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ON THE CONVERGENCE ANALYSIS OF YAU-YAU NONLINEAR
FILTERING ALGORITHM: FROM A PROBABILISTIC
PERSPECTIVE*

ZEJU SUNT, XIUQIONG CHEN?*, AND STEPHEN S.-T. YAU$

Abstract. At the beginning of this century, a real time solution of the nonlinear filtering prob-
lem without memory was proposed in [25, 26] by the third author and his collaborator, and it is
later on referred to as Yau-Yau algorithm. During the last two decades, a great many nonlinear
filtering algorithms have been put forward and studied based on this framework. In this paper, we
will generalize the results in the original works and conduct a novel convergence analysis of Yau-Yau
algorithm from a probabilistic perspective. Instead of considering a particular trajectory, we estimate
the expectation of the approximation error, and show that commonly-used statistics of the condi-
tional distribution (such as conditional mean and covariance matrix) can be accurately approximated
with arbitrary precision by Yau-Yau algorithm, for general nonlinear filtering systems with very lib-
eral assumptions. This novel probabilistic version of convergence analysis is more compatible with
the development of modern stochastic control theory, and will provide a more valuable theoretical
guidance for practical implementations of Yau-Yau algorithm.

Key words. nonlinear filtering, DMZ equation, Yau-Yau algorithm, convergence analysis, sto-
chastic partial differential equation
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1. Introduction. Filtering is an important subject in the field of modern control
theory, and has wide applications in various scenarios such as signal processing [3][20],
weather forecast [10][5], aerospace industrial [12][23] and so on. The core objective
of filtering problem is pursuing accurate estimation or prediction to the state of a
given stochastic dynamical system based on a series of noisy observations [13][2]. For
practical implementations, it is also necessary that the estimation or prediction to the
state can be computed in a recursive and real-time manner.

In the filtering problems we consider in this paper, the evolution of state processes,
as well as the noisy observations, is governed by the following system of stochastic
differential equations,

dXy = f(Xe)dt + g(Xp)dVy,  Xo =,

(1.1)
dY, = h(X,)dt + dW,, Yy =0,

t€10,T],

in the filtered probability space (Q, F, {F:}L o, P), where T > 0 is a fixed termination;
X ={X;:0<t<T}CR?is the state process we would like to track; Y = {Y; :
0<t<T}C R? is the noisy observation to the state process X: {(Vi:0<t<T}
and {W; : 0 <t < T} are mutually independent, F;-adapted, d-dimensional standard
Brownian motions; ¢ is a R%valued random variable with probability density function
oo(z), which is independent of V; and Wy; f : R — R% g : R?Y — R¥*4 and
h:R? — R? are sufficiently smooth vector- or matrix- valued functions.
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2 ZEJU. SUN, XIUQIONG. CHEN AND STEPHEN S.-T. YAU

Mathematically, for a given test function ¢ : R¢ — R, the optimal estimation of
©(X:) based on the historical observations up to time ¢ is the conditional expectation
Elp(X1)| V], where Yy := o{Ys : 0 < s < t} is the o-algebra generated by historical
observations. Such estimation is ‘optimal’ in the sense that,

(1.2) Blp(X,)IV]= argmin  E[(p(X,) - U)?.

U is Y¢-measurable

Therefore, the main task of filtering problem can be specified into finding efficient
algorithms to numerically compute the conditional expectation E[o(X})| Ve, or equiv-
alently, the conditional probability distribution P[X; € -|)%] or the conditional prob-
ability density function (if exists).

With some regularity assumptions on the coefficients f, g, h in the system (1.1),
as well as the test function ¢, the evolution of E[p(X:)|V:], (without considering a
normalization constant), can be described by the well-known DMZ equation, which is
named after three researchers: T. E. Duncan (8], R. E. Mortensen [18] and M. Zakai
[27], who derived the equation independently in the late 1960s. Furthermore, if the
conditional probability measure P[X; € -|)4] is absolutely continuous with respect
to the Lebesgue measure in RY, and the density function, as well as its derivatives,
is square-integrable, then the unnormalized conditional probability density function
o(t, z) will satisfies the DMZ equation in a duality form.

The dual DMZ equation satisfied by the unnormalized conditional probability
density function o(t, z) is a second-order stochastic partial differential equation, and
does not possess an explicit-form solution in general. In their works [25] and [26],
the third author and his collaborator propose a two-stage algorithm framework to
compute the solution of the dual DMZ equation numerically in a memoryless and
real-time manner. Later on, this algorithm is referred to as Yau-Yau algorithm.

The basic idea of Yau-Yau algorithm is that the heavy computational burden
of numerically solving a Kolmogorov-type partial differential equation (PDE) can be
done off-line, and in the meanwhile, the on-line procedure only consists of the basic
computations such as multiplication by the exponential function of the observations.
In the framework of Yau-Yau algorithm, various kinds of methods to solving the
Kolmogorov-type PDEs, such as spectral methods [17][7], proper orthogonal decom-
position [24], tensor training [16], etc, are proposed and applied in specific examples
of nonlinear filtering problems. Numerical results in the previous works mentioned
above show that Yau-Yau algorithm can provide accurate and real-time estimations to
the state process of very general nonlinear filtering problems in low and medium-high
dimensional space.

In the original works [25] and [26], the convergence analysis of Yau-Yau algorithm
is conducted pathwise. For regular paths of observations with some boundedness
conditions, it is proved that the numerical solution provided by Yau-Yau algorithm
will converge to the exact solution of DMZ equation both pointwisely and in L2-sense,
as the size of time-discretization step tends to zero, while in the works on the practical
implementations of Yau-Yau algorithm, such as [17] and [7], the convergence analysis
mainly focuses on the capability of numerical methods to approximate the solution of
Kolmogorov-type PDEs arising in Yau-Yau algorithms.

In this paper, we will revisit the convergence analysis of Yau-Yau algorithm from
a probabilistic perspective. Instead of considering the convergence results pathwise,
we prove that the solution of Yau-Yau algorithm will converge to the exact solution
of DMZ equation in expectation, and also, after the normalization procedure, the
approximated solution to the filtering problem provided by Yau-Yau algorithm will
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CONVERGENCE ANALYSIS OF YAU-YAU ALGORITHM 3

converge to the conditional expectation E[p(X;)|V.

The advantage of this probabilistic perspective is that for a theoretically rigorous
convergence analysis, instead of regularity assumptions on observation paths, we only
need to make assumptions on the coefficients f, g, h of the filtering system (1.1) and
the test function ¢, which are verifiable off-line in advance for practitioners. In the
meanwhile, as shown in the main results of this paper in Section 3, those assumptions
we need are in fact quite general, and it is straightforward to check that the most
commonly used test functions p(z) = z; and p(z) = z;x;, © = (21, ,24)" € RY,
corresponding to the conditional mean and conditional covariance matrix, as well as
the linear Gaussian systems (with f(z) = Fz, g(z) =T, and h(z) = Hz, F,H,T €
RI*4) satisfy all the assumptions.

Moreover, to the best of the authors’ knowledge, most of the theoretical analysis
of PDE-based filtering algorithm mainly deals with convergence results with respect
to the DMZ equation. In such probabilistic perspective we consider here in this
paper, however, it is natural and convenient to make a step forward and discuss
the approximation capability of Yau-Yau algorithm to the normalized conditional
expectation and conditional probability distribution. In this way, we will provide a
thorough convergence analysis of the Yau-Yau algorithm for filtering problems.

The organization of this paper is as follows. Section 2 serves as preliminaries,
in which we will summarize some basic concepts of filtering problems and the main
procedure of Yau-Yau algorithm. The main theorems in this paper will be stated
in Section 3, together with a sketch of the proofs. In the next four sections, we
will provide the detailed proofs of the lemmas and theorems. We first focus on the
properties of the exact solution of DMZ equation in Section 4 and Section 5, and then
deal with the approximated solutions given by Yau-Yau algorithm in Section 6 and
Section 7. Finally, Section 8 is a conclusion.

2. Preliminaries. In this section, we would like to briefly summarize the theory
of nonlinear filtering, including the change-of-measure approach to deriving the DMZ
equation, as well as the main idea and procedures of Yau-Yau algorithm.

