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Abstract. At the beginning of this century, a real time solution of the nonlinear filtering prob-5
lem without memory was proposed in [25, 26] by the third author and his collaborator, and it is6
later on referred to as Yau-Yau algorithm. During the last two decades, a great many nonlinear7
filtering algorithms have been put forward and studied based on this framework. In this paper, we8
will generalize the results in the original works and conduct a novel convergence analysis of Yau-Yau9
algorithm from a probabilistic perspective. Instead of considering a particular trajectory, we estimate10
the expectation of the approximation error, and show that commonly-used statistics of the condi-11
tional distribution (such as conditional mean and covariance matrix) can be accurately approximated12
with arbitrary precision by Yau-Yau algorithm, for general nonlinear filtering systems with very lib-13
eral assumptions. This novel probabilistic version of convergence analysis is more compatible with14
the development of modern stochastic control theory, and will provide a more valuable theoretical15
guidance for practical implementations of Yau-Yau algorithm.16
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1. Introduction. Filtering is an important subject in the field of modern control20

theory, and has wide applications in various scenarios such as signal processing [3][20],21

weather forecast [10][5], aerospace industrial [12][23] and so on. The core objective22

of filtering problem is pursuing accurate estimation or prediction to the state of a23

given stochastic dynamical system based on a series of noisy observations [13][2]. For24

practical implementations, it is also necessary that the estimation or prediction to the25

state can be computed in a recursive and real-time manner.26

In the filtering problems we consider in this paper, the evolution of state processes,27

as well as the noisy observations, is governed by the following system of stochastic28

differential equations,29

(1.1)

{
dXt = f(Xt)dt+ g(Xt)dVt, X0 = ξ,

dYt = h(Xt)dt+ dWt, Y0 = 0,
t ∈ [0, T ],30

in the filtered probability space (Ω,F , {Ft}Tt=0, P ), where T > 0 is a fixed termination;31

X = {Xt : 0 ≤ t ≤ T} ⊂ Rd is the state process we would like to track; Y = {Yt :32

0 ≤ t ≤ T} ⊂ Rd is the noisy observation to the state process X; {Vt : 0 ≤ t ≤ T}33

and {Wt : 0 ≤ t ≤ T} are mutually independent, Ft-adapted, d-dimensional standard34

Brownian motions; ξ is a Rd-valued random variable with probability density function35

σ0(x), which is independent of Vt and Wt; f : Rd → Rd, g : Rd → Rd×d and36

h : Rd → Rd are sufficiently smooth vector- or matrix- valued functions.37
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Mathematically, for a given test function φ : Rd → R, the optimal estimation of38

φ(Xt) based on the historical observations up to time t is the conditional expectation39

E[φ(Xt)|Yt], where Yt := σ{Ys : 0 ≤ s ≤ t} is the σ-algebra generated by historical40

observations. Such estimation is ‘optimal ’ in the sense that,41

(1.2) E[φ(Xt)|Yt] = arg min
U is Yt-measurable

E[(φ(Xt)− U)2].42

Therefore, the main task of filtering problem can be specified into finding efficient43

algorithms to numerically compute the conditional expectation E[φ(Xt)|Yt], or equiv-44

alently, the conditional probability distribution P [Xt ∈ ·|Yt] or the conditional prob-45

ability density function (if exists).46

With some regularity assumptions on the coefficients f, g, h in the system (1.1),47

as well as the test function φ, the evolution of E[φ(Xt)|Yt], (without considering a48

normalization constant), can be described by the well-known DMZ equation, which is49

named after three researchers: T. E. Duncan [8], R. E. Mortensen [18] and M. Zakai50

[27], who derived the equation independently in the late 1960s. Furthermore, if the51

conditional probability measure P [Xt ∈ ·|Yt] is absolutely continuous with respect52

to the Lebesgue measure in Rd, and the density function, as well as its derivatives,53

is square-integrable, then the unnormalized conditional probability density function54

σ(t, x) will satisfies the DMZ equation in a duality form.55

The dual DMZ equation satisfied by the unnormalized conditional probability56

density function σ(t, x) is a second-order stochastic partial differential equation, and57

does not possess an explicit-form solution in general. In their works [25] and [26],58

the third author and his collaborator propose a two-stage algorithm framework to59

compute the solution of the dual DMZ equation numerically in a memoryless and60

real-time manner. Later on, this algorithm is referred to as Yau-Yau algorithm.61

The basic idea of Yau-Yau algorithm is that the heavy computational burden62

of numerically solving a Kolmogorov-type partial differential equation (PDE) can be63

done off-line, and in the meanwhile, the on-line procedure only consists of the basic64

computations such as multiplication by the exponential function of the observations.65

In the framework of Yau-Yau algorithm, various kinds of methods to solving the66

Kolmogorov-type PDEs, such as spectral methods [17][7], proper orthogonal decom-67

position [24], tensor training [16], etc, are proposed and applied in specific examples68

of nonlinear filtering problems. Numerical results in the previous works mentioned69

above show that Yau-Yau algorithm can provide accurate and real-time estimations to70

the state process of very general nonlinear filtering problems in low and medium-high71

dimensional space.72

In the original works [25] and [26], the convergence analysis of Yau-Yau algorithm73

is conducted pathwise. For regular paths of observations with some boundedness74

conditions, it is proved that the numerical solution provided by Yau-Yau algorithm75

will converge to the exact solution of DMZ equation both pointwisely and in L2-sense,76

as the size of time-discretization step tends to zero, while in the works on the practical77

implementations of Yau-Yau algorithm, such as [17] and [7], the convergence analysis78

mainly focuses on the capability of numerical methods to approximate the solution of79

Kolmogorov-type PDEs arising in Yau-Yau algorithms.80

In this paper, we will revisit the convergence analysis of Yau-Yau algorithm from81

a probabilistic perspective. Instead of considering the convergence results pathwise,82

we prove that the solution of Yau-Yau algorithm will converge to the exact solution83

of DMZ equation in expectation, and also, after the normalization procedure, the84

approximated solution to the filtering problem provided by Yau-Yau algorithm will85

This manuscript is for review purposes only.



CONVERGENCE ANALYSIS OF YAU-YAU ALGORITHM 3

converge to the conditional expectation E[φ(Xt)|Yt].86

The advantage of this probabilistic perspective is that for a theoretically rigorous87

convergence analysis, instead of regularity assumptions on observation paths, we only88

need to make assumptions on the coefficients f, g, h of the filtering system (1.1) and89

the test function φ, which are verifiable off-line in advance for practitioners. In the90

meanwhile, as shown in the main results of this paper in Section 3, those assumptions91

we need are in fact quite general, and it is straightforward to check that the most92

commonly used test functions φ(x) = xi and φ(x) = xixj , x = (x1, · · · , xd)⊤ ∈ Rd,93

corresponding to the conditional mean and conditional covariance matrix, as well as94

the linear Gaussian systems (with f(x) = Fx, g(x) ≡ Γ, and h(x) = Hx, F,H,Γ ∈95

Rd×d), satisfy all the assumptions.96

Moreover, to the best of the authors’ knowledge, most of the theoretical analysis97

of PDE-based filtering algorithm mainly deals with convergence results with respect98

to the DMZ equation. In such probabilistic perspective we consider here in this99

paper, however, it is natural and convenient to make a step forward and discuss100

the approximation capability of Yau-Yau algorithm to the normalized conditional101

expectation and conditional probability distribution. In this way, we will provide a102

thorough convergence analysis of the Yau-Yau algorithm for filtering problems.103

The organization of this paper is as follows. Section 2 serves as preliminaries,104

in which we will summarize some basic concepts of filtering problems and the main105

procedure of Yau-Yau algorithm. The main theorems in this paper will be stated106

in Section 3, together with a sketch of the proofs. In the next four sections, we107

will provide the detailed proofs of the lemmas and theorems. We first focus on the108

properties of the exact solution of DMZ equation in Section 4 and Section 5, and then109

deal with the approximated solutions given by Yau-Yau algorithm in Section 6 and110

Section 7. Finally, Section 8 is a conclusion.111

2. Preliminaries. In this section, we would like to briefly summarize the theory112

of nonlinear filtering, including the change-of-measure approach to deriving the DMZ113

equation, as well as the main idea and procedures of Yau-Yau algorithm.114

In the change-of-measure approach to deriving the DMZ equation corresponding115

to the filtering system (1.1), we first introduce a series of reference probability mea-116

sures {P̃t : 0 ≤ t ≤ T}, absolutely continuous to the original probability measure P117

with Radon derivatives given by118

(2.1) Zt ≜
dP̃t
dP

∣∣∣∣
Ft

= exp

(
−
∫ t

0

h(Xs)
⊤dWs −

1

2

∫ t

0

|h(Xs)|2ds
)
, t ∈ [0, T ].119

According to Girsanov’s theorem, as long as the process {Zt : 0 ≤ t ≤ T} defined120

in (2.1) is a martingale, then under the reference probability measure P̃T , the obser-121

vation process {Yt : 0 ≤ t ≤ T} is a standard Brownian motion which is independent122

of the state process X.123

We also introduce the process {Z̃t : 0 ≤ t ≤ T}, Z̃t = Z−1
t , to be the inverse of124

Zt, which is also a Radon derivative and can be expressed by the stochastic integral125

with respect to Y as follows:126

(2.2) Z̃t = Z−1
t =

dP

dP̃t

∣∣∣∣
Ft

= exp

(∫ t

0

h(Xs)
⊤dYs −

1

2

∫ t

0

|h(Xs)|2ds
)
, t ∈ [0, T ].127

Therefore, for any Ft-measurable, integrable random variable U ∈ Ft, its expectation128

with respect to measure P can be computed by E[U ] = Ẽ
[
Z̃tU

]
, where Ẽ means the129

expectation is taken under the probability measure P̃T .130
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The following Kallianpur-Striebel formula allows us to express and calculate the131

solution of filtering problem, E[φ(Xt)|Yt], by a ratio of conditional expectations under132

P̃T :133

(2.3) E[φ(Xt)|Yt] =
Ẽ
[
Z̃tφ(Xt)|Yt

]
Ẽ
[
Z̃t|Yt

] , t ∈ [0, T ].134

Since the denominator Ẽ
[
Z̃t|Yt

]
in (2.3) is independent of the test function φ,135

people often refer to the numerator, Ẽ
[
Z̃tφ(Xt)|Yt

]
, as the unnormalized condi-136

tional expectation of φ(Xt). The corresponding measure-valued stochastic process137

{ρt : 0 ≤ t ≤ T} defined by ρt(A) := Ẽ
[
Z̃t1A|Yt

]
,∀ A ∈ Ft, t ∈ [0, T ], is also138

referred to as unnormalized conditional probability measure, and we also denote the139

unnormalized conditional expectation by140

(2.4) ρt(φ) := Ẽ
[
Z̃tφ(Xt)|Yt

]
, φ is a test function, t ∈ [0, T ],141

With sufficient regularity assumptions on the coefficients f, g, h and test function φ,142

the evolution of ρt(φ) is governed by the following well-known DMZ equation:143

(2.5) ρt(φ) = ρ0(φ) +

∫ t

0

ρs(Lφ)ds+
d∑
j=1

∫ t

0

ρs(hjφ)dY
j
s , t ∈ [0, T ].144

where145

(2.6) L =
1

2

d∑
i,j=1

aij(x)
∂2

∂xi∂xj
+

d∑
i=1

fi(x)
∂

∂xi
146

is a second-order elliptic operator with a(x) := (aij(x))1≤i,j≤d = g(x)g(x)⊤.147

If the stochastic measures ρt, t ∈ [0, T ], are almost surely absolutely continuous148

to the Lebesgue measure in Rd, and the density functions (or the Radon derivatives)149

