx < e
B

lpldx, a.e. t € [0, T],
B

both sides of which are continuous w.r.t. t. Thus the conclusion
is improved to hold in pointwise sense.

B.4. Error estimation for the original direct method

Proof of Theorem 8. Note that ¢, € T, implies u, it € Sy.
By Theorem 5, Assumptions (1)-(5) imply that there exists a
decreasing function C; : Ry — Ry with C{(400) = 0, such that

/ u(x, T)dx, / t(x, T)dx < C1(R), VR > 0.
X|>R IXI>R

By Theorem 6, Assumptions (6)-(8) imply that there exists a
decreasing function C; : Ry — Ry with C;(4-00) = 0, such that

/ ((x, T) — uglx, T)) dx,
Bg/2

/ (i(x, T) — {ig(x, T)) dx < C3(R), VR > 0.
Br/2

By Theorem 7, there exists a function C3 : Ry — R, such that

/ |ug(x, T) — fig(x, T)| dx < cg(m/ lo — ¢|dx.
B B
Thus we have

|u(x, T) — fi(x, T)| dx
Rl’l

<20, (g) + 2G5(R) + C3(R)S.

For sufficiently large R and sufficiently small §, we have
2C1(R/2) + 2G3(R) < €/2 and C3(R)§ < ¢&/2, which implies
llu(x, T) — t(x, Dllp1@ny < &

A straightforward calculation yields the following result.

Lemma 18. Let u be a solution to (10). Then for any C? function
w : R" - R with Vw(x) = w(x)D(x), v(x,t) = wx)u(x,t)is a
solution to the equation

Jav

(x, t) lAv(x, t) —

r®0=3 F(x, £)'Vu(x, £) + p(x, (X, ),

11
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where F(x, t) .= F(x, t) + D(x), and

|D(x)|> — div D(x)

5 — F(x, t)"D(x).

plx, t) =p(x, t)+

Proof of Theorem 9. It is straightforward to compute that

/ w (u(x, T) — ii(x, T)) dx
Rn

/ wu(x, T)dx
RTI

x,T)) dx

-1

1-—

/Rnxw(u

/ w (u —i(x, T)) dx

/ wu(x, T)dx
RTI

Thus it is sufficient to show that

Xest — Xest =

Xest

lw (”(X, T) — i(x, T)) It @y

and

[IX;w (U(& T) —d(x, T)) 11 @)

are sufficiently small, since fRn wu(x, T)dx and Xes are fixed if
¢ is given. Take ||w (u(x, T) — u(x, T)) 11y as an example: By
Theorem 8 and Lemma 18, |w (u(x, T) — u(x, T)) l;1ny can be
made arbitrarily small if ||w ((p - <2>) ll11ggy is sufficiently small,
and F and p in Lemma 18, as substitutes of F and p, respec-
tively, meet the assumptions listed in Theorem 8. Note that
lw (u(x, T) — (x, T)) ll11&ny can be made arbitrarily small if || —
ol @y s sufficiently small, since w is fixed and so is
SUP,c5, |w(x)|. All that remains is a direct calculation for trans-
lating Assumptions (1)-(9) in Theorem 8 to Assumptions (5)-(8)
in this theorem.

B.5. Error estimation for the extended direct method

Lemma 19. Assume that:
(1) divF(x, t) + 2p(x, t) < Cy, Y(x, t) € Ug;
(2) IF(x, 0)]> + 2p(x, t) < G, ¥(x, t) € Ug;
(3) Ap(x, t) < G5, V(x, t) € U,

where Cy, C; and C3 are non-negative constants. Let ug be a non-
negative solution to (10). Then we have

/ |Vug|? dx
B
GT

e —
SeCZT / (pZ dx + c
By 2

Proof. Similar to the proof of Lemma 13.

1
ST | |Vo|?dx.

B

Proof of Theorem 11. Write v := ug — ilg and

QF = {x e By : +v(x,t) > 0}.
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Using Lemmas 17 and 19, we have
d

— vdx
dt 9t+

/ (divF + p)vdx
of
AT
_ / (F—F) VﬂRdx+/ (p — B) fiedx
o 2

1
2
SC/ vdx 4+ Aq (/ |VﬁR|2dx) —i—}\,z/ ﬁRdX
oF B B

t
§Cf vdx + Ko (A1, A2),a.e. t € [0, T],
of

where Ky : Ry x Ry — Ry is an increasing function, which is
independent of t (and, in fact, depends on ||¢||H&(R”)’ lelli1gnys
and a series of constants appeared in those lemmas and theorems
we mentioned), with Ky (A1, A2) — 0 as either Ay — 0 or
Ay — 0. It implies that

et —1
/ vdx < —— Ko (A1, Ap) ,a.e. t € [0, T].
ot C
t
The result regarding £2,” can be similarly derived. Therefore, we
have

l

both sides of which are continuous w.r.t. t. Thus the conclusion
is improved to hold in pointwise sense.

ct
-1
[vldx < TKO (A, 22),ae.t €[0,T],
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