In the change-of-measure approach to deriving the DMZ equation corresponding
to the filtering system (1.1), we first introduce a series of reference probability mea-
sures {P, : 0 < t < T}, absolutely continuous to the original probability measure P
with Radon derivatives given by

P t 1 t
o 4B :eXp(—/ h(X,)TdW, — 5/ |h(Xs)2ds), t €10,7].
0 0

- dP

According to Girsanov’s theorem, as long as the process {Z; : 0 < ¢ < T'} defined
in (2.1) is a martingale, then under the reference probability measure Pr, the obser-
vation process {Y; : 0 < ¢ < T'} is a standard Brownian motion which is independent
of the state process X.

We also introduce the process {Zt :0<t<T}, Zy = Z; ', to be the inverse of
Z, which is also a Radon derivative and can be expressed by the stochastic integral
with respect to Y as follows:

dP ¢ T I 9
—| =exp| [ h(Xs)TdYs— = [ |h(Xs)|Pds ), t €[0,T).
dP; 0 2 Jo

Therefore, for any F;-measurable, integrable random variable U € F;, its expectation

21)  Z

F

(22) Z,=27'=

Fi

with respect to measure P can be computed by E[U] = E {ZtU } , where E means the

expectation is taken under the probability measure Pr.
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4 ZEJU. SUN, XIUQIONG. CHEN AND STEPHEN S.-T. YAU

The following Kallianpur-Striebel formula allows us to express and calculate the
solution of filtering problem, E[p(X})|);], by a ratio of conditional expectations under
f%r:

E | Zip(x)|7]

(2'3> E[@(Xt)‘yt] = 7 |:Z |y:|

, te[0,T].

Since the denominator E [Zt\yt} in (2.3) is independent of the test function ¢,

people often refer to the numerator, E [Ztgo(Xt)Wt], as the unnormalized condi-
tional expectation of ¢(X;). The corresponding measure-valued stochastic process
{pe 1 0 <t < T} defined by py(A) = E [Zt1,4|yt} YA€ F,tel0T] is also
referred to as unnormalized conditional probability measure, and we also denote the
unnormalized conditional expectation by

(2.4) pi(p) :=FE [th(Xt)\yt} , © is a test function, t € [0, 7],

With sufficient regularity assumptions on the coefficients f, g, h and test function ¢,
the evolution of p;() is governed by the following well-known DMZ equation:

t d t
25)  pule) = pole) + / po(Lo)ds + 3 / pulhyp)dY?, t € [0.7].
j=1
where
d d
1 g 0?2 0
= = ) .

is a second-order elliptic operator with a(z) := (¢ (z))1<i j<a = g(x)g(z)T.

If the stochastic measures p, t € [0,T], are almost surely absolutely continuous
to the Lebesgue measure in R¢, and the density functions (or the Radon derivatives)
o(t,x), as well as the derivatives of o (¢, x), are square-integrable, then o (¢, x) is the

solution to the following dual DMZ equation:

d
do(t,z) = Loo(t,x)dt + Y hj(z)o(t,z)dY{, t € [0,T],

(2.7) =

(0, x) = oo(x),

which is a second-order stochastic partial differential equation with

d 2
(28) £760 = 2 £ 8:58:6;‘ (%) - Z %(fi*)'

the adjoint operator of L.
In this case, the (normalized) conditional expectation F [p(X})|)] can be calcu-
lated by

E {Zttp(Xt)D)t} B fRd o(x)o(t, z)dx

(2.9) Ep(X1)|Ve] = E[Zm} T Jreo(t,z)dr

This manuscript is for review purposes only.
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CONVERGENCE ANALYSIS OF YAU-YAU ALGORITHM 5

Because the solution of (2.7) does not have a closed form for general nonlinear filtering

systems, efficient numerical methods must be proposed, so that we can get a good

approximation to the conditional expectation E[o(X;)|V;] through the equation (2.9).
At the beginning of this century, the third author and his collaborator proposed

a two-stage algorithm to numerically solve the DMZ equation (2.7) in a memoryless

and real-time manner, which is often referred to as Yau-Yau algorithm. Here, we

would like to briefly introduce the basic idea and main procedure of this algorithm.
Firstly, if we consider the exponential transformation

(2.10) w(t,z) :==exp (—h' (2)Y;) o(t,z), t €[0,T],
then the function w(t, z) satisfies the robust DMZ equation

d d

ow 1 . 0%w ow
— § : ij E )
(2.11) . 5 p: 1a (2) .01, —|—i Fi(t,x) CEi + J(t, x)w(t, x),

where the stochastic differential terms in the original DMZ equation (2.7) are elimi-
nated and

dail IOy,
Fl(t7x)_z 8 +a ZY; 87 fz( )7 7/:17 7d7
j=1 L k=1 J
d d P d d
1 0%at x Ohy, Oa 1 ij k 9%hy,
It @) T2 Z O0x;0x; + , Z Y 673:] ox; + 2 Z “ (ZY;5 O0x;0x;
(2 12) i,7=1 i,5,k=1 i,7=1 k=1
’ d d d
Ohy, Oh, 8f Oh; 1
yry Stk 2 LD Y L i) — S|
+kZ:1§ t *t 8271 axj> - axl lz_:l t al'zf (1‘) 2|h|

are stochastic functions that depend on the specific value of observation Y; at time t¢.
Instead of solving equation (2.7) directly, we will mainly focus on the robust DMZ

equation (2.11), especially the corresponding initial-boundary value (IBV) problems

in a closed ball Bg := {z € R?: |2| < R}, with a given radius R > 0.

(2.13)

d

OuR
3%8% +ZFi(t7$)87xi + J(t,x)ur(t,x), t € [0,T],

uR(O,m) ( ) Zr(z), z € Br, ug(t,z) =0, (t,z) € [Tg—1,7k] X OBg.

where r(z) is a C*° function supported in Br and satisfies Zr(z) = 1, for |z| <
R— &, Zr(x)=0for [z| > R, and 0 < Fr(x) <1 for R — £ < |z| < R, so that the
initial value is compatible with the boundary condition in (2.13). And from now on,
we would like to drop the subscript, R, in the notation ug(t, ) for the simplicity of
notations, and use u(t,z) to denote the solution to the IBV problem (2.13).

Let 0 =79 <7 < --- < 7 =T be a uniform partition of the time interval [0, T,
with 7, — 7,1 =0 = %, k=1,--- K. On each time interval [r;_1, 7%], consider the
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6 ZEJU. SUN, XIUQIONG. CHEN AND STEPHEN S.-T. YAU

IBV problem of the following parabolic equation

(2.14)
auk - 1 d ij 82uk d Quk
o =3 i; a' () S, + ;Fz(m,hx)% + J(Th—1, @) ug(t, x),

(t,l‘) S (Tk—ly'f—k] X Bp,
ug(Th—1, ) = Up—1(Tk—1, ), € Br, ug(t,z) =0, (t,x) € [Tk—1,7k] X OBR,
with the value of coefficients F(t,2) and J(t,x) frozen at the left point ¢t = 7,1 and
initial value ug (79, x) := oo(z).
With another exponential transformation given by

(2.15) dy(t,z) = exp (b (2)Yr, ) uk(t,2), t € [Th_1, 72,

the newly-constructed function u satisfies

0ir 1~ 9, 9 1,
g _ 2 ij~ . = 1 ~
(216) ot 9 7:%::1 8331817] (CL uk‘(t7x)) ;:1 BJTZ (fluk(tvx)) 2|h| uk(t7x)7

and Uy (Tk—1,%) = exp <hT(x)YTk1>uk(Tk_1,x). After the two exponential trans-

formations (2.10) and (2.15), the function we would like to use to approximate the
unnormalized conditional probability density function o (7, 2) at time t = 73 is given
by

(2.17) o(1g,x) =~ exp<hT(x)(YTk _ Yrkl))ﬂk(Tk,l’) = Gpgr(Th,2), k=1, K.

and the value for approximating the conditional expectation E[p(X;)|)] is given by

N fBR o(2) g1 (g, v)dx

(2.18) Elp(X1)| V] = T (e ) k=1,--- K.
Br 1Tk, T )ax

s,

The main idea of the Yau-Yau algorithm is that the problem of solving the DMZ
equation satisfied by the unnormalized probability density function o(¢,z) can be
separated into two parts. The computationally expensive part of solving the (IBV)
problems of parabolic equation (2.16) can be studied off-line, because it is a determin-
istic Kolmogorov-type PDE which is independent of observations. The framework of
Yau-Yau algorithm is shown in Algorithm 2.1.