σ(t, x), as well as the derivatives of σ(t, x), are square-integrable, then σ(t, x) is the150

solution to the following dual DMZ equation:151

(2.7)


dσ(t, x) = L∗σ(t, x)dt+

d∑
j=1

hj(x)σ(t, x)dY
j
t , t ∈ [0, T ],

σ(0, x) = σ0(x),

152

which is a second-order stochastic partial differential equation with153

(2.8) L∗(⋆) =
1

2

d∑
i,j=1

∂2

∂xi∂xj
(aij⋆)−

d∑
i=1

∂

∂xi
(fi⋆).154

the adjoint operator of L.155

In this case, the (normalized) conditional expectation E [φ(Xt)|Yt] can be calcu-156

lated by157

(2.9) E [φ(Xt)|Yt] =
Ẽ
[
Z̃tφ(Xt)|Yt

]
Ẽ
[
Z̃t|Yt

] =

∫
Rd φ(x)σ(t, x)dx∫

Rd σ(t, x)dx
.158
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Because the solution of (2.7) does not have a closed form for general nonlinear filtering159

systems, efficient numerical methods must be proposed, so that we can get a good160

approximation to the conditional expectation E[φ(Xt)|Yt] through the equation (2.9).161

At the beginning of this century, the third author and his collaborator proposed162

a two-stage algorithm to numerically solve the DMZ equation (2.7) in a memoryless163

and real-time manner, which is often referred to as Yau-Yau algorithm. Here, we164

would like to briefly introduce the basic idea and main procedure of this algorithm.165

Firstly, if we consider the exponential transformation166

(2.10) w(t, x) := exp
(
−h⊤(x)Yt

)
σ(t, x), t ∈ [0, T ],167

then the function w(t, x) satisfies the robust DMZ equation168

(2.11)
∂w

∂t
=

1

2

d∑
i,j=1

aij(x)
∂2w

∂xi∂xj
+

d∑
i=1

Fi(t, x)
∂w

∂xi
+ J(t, x)w(t, x),169

where the stochastic differential terms in the original DMZ equation (2.7) are elimi-170

nated and171

Fi(t, x) =

d∑
j=1

(
∂aij

∂xj
+ aij

d∑
k=1

Y kt
∂hk
∂xj

)
− fi(x), i = 1, · · · , d,172

173

(2.12)

J(t, x) =
1

2

d∑
i,j=1

∂2aij

∂xi∂xj
+

d∑
i,j,k=1

Y kt
∂hk
∂xj

∂aij

∂xi
+

1

2

d∑
i,j=1

aij
( d∑
k=1

Y kt
∂2hk
∂xi∂xj

+

d∑
k=1

d∑
l=1

Y kt Y
l
t

∂hk
∂xi

∂hl
∂xj

)
−

d∑
i=1

∂fi
∂xi

−
d∑

i,j=1

Y jt
∂hj
∂xi

fi(x)−
1

2
|h|2

174

are stochastic functions that depend on the specific value of observation Yt at time t.175

Instead of solving equation (2.7) directly, we will mainly focus on the robust DMZ176

equation (2.11), especially the corresponding initial-boundary value (IBV) problems177

in a closed ball BR := {x ∈ Rd : |x| ≤ R}, with a given radius R > 0.178

(2.13)
∂uR
∂t

=
1

2

d∑
i,j=1

aij(x)
∂2uR
∂xi∂xj

+

d∑
i=1

Fi(t, x)
∂uR
∂xi

+ J(t, x)uR(t, x), t ∈ [0, T ],

uR(0, x) = σ0(x) · SR(x), x ∈ BR, uR(t, x) = 0, (t, x) ∈ [τk−1, τk]× ∂BR.

179

where SR(x) is a C∞ function supported in BR and satisfies SR(x) ≡ 1, for |x| ≤180

R− 1
R , SR(x) ≡ 0 for |x| ≥ R, and 0 ≤ SR(x) ≤ 1 for R− 1

R ≤ |x| ≤ R, so that the181

initial value is compatible with the boundary condition in (2.13). And from now on,182

we would like to drop the subscript, R, in the notation uR(t, x) for the simplicity of183

notations, and use u(t, x) to denote the solution to the IBV problem (2.13).184

Let 0 = τ0 < τ1 < · · · < τK = T be a uniform partition of the time interval [0, T ],185

with τk − τk−1 = δ = T
K , k = 1, · · · ,K. On each time interval [τk−1, τk], consider the186
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IBV problem of the following parabolic equation187

(2.14)
∂uk
∂t

=
1

2

d∑
i,j=1

aij(x)
∂2uk
∂xi∂xj

+

d∑
i=1

Fi(τk−1, x)
∂uk
∂xi

+ J(τk−1, x)uk(t, x),

(t, x) ∈ (τk−1, τk]×BR,

uk(τk−1, x) = uk−1(τk−1, x), x ∈ BR, uk(t, x) = 0, (t, x) ∈ [τk−1, τk]× ∂BR,

188

with the value of coefficients F (t, x) and J(t, x) frozen at the left point t = τk−1 and189

initial value u0(τ0, x) := σ0(x).190

With another exponential transformation given by191

(2.15) ũk(t, x) = exp
(
h⊤(x)Yτk−1

)
uk(t, x), t ∈ [τk−1, τk],192

the newly-constructed function ũk satisfies193

(2.16)
∂ũk
∂t

=
1

2

d∑
i,j=1

∂2

∂xi∂xj
(aij ũk(t, x))−

d∑
i=1

∂

∂xi
(fiũk(t, x))−

1

2
|h|2ũk(t, x),194

and ũk(τk−1, x) = exp

(
h⊤(x)Yτk−1

)
uk(τk−1, x). After the two exponential trans-195

formations (2.10) and (2.15), the function we would like to use to approximate the196

unnormalized conditional probability density function σ(τk, x) at time t = τk is given197

by198

(2.17) σ(τk, x) ≈ exp

(
h⊤(x)(Yτk − Yτk−1

)

)
ũk(τk, x) = ũk+1(τk, x), k = 1, · · · ,K.199

and the value for approximating the conditional expectation E[φ(Xt)|Yt] is given by200

(2.18) E[φ(Xt)|Yt] ≈
∫
BR

φ(x)ũk+1(τk, x)dx∫
BR

ũk+1(τk, x)dx
, k = 1, · · · ,K.201

The main idea of the Yau-Yau algorithm is that the problem of solving the DMZ202

equation satisfied by the unnormalized probability density function σ(t, x) can be203

separated into two parts. The computationally expensive part of solving the (IBV)204

problems of parabolic equation (2.16) can be studied off-line, because it is a determin-205

istic Kolmogorov-type PDE which is independent of observations. The framework of206

Yau-Yau algorithm is shown in Algorithm 2.1.207

In the next section, we will give a mathematically rigorous interpretation of the208

approximation results (2.17) and (2.18) from a probabilistic perspective. In particular,209

we only need assumptions on the test function and the coefficients of the filtering210

systems to derive the convergence result. These assumptions are also easy to verify off-211

line before the observations come, and therefore, this convergence analysis will provide212

a guidance for practitioners to determine the parameters in the implementations of213

Yau-Yau algorithm for practical use.214

3. Main Results. In this section, we would like to state the main result in this215

paper and also provide a sketch of the proof.216

Firstly, besides the smoothness and regularity requirements which guarantee the217

existence of conditional expectation and the existence of the solution to the DMZ218
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Algorithm 2.1 The Two-Stage Framework of Yau-Yau Algorithm

1: Initialization: Input the terminal time T , the radius R of closed ball BR, the
number of time-discretization steps K, the initial distribution of state process
σ0(x), the test function φ(x), and the initial observation Y0 = 0. Let δ = T

K be
the time-discretization step size and {0 = τ0 < τ1 < · · · < τK = T} be a uniform
partition of [0, T ] with τk − τk−1 = δ. Initialize ũ1(0, x) = σ0(x).

2: Off-Line Algorithm: Solve the IBV problem of Kolmogorov-type partial dif-
ferential equation (2.16) in closed ball BR, and determine or approximate the
corresponding semi-group {St : t ∈ [0, T ]}.

3: On-Line Algorithm:
4: for k = 1 to K do
5: Obtain ũk(τk, x) from Off-Line Algorithm ũk(τk, x) = Sτk−τk−1

ũk(τk−1, x).
6: Renew the initial value of the partial differential equation satisfied by ũk+1(x, t),

ũk+1(τk, x) = exp
[
h⊤(x)(Yτk − Yτk−1

)
]
ũk(τk, x).

7: Compute the approximated conditional expectation:∫
BR

φ(x)ũk+1(τk, x)dx∫
BR

ũk+1(τk, x)dx
.

8: end for

equation, let us further introduce four particular assumptions on the coefficients of219

the system, the initial distribution and the test function.220

For the state equation in the filtering system (1.1), the drift term f : Rd → Rd221

is assumed to be Lipschitz, and the the diffusion term g : Rd → Rd×d, together222

with a(x) = g(x)g(x)⊤, is assumed to have bounded partial derivatives up to second223

order, i.e., ∃ L > 0, s.t. |f(x) − f(y)| ≤ L|x − y|, such that for all x, y ∈ Rd and224

i, j, k, l = 1, · · · , d,225

(A1): |f(x)− f(y)| ≤ L|x− y|, |a(x)| ≤ L,

∣∣∣∣∂aij(x)∂xk

∣∣∣∣ ≤ L,

∣∣∣∣∂2aij(x)∂xk∂xl

∣∣∣∣ ≤ L.226

Assumption (A1) guarantees that the state equation of (1.1) has a strong solution227

in [0, T ], and especially, the state equation for linear filter satisfies this assumption.228

Also, in order to conduct energy estimations for the (stochastic) partial differential229

equations, we would like to assume that the diffusion term in the state equation is230

nondegenerate, in the sense that For each x ∈ Rd, there exists a continuous function231

λ(x) > 0, such that232

(A2):

d∑
i,j=1

aij(x)ζiζj ≥ λ(x)|ζ|2, ∀ ζ = (ζ1, · · · , ζd)⊤ ∈ Rd.233

For the initial distribution σ0, we would like to assume that it is smooth enough234

and possesses finite high-order moments:235

(A3):

∫
Rd

|x|2nσ0(x)dx <∞, ∀ n ∈ N.236

Assumption (A3) is satisfied by commonly-used light-tailed distributions such as237

Gaussian distributions. In fact, in the following convergence analysis, we only require238