In the next section, we will give a mathematically rigorous interpretation of the
approximation results (2.17) and (2.18) from a probabilistic perspective. In particular,
we only need assumptions on the test function and the coefficients of the filtering
systems to derive the convergence result. These assumptions are also easy to verify off-
line before the observations come, and therefore, this convergence analysis will provide
a guidance for practitioners to determine the parameters in the implementations of
Yau-Yau algorithm for practical use.

3. Main Results. In this section, we would like to state the main result in this
paper and also provide a sketch of the proof.

Firstly, besides the smoothness and regularity requirements which guarantee the
existence of conditional expectation and the existence of the solution to the DMZ

This manuscript is for review purposes only.
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Algorithm 2.1 The Two-Stage Framework of Yau-Yau Algorithm

1: Initialization: Input the terminal time 7', the radius R of closed ball Bg, the
number of time-discretization steps K, the initial distribution of state process
oo(z), the test function ¢(z), and the initial observation Yy = 0. Let § = < be
the time-discretization step size and {0 =79 < 74 < -+ < 7x = T'} be a uniform
partition of [0, 7] with 7, — 7,—1 = 4. Initialize 41 (0, z) = oo (z).

2: Off-Line Algorithm: Solve the IBV problem of Kolmogorov-type partial dif-

ferential equation (2.16) in closed ball Bg, and determine or approximate the

corresponding semi-group {S; : t € [0, 7]}

On-Line Algorithm:

for k=1to K do
Obtain (15, ) from Off-Line Algorithm Gy (7%, ) = Sry—r_, Uk (Th—1, T).
Renew the initial value of the partial differential equation satisfied by g1 (x,t),
1 (T, @) = exp [T (2)(Yr, — Yo, _,)] (7, ).

7: Compute the approximated conditional expectation:

[5,, ¢(@)tgt1 (7, v)d
fBR Upy1 (T, 7)d

8: end for

equation, let us further introduce four particular assumptions on the coefficients of
the system, the initial distribution and the test function.

For the state equation in the filtering system (1.1), the drift term f : R? — R
is assumed to be Lipschitz, and the the diffusion term g : RY — RX9 together
with a(x) = g(z)g(x) T, is assumed to have bounded partial derivatives up to second
order, i.e., 3 L > 0, s.t. |f(z) — f(y)| < L]z — y|, such that for all z,y € R? and
i, g, k=1 d,

da¥ (x)
8xk

0%a¥ (z)

(A1): |f(z) - f@)] < Llo —yl, la(@)| < L, e

— )

Assumption (A1) guarantees that the state equation of (1.1) has a strong solution
in [0, 7], and especially, the state equation for linear filter satisfies this assumption.

Also, in order to conduct energy estimations for the (stochastic) partial differential
equations, we would like to assume that the diffusion term in the state equation is
nondegenerate, in the sense that For each x € R?, there exists a continuous function
A(z) > 0, such that

d

(A2): > a(@)GG = AM@)IC? V¢ = (G, Ga) T €RY

ij=1

For the initial distribution oy, we would like to assume that it is smooth enough
and possesses finite high-order moments:

(A3): / |z|?" o (x)dz < 0o, ¥ n € N.
Rd
Assumption (A3) is satisfied by commonly-used light-tailed distributions such as

Gaussian distributions. In fact, in the following convergence analysis, we only require
Assumption (A3) to hold for sufficiently large n > 1, rather than for all n € N.

This manuscript is for review purposes only.
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Finally, it is assumed that the test function ¢ : R* — R is at most polynomial
growth:

(A4): 3L >0, meN, st |p()| < LA+ |z)*™), VzeRY

which is satisfied by most of the commonly-used test functions, such as those corre-
spond to the conditional mean and covariance matrix.

Based on the above assumptions (A1) to (A4), the main result in this paper is
stated as follows:

THEOREM 3.1. Fiz a terminal time T > 0 and the filtering system (1.1) with
smooth coefficients. If Assumptions (A1) to (A4) hold, then for every e > 0, there
exists R > 0, and § > 0, such that we can conduct the Yau-Yau algorithm in the
closed ball B = {x € R? : |x| < R} and the uniform partition of [0,T]: 0 = 19 <
<<t =T withd =7, — 11 for k=1,--- | K, and the numerical solution
{tps1 (76, ) : k=1,--- , K} approximates the exact solution of the filtering problems
at each time step t = 1, well in the sense of mathematical expectation, i.e.,

fBR () tgg1 (g, ) d

(3.1) E|Elp(X7)|Vr] - [ s (rry2)d
Br 1(Tg, T )ax

<e¢, VI<Ek<K.

Remark 3.2. In the statement of Theorem 3.1, for the sake of theoretical rigor,
the radius R of the closed ball Bg, in which the Yau-Yau algorithm is conducted,
is seemingly to be dependent on the terminal time 7. This is because the system
(1.1) with Assumptions (A1) to (A4) we consider here is the most general nonlinear
filtering system, without stability conditions such as ergodicity or compactness of
trajectories of the conditional expectations.

In the meanwhile, for general filtering systems without further stability assump-
tions, another implementation alternative is the “moving-window” technique, as in-
troduced in [17]. The basic idea is to fix the radius R while translating the center xg
of the closed ball from the original point, such that the major part of the conditional
density will remain in the closed ball Bg(z¢) := {z € R? : |z — x| < R}. A successful
numerical implementation of Yau-Yau algorithm with a fixed radius R can be found
in [7].

Here in this section, we provide a sketch of the proof of Theorem 3.1, in which
the main idea of the proof is illustrated. The detailed proofs of those key estimations
here will be given in order in the next four sections.

A Sketch of the Proof of Theorem 8.1. According to the properties of conditional
expectations, the expectation of the approximation error of Yau-Yau algorithm can
be estimated as follows:

[, ¢(@)tgi1 (T, v)dw

fBR Ugr1(Th, )dx

E\Emwm -

iy [, (@)1 (70, w)d

_E_ZTk Elo(X:)|Yr] - fBR'ak-‘rl(Tk’x)dx ]

- 2 e ] _ S ANl
TRz ) Joy W (i, )

< 5[5z, | EER 2 0n] _ S *”(x)ﬂ’““(mx)ﬂ

= | Tk Tk E[Zrk|y7'k] E[ZTk|ka]
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|
|

fBR )41 (Tk, T)d fBR ) U1 (T, x)dx
[ Tk|y7'k-] fBRuk+1(Tk7 )dﬂc

|
/Rd o(x)o(rh, x)dr — /BR ()41 (h, 2)dx }
|

x)|a Tk, T dx
Bgr |¢(~)| k+1( k ) / U(Tkax)dz — / ﬂk+l(7_k7x)dm
fBR U1 (7k, 2)d R Br

EZ7,|¥n]

where we use the fact that @g4q (7%, ) is ka measurable and for integrable, Y, -
measurable random variable V, E[Z,, V| = E[E[Z., | Vs ]V].

Therefore, the remaining task for us is to estimate the two error terms I; and I,
and to show that I; and Is can be arbitrarily small with sufficiently large R > 0 and
sufficiently small § > 0.

Firstly, for the estimation of I;, we would like to utilize an intermediate function
or(t,x), (t,z) € [0, T]x Bg, which is the solution of IBV problem of the DMZ equation
(2.7) and will be introduced in (4.3) in Section 4. And we have

I, <E |g0(x)a(7‘k,x)dx+E~'[
lz|>R

/BR @(m)o(m,x)dw—/ o(z)or (1, )da

Br
<E o(@)lo(ry, @)da + L(1+ R*™E [ |o(k,x) — or(7, 2)|dx

|z|>R Br

(3.2) +LOA+R*™E | |ogr(th,x) =ty (T, x)|dz.

Br

+E{

/BR gp(x)UR(Tk,x)dx—/ o() 41 (Tg, x)dx

Br

For the estimation of I, since in the closed ball Bg, |o(z)| < L(1 + R?*™),

[, |o(@)|tn41(7h, 2)d [, U1 (Th, x)dz

3.3 < L(1+ R*™ — =L(1+R™).
(3.3) fBR Ugr1(Th, )dx ( )fBR Upr1(Tg, )dx ( )
and thus,
I, < L(1+ R*™ E[ o (T, z)dx —/ ﬂk+1(7'k,x)dx}
Br
(3.4) 1+ R?™) ( / o(th,z)dx + E lo(7k, ) — or (7%, m)|dm>
lz|>R Br

+L(1+R2m)E |O’R(Tk,.’b) —ﬂk+1(7k,x)|dx.

:SU\
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Combining (3.2) and (3.4), we have

fBR )41 (g, T)dx

<hL+1I
Jpn (e mdz | =T

E\wamw -

<E lp(2)|o (7, x)dw + L(1 + R™)E o (g, x)dz
(3.5) lz|>R |z|>R

+2L(1+ R*™E [ |o(1h, ) — or(mh, z)|dz
Br

+2L(14+ R*™)E [ |og(th,x) — Ggy1(1h, x)|daz.
Br

According to Theorem 4.1 in Section 4, for every n € N, there exists C; > 0,
which depends on d, m, n, L, T, such that

E o(Tg,x)dr < / |z|*" oo (2)

|z|>R -1 +R2n
/ oy () da
R

Therefore, for every € > 0, with Assumption (A3) for the initial distribution oy,
as long as we take n > m, there exists R; > 0, such that

(3.6)

E p(z)|o(tk, z)dr < “
el <

B[ le@lotn)ds+ Lo+ ROE [ otrris
(3.7) |z 2R jo|> R
. Cl(l +R27n)

C €
< 1 2n d 1 / 2(m+n) d —

According to Theorem 5.1 in Section 5, there exists Cy; > 0, which depends on
d,n, L, T, such that

. C
(3.8) B | lotm.x) —on(m.x)lds < T

Therefore, as long as n > m, there exists Ry > 0, such that
2051 ( + R2m) €

(3.9) 2L(1 4+ R2™)E o, |o(Tk, ) — R, (Th, T)|d2 < T 1+ R <3

Let us choose R = max{R;, Ro}, and for this particular R, according to Theorem
7.1 in Section 7, there exists a time step ¢ > 0, such that

- _ €
(310) ) o |O'R(Tk71') - Uk+1(Tk7l')|dl' < m

and thus,
2L(1 + R?™)e <€
6L(1+ R?>™) 3

Take (3.7), (3.9) and (3.11) back to (3.5), and we obtain the desired result, that
is, we have found R > 0 and § > 0, such that

(3.11) 2L(1 + RQm)E/ loR(Thy ) — g1 (T, )| dx <
Br

fBR ’U,]c+1(’7'}c, )d/{L‘

fBR uk+1(7'k, )dLL'

(3.12) E'E@(Xm)wm] -
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320 4. Estimation of the density outside the ball Bg. In this section, we will
321 provide an estimation of the value of the unnormalized conditional probability density
322 o(t, ) outside a ball Bgr C R%, with R > 1 large enough.

323 Especially, we will show that almost all the mass of o(t,z) is contained in the
324 closed ball Bg, and the estimations (3.6) in the proof of Theorem 3.1 in Section 3
325  holds with Assumptions (A1) to (A4).

326 THEOREM 4.1. With Assumptions (A1) to (A4), there exists a constant C > 0
327 which only depends onT', L, d, m and n, such that

. C
328 (4.1 sup F t,x)dx < / z|?"oo(z)dz,
(@) o B[ ot < o [ eate)
329  and
330 (4.2) sup E lp(2)|o(t, z)dx < 5 / |22 o () da
0<t<T  J|z|>R 1+ R2r

331 holds for all R > 0.

332 Proof of Theorem 4.1. We first consider the following IBV problem on the ball
333 Bp:
(4.3)
d .
dog(t,x) = Log(t,x)dt + Y hj(z)or(t,x)dY!, (t,x) € (0,T] x Bg;
334 =

or(0,z) = 00 r(x) £ 0o(x) - Sr(x), x € Br; or(t,z) =0, (t,z) € [0,T] x Bg.

335  where Zg(x) is the C*° function, such that the initial value is compatible with the
336 boundary conditions.

337 Let ¢(z) = log (1 + |z[**) and define ®(t) = [, e?@op(t, x)dx. Then, accord-
338 ing to the IBV problem (4.3) satisfied by the function og(t,x), we have
(4.4)
[(a”(2)) oR(t x) eV @ dx
|: 7,]21 Br 61‘181‘] ( ) }

d .

339 - Z 5‘ (x)ogr(t,x)) ew(”)dm] dt + Z [/ ew(x)hj(x)aR(t, x)dz |dYy
Br j=1L/Br

d
SN(t) - L) dt+ > Is;(t)dY;.

340 By the Gauss-Green formula, we have

1< 2 [ 0Y(z) OY(z 0%Y(x ij
L(t) = 5”»2_1 {/BR ¥ @) ( 8;) &ij) + 8@8&3) a’(z)og(t,z)dx

0 )0y () / 0 9 - ..
. _ P (x) ij P(z) ij
341 (4.5) /BR (935] ( oz, ————ao )dx—|— . O, e oz, [aYoR] | dx

oY N 821/) - / . . )
) e e U pdr — _ - fid
Z /B (8% 0 + 0z;0x; @~ ORGT 6BR(£ml My) - 0dS,
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where 11 is the unit outward normal vector of 0Bg, dS denotes the measure on 0Bg,

(4.6) Mi(t,x) = (M (t,x), -, Malt,z)), i=1,2
and
(4.7)
1< o
R Y(x) 2V ig ) w(w) =1
mlﬂ - 2 ;e axiajo.R7 mQ,l - Z a/ O'R] 1,] = 1’ ,d.

Since ogr(t,z) = 0, V(¢t,z) € [0,T] x 0Bgr, My ;(t,z) = 0 on [0,T] x 0B and
faBR My (¢, z) - #dS = 0. Moreover, we have
803 80’3

4, (== ... 2 ) = _¢n B
(4.8) Vor <6x1’ 7amd> cm, on JBg,

where ¢(x) > 0 is a continuous function on dBpg, because og > 0 and oglop, = 0.
Therefore,

d d
My (t,z) - = — ed’(gﬁ)1 Z a(z)=— 99k Jor 61&(1)0R% Z iaij(x) dor

2 54 Ox; Ox; Pt Ox; ox;
(4.9) 1 ,d R ’
@)1 IR 99R
e i]z:la (x )8x] oz, 0, on JBg,

where the last inequality holds because a(x) = g(x)g(z)" is positive semi-definite.
Thus,

2 x ..
e[ o (B

7,]1

Similarly, I»(t) = — Z?Zl fBR fi(x)aR(t,ac)ew(r)ag’igf)dx. Therefore,

(4.11) d®(t) < ( . F(z)e?@op(t, z)d:c) dt+z < /B j(z)ew(z)u(t,x)dm> dyy,

where
d
1 O(x) 0 (z) | O*Y(2)\ 3

(4.12) S(x) = 2 ijgl < ox; O + Ox;0x; )+ Z filz
Since 9 () = log (1 + |z|*"), then
(4.13)

O _2nlaf 2w, 0% AnzalePt (0= 1)~ laP") 2l

or;  1+|z[* * Ox;0m; (1+ |z|27)? L+ |z2n

where d;; is the Kronecker’s symbol, with d;; = 1, if i = j, and d;; = 0 otherwise.
Notice that

9%

axi €5

oY
a.’ti

(4.14) < 4n? + 2n.
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With the assumption that |a” (z)| < L, we have

2)ai| - |z

1+ Jaf?r

d
(4.15) §(2)| < d*(4n® +n)L+2n) il , Vo € R%.
=1

Because f(z) is Lipschitz continuous according to (A1), |f(z)| < L|z| + |f(0)],
Va € R?. Therefore,
(4.16)

o d
2nfz "2 = |fi(@)]? + |aal?

I§(2)| < d2(4n2 +n)L+

T+ o 2
2n 2n—2 2
1+ |x|2n

< d?(4n* 4 n)L +n(L? + 1) + n|f(0)]> + 2nL|f(0)| £ M(n,d, L), Vx € R%.

Take expectation with respect to the reference probability measure P, we obtain
4 ED(t) < M(n,d, L)E®(t), where we use the fact that Y; is a Brownian motion with
respect to P.