Assumption (A3) to hold for sufficiently large n ≥ 1, rather than for all n ∈ N.239
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Finally, it is assumed that the test function φ : Rd → R is at most polynomial240

growth:241

(A4): ∃ L > 0, m ∈ N, s.t. |φ(x)| ≤ L(1 + |x|2m), ∀ x ∈ Rd,242

which is satisfied by most of the commonly-used test functions, such as those corre-243

spond to the conditional mean and covariance matrix.244

Based on the above assumptions (A1) to (A4), the main result in this paper is245

stated as follows:246

Theorem 3.1. Fix a terminal time T > 0 and the filtering system (1.1) with247

smooth coefficients. If Assumptions (A1) to (A4) hold, then for every ϵ > 0, there248

exists R > 0, and δ > 0, such that we can conduct the Yau-Yau algorithm in the249

closed ball BR = {x ∈ Rd : |x| ≤ R} and the uniform partition of [0, T ]: 0 = τ0 <250

τ1 < · · · < τK = T with δ = τk − τk−1 for k = 1, · · · ,K, and the numerical solution251

{ũk+1(τk, x) : k = 1, · · · ,K} approximates the exact solution of the filtering problems252

at each time step t = τk well in the sense of mathematical expectation, i.e.,253

(3.1) E

∣∣∣∣E[φ(Xτk)|Yτk ]−
∫
BR

φ(x)ũk+1(τk, x)dx∫
BR

ũk+1(τk, x)dx

∣∣∣∣ < ϵ, ∀ 1 ≤ k ≤ K.254

255

Remark 3.2. In the statement of Theorem 3.1, for the sake of theoretical rigor,256

the radius R of the closed ball BR, in which the Yau-Yau algorithm is conducted,257

is seemingly to be dependent on the terminal time T . This is because the system258

(1.1) with Assumptions (A1) to (A4) we consider here is the most general nonlinear259

filtering system, without stability conditions such as ergodicity or compactness of260

trajectories of the conditional expectations.261

In the meanwhile, for general filtering systems without further stability assump-262

tions, another implementation alternative is the “moving-window” technique, as in-263

troduced in [17]. The basic idea is to fix the radius R while translating the center x0264

of the closed ball from the original point, such that the major part of the conditional265

density will remain in the closed ball BR(x0) := {x ∈ Rd : |x−x0| ≤ R}. A successful266

numerical implementation of Yau-Yau algorithm with a fixed radius R can be found267

in [7].268

Here in this section, we provide a sketch of the proof of Theorem 3.1, in which269

the main idea of the proof is illustrated. The detailed proofs of those key estimations270

here will be given in order in the next four sections.271

A Sketch of the Proof of Theorem 3.1. According to the properties of conditional272

expectations, the expectation of the approximation error of Yau-Yau algorithm can273

be estimated as follows:274

E

∣∣∣∣E[φ(Xτk)|Yτk ]−
∫
BR

φ(x)ũk+1(τk, x)dx∫
BR

ũk+1(τk, x)dx

∣∣∣∣275

= Ẽ

[
Z̃τk

∣∣∣∣E[φ(Xτk)|Yτk ]−
∫
BR

φ(x)ũk+1(τk, x)dx∫
BR

ũk+1(τk, x)dx

∣∣∣∣]276

= Ẽ

[
Ẽ[Z̃τk |Yτk ]

∣∣∣∣ Ẽ[φ(Xτk)Z̃τk |Yτk ]
Ẽ[Z̃τk |Yτk ]

−
∫
BR

φ(x)ũk+1(τk, x)dx∫
BR

ũk+1(τk, x)dx

∣∣∣∣]277

≤ Ẽ

[
Ẽ[Z̃τk |Yτk ]

∣∣∣∣ Ẽ[φ(Xτk)Z̃τk |Yτk ]
Ẽ[Z̃τk |Yτk ]

−
∫
BR

φ(x)ũk+1(τk, x)dx

Ẽ[Z̃τk |Yτk ]

∣∣∣∣]278
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+ Ẽ

[
Ẽ[Z̃τk |Yτk ]

∣∣∣∣
∫
BR

φ(x)ũk+1(τk, x)dx

Ẽ[Z̃τk |Yτk ]
−
∫
BR

φ(x)ũk+1(τk, x)dx∫
BR

ũk+1(τk, x)dx

∣∣∣∣]279

≤ Ẽ

[∣∣∣∣∫
Rd

φ(x)σ(τk, x)dx−
∫
BR

φ(x)ũk+1(τk, x)dx

∣∣∣∣]280

+ Ẽ

[∫
BR

|φ(x)|ũk+1(τk, x)dx∫
BR

ũk+1(τk, x)dx

∣∣∣∣∫
Rd

σ(τk, x)dx−
∫
BR

ũk+1(τk, x)dx

∣∣∣∣]281

≜ I1 + I2.282

where we use the fact that ũk+1(τk, x) is Yτk -measurable and for integrable, Yτk -283

measurable random variable V , Ẽ[Z̃τkV ] = Ẽ[Ẽ[Z̃τk |Yτk ]V ].284

Therefore, the remaining task for us is to estimate the two error terms I1 and I2,285

and to show that I1 and I2 can be arbitrarily small with sufficiently large R > 0 and286

sufficiently small δ > 0.287

Firstly, for the estimation of I1, we would like to utilize an intermediate function288

σR(t, x), (t, x) ∈ [0, T ]×BR, which is the solution of IBV problem of the DMZ equation289

(2.7) and will be introduced in (4.3) in Section 4. And we have290

I1 ≤Ẽ
∫
|x|≥R

|φ(x)|σ(τk, x)dx+ Ẽ

[∣∣∣∣∫
BR

φ(x)σ(τk, x)dx−
∫
BR

φ(x)σR(τk, x)dx

∣∣∣∣]291

+ Ẽ

[∣∣∣∣∫
BR

φ(x)σR(τk, x)dx−
∫
BR

φ(x)ũk+1(τk, x)dx

∣∣∣∣]292

≤Ẽ
∫
|x|≥R

|φ(x)|σ(τk, x)dx+ L(1 +R2m)Ẽ

∫
BR

|σ(τk, x)− σR(τk, x)|dx293

+ L(1 +R2m)Ẽ

∫
BR

|σR(τk, x)− ũk+1(τk, x)|dx.(3.2)294

For the estimation of I2, since in the closed ball BR, |φ(x)| ≤ L(1 +R2m),295

(3.3)

∫
BR

|φ(x)|ũk+1(τk, x)dx∫
BR

ũk+1(τk, x)dx
≤ L(1 +R2m)

∫
BR

ũk+1(τk, x)dx∫
BR

ũk+1(τk, x)dx
= L(1 +Rm).296

and thus,297

(3.4)

I2 ≤ L(1 +R2m)Ẽ

[∣∣∣∣∫
Rd

σ(τk, x)dx−
∫
BR

ũk+1(τk, x)dx

∣∣∣∣]
≤ L(1 +R2m)

(
Ẽ

∫
|x|≥R

σ(τk, x)dx+ Ẽ

∫
BR

|σ(τk, x)− σR(τk, x)|dx
)

+ L(1 +R2m)Ẽ

∫
BR

|σR(τk, x)− ũk+1(τk, x)|dx.

298

This manuscript is for review purposes only.



10 ZEJU. SUN, XIUQIONG. CHEN AND STEPHEN S.-T. YAU

Combining (3.2) and (3.4), we have299

(3.5)

E

∣∣∣∣E[φ(Xτk)|Yτk ]−
∫
BR

φ(x)ũk+1(τk, x)dx∫
BR

ũk+1(τk, x)dx

∣∣∣∣ ≤ I1 + I2

≤ Ẽ

∫
|x|≥R

|φ(x)|σ(τk, x)dx+ L(1 +Rm)Ẽ

∫
|x|≥R

σ(τk, x)dx

+ 2L(1 +R2m)Ẽ

∫
BR

|σ(τk, x)− σR(τk, x)|dx

+ 2L(1 +R2m)Ẽ

∫
BR

|σR(τk, x)− ũk+1(τk, x)|dx.

300

According to Theorem 4.1 in Section 4, for every n ∈ N, there exists C1 > 0,301

which depends on d, m, n, L, T , such that302

(3.6)

Ẽ

∫
|x|≥R

σ(τk, x)dx ≤ C1

1 +R2n

∫
Rd

|x|2nσ0(x)dx

Ẽ

∫
|x|≥R

|φ(x)|σ(τk, x)dx ≤ C1

1 +R2n

∫
Rd

|x|2(m+n)σ0(x)dx

303

Therefore, for every ϵ > 0, with Assumption (A3) for the initial distribution σ0,304

as long as we take n > m, there exists R1 > 0, such that305

(3.7)

Ẽ

∫
|x|≥R1

|φ(x)|σ(τk, x)dx+ L(1 +Rm1 )Ẽ

∫
|x|≥R1

σ(τk, x)dx

≤ C1(1 +R2m
1 )

1 +R2n
1

∫
Rd

|x|2nσ0(x)dx+
C1

1 +R2n
1

∫
Rd

|x|2(m+n)σ0(x)dx <
ϵ

3

306

According to Theorem 5.1 in Section 5, there exists C2 > 0, which depends on307

d, n, L, T , such that308

(3.8) Ẽ

∫
BR

|σ(τk, x)− σR(τk, x)|dx ≤ C2

1 +R2n
.309

Therefore, as long as n > m, there exists R2 > 0, such that310

(3.9) 2L(1 +R2m
2 )Ẽ

∫
BR2

|σ(τk, x)− σR2(τk, x)|dx ≤ 2C2L(1 +R2m
2 )

1 +R2n
2

<
ϵ

3
311

Let us choose R = max{R1, R2}, and for this particular R, according to Theorem312

7.1 in Section 7, there exists a time step δ > 0, such that313

(3.10) Ẽ

∫
BR

|σR(τk, x)− ũk+1(τk, x)|dx <
ϵ

6L(1 +R2m)
.314

and thus,315

(3.11) 2L(1 +R2m)Ẽ

∫
BR

|σR(τk, x)− ũk+1(τk, x)|dx ≤ 2L(1 +R2m)ϵ

6L(1 +R2m)
<
ϵ

3
.316

Take (3.7), (3.9) and (3.11) back to (3.5), and we obtain the desired result, that317

is, we have found R > 0 and δ > 0, such that318

(3.12) E

∣∣∣∣E[φ(Xτk)|Yτk ]−
∫
BR

φ(x)ũk+1(τk, x)dx∫
BR

ũk+1(τk, x)dx

∣∣∣∣ < ϵ.319
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4. Estimation of the density outside the ball BR. In this section, we will320

provide an estimation of the value of the unnormalized conditional probability density321

σ(t, x) outside a ball BR ⊂ Rd, with R≫ 1 large enough.322

Especially, we will show that almost all the mass of σ(t, x) is contained in the323

closed ball BR, and the estimations (3.6) in the proof of Theorem 3.1 in Section 3324

holds with Assumptions (A1) to (A4).325

Theorem 4.1. With Assumptions (A1) to (A4), there exists a constant C > 0326

which only depends on T , L, d, m and n, such that327

(4.1) sup
0≤t≤T

Ẽ

∫
|x|≥R

σ(t, x)dx ≤ C

1 +R2n

∫
Rd

|x|2nσ0(x)dx,328

and329

(4.2) sup
0≤t≤T

Ẽ

∫
|x|≥R

|φ(x)|σ(t, x)dx ≤ C

1 +R2n

∫
Rd

|x|2(m+n)σ0(x)dx330

holds for all R > 0.331

Proof of Theorem 4.1. We first consider the following IBV problem on the ball332

BR:333

(4.3)
dσR(t, x) = LσR(t, x)dt+

d∑
j=1

hj(x)σR(t, x)dY
j
t , (t, x) ∈ (0, T ]×BR;

σR(0, x) = σ0,R(x) ≜ σ0(x) · SR(x), x ∈ BR; σR(t, x) = 0, (t, x) ∈ [0, T ]× ∂BR.