According to the Gronwall’s inequality, we have

(4.17)  sup E (14 |z[*") or(t, 2)dx < eM("7d’L)T/ (14 |z*") oo(z)da.
0<t<T Br Br

Let R tends to infinity, and we have

(4.18) sup E (1+ [z|*") o(t, z)dz < eM("’d’L)T/ (14 |z*") oo(z)d.

o<t<T JRra Rd
Therefore,
(4.19)
- 1 -
sup FE o(t,r)dr < ——— sup F (14 |z[*") o(t, z)dx
0<t<T Jjz|>R L+ R* o<e<r Jjz>R
~ 9 M(n,d,L)T )
<——— sup F 1—|—a:”at,xda:§7/ 1+ |z|*") og(z)dz.
_1+R2n0§t£T ]Rd( | | ) ( ) 1+ R2n ]Rd( ‘ | ) 0()

Moreover, with condition (A4),

sup E lo(z)|o(t,z)dx < sup E (14 |z[*™) o(t, z)dx
0<t<T  Jjz|>R 0<t<T  J|z|>R
sup E (T4 |z*") (1 + |z]*™) o(t, z)dx

(4.20) P ecier Jeizn

<—"__ sup E (1+ x2<m+"))at,x dx

26M(n+m,d,L)T

2(m+n
ST iy /Rd (Hlx'( )>U°(f”)dx'

Remark 4.2. According to the proof, the constant C' in the statement of Theorem
4.1 may grow exponentially with respect to the terminal time 7', which is not very
satisfactory. In fact, numerical experiments in [6, 7, 16] show that the estimation
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error of different nonlinear filters based on the Yau-Yau algorithm can remain small
in a relatively long period of time, and will not accumulate or even explode with
respect to the time 7. Therefore, an important future direction is to establish a
tighter upper bound on the estimation error, which has only a mild dependence on,
or is even independent of, the terminal time 7.

5. Approximation of o(t,z) by the IBV problem in Bgr. With the esti-
mation in Theorem 4.1, because almost all the density of o (¢, ) is contained in the
closed ball By for R large enough, it is natural to think about approximating o (¢, x)
by the solution, og(t, ), to the corresponding initial-boundary value (IBV) problem
(4.3) of DMZ equation in the ball Bp.

It will be rigorously proved in this section that, for R large enough, o(t,z) can
be approximated well by og(¢,z) defined in (4.3), and in particular, the estimation
(3.8) holds in the proof of Theorem 3.1 in Section 3.

The main result in this section is stated as follows:

THEOREM 5.1. With Assumptions (A1) to (A4), there exists a constant C > 0
which only depends on T, n, d and L, such that

(5.1) sup E lo(t,z) — or(t,z)|dx <

0<t<T  JB 4 1+ R»

holds for all R > 0, where og(t,x) is the solution of the IBV problem (4.3).

Proof of Theorem 5.1. For each R > 0, consider the auxiliary function

2n \ 2
(5.2) ¢(z) = log (1 + R" (1 - (1 - |2|2n ) )) , € Bpg,

and

(5.3) Y(x) = e @ — ¢ 5 c Bp.

Define v(t,z) = o(t,x) — og(t,x), (t,z) € [0,T] x Bg. Then, according to the
maximum principle for SPDEs (cf. [4], for example), we have v(t,z) > 0, for
all ( x) € [O T] x Br and a.s. P. Let ®; be the stochastic process defined by

fB v(t,x)dz. Since v(t,x) is the solution to the SPDE
1L o2 ) d :
_ ij . . J
(5.4) do(t,z) = {2 Z ei0r,; (a¥v) — Z oz, (flv)} dt + Z hjvdY7,
1,7=1 1=1 Jj=1
the R-valued stochastic process ®; satisfies
(5.5)
Ao Platv) , i hjpvda | dY]
t i .
=3(3 ), v e (], povie o

According to the Gauss-Green formula, we have

vdw)

d®; =3 Z /B c'?xl ~vdz dt+<z

i,j=1 BRa
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d .
+ Z </ hj’l/)Udl') d}/tj + |:— My - 1dS + M, - ﬁ'dS} dt
= \UBx 9BR 9Br

where, as in the proof of Theorem 4.1,

—

(56) mi(ta .T) = (mi’l(ax)a T 79ﬁi,d(t7x)) , t=1,2,
(5.7)
8w i ; _
93?1,]: 8 av, My ;(t,x) = ( ZB (av) — v) i,j=1,---.,d,

1 denotes the outward normal vector of the boundary d Bg and dS denotes the measure
on 0Bpg.
Notice that ¢|sp, = 0 and 57’/; = —e¢@) 6‘%. Moreover,

2n 2n—2 .
b 2R (1 — =2 )“”Rzn =

8371’_ ||2n 2
(- (o))

t=1,---,d. Hence,

7

(5.8)

and therefore, %
k2

1 26 9¢ d¢
P, =3 / Uzzl (— owdr; + o 8%_) dz | dt
(5.9) "

(/B Ze“%fz dx)dt—i—Z(/ hmdx)dw

R =1

Take expectation with respect to the probability measure P, and we have
(5.10)

= d
dE®, -~ (1 y 0% 9 0¢
—El= ij [ _ 99
dt (2 /BR wvijzz:la ( 8:516% * Bxl 8xj /BR ;¢Ufz Xy
d
_ ~ (1 y 0%¢ 0¢p 0¢
R p( = ij [ _

e E<2 /BR vigla ( Ox;0x; " o, 5’%’) /BR ;vﬁ )
For x € Bg, |z;| < |z| < R,i=1,---,d, and together with the Lipschitz conditions
for f(x),

n 2n—21 ..
(5.11) ‘ 09 (x)’ AR o ] <d4n, ¥V x € Bpg;
3xi RQn <1 + z|2n)
9¢
(5.12) filz ) < (IO + Lizl) | 5= < 4n(|f(0)| + L), ¥ @ € Bg.
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Also, according to direct computations,

(5.13)
0%¢ _ 8n|a[*"taw; (R (n — 1) — (2n — 1)]a*")(R*" + 2R*" 2" — ||*")
Ox;01; (R3" + 2R20[z[2n — |a|*n)2

16n2|x‘2n72xizj(R2n|z|2n72 o |x|4n72)(R2n _ |x‘2n)
(R3n + 2R2n|x|2n _ ‘:L-|4n)2
4n5¢j|x|2"_2(R2" _ |x|2n)
R3n + 2R2n‘x|2n _ |x‘4n !
where §;; is the Kronecker’s symbol. Thus,
0%¢
ﬁxiaxj

(5.14) < 8n(3n — 2) 4+ 16n* + 4n, Va € Bg.

We would like to remark that the estimation in (5.14) is quite rough. Each term on
the right-hand side of (5.14) corresponds to one term on the right-hand side of (5.13),
and the purpose is just to show the second-order derivatives are also bounded by a
constant independent of R.

Notice that e~ ?(B) = 1 +1Rn. Together with the bounded condition for a% (x), we
have
dE®(t - C, -
(5.15) ® CLED(t) + —2—E [ v(t,z)dx

dt 1+R Jp,

where C; > 0 is a constant which depends on n, d, L, but does not depend on R.
According to Theorem 4.1, the integral

(5.16) E v(t,x)de < E o(t,z)de < E | o(t,z)dz,
Br Br R4

which is also bounded by a constant independent of R, thus,
dED(t) Cy

. —= < 2 .
(5.17) o S OB+

where Cs > 0 is a constant which depends on T, n,d, L.
By Gronwall’s inequality,

- Cs
5.18 Ed(t) <
(5.18) )< e
where C'3 > 0 is a constant which depends on T, n, d and L.
On the other hand, for R > 5 and for all z € B, i.e., |z| < VR,
(5.19)

o) € |oudog (3 2 )|, w2 eVR) = s - =g

Then,
. . . 1.
(5.20) E®(t)=F (x)v(t,z)de > F Y(z)v(t, x)dx > fE/ v(t, z)dx.
Br Bygm 6 JB s
Combining (5.18) and (5.20), we obtain that, for all R > 1,

By Byr *

This manuscript is for review purposes only.



458
459
460
461
462
463
164
465
466
467
168
469
470
471

178

479

480

181
482
483
484
485
186
487
488
489
490
191
492
193
494

495

CONVERGENCE ANALYSIS OF YAU-YAU ALGORITHM 17

6. Regularity of the Approximated Function u(¢,z). In this section, we
will discuss the regularity of uy(t,z), t € [0,T], which is the solution of a series of
coefficient-frozen equations (2.14).

The main purpose of this section is to show that under mild conditions, the
recursively defined functions wuy (¢, ) will not explode in the finite time interval [0, T,
even if the time-discretization step § — 0, in the sense that the L?-norm of uy (7%, )
(k =1,---,K) is square integrable with respect to the probability measure P, and
the expectations, EfBR |ug, (T, 2)|?dx, are uniformly bounded for k =1,--- , K.

As shown in the next section, this following theorem is an essential intermediate
result for the convergence analysis of this time-discretization scheme.

THEOREM 6.1. Let {ug(t,z) : 7h—1 < t < 7 }E_ | be the solution to the IBV
problem of the coefficients-frozen equation (2.14). Then, with Assumptions (A1) to
(A4), the L?-norm of uy(my, ) is square-integrable with respect to the probability
measure 15, and we have

(6.1) E | |up(m,z)Pdz <C <oo, Vk=1,--- K,
Br

where C' > 0 is a constant that depends on d, T, R, L, but is uniformink =1,--- | K.

In the proof of Theorem 6.1, we will consider another exponential transformation
given by ok (t,z) = exp(h' (2)Y,,_,)ux(t,z), t € [rh—1,7%], & = 1,--- , K. Direct
computation implies that oy (¢, ) is the solution of

(6.2)

9 ,
Jk - Z 83:18% (a¥ox) - Z

=1

S

Jk — *|h| Ok, (t .’E) [Tk,th] X BR7

o (Th-1, )—eXP (" (2)Yr, _ 1)Uk71(7'k71;37>7 T € Br
ak(t,x) =0, ( ,LE) c [Tk,h’rk] X 8BR,

and recursively, we can rewrite the initial value in (6.2) by
(63) Uk(Tk*l’ ‘r) = &Xp (hT(‘/'E)(YTk—l - YTk—Q)) O—kfl(Tk*lax)v k= 2, K.

Under the reference probability measure P, {Y; : 0 < t < T} is a Brownian
motion and Y, — Y, _, ~N(0,014),k=1,--- | K, with I; € R4*%d the d-dimensional
identity matrix. We would like to study the regularity of oy (¢, z) first, utilizing the
Markov property of Y, and then derive the regularity results for u (¢, x).

For the sake of discussing the regularity of ox(t,x) in a recursive manner, we
need the following lemma which describes the relationship between oy (7—1,z) and
0k—1(Tk—1, ) from (6.3).

LEMMA 6.2. Fork=2,--- , K, let oy(t,x), t € [Th—1,7k] be the solution of (6.2).
The end-point values oy (Tr—1,x) and op—1(Tk—1,2) satisfy (6.3). Let us denote by
L*(BR) the space of quartic-integrable functions in Bgr. Assume that oj,_1(Th_1,") €
L*(Bg), and the L*-norm, ||ox_1(Tk—1,-)|| 14, is quartic integrable with respect to P,
i.e., EfBR ot 1 (Th—1,m)dx < oo, then ok(Tk—1,-) € LY(Br), its L*-norm is quartic
integrable with respect to P, and for sufficiently small time-discretization step size
0 =T — Tp_1, we have

(6.4) E | ot(m1,2)de < (1+COHE | o} (th_1,2)dx
BR BR
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where C is a constant that depends on d and R.

Proof of Lemma 6.2. According to the expression (6.3) and the definition of o1
on [7y_2,Tx—1], because of the Markov property of Y, exp (' (z)(Ys,_, — Ys,_,)) is
independent of o1 (751, ).

Because the observation function h is assumed to be smooth enough, and Bp is
a bounded domain in RY, there exists a constant M, which may depend on R, such
that the maximum of the absolute value of h, together with its partial derivatives up
to order m, is bounded above by M.

Therefore, by Fubini’s theorem,

E‘/ O’]%(Tk_l, x)dx = E exp (4hT(IE)(YTk71 - YT,%Q)) 0%_1(776_1, x)dx
6.5 ’Pn Br

= / Eexp (4hT (2)(Yr, , — Yo, ,)) Eoi_i(Tk—1,2)dz.
Br

Next, let us estimate the expectations of functions of normal random variable
&:=Y, |, —Y, , arising in the above expressions, for small time-discretization step
d.

In fact, because & ~ N(0,81;), we have

~ d d 1 ,
(6.6) Eexp (4h(z)T€) = [ EBethi@s = (/ e4hf(’”)ze_§6dz)
() - T (]

=1 =1 21

In the bounded domain Bg,

1 22 1 22 2 2
6.7 ()25 gy / Ay (VB 5 g 8h3(2)5 < SMP5
(67) /]R V2md R V2T -

Therefore, for § < 1 (for example § < 1mi7z7), Eexp (4n(z)T€) < eBIM?S < 1 4
16dM?6. Thus,

(6.8) E/ ot (th_1, z)dx < (1+16dM25)E/ or 1 (Th1,z)dx. 0
BR BR

Now, we are ready to give the proof of Theorem 6.1.

Proof of Theorem 6.1. The idea of this proof is to study the regularity of o (¢, ),
recursively, and then obtain the regularity of uy(t, z) based on the relationship (6.3).
In fact, according to the Cauchy-Schwartz inequality,

E/ |uk(Tk,az)|2dx:E/ exp(2hT(x)YTk1>a,3(Tk,:c)dz
BR BR

- <Eexp<4M§d: IYTk_l,j|>)é<E(/BR "%(Tk,x)dm)zf

Jj=1

d
<y (E exp (4MZ 1Yo )

j=1

)) (2], etoos)

with C7 > 0, a constant depending only on R.

Under the reference probability measure P, {Y; : 0 <t < T} is a standard d-
dimensional Brownian motion. Therefore, the expectation FE exp(4M Z?Zl Y7 14D
is bounded.
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Hence, it remains to show that there exists a constant C > 0, such that,

(6.9) E or(th,2)de < Cy < 0,
Br
holds uniformly for k=1,--- | K.
In the time interval [7;_1, k], ok (t,x) is the solution to (6.2). According to the
regularity results of parabolic partial differential equations, we have

(6.10) / ot (1, x)dx < 6046/ ot(tp_1,x)de, Vk=1,--- K.
Br Br

where Cy is a constant which depends on the coefficients of the filtering system. The
techniques in the proof of (6.10) is standard, and the proof of a counterpart, in which
L?-norm (instead of L*-mnorm) is considered, can be found in the textbook [9]. We
also provide a detailed proof in the Appendix, for the readers’ convenience and in
order to keep this paper self-contained.

Thus, with the result in Lemma 6.2, there exists Cs, Cg > 0, such that for small

enough ¢,
(6.11)
E O’%(Tk, x)dx < e“OF O’%(Tk_l,x)dl‘ < 6045(1 + C56)E aé_l(rk_l,x)dm
BR BR BR
< (1+Cg0)E ot (th_1,x)dx.
Br

Inductively, we have

(6.12) E ot (T, x)dz < (1+ Cgd) s / og(z)dr < eC5T/ oo (2)dz.
Br B

Br R

Thus, we have proved the boundedness of E / Br o3 (7, )dz, and also, the result of
Theorem 6.1 holds. 0

7. Convergence Analysis of the Time Discretization Scheme. This sec-
tion serves to show that the solution uy (¢, x) of the coefficient-frozen equations (2.14)
can approximate the solution u(t, z) of the original robust DMZ equation (2.13) well,
if the time-discretization step size § is small enough.

Also, we will show in this section that, after the exponential transformation
exp(h' (2)Y,), the L'-norm of the difference between the unnormalized densities
or(Tk, ) (defined by (4.3)) and g1 (7%, z) (defined by (2.16)) still converges to zero,
as § — 0. In particular, the estimation (3.10) holds in the proof of Theorem 3.1 in
Section 3.

THEOREM 7.1. Fix R > 0. With Assumptions (A1) to (A4), we can use the
solution uk(t,z) of equation (2.14) to approzimate the solution u(t,z) of equation

(2.13). In particular, for every € > 0, there exists a constant 6 > 0, such that
(7.1)

E |0’R(T}C,LL')—ﬁk+1(7k,$)|d$:E
Br Br

holds for every k =1,--- | K.