334

where SR(x) is the C∞ function, such that the initial value is compatible with the335

boundary conditions.336

Let ψ(x) = log
(
1 + |x|2n

)
and define Φ(t) =

∫
BR

eψ(x)σR(t, x)dx. Then, accord-337

ing to the IBV problem (4.3) satisfied by the function σR(t, x), we have338

(4.4)

dΦ(t) =

[
1

2

d∑
i,j=1

∫
BR

∂2

∂xi∂xj

[(
aij(x)

)
σR(t, x)

]
eψ(x)dx

−
d∑
i=1

∫
BR

∂

∂xi
(fi(x)σR(t, x)) e

ψ(x)dx

]
dt+

d∑
j=1

[∫
BR

eψ(x)hj(x)σR(t, x)dx

]
dY jt

≜ [I1(t)− I2(t)] dt+

d∑
j=1

I3,j(t)dY
j
t .

339

By the Gauss-Green formula, we have340

(4.5)

I1(t) =
1

2

d∑
i,j=1

[∫
BR

eψ(x)
(
∂ψ(x)

∂xi

∂ψ(x)

∂xj
+
∂2ψ(x)

∂xi∂xj

)
aij(x)σR(t, x)dx

−
∫
BR

∂

∂xj

(
eψ(x)

∂ψ(x)

∂xi
aijσR

)
dx+

∫
BR

∂

∂xi

(
eψ(x)

∂

∂xj

[
aijσR

])
dx

]
=

1

2

d∑
i,j=1

∫
BR

eψ(x)
(
∂ψ

∂xi

∂ψ

∂xj
+

∂2ψ

∂xi∂xj

)
aijσRdx−

∫
∂BR

(M⃗1 − M⃗2) · n⃗dS,

341
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where n⃗ is the unit outward normal vector of ∂BR, dS denotes the measure on ∂BR,342

(4.6) M⃗i(t, x) = (Mi,1(t, x), · · · ,Mi,d(t, x)) , i = 1, 2,343

and344

(4.7)

M1,j =
1

2

d∑
i=1

eψ(x)
∂ψ

∂xi
aijσR, M2,i =

1

2

d∑
j=1

eψ(x)
∂

∂xj

[
aijσR

]
, i, j = 1, · · · , d.345

Since σR(t, x) ≡ 0, ∀(t, x) ∈ [0, T ] × ∂BR, M1,j(t, x) ≡ 0 on [0, T ] × ∂BR and346 ∫
∂BR

M⃗1(t, x) · n⃗dS = 0. Moreover, we have347

(4.8) ∇σR =

(
∂σR
∂x1

, · · · , ∂σR
∂xd

)
= −c n⃗, on ∂BR,348

where c(x) > 0 is a continuous function on ∂BR, because σR ≥ 0 and σR|∂BR
≡ 0.349

Therefore,350

(4.9)

M⃗2(t, x) · n⃗ =− eψ(x)
1

2

d∑
i,j=1

aij(x)
∂σR
∂xj

∂σR
∂xi

− eψ(x)σR
1

2

d∑
i,j=1

∂

∂xj
aij(x)

∂σR
∂xi

=− eψ(x)
1

2

d∑
i,j=1

aij(x)
∂σR
∂xj

∂σR
∂xi

≤ 0, on ∂BR,

351

where the last inequality holds because a(x) = g(x)g(x)⊤ is positive semi-definite.352

Thus,353

(4.10) I1(t) ≤
1

2

d∑
i,j=1

∫
BR

eψ(x)
(
∂ψ(x)

∂xi

∂ψ(x)

∂xj
+
∂2ψ(x)

∂xi∂xj

)
aij(x)σR(t, x)dx.354

Similarly, I2(t) = −
∑d
i=1

∫
BR

fi(x)σR(t, x)e
ψ(x) ∂ψ(x)

∂xi
dx. Therefore,355

(4.11) dΦ(t) ≤
(∫

BR

F(x)eψ(x)σR(t, x)dx

)
dt+

d∑
j=1

(∫
BR

hj(x)e
ψ(x)u(t, x)dx

)
dY jt ,356

where357

F(x) =
1

2

d∑
i,j=1

(
∂ψ(x)

∂xi

∂ψ(x)

∂xj
+
∂2ψ(x)

∂xi∂xj

)
aij(x) +

d∑
i=1

fi(x)
∂ψ(x)

∂xi
.(4.12)358

Since ψ(x) = log
(
1 + |x|2n

)
, then359

(4.13)

∂ψ

∂xi
=

2n|x|2n−2xi
1 + |x|2n

,
∂2ψ

∂xi∂xj
=

4nxixj |x|2n−4
(
(n− 1)− |x|2n

)
(1 + |x|2n)2

+
2n|x|2n−2δij
1 + |x|2n

,360

where δij is the Kronecker’s symbol, with δij = 1, if i = j, and δij = 0 otherwise.361

Notice that362

(4.14)

∣∣∣∣ ∂ψ∂xi
∣∣∣∣ ≤ 2n,

∣∣∣∣ ∂2ψ

∂xi∂xj

∣∣∣∣ ≤ 4n2 + 2n.363
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With the assumption that |aij(x)| ≤ L, we have364

(4.15) |F(x)| ≤ d2(4n2 + n)L+ 2n

d∑
i=1

|fi(x)xi| · |x|2n−2

1 + |x|2n
, ∀x ∈ Rd.365

Because f(x) is Lipschitz continuous according to (A1), |f(x)| ≤ L|x| + |f(0)|,366

∀x ∈ Rd. Therefore,367

(4.16)

|F(x)| ≤ d2(4n2 + n)L+
2n|x|2n−2

1 + |x|2n
d∑
i=1

|fi(x)|2 + |xi|2

2

≤ d2(4n2 + n)L+
n|x|2n + n|x|2n−2|f(x)|2

1 + |x|2n

≤ d2(4n2 + n)L+ n(L2 + 1) + n|f(0)|2 + 2nL|f(0)| ≜M(n, d, L), ∀x ∈ Rd.

368

Take expectation with respect to the reference probability measure P̃ , we obtain369
d
dt ẼΦ(t) ≤M(n, d, L)ẼΦ(t), where we use the fact that Yt is a Brownian motion with370

respect to P̃ .371

According to the Gronwall’s inequality, we have372

(4.17) sup
0≤t≤T

Ẽ

∫
BR

(
1 + |x|2n

)
σR(t, x)dx ≤ eM(n,d,L)T

∫
BR

(
1 + |x|2n

)
σ0(x)dx.373

Let R tends to infinity, and we have374

(4.18) sup
0≤t≤T

Ẽ

∫
Rd

(
1 + |x|2n

)
σ(t, x)dx ≤ eM(n,d,L)T

∫
Rd

(
1 + |x|2n

)
σ0(x)dx.375

Therefore,376

(4.19)

sup
0≤t≤T

Ẽ

∫
|x|≥R

σ(t, x)dx ≤ 1

1 +R2n
sup

0≤t≤T
Ẽ

∫
|x|≥R

(
1 + |x|2n

)
σ(t, x)dx

≤ 1

1 +R2n
sup

0≤t≤T
Ẽ

∫
Rd

(
1 + |x|2n

)
σ(t, x)dx ≤ eM(n,d,L)T

1 +R2n

∫
Rd

(
1 + |x|2n

)
σ0(x)dx.

377

Moreover, with condition (A4),378

(4.20)

sup
0≤t≤T

Ẽ

∫
|x|≥R

|φ(x)|σ(t, x)dx ≤ sup
0≤t≤T

Ẽ

∫
|x|≥R

(
1 + |x|2m

)
σ(t, x)dx

≤ 1

1 +R2n
sup

0≤t≤T
Ẽ

∫
|x|≥R

(
1 + |x|2n

) (
1 + |x|2m

)
σ(t, x)dx

≤ 2

1 +R2n
sup

0≤t≤T
Ẽ

∫
Rd

(
1 + |x|2(m+n)

)
σ(t, x)dx

≤ 2eM(n+m,d,L)T

1 +R2n

∫
Rd

(
1 + |x|2(m+n)

)
σ0(x)dx.

379

Remark 4.2. According to the proof, the constant C in the statement of Theorem380

4.1 may grow exponentially with respect to the terminal time T , which is not very381

satisfactory. In fact, numerical experiments in [6, 7, 16] show that the estimation382
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error of different nonlinear filters based on the Yau-Yau algorithm can remain small383

in a relatively long period of time, and will not accumulate or even explode with384

respect to the time T . Therefore, an important future direction is to establish a385

tighter upper bound on the estimation error, which has only a mild dependence on,386

or is even independent of, the terminal time T .387

5. Approximation of σ(t, x) by the IBV problem in BR. With the esti-388

mation in Theorem 4.1, because almost all the density of σ(t, x) is contained in the389

closed ball BR for R large enough, it is natural to think about approximating σ(t, x)390

by the solution, σR(t, x), to the corresponding initial-boundary value (IBV) problem391

(4.3) of DMZ equation in the ball BR.392

It will be rigorously proved in this section that, for R large enough, σ(t, x) can393

be approximated well by σR(t, x) defined in (4.3), and in particular, the estimation394

(3.8) holds in the proof of Theorem 3.1 in Section 3.395

The main result in this section is stated as follows:396

Theorem 5.1. With Assumptions (A1) to (A4), there exists a constant C > 0397

which only depends on T , n, d and L, such that398

(5.1) sup
0≤t≤T

Ẽ

∫
B√

R

|σ(t, x)− σR(t, x)|dx ≤ C

1 +Rn
399

holds for all R > 0, where σR(t, x) is the solution of the IBV problem (4.3).400

Proof of Theorem 5.1. For each R > 0, consider the auxiliary function401

(5.2) ϕ(x) = log

(
1 +Rn

(
1−

(
1− |x|2n

R2n

)2
))

, x ∈ BR,402

and403

(5.3) ψ(x) = e−ϕ(x) − e−ϕ(R), x ∈ BR.404

Define v(t, x) = σ(t, x) − σR(t, x), (t, x) ∈ [0, T ] × BR. Then, according to the405

maximum principle for SPDEs (cf. [4], for example), we have v(t, x) ≥ 0, for406

all (t, x) ∈ [0, T ] × BR and a.s. P̃ . Let Φt be the stochastic process defined by407

Φt =
∫
BR

ψ(x)v(t, x)dx. Since v(t, x) is the solution to the SPDE408

(5.4) dv(t, x) =

[
1

2

d∑
i,j=1

∂2

∂xi∂xj
(aijv)−

d∑
i=1

∂

∂xi
(fiv)

]
dt+

d∑
j=1

hjvdY
j
t ,409

the R-valued stochastic process Φt satisfies410

(5.5)

dΦt =
1

2

( d∑
i,j=1

∫
BR

ψ
∂2(aijv)

∂xi∂xj
dx−

d∑
i=1

∫
BR

ψ
∂(fiv)

∂xi
dx

)
dt+

d∑
j=1

(∫
BR

hjψvdx

)
dY jt .411

According to the Gauss-Green formula, we have412

dΦt =
1

2

 d∑
i,j=1

∫
BR

aij
∂2ψ

∂xi∂xj
vdx

 dt+

(
d∑
i=1

∫
BR

∂ψ

∂xi
fivdx

)
dt413
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+

d∑
j=1

(∫
BR

hjψvdx

)
dY jt +

[
−
∫
∂BR

M⃗1 · n⃗dS +

∫
∂BR

M⃗2 · n⃗dS
]
dt,414

where, as in the proof of Theorem 4.1,415

(5.6) M⃗i(t, x) = (Mi,1(t, x), · · · ,Mi,d(t, x)) , i = 1, 2,416

417

(5.7)

M1,j =
1

2

d∑
i=1

∂ψ

∂xi
aijv, M2,i(t, x) = ψ

(
1

2

d∑
j=1

∂

∂xj
(aijv)− fiv

)
, i, j = 1, · · · , d,418

n⃗ denotes the outward normal vector of the boundary ∂BR and dS denotes the measure419

on ∂BR.420

Notice that ψ|∂BR
≡ 0 and ∂ψ

∂xj
= −e−ϕ(x) ∂ϕ∂xj

. Moreover,421

(5.8)
∂ϕ

∂xi
=

2Rn
(
1− |x|2n

R2n

)
2n|x|2n−2xi

R2n

1 +Rn
(
1−

(
1− |x|2n

R2n

)2) ,422

and therefore, ∂ϕ
∂xi

∣∣∣∣
∂BR

= 0 = ∂ψ
∂xi

∣∣∣∣
∂BR

, i = 1, · · · , d. Hence,423

(5.9)

dΦt =
1

2

∫
BR

e−ϕv

d∑
i,j=1

aij
(
− ∂2ϕ

∂xi∂xj
+
∂ϕ

∂xi

∂ϕ

∂xj

)
dx

 dt

−
(∫

BR

d∑
i=1

e−ϕvfi
∂ϕ

∂xi
dx

)
dt+

d∑
j=1

(∫
BR

hjψvdx

)
dY jt

424

Take expectation with respect to the probability measure P̃ , and we have425

(5.10)

dẼΦt
dt

= Ẽ

(
1

2

∫
BR

ψv

d∑
i,j=1

aij
(
− ∂2ϕ

∂xi∂xj
+
∂ϕ

∂xi

∂ϕ

∂xj

)
dx−

∫
BR

d∑
i=1

ψvfi
∂ϕ

∂xi
dx

)

+ e−ϕ(R)Ẽ

(
1

2

∫
BR

v

d∑
i,j=1

aij
(
− ∂2ϕ

∂xi∂xj
+
∂ϕ

∂xi

∂ϕ

∂xj

)
dx−

∫
BR

d∑
i=1

vfi
∂ϕ

∂xi
dx

)426

For x ∈ BR, |xi| ≤ |x| ≤ R, i = 1, · · · , d, and together with the Lipschitz conditions427

for f(x),428

(5.11)

∣∣∣∣ ∂ϕ∂xi (x)
∣∣∣∣ ≤ 4nRn|x|2n−2|xi|

R2n

(
1 + |x|2n

Rn

) ≤ 4n, ∀ x ∈ BR;429

430

(5.12)

∣∣∣∣fi(x) ∂ϕ∂xi
∣∣∣∣ ≤ (|f(0)|+ L|x|)

∣∣∣∣ ∂ϕ∂xi
∣∣∣∣ ≤ 4n(|f(0)|+ L), ∀ x ∈ BR.431
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Also, according to direct computations,432

(5.13)
∂2ϕ

∂xi∂xj
=
8n|x|2n−4xixj(R

2n(n− 1)− (2n− 1)|x|2n)(R3n + 2R2n|x|2n − |x|4n)
(R3n + 2R2n|x|2n − |x|4n)2

− 16n2|x|2n−2xixj(R
2n|x|2n−2 − |x|4n−2)(R2n − |x|2n)

(R3n + 2R2n|x|2n − |x|4n)2

+
4nδij |x|2n−2(R2n − |x|2n)
R3n + 2R2n|x|2n − |x|4n

.

433

where δij is the Kronecker’s symbol. Thus,434

(5.14)

∣∣∣∣ ∂2ϕ

∂xi∂xj

∣∣∣∣ ≤ 8n(3n− 2) + 16n2 + 4n, ∀x ∈ BR.435

We would like to remark that the estimation in (5.14) is quite rough. Each term on436

the right-hand side of (5.14) corresponds to one term on the right-hand side of (5.13),437

and the purpose is just to show the second-order derivatives are also bounded by a438

constant independent of R.439

Notice that e−ϕ(R) = 1
1+Rn . Together with the bounded condition for aij(x), we440

have441

(5.15)
dẼΦ(t)

dt
≤ C1ẼΦ(t) +

C1

1 +Rn
Ẽ

∫
BR

v(t, x)dx442

where C1 > 0 is a constant which depends on n, d, L, but does not depend on R.443

According to Theorem 4.1, the integral444

(5.16) Ẽ

∫
BR

v(t, x)dx ≤ Ẽ

∫
BR

σ(t, x)dx ≤ Ẽ

∫
Rd

σ(t, x)dx,445

which is also bounded by a constant independent of R, thus,446

(5.17)
dẼΦ(t)

dt
≤ C1ẼΦ(t) +

C2

1 +Rn
.447

where C2 > 0 is a constant which depends on T, n, d, L.448

By Gronwall’s inequality,449

(5.18) ẼΦ(t) ≤ C3

1 +Rn
450

where C3 > 0 is a constant which depends on T , n, d and L.451

On the other hand, for R > 5 and for all x ∈ B√
R, i.e., |x| ≤

√
R,452

(5.19)

ϕ(x) ∈
[
0, log

(
3− 1

Rn

)]
, ψ(x) ≥ ψ(

√
R) =

Rn

3Rn − 1
− 1

1 +Rn
≥ 1

3
− 1

6
=

1

6
.453

Then,454

(5.20) ẼΦ(t) = Ẽ

∫
BR

ψ(x)v(t, x)dx ≥ Ẽ

∫
B√

R

ψ(x)v(t, x)dx ≥ 1

6
Ẽ

∫
B√

R

v(t, x)dx.455

Combining (5.18) and (5.20), we obtain that, for all R≫ 1,456

(5.21) Ẽ

∫
B√

R

|σ(t, x)− σR(t, x)|dx = Ẽ

∫
B√

R

v(t, x)dx ≤ 6C3

1 +Rn
.457
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6. Regularity of the Approximated Function uk(t, x). In this section, we458

will discuss the regularity of uk(t, x), t ∈ [0, T ], which is the solution of a series of459

coefficient-frozen equations (2.14).460

The main purpose of this section is to show that under mild conditions, the461

recursively defined functions uk(t, x) will not explode in the finite time interval [0, T ],462

even if the time-discretization step δ → 0, in the sense that the L2-norm of uk(τk, x)463

(k = 1, · · · ,K) is square integrable with respect to the probability measure P̃ , and464

the expectations, Ẽ
∫
BR

|uk(τk, x)|2dx, are uniformly bounded for k = 1, · · · ,K.465

As shown in the next section, this following theorem is an essential intermediate466

result for the convergence analysis of this time-discretization scheme.467

Theorem 6.1. Let {uk(t, x) : τk−1 ≤ t ≤ τk}Kk=1 be the solution to the IBV468

problem of the coefficients-frozen equation (2.14). Then, with Assumptions (A1) to469

(A4), the L2-norm of uk(τk, x) is square-integrable with respect to the probability470

measure P̃ , and we have471

(6.1) Ẽ

∫
BR

|uk(τk, x)|2dx ≤ C <∞, ∀ k = 1, · · · ,K,472

where C > 0 is a constant that depends on d, T , R, L, but is uniform in k = 1, · · · ,K.473

474

In the proof of Theorem 6.1, we will consider another exponential transformation475

given by σk(t, x) = exp(h⊤(x)Yτk−1
)uk(t, x), t ∈ [τk−1, τk], k = 1, · · · ,K. Direct476

computation implies that σk(t, x) is the solution of477

(6.2)
∂σk
∂t

=
1

2

d∑
i,j=1

∂2

∂xi∂xj
(aijσk)−

d∑
i=1

∂

∂xi
(fiσk)−

1

2
|h|2σk, (t, x) ∈ [τk−1, τk]×BR,

σk(τk−1, x) = exp
(
h⊤(x)Yτk−1

)
uk−1(τk−1, x), x ∈ BR

σk(t, x) = 0, (t, x) ∈ [τk−1, τk]× ∂BR,

478

and recursively, we can rewrite the initial value in (6.2) by479

(6.3) σk(τk−1, x) = exp
(
h⊤(x)(Yτk−1

− Yτk−2
)
)
σk−1(τk−1, x), k = 2, · · · ,K.480

Under the reference probability measure P̃ , {Yt : 0 ≤ t ≤ T} is a Brownian481

motion and Yτk −Yτk−1
∼ N (0, δId), k = 1, · · · ,K, with Id ∈ Rd×d the d-dimensional482

identity matrix. We would like to study the regularity of σk(t, x) first, utilizing the483

Markov property of Y , and then derive the regularity results for uk(t, x).484

For the sake of discussing the regularity of σk(t, x) in a recursive manner, we485

need the following lemma which describes the relationship between σk(τk−1, x) and486

σk−1(τk−1, x) from (6.3).487

Lemma 6.2. For k = 2, · · · ,K, let σk(t, x), t ∈ [τk−1, τk] be the solution of (6.2).488

The end-point values σk(τk−1, x) and σk−1(τk−1, x) satisfy (6.3). Let us denote by489

L4(BR) the space of quartic-integrable functions in BR. Assume that σk−1(τk−1, ·) ∈490

L4(BR), and the L4-norm, ∥σk−1(τk−1, ·)∥L4 , is quartic integrable with respect to P̃ ,491

i.e., Ẽ
∫
BR

σ4
k−1(τk−1, x)dx < ∞, then σk(τk−1, ·) ∈ L4(BR), its L

4-norm is quartic492

integrable with respect to P̃ , and for sufficiently small time-discretization step size493

δ = τk − τk−1, we have494

(6.4) Ẽ

∫
BR

σ4
k(τk−1, x)dx ≤ (1 + Cδ)Ẽ

∫
BR

σ4
k−1(τk−1, x)dx495
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where C is a constant that depends on d and R.496

Proof of Lemma 6.2. According to the expression (6.3) and the definition of σk−1497

on [τk−2, τk−1], because of the Markov property of Y , exp
(
h⊤(x)(Yτk−1

− Yτk−2
)
)
is498

independent of σk−1(τk−1, x).499

Because the observation function h is assumed to be smooth enough, and BR is500

a bounded domain in Rd, there exists a constant M , which may depend on R, such501

that the maximum of the absolute value of h, together with its partial derivatives up502

to order m, is bounded above by M .503

Therefore, by Fubini’s theorem,504

(6.5)

Ẽ

∫
BR

σ4
k(τk−1, x)dx = Ẽ

∫
BR

exp
(
4h⊤(x)(Yτk−1

− Yτk−2
)
)
σ4
k−1(τk−1, x)dx

=

∫
BR

Ẽ exp
(
4h⊤(x)(Yτk−1

− Yτk−2
)
)
Ẽσ4

k−1(τk−1, x)dx.