Proof of Theorem 7.1. Since f is globally Lipschitz, h € C?(Bg), and Bp is a
bounded domain, there exists a constant My > 0, such that the absolute value of each

el (@)Yr, |u(Th, ) — up(Tr, )| dx < e,
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component in f(z) and h(x), as well as there first and second order derivatives, are
dominated by M in the ball Bg, i.e.,

fz
max { max |f;|, max |h;|, ma
(79) r€Bpr | 1<i<d 1<i<d 1<i,j<d| 0T
) Oh; 0% f; 0?h;
max |-—|, max , Imax < M.
1<i,j<d| 0 | 1<ig,k<d| 02 ;0% | 1<i,5,k<d| 02 ;0
Let BE’t ={z € Bg : u(t,x) — ur(t,z) > 0}. According to the technical Lemma
4.1 in [26], we have
d 0
73 L e —wtode = [ Lt n) - ult2)dz,
dt s B}, ot
for almost all ¢ € [0, 7.
Then, according to equations (2.13) and (2.14) satisfied by w(t, z) and ug (¢, z) in
[Tk—laTk?]?
(7.4)

d 0
dt/jggﬁ(u(t,x) _“k(t7x))dx:/]3+ 5 (u(t,z) — ug(t,x))dz

d

1 5

- _ Fy( —

2/; z:: axzaxj (u — ug dx—|—/BEt; (Th—1,x (u ug)dx

/ J(Th—1,2)(u(t, z) — ug(t, z))dz
Bl
ou
, &) — Fi(Tp—1,2)) =—dx + (J(t,z) — J(Tp—1, 2))u(t, z)dx.
ox; BE,
Because u(t7x) = u(t,x) = 0 on the boundary 0Bpg, and (Q)Bg,t C OBrU{z € By :

u(t, ) —ug(t,x) = 0}, we have (“_“k)|aB; _=0and V(“_“k”aB; = —c(z)i with

i the outward normal vector of B};t and ¢(x) > 0 on 8BE¢. Thus, the first three
terms on the right-hand side of (7.4) can be estimated by

8
- Z (u— ug) dx+/ ZF (Th—1,2 (u—uk)d
‘/B;tl‘]— axl R{ P
+/ J(1p—1, ) (u(t, ) — up(t,x))dz
B,
d 2 zg F
/ Zaaa dz‘/ Za (e122) () _ )
BEtzgf Li x] Bgti 1
+/ J(Th—1, 7 )(u—ukdx—f/ Za u_“k)a(U—uk)dS
B;,t BB}J;rzt,LJ 1 axz a ]
1 4. 9aii d
_ 2/83;15@—%)”2::1 aminde+/aB;t(u—uk);Fi(Tk—bw)nidS

(dL
<

2 d 2
2+C’(d,L,M0)<1+Z|YTk17j|> >/B; (u — ug)d,

7j=1 \t
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d 2
<Oy <1 +Y° |YT,HJ-|) / (u — uy)dz
j=1

+
BR,t,

where we use the fact that a(z) = g(z)g(x) " is positive semi-definite and the definition
of Fi(t,x) and J(t,z) in (2.12); C(d, L, My) and C; are constants which depend only
on d, L, My; and dS denotes the measure on aBE’t.

Also, by the definition of F;(¢,z) and J(¢,z) in (2.12), we have the following
estimation of the differences

Pt 2) — F(ry-1,2)| < ColYi — Y5

k—1|’

7.5 d
(75) |J<t,x>J(rk_l,:c>|scs(1+z<m,j+|Ym,j|>)mYTk|7VxeBR,

j=1

where Cs and C3 are constants which only depends on d, L.Mj.
Hence,
(7.6)
da
dt B; .

(ult, ) — up(t, 2))dz < Cy (1 + zd: |1/T,H,j|)2 / (u— )

j:l R,t
d
LY, - Y, | / Vuldz + 03(1 A Ymn) Y, - Vs, / julde
Br j=1 Br

holds for almost all ¢ € [1_1, 7] and almost surely, where C7, Cy and C3 are constants
which depend on the coefficients of the system.
Under the reference probability distribution P, the observation process {Y; : 0 <

t < T} is a standard d-dimensional Brownian motion, and therefore, Z?Zl(YtJ —
Y‘kahj) ~ N(0,d(t — Tk—1))-

Let Qp, = {w : sup Z;l:l Y ()| < Ml} be the event which represents the
0<t<T

observation process Y is not severely abnormal, and 14(-) is the indicator function of
the set A.

For a fixed M7 > 0, let us first take the expectation with respect to P on the
event 1 57, for both sides of (7.6), and we have

d 2
d - -
%E |:1QMl /B+ (u - uk)d‘r] <C1E |:]'QMl (]‘ + Z YTklvjl) /+ (u - uk)dx:|

R,t j=1 BR,t

+ CLF |:1QM1 |Y: =Y., .| / |Vu|da:}
Br
~ d
#Cab 10, (14 (il + W ) Wi = Vol [ s
j=1 Br

<Ci(1+ Ml)QE‘[lng /+ (u— uk)dx} + CyE {lng Y: — YT,C_1|/ |Vu|dx}
B Br

R,t

+ O+ 200 E [, Vi~ Vo] [ s
Br

< Ci(1 +M1)2E[1QM1 /+ (uuk)dx}

R,t
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re(mmnar) (o (/o) ])
oo (e ()

= C1(1+ M))*E [lng /B (u(t,z) — ug(t, x))dx]

+
Rt

+Cod?(t—Tp_1)? (E {19% </BR wmﬂ)é
(o, m)])

Here, the second inequality holds because of the property of the event €5y, , the third
inequality holds according to the Cauchy-Schwartz inequality and the last equality
holds because Y; is a normal distributed random vector.

On the event €, , the observation process {Y; : 0 < ¢ < T} is bounded. There-
fore, according to the regularity results of parabolic partical differential equations (cf.
[9], Section 7.1, Theorem 6), the integrals [ [Vuldz and [; |u[dz are also bounded

for almost every t € [0,7T], as long as f € C'(Bg) and h € C?(Bg). Thus,
(7.7)

d - ~ 1
th[lng /B+ (u— uk)dx} < C4FE |:1QM1 /B+ (u— uk)dx} + Cs(t — 1,-1) 2,

R,t R,t

M

+ C3(1 4 2M;)d? (t — T_1)

where Cy, C5 > 0 are constants which depend on d, L, My, M1, T.
Similarly, we also have the estimation for the integral on the set B, = {z €
Bpr :u(t,z) —u(t,x) < 0}:

(7.8)
d ~ - 1
E[IQM / (u—uk)dx} < CyWFE |:1Q1u / (u—uk)dx} +C5(t — 11-1)2,
dt "B, "B,

and thus

(7.9)

Therefore,
(7.10)

E[1QM1 /B ) lu(t, z) uk(t,x)|d4

. 4 .
< Calt=Te-1) (E {191\41 / |w(mh—1, ) — ug(Tp—1, z)|dx| + §C5(t - Tkl)g) .
Br
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Notice that ug(7—1,2) = uk—1(7k—1, ) by definition. Inductively, we have
E[lQMl / |u(Tg, x) — uk(Tk,m)|da:]
Br
- 4
(7.11) < eC10 (E |:1QM1 / |u(T—1,2) — uk_l(Tk_l,x)|d1:] + 30553>
Br

oou;

Zecw D8 < %cg,a%ke@“ < 067,

where C§ is a constant which depends on d, L, My, M1, T.
Also, for the value we are concerned with in (7.1),

(7.12) E[lng / el (@)Yry |u(Th, ) — wp(Th, ;v)|d;v] < CGeMOMl(S%
Br

d - d
On Q?\/[1 ={w: SUPg<t<T Ej:l \Yt](w)| > My}, let Y £ SUPp<t<T Zj:l |Yt,j|a
then,
(7.13)

~ T
E {195\41 /B et @Yo (1, ) — uk(Tk,x)|dx}
R

< B[tag, T2 exp (403"l |
j=1

|u(Ty, ) — uk(7k7x)|dx}

Br
1
3 1

d 2 2
1 ~—2 -
A E[YTeXp 2Mo Y |Yz, } <E</ |u(7k,x)—uk(7k,x)|dx>>
Br

1 j=1

IN

07 2 B 2 n 2 :
(B ( /BR i )P+ B ()P

where C7 > 0 is a constant which is related to the volume of the d-dimensional ball

| A

Bp, and € is the random variable given by ¢ = Y exp (MO 2?21 |YTW-|).
Thus,
(7.14)

N

1
2

d
~74 ~
B¢ = [YTeXp 2MOZ|YTH| ]g(EYT) Eexp | 4My Y Yy, ]
j=1

According to the Burkholder-Davis-Gundy inequality (cf. [15], Chapter 3, Theo-
rem 3.28, for example), there exists Cg > 0, such that

d
(7.15) EY7 <GB |Yr|* < 3CsdT™.

j=1
and because Y;, ; are normal, the expectation of exp(4My Z Y;, ;) is bounded.