505

Next, let us estimate the expectations of functions of normal random variable506

ξ := Yτk−1
− Yτk−2

arising in the above expressions, for small time-discretization step507

δ.508

In fact, because ξ ∼ N (0, δId), we have509

(6.6) Ẽ exp
(
4h(x)⊤ξ

)
=

d∏
j=1

Ẽe4hj(x)ξj =

d∏
j=1

(∫
R

1√
2πδ

e4hj(x)ze−
z2

2δ dz

)
510

In the bounded domain BR,511

(6.7)

∫
R

1√
2πδ

e4hj(x)ze−
z2

2δ dz =

∫
R

1√
2π
e4hj(x)

√
δze−

z2

2 dz = e8h
2
j (x)δ ≤ e8M

2δ.512

Therefore, for δ ≪ 1 (for example δ ≤ 1
16M2d ), Ẽ exp

(
4h(x)⊤ξ

)
≤ e8dM

2δ ≤ 1 +513

16dM2δ. Thus,514

(6.8) Ẽ

∫
BR

σ4
k(τk−1, x)dx ≤ (1 + 16dM2δ)Ẽ

∫
BR

σ4
k−1(τk−1, x)dx.515

Now, we are ready to give the proof of Theorem 6.1.516

Proof of Theorem 6.1. The idea of this proof is to study the regularity of σk(t, x),517

recursively, and then obtain the regularity of uk(t, x) based on the relationship (6.3).518

In fact, according to the Cauchy-Schwartz inequality,519

Ẽ

∫
BR

|uk(τk, x)|2dx = Ẽ

∫
BR

exp

(
−2h⊤(x)Yτk−1

)
σ2
k(τk, x)dx520

≤
(
Ẽ exp

(
4M

d∑
j=1

|Yτk−1,j |
)) 1

2
(
Ẽ

(∫
BR

σ2
k(τk, x)dx

)2) 1
2

521

≤ C1

(
Ẽ exp

(
4M

d∑
j=1

|Yτk−1,j |
)) 1

2
(
Ẽ

∫
BR

σ4
k(τk, x)dx

) 1
2

522

with C1 > 0, a constant depending only on R.523

Under the reference probability measure P̃ , {Yt : 0 ≤ t ≤ T} is a standard d-524

dimensional Brownian motion. Therefore, the expectation Ẽ exp(4M
∑d
j=1 |Yτk−1,j |)525

is bounded.526
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Hence, it remains to show that there exists a constant C2 > 0, such that,527

(6.9) Ẽ

∫
BR

σ4
k(τk, x)dx ≤ C2 <∞,528

holds uniformly for k = 1, · · · ,K.529

In the time interval [τk−1, τk], σk(t, x) is the solution to (6.2). According to the530

regularity results of parabolic partial differential equations, we have531

(6.10)

∫
BR

σ4
k(τk, x)dx ≤ eC4δ

∫
BR

σ4
k(τk−1, x)dx, ∀ k = 1, · · · ,K.532

where C4 is a constant which depends on the coefficients of the filtering system. The533

techniques in the proof of (6.10) is standard, and the proof of a counterpart, in which534

L2-norm (instead of L4-norm) is considered, can be found in the textbook [9]. We535

also provide a detailed proof in the Appendix, for the readers’ convenience and in536

order to keep this paper self-contained.537

Thus, with the result in Lemma 6.2, there exists C5, C6 > 0, such that for small538

enough δ,539

(6.11)

Ẽ

∫
BR

σ4
k(τk, x)dx ≤ eC4δẼ

∫
BR

σ4
k(τk−1, x)dx ≤ eC4δ(1 + C5δ)Ẽ

∫
BR

σ4
k−1(τk−1, x)dx

≤ (1 + C6δ)Ẽ

∫
BR

σ4
k−1(τk−1, x)dx.

540

Inductively, we have541

(6.12) Ẽ

∫
BR

σ4
k(τk, x)dx ≤ (1 + C6δ)

T
δ

∫
BR

σ4
0(x)dx ≤ eC6T

∫
BR

σ4
0(x)dx.542

Thus, we have proved the boundedness of Ẽ
∫
BR

σ4
k(τk, x)dx, and also, the result of543

Theorem 6.1 holds.544

7. Convergence Analysis of the Time Discretization Scheme. This sec-545

tion serves to show that the solution uk(t, x) of the coefficient-frozen equations (2.14)546

can approximate the solution u(t, x) of the original robust DMZ equation (2.13) well,547

if the time-discretization step size δ is small enough.548

Also, we will show in this section that, after the exponential transformation549

exp(h⊤(x)Yτk), the L1-norm of the difference between the unnormalized densities550

σR(τk, x) (defined by (4.3)) and ũk+1(τk, x) (defined by (2.16)) still converges to zero,551

as δ → 0. In particular, the estimation (3.10) holds in the proof of Theorem 3.1 in552

Section 3.553

Theorem 7.1. Fix R > 0. With Assumptions (A1) to (A4), we can use the554

solution uk(t, x) of equation (2.14) to approximate the solution u(t, x) of equation555

(2.13). In particular, for every ϵ > 0, there exists a constant δ > 0, such that556

(7.1)

Ẽ

∫
BR

|σR(τk, x)− ũk+1(τk, x)|dx = Ẽ

∫
BR

eh
⊤(x)Yτk |u(τk, x)− uk(τk, x)| dx < ϵ,557

holds for every k = 1, · · · ,K.558

Proof of Theorem 7.1. Since f is globally Lipschitz, h ∈ C2(BR), and BR is a559

bounded domain, there exists a constantM0 > 0, such that the absolute value of each560
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component in f(x) and h(x), as well as there first and second order derivatives, are561

dominated by M in the ball BR, i.e.,562

(7.2)

max
x∈BR

{
max
1≤i≤d

|fi|, max
1≤i≤d

|hi|, max
1≤i,j≤d

∣∣∣∣ ∂fi∂xj

∣∣∣∣,
max

1≤i,j≤d

∣∣∣∣ ∂hi∂xj

∣∣∣∣, max
1≤i,j,k≤d

∣∣∣∣ ∂2fi
∂xj∂xk

∣∣∣∣, max
1≤i,j,k≤d

∣∣∣∣ ∂2hi
∂xj∂xk

∣∣∣∣} ≤M0.

563

Let B+
R,t = {x ∈ BR : u(t, x)− uk(t, x) ≥ 0}. According to the technical Lemma564

4.1 in [26], we have565

(7.3)
d

dt

∫
B+

R,t

(u(t, x)− uk(t, x))dx =

∫
B+

R,t

∂

∂t
(u(t, x)− uk(t, x))dx,566

for almost all t ∈ [0, T ].567

Then, according to equations (2.13) and (2.14) satisfied by u(t, x) and uk(t, x) in568

[τk−1, τk],569

(7.4)
d

dt

∫
B+

R,t

(u(t, x)− uk(t, x))dx =

∫
B+

R,t

∂

∂t
(u(t, x)− uk(t, x))dx

=
1

2

∫
B+

R,t

d∑
i,j=1

aij(x)
∂2

∂xi∂xj
(u− uk)dx+

∫
B+

R,t

d∑
i=1

Fi(τk−1, x)
∂

∂xi
(u− uk)dx

+

∫
B+

R,t

J(τk−1, x)(u(t, x)− uk(t, x))dx

+

∫
B+

R,t

d∑
i=1

(Fi(t, x)− Fi(τk−1, x))
∂u

∂xi
dx+

∫
B+

R,t

(J(t, x)− J(τk−1, x))u(t, x)dx.

570

Because u(t, x) = uk(t, x) ≡ 0 on the boundary ∂BR, and ∂B
+
R,t ⊂ ∂BR ∪ {x ∈ BR :571

u(t, x)−uk(t, x) = 0}, we have (u−uk)|∂B+
R,t

= 0 and ∇(u−uk)|∂B+
R,t

= −c(x)⃗n with572

n⃗ the outward normal vector of B+
R,t and c(x) ≥ 0 on ∂B+

R,t. Thus, the first three573

terms on the right-hand side of (7.4) can be estimated by574

1

2

∫
B+

R,t

d∑
i,j=1

aij
∂2

∂xi∂xj
(u− uk)dx+

∫
B+

R,t

d∑
i=1

Fi(τk−1, x)
∂

∂xi
(u− uk)dx575

+

∫
B+

R,t

J(τk−1, x)(u(t, x)− uk(t, x))dx576

=
1

2

∫
B+

R,t

d∑
i,j=1

∂2aij

∂xi∂xj
(u− uk)dx−

∫
B+

R,t

d∑
i=1

∂Fi(τk−1, x)

∂xi
(u− uk)dx577

+

∫
B+

R,t

J(τk−1, x)(u− uk)dx− 1

2

∫
∂B+

R,t

d∑
i,j=1

aij
∂

∂xi
(u− uk)

∂

∂xj
(u− uk)dS578

− 1

2

∫
∂B+

R,t

(u− uk)

d∑
i,j=1

∂aij

∂xi
n⃗jdS +

∫
∂B+

R,t

(u− uk)

d∑
i=1

Fi(τk−1, x)⃗nidS579

≤
(
d2L

2
+ C(d, L,M0)

(
1 +

d∑
j=1

|Yτk−1,j |
)2)∫

B+
R,t

(u− uk)dx,580
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≤ C1

(
1 +

d∑
j=1

|Yτk−1,j |
)2 ∫

B+
R,t

(u− uk)dx581

where we use the fact that a(x) = g(x)g(x)⊤ is positive semi-definite and the definition582

of Fi(t, x) and J(t, x) in (2.12); C(d, L,M0) and C1 are constants which depend only583

on d, L,M0; and dS denotes the measure on ∂B+
R,t.584

Also, by the definition of Fi(t, x) and J(t, x) in (2.12), we have the following585

estimation of the differences586

(7.5)

|F (t, x)− F (τk−1, x)| ≤ C2|Yt − Yτk−1
|,

|J(t, x)− J(τk−1, x)| ≤ C3

(
1 +

d∑
j=1

(|Yt,j |+ |Yτk−1,j |)
)
|Yt − Yτk |, ∀ x ∈ BR,

587

where C2 and C3 are constants which only depends on d, L.M0.588

Hence,589

(7.6)

d

dt

∫
B+

R,t

(u(t, x)− uk(t, x))dx ≤ C1

(
1 +

d∑
j=1

|Yτk−1,j |
)2 ∫

B+
R,t

(u− uk)dx

+ C2|Yt − Yτk−1
|
∫
BR

|∇u|dx+ C3

(
1 +

d∑
j=1

(|Yt,j |+ |Yτk−1,j |)
)
|Yt − Yτk |

∫
BR

|u|dx

590

holds for almost all t ∈ [τk−1, τk] and almost surely, where C1, C2 and C3 are constants591

which depend on the coefficients of the system.592

Under the reference probability distribution P̃ , the observation process {Yt : 0 ≤593

t ≤ T} is a standard d-dimensional Brownian motion, and therefore,
∑d
j=1(Yt,j −594

Yτk−1,j) ∼ N(0, d(t− τk−1)).595

Let ΩM1
=

{
ω : sup

0≤t≤T

∑d
j=1 |Yt,j(ω)| ≤M1

}
be the event which represents the596

observation process Yt is not severely abnormal, and 1A(·) is the indicator function of597

the set A.598

For a fixed M1 > 0, let us first take the expectation with respect to P̃ on the599

event Ω1,M1
for both sides of (7.6), and we have600

d

dt
Ẽ

[
1ΩM1

∫
B+

R,t

(u− uk)dx

]
≤ C1Ẽ

[
1ΩM1

(
1 +

d∑
j=1

|Yτk−1,j |
)2 ∫

B+
R,t

(u− uk)dx

]
601

+ C2Ẽ

[
1ΩM1

|Yt − Yτk−1
|
∫
BR

|∇u|dx
]

602

+ C3Ẽ

[
1ΩM1

(
1 +

d∑
j=1

(|Yt,j |+ |Yτk−1,j |)
)
|Yt − Yτk |

∫
BR

|u|dx
]

603

≤ C1(1 +M1)
2Ẽ

[
1ΩM1

∫
B+

R,t

(u− uk)dx

]
+ C2Ẽ

[
1ΩM1

|Yt − Yτk−1
|
∫
BR

|∇u|dx
]

604

+ C3(1 + 2M1)Ẽ

[
1ΩM1

|Yt − Yτk−1
|
∫
BR

|u|dx
]

605

≤ C1(1 +M1)
2Ẽ

[
1ΩM1

∫
B+

R,t

(u− uk)dx

]
606
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+ C2

(
Ẽ|Yt − Yτk−1

|2
) 1

2

(
Ẽ

[
1ΩM1

(∫
BR

|∇u|dx
)2]) 1

2

607

+ C3(1 + 2M1)
(
Ẽ|Yt − Yτk−1

|2
) 1

2

(
Ẽ

[
1ΩM1

(∫
BR

|u|dx
)2]) 1

2

608

= C1(1 +M1)
2Ẽ

[
1ΩM1

∫
B+

R,t

(u(t, x)− uk(t, x))dx

]
609

+ C2d
1
2 (t− τk−1)

1
2

(
Ẽ

[
1ΩM1

(∫
BR

|∇u|dx
)2]) 1

2

610

+ C3(1 + 2M1)d
1
2 (t− τk−1)

1
2

(
Ẽ

[
1ΩM1

(∫
BR

|u|dx
)2]) 1

2

.611

Here, the second inequality holds because of the property of the event ΩM1
, the third612

inequality holds according to the Cauchy-Schwartz inequality and the last equality613

holds because Yt is a normal distributed random vector.614

On the event ΩM1
, the observation process {Yt : 0 ≤ t ≤ T} is bounded. There-615

fore, according to the regularity results of parabolic partical differential equations (cf.616

[9], Section 7.1, Theorem 6), the integrals
∫
BR

|∇u|dx and
∫
BR

|u|dx are also bounded617

for almost every t ∈ [0, T ], as long as f ∈ C1(BR) and h ∈ C2(BR). Thus,618

(7.7)
d

dt
Ẽ

[
1ΩM1

∫
B+

R,t

(u− uk)dx

]
≤ C4Ẽ

[
1ΩM1

∫
B+

R,t

(u− uk)dx

]
+ C5(t− τk−1)

1
2 ,619

where C4, C5 > 0 are constants which depend on d, L,M0,M1, T .620

Similarly, we also have the estimation for the integral on the set B−
R,t = {x ∈621

BR : u(t, x)− uk(t, x) ≤ 0}:622

(7.8)
d

dt
Ẽ

[
1ΩM1

∫
B−

R,t

(u− uk)dx

]
≤ C4Ẽ

[
1ΩM1

∫
B−

R,t

(u− uk)dx

]
+ C5(t− τk−1)

1
2 ,623

and thus624

(7.9)
d

dt
Ẽ

[
1ΩM1

∫
BR

|u− uk|dx
]
≤ C4Ẽ

[
1ΩM1

∫
BR

|u− uk|dx
]
+ 2C5(t− τk−1)

1
2 .625

Therefore,626

(7.10)

Ẽ

[
1ΩM1

∫
BR

|u(t, x)− uk(t, x)|dx
]

≤ eC4(t−τk−1)

(
Ẽ

[
1ΩM1

∫
BR

|u(τk−1, x)− uk(τk−1, x)|dx
]
+

4

3
C5(t− τk−1)

3
2

)
.

627
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Notice that uk(τk−1, x) ≡ uk−1(τk−1, x) by definition. Inductively, we have628

(7.11)

Ẽ

[
1ΩM1

∫
BR

|u(τk, x)− uk(τk, x)|dx
]

≤ eC4δ

(
Ẽ

[
1ΩM1

∫
BR

|u(τk−1, x)− uk−1(τk−1, x)|dx
]
+

4

3
C5δ

3
2

)
≤ 4

3
C5δ

3
2

k∑
i=1

eC4(i−1)δ ≤ 4

3
C5δ

3
2 keC4kδ ≤ C6δ

1
2 .

629

where C6 is a constant which depends on d, L,M0,M1, T .630

Also, for the value we are concerned with in (7.1),631

(7.12) Ẽ

[
1ΩM1

∫
BR

eh
⊤(x)Yτk |u(τk, x)− uk(τk, x)|dx

]
≤ C6e

M0M1δ
1
2632

On ΩcM1
= {ω : sup0≤t≤T

∑d
j=1 |Yt,j(ω)| > M1}, let Y T ≜ sup0≤t≤T

∑d
j=1 |Yt,j |,633

then,634

(7.13)

Ẽ

[
1Ωc

M1

∫
BR

eh
⊤(x)Yτk |u(τk, x)− uk(τk, x)|dx

]

≤ Ẽ

[
1Ωc

1,M1

Y T
M1

exp

M0

d∑
j=1

|Yτk,j |

∫
BR

|u(τk, x)− uk(τk, x)|dx
]

≤ 1

M1

Ẽ[Y 2

T exp

2M0

d∑
j=1

|Yτk,j |

] 1
2 (

Ẽ

(∫
BR

|u(τk, x)− uk(τk, x)|dx
)2
) 1

2

≤ C7

M1

(
Ẽξ2

) 1
2

(
Ẽ

∫
BR

|u(τk, x)|2dx+ Ẽ

∫
BR

|uk(τk, x)|2dx
) 1

2

.

635

where C7 > 0 is a constant which is related to the volume of the d-dimensional ball636

BR, and ξ is the random variable given by ξ = Y T exp
(
M0

∑d
j=1 |Yτk,j |

)
.637

Thus,638

(7.14)

Ẽξ2 = Ẽ

[
Y

2

T exp

2M0

d∑
j=1

|Yτk,j |

] ≤ (ẼY 4

T

) 1
2

Ẽ exp

4M0

d∑
j=1

|Yτk,j |

 1
2

639

According to the Burkholder-Davis-Gundy inequality (cf. [15], Chapter 3, Theo-640

rem 3.28, for example), there exists C8 > 0, such that641

(7.15) ẼY
4

T ≤ C8Ẽ

d∑
j=1

|YT,j |4 ≤ 3C8dT
2.642

and because Yτk,j are normal, the expectation of exp(4M0

∑d
j=1 Yτk,j) is bounded.643

For the value Ẽ
∫
BR

|u(τk, x)|2dx, because644

(7.16) u(t, x) = exp

−
d∑
j=1

hj(x)Yt,j

σ(t, x),645
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then646

(7.17)

Ẽ

∫
BR

|u(τk, x)|2dx = Ẽ

∫
BR

exp

(
−2

d∑
j=1

hj(x)Yτk,j

)
σ2(τk, x)dx

≤ Ẽ

[
exp

2M0

d∑
j=1

|Yτk,j |

∫
BR

σ2(τk, x)dx

]

≤

Ẽ exp

4M0

d∑
j=1

|Yτk,j |

 1
2 (

Ẽ

(∫
BR

|σ(τk, x)|2dx
)2
) 1

2

.

647

Notice that σ(t, x) is the solution to the stochastic partial differential equation648

(7.18) dσ(t, x) = L∗σ(t, x)dt+

d∑
j=1

hjσ(t, x)dYt,j .649

and the boundedness of Ẽ
(∫

BR
|σ(τk, x)|2dx

)2
follows from the regularity theory of650

stochastic partial differential equation.651

In the monograph [21], the authors provided a similar regularity result, and proved652

that Ẽ
∫
BR

|σ(τk, x)|2dx is bounded by the initial values. Here in our case, we will653

prove that there exists C9 > 0, such that654

(7.19) Ẽ

(∫
BR

|σ(τk, x)|2dx
)2

≤ C9

(∫
BR

|σ0(x)|2dx
)2

.655

The detailed proof of (7.19) can be found in the Appendix.656

Therefore, we have657

(7.20) Ẽ

∫
BR

|u(τk, x)|2dx ≤ C10,658

where C10 > 0 is a constant that does not depend on δ or M1.659

Furthermore, as we have discussed in the previous section, Ẽ
∫
BR

|uk(τk, x)|2dx is660

also bounded above, and thus, we have661

(7.21) Ẽ

[
1Ωc

M1

∫
BR

eh
⊤(x)Yτk |u(τk, x)− uk(τk, x)|dx

]
≤ C11

M1
,662

where C11 is a constant which does not depend on M1 or δ.663

In summary, for each ϵ > 0, there exists M1 > 0, such that C11

M1
< ϵ

2 , and for this664

particular M1, there exists δ > 0, such that C6e
M0M1δ

1
2 < ϵ

2 . Therefore, for every665

k = 1, · · · ,K,666

(7.22)

Ẽ

∫
BR

eh
⊤(x)Yτk |u(τk, x)− uk(τk, x)|dx

= Ẽ

[
1Ω1,M1

∫
BR

eh
⊤(x)Yτk |u(τk, x)− uk(τk, x)|dx

]
+ Ẽ

[
1Ωc

1,M1

∫
BR

eh
⊤(x)Yτk |u(τk, x)− uk(τk, x)|dx

]
≤ C6e

M0M1δ
1
2 +

C10

M1
< ϵ.

667
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8. Conclusion. In this paper, we provide a novel convergence analysis of Yau-668

Yau algorithm from a probabilistic perspective. With very liberal assumptions only669

on the coefficients of the filtering systems and the initial distributions (without as-670

sumptions on particular paths of observations), we can prove that Yau-Yau algorithm671

can provide accurate approximations with arbitrary precision to a quite broad class of672

statistics for the conditional distribution of state process given the observations, which673

includes the most commonly used conditional mean and covariance matrix. Therefore,674

the capability of Yau-Yau algorithm to solve very general nonlinear filtering problems675

is theoretically verified in this paper.676

In the process of deriving this probabilistic version of the convergence results,677

we study the properties of the exact solution, {σ(t, x) : 0 ≤ t ≤ T}, to the DMZ678

equation and the approximated solution {ũk+1(τk, x) : 1 ≤ k ≤ K}, given by Yau-679

Yau algorithm, respectively.680

For the exact solution σ(t, x) of the DMZ equation, we have shown in Section 4681

and Section 5 that most of the density of σ(t, x) will remain in the closed ball BR, and682

σ(t, x) can be approximated well by the corresponding initial-boundary value problem683

of DMZ equation in BR. This result also implies that it is very unlikely for the state684

process to reach infinity within finite terminal time.685

For the approximated solution ũk+1(τk, x) given by Yau-Yau algorithm, we have686

first proved in Section 6 that ũk+1(τk, x), which evolves in a recursive manner, will687

not explode in finite time interval, even if the time-discretization step δ → 0. And688

then, in Section 7, the convergence of ũk+1(τk, x) is proved and the convergence rate689

is also estimated to be
√
δ.690

It is clear that the properties of exact solutions and approximated solutions,691

which we have proved in this paper, highly rely on the nice properties of Brownian692

motion and Gaussian distributions, especially the Markov and light-tail properties.693

On the one hand, Brownian motion and Gaussian distribution are up to now, among694

the most commonly used objects in the mathematical modeling of many areas of695

applications, and can describe most scenarios in practice. On the other hand, for696

those systems driven by non-Markov or heavy-tailed processes, minimum mean square697

criteria, together with the conditional expectations (if exist), may not result in a698

satisfactory estimation of the state process. In this case, the studies of estimations699

based on other criteria, such as maximum a posteriori (MAP) [11][22][14], will be a700

promising direction.701

Finally, in this paper, we only consider filtering systems and conduct convergence702

analysis in time interval [0, T ] with a fixed finite terminal time T . It is also interesting703

to study the behavior of the DMZ equation and the approximation capability of Yau-704

Yau algorithm in the case where the terminal time T → ∞, especially for filtering705

systems with further stable assumptions. We will continue working on how to combine706

the existing studies on filter stability, such as [1][19], with our techniques developed in707

this paper. Furthermore, the study of the long-time behavior of Yau-Yau algorithm708

will lead to more precise techniques of determining the parameters (such as the radius709

R of the closed ball and the time-discretization step δ) in the algorithm design, and710

hopefully, some convergence results of Yau-Yau algorithm for the whole time line711

(0,∞) can be obtained.712

Appendix A. Regularity Results of Parabolic Partial Differential Equa-713

tion and Stochastic Evolution Equation. In this appendix, we will provide a714

detailed proof of the regularity results of the parabolic partial differential equation715

and the stochastic evolution equation.716
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For the purpose of deriving (6.10) and (7.19), the regularity results is slightly717

different from standard ones considered in square-integrable functional spaces.718

Theorem A.1. Let σ(t, x) be the solution of the following IBV problem:719

(A.1)
∂σ(t, x)

∂t
=

1

2

d∑
i,j=1

∂2

∂xi∂xj
(aijσ)−

d∑
i=1

∂

∂xi
(fiσ)−

1

2
|h|2σ, (t, x) ∈ [0, T ]×BR,

σ(0, x) = σ0(x), x ∈ BR, σ(t, x) = 0, (t, x) ∈ [0, T ]× ∂BR,

720

where BR = {x ∈ Rd : |x| ≤ R} is the ball in Rd with radius R; a : Rd → Rd×d,721

f : Rd → Rd, h : Rd → Rd are smooth enough functions. Assume that the matrix-722

valued function a(x) is uniformly positive definite, i.e., there exists λ > 0, such that723

724

(A.2)
d∑

i,j=1

aij(x)ξiξj ≥ λ|ξ|2, ∀ x ∈ BR, ξ ∈ Rd.725

If the initial value σ0(x) is quartic-integrable in BR, then there exists a constant726

C > 0, which depends on the coefficients of the system, such that727

(A.3)

∫
BR

σ4(T, x)dx ≤ eCT
∫
BR

σ4
0(x)dx.728

Remark A.2. In fact, Assumption (A2) in the main text will imply the coercivity729

condition (A.2). This is because the closed ball BR is a compact set of Rd, and730

the continuous function λ(x) in Assumption (A2) will map BR to a compact set.731

Therefore, there exists λ > 0, such that λ(x) ≥ λ > 0, for all x ∈ BR.732

Proof. Let us define733

(A.4) f̃i(x) = fi(x)−
d∑
j=1

∂aij(x)

∂x
, i = 1, · · · , d.734

Then the parabolic equation (A.1) can be written in a divergence form735

(A.5)

∂σ(t, x)

∂t
=

1

2

d∑
i,j=1

∂

∂xi

(
aij(x)

∂

∂xj
σ(t, x)

)
−

d∑
i=1

∂

∂xi
(f̃i(x)σ(t, x))−

1

2
|h(x)|2σ(t, x).736

Hence,737

d

dt

∫
BR

σ4(t, x)dx =

∫
BR

4σ3(t, x)
∂σ

∂t
dx738

= −6

∫
BR

σ2
d∑

i,j=1

aij
∂σ

∂xi

∂σ

∂xj
dx+ 12

∫
BR

d∑
i=1

f̃iσ
3 ∂σ

∂xi
dx− 2

∫
BR

σ4|h|2dx739

≤ −6λ

∫
BR

σ2|∇σ|2dx+ 12

∫
BR

d∑
i=1

f̃iσ
2

√
λ

·
(√

λσ
∂σ

∂xi

)
dx− 2

∫
BR

σ4|h|2dx740

≤ 12

∫
BR

d∑
i=1

(
f̃2i σ

4

2λ
+
λ

2
σ2

∣∣∣∣ ∂σ∂xi
∣∣∣∣2)dx ≤

∫
BR

(
6

λ

d∑
i=1

f̃2i − 2|h|2
)
σ4(t, x)dx.741

This manuscript is for review purposes only.



CONVERGENCE ANALYSIS OF YAU-YAU ALGORITHM 27

In the bounded domain BR, there exists a constant C > 0, such that

∣∣∣∣ 6λ∑d
i=1 f̃

2
i −742

2|h|2
∣∣∣∣ ≤ C. Thus,743

(A.6)
d

dt

∫
BR

σ4(t, x)dx ≤ C

∫
BR

σ4(t, x)dx, t ∈ [0, T ],744

and by Gronwall’s inequality, we have745

(A.7)

∫
BR

σ4(T, x)dx ≤ eCT
∫
BR

σ4
0(x)dx.746

Theorem A.3. Consider the IBV problem of stochastic partial differential equa-747

tion given by748

(A.8)


dσ(t, x) = L∗σ(t, x)dt+

d∑
j=1

hj(x)σ(t, x)dYt,j , t ∈ [0, T ]

σ(t, x) = 0, (t, x) ∈ [0, T ]× ∂BR, σ(0, x) = σ0(x), x ∈ BR.

749

where Y = {Yt : 0 ≤ t ≤ T} is a standard d-dimensional Brownian motion in the750

filtered probability space (Ω,F , {Ft}0≤t≤T , P ); BR = {x ∈ Rd : |x| ≤ R} is the ball in751

Rd with radius R, and752

(A.9) L∗(⋆) =
1

2

d∑
i,j=1

∂2

∂xi∂xj
(aij(x)⋆)−

d∑
i=1

∂

∂xi
(fi(x)⋆).753

Assume that the coefficients a, f , h are smooth enough and the Assumption (A2)754

holds for the matrix-valued function a(x), which implies that a(x) is uniformly positive755

definite in BR, i.e., there exists λ > 0, such that756

(A.10)

d∑
i,j=1

aij(x)ξiξj ≥ λ|ξ|2, ∀ x ∈ BR, ξ ∈ Rd.757

If the initial value σ0(x) is square-integrable in BR, then there exists a constant C > 0,758

which depends on T , R and the coefficients of the system, such that759

(A.11) E

(∫
BR

|σ(T, x)|2dx
)2

≤ C

(∫
BR

|σ0(x)|2dx
)2

.760

Proof. Let us define f̃i(x) = fi(x) −
∑d
j=1

∂aij(x)
∂x , i = 1, · · · , d. Then the sto-761

chastic partial differential equation in (A.8) can be rewritten in divergence form:762

(A.12) dσ(t, x) =
1

2

d∑
i,j=1

∂

∂xi

(
aij

∂σ

∂xj

)
−

d∑
i=1

∂

∂xi
(f̃iσ) +

d∑
j=1

hjσdYt,j .763

Let764

(A.13) Φ(t) =

∫
BR

σ2(t, x)dx, t ∈ [0, T ],765

This manuscript is for review purposes only.



28 ZEJU. SUN, XIUQIONG. CHEN AND STEPHEN S.-T. YAU

then according to Itô’s formula,766

(A.14) dΦ(t) =

(∫
BR

(2σL∗σ + σ2|h|2)dx
)
dt+

d∑
j=1

(∫
BR

2hjσ
2dx

)
dYt,j767

and768

(A.15)

dΦ2(t) = 2

(∫
BR

σ2dx

)(∫
BR

(2σL∗σ + σ2|h|2)dx
)
dt

+ 2Φ(t)

d∑
j=1

(∫
BR

2hjσ
2dx

)
dYt,j +

d∑
j=1

(∫
BR

2hjσ
2dx

)2

dt

769

After taking expectations, we have770

(A.16)

d

dt
EΦ2(t) = E

[
2

(∫
BR

σ2dx

)(∫
BR

(2σL∗σ + σ2|h|2)dx
)
+

d∑
j=1

(∫
BR

2hjσ
2dx

)2]
771

Notice that772

(A.17)

∫
BR

2σL∗σdx =

∫
BR

σ

d∑
i,j=1

∂

∂xi

(
aij

∂σ

∂xj

)
dx−

∫
BR

2σ

d∑
i=1

∂

∂xi
(f̃iσ)dx

= −
∫
BR

d∑
i,j=1

aij
∂σ

∂xi

∂σ

∂xj
dx+ 2

∫
BR

d∑
i=1

f̃iσ
∂σ

∂xi
dx

≤ −λ
∫
BR

|∇σ|2dx+ 2

∫
BR

d∑
i=1

f̃iσ√
λ
·
(√

λ
∂σ

∂xi

)
dx

≤ −λ
∫
BR

|∇σ|2dx+

∫
BR

1

λ

d∑
i=1

f̃2i σ
2dx+ λ

∫
BR

|∇σ|2dx.

773

Hence,774

(A.18)

d

dt
E

(∫
BR

σ2(t, x)dx

)2

≤ 2E

[(∫
BR

σ2dx

)(∫
BR

(
1

λ
|f̃ |2 + |h|2

)
σ2dx

)]
+ E

[ d∑
j=1

(∫
BR

2hjσ
2dx

)2]775

In the bounded domain BR, there exists M > 0, such that776

(A.19)
1

λ
|f̃(x)|2 + |h(x)|2 ≤M, |hj(x)| ≤M, ∀ x ∈ BR.777

Thus,778

(A.20)
d

dt
E

(∫
BR

σ2(t, x)dx

)2

≤ (2M + 4dM2)E

(∫
BR

σ2(t, x)dx

)2

779

According to Gronwall’s inequality,780

(A.21) E

(∫
BR

σ2(T, x)dx

)2

≤ e(2M+4dM2)T

(∫
BR

σ2
0(x)dx

)2

,781

which is the desired result.782
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