For the value EfBR |u(7g, 7)|?dz, because

d
(7.16) u(t, ) = exp Z z)Y, ;| o(t, x),
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646 then
(7.17)
. . d
E |u(Ty, x)|2dr = E/ exp <—2Zhj(x)YTk,j>o2(Tk,x)dac
BR BR ]:1
3 d
647 <FE {exp 2My Z 1Yz, 5l / 0'2(7']€,$)d$:|
j=1 Br
d 2 2\ 2
< | Eexp [4My Y |Yr, E (/ U(Tk,$)|2dx> .
j=1 Br
648 Notice that o(t, ) is the solution to the stochastic partial differential equation
d
619 (7.18) do(t,z) = Loo(t,x)dt + Y hjo(t,z)dYy ;.

Jj=1

. 2
650 and the boundedness of E ( / Br lo (T, x)|2dx> follows from the regularity theory of
651 stochastic partial differential equation.
652 In the monograph [21], the authors provided a similar regularity result, and proved
653  that EIBR |o (71, )|>dz is bounded by the initial values. Here in our case, we will
654 prove that there exists Cy > 0, such that

655 (7.19) B (/BR G(Tk,x)|2dm>2 <y (/BR |00(a:)2dx)2.

656 The detailed proof of (7.19) can be found in the Appendix.
657 Therefore, we have
658 (7.20) E/ |u(Tg, 2)|?dz < Cho,

Br

659 where C'1g > 0 is a constant that does not depend on § or Mj.
660 Furthermore, as we have discussed in the previous section, E [ By [T, x)|2dx is
661 also bounded above, and thus, we have

- C
662 (7.21) E |:1Q<]3V[1 / ehT(ZE)Y‘rk |u(T, ) — ug (71, ) |dx | < ﬁ,
Br 1

663 where C1; is a constant which does not depend on M; or §.
664 In summary, for each € > 0, there exists M; > 0, such that Cvlll < 5, and for this

665 particular M7, there exists § > 0, such that CoeMoMigs < 5. Therefore, for every
666 k=1,--- K,

E~/ ehT(r)Y*k|u(Tk,x) — ug (1x, z)|dx
Br

— E~|:1Q1,M1 / ehT(I)YTk ‘U(Tk’-r) —_ Uk(Tk,x)|dx:|
667 (7.22) Br

1,

+ E |:1Qc ary /B ehT(ZL’)Yrk ‘U(Tka .’E) — uk(’rk, $)|d$:|
R

Cho
< CgeMoMigy | 210
= e T <€
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8. Conclusion. In this paper, we provide a novel convergence analysis of Yau-
Yau algorithm from a probabilistic perspective. With very liberal assumptions only
on the coefficients of the filtering systems and the initial distributions (without as-
sumptions on particular paths of observations), we can prove that Yau-Yau algorithm
can provide accurate approximations with arbitrary precision to a quite broad class of
statistics for the conditional distribution of state process given the observations, which
includes the most commonly used conditional mean and covariance matrix. Therefore,
the capability of Yau-Yau algorithm to solve very general nonlinear filtering problems
is theoretically verified in this paper.

In the process of deriving this probabilistic version of the convergence results,
we study the properties of the exact solution, {o(t,z) : 0 < t < T}, to the DMZ
equation and the approximated solution {ugi1(7%,2) : 1 < k < K}, given by Yau-
Yau algorithm, respectively.

For the exact solution o(t,x) of the DMZ equation, we have shown in Section 4
and Section 5 that most of the density of o(t, ) will remain in the closed ball Bg, and
o(t, x) can be approximated well by the corresponding initial-boundary value problem
of DMZ equation in Bg. This result also implies that it is very unlikely for the state
process to reach infinity within finite terminal time.

For the approximated solution gy1(7g,x) given by Yau-Yau algorithm, we have
first proved in Section 6 that @41 (7%, ), which evolves in a recursive manner, will
not explode in finite time interval, even if the time-discretization step 6 — 0. And
then, in Section 7, the convergence of tgy1(7k, ) is proved and the convergence rate
is also estimated to be /3.

It is clear that the properties of exact solutions and approximated solutions,
which we have proved in this paper, highly rely on the nice properties of Brownian
motion and Gaussian distributions, especially the Markov and light-tail properties.
On the one hand, Brownian motion and Gaussian distribution are up to now, among
the most commonly used objects in the mathematical modeling of many areas of
applications, and can describe most scenarios in practice. On the other hand, for
those systems driven by non-Markov or heavy-tailed processes, minimum mean square
criteria, together with the conditional expectations (if exist), may not result in a
satisfactory estimation of the state process. In this case, the studies of estimations
based on other criteria, such as maximum a posteriori (MAP) [11][22][14], will be a
promising direction.

Finally, in this paper, we only consider filtering systems and conduct convergence
analysis in time interval [0, 7] with a fixed finite terminal time 7. It is also interesting
to study the behavior of the DMZ equation and the approximation capability of Yau-
Yau algorithm in the case where the terminal time T — oo, especially for filtering
systems with further stable assumptions. We will continue working on how to combine
the existing studies on filter stability, such as [1][19], with our techniques developed in
this paper. Furthermore, the study of the long-time behavior of Yau-Yau algorithm
will lead to more precise techniques of determining the parameters (such as the radius
R of the closed ball and the time-discretization step d) in the algorithm design, and
hopefully, some convergence results of Yau-Yau algorithm for the whole time line
(0,00) can be obtained.

Appendix A. Regularity Results of Parabolic Partial Differential Equa-
tion and Stochastic Evolution Equation. In this appendix, we will provide a
detailed proof of the regularity results of the parabolic partial differential equation
and the stochastic evolution equation.

This manuscript is for review purposes only.



~
oo

719

720

721
722
723
724

726
727

728

729

730

731
732

736

~
o
~

738

739

740

26 ZEJU. SUN, XIUQIONG. CHEN AND STEPHEN S.-T. YAU

For the purpose of deriving (6.10) and (7.19), the regularity results is slightly
different from standard ones considered in square-integrable functional spaces.

THEOREM A.l. Let o(t,x) be the solution of the following IBV problem:
(A1)

do(t,z) 1 2 d
ot 2 Z | 00z (a¥0) z::

o(0,z) = ao(x), x € By, o(t,z) =0, (t,x) € [0,T] x OBg,

N fth (t,x) € [0,T] x Bg,

where Br = {z € R? : |z| < R} is the ball in R? with radius R; a : RY — RI*4,
f:RY 5 R4 b RY — RY are smooth enough functions. Assume that the matriz-
valued function a(x) is uniformly positive definite, i.e., there exists A > 0, such that

d
(A.2) Z x)&:&; > NE|?, ¥V o € Bg, € €RY

If the initial value oo(x) is quartic-integrable in Br, then there exists a constant
C > 0, which depends on the coefficients of the system, such that

(A.3) /B oM (T, x)dx §eCT/B oa(z)dr.

Remark A.2. In fact, Assumption (A2) in the main text will imply the coercivity
condition (A.2). This is because the closed ball Bg is a compact set of RY, and
the continuous function A(z) in Assumption (A2) will map Bgr to a compact set.
Therefore, there exists A > 0, such that A(z) > A > 0, for all z € Bg.

Proof. Let us define

ij

; . da
(A4) fi(x):fi(w)*z =1, ,d
=1

Then the parabolic equation (A.1) can be written in a divergence form

(A.5)

do(t.e) 1K 0 [ 5, .0 o 1 )
v —228( 9357162)) = 2= g @ott) = o),
Hence,
d 4 3 0o
- —_ 4 e
i ), ’0' (t,z)dx /BR o°(t,x) Y dx
d
B . Jo Oo 4072
_ G/BR jz_: o +12/R;f1 /BRa|h|d:1:
d fio? do
< —6)\/ 2|VU|2dx+12/ Z : ( Ao) dw—2/ ot |h|2dx
Br Br i3 VA Ox; Br
f2 ‘ o2 do 2) / < 72 2
<2 ( i 72— 2h? ) o (1, )dx
Br j=1 6Ii ;
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In the bounded domain Bpg, there exists a constant C' > 0, such that ?Z?:l ff —

2|h|?| < C. Thus,

(A.6) ol(t,x)dx < C ol (t,x)dx, t €[0,T],

dt Br Br
and by Gronwall’s inequality, we have

(A.7) /B o (T, z)dx SBCT/ oo(z)dz. |

Br

THEOREM A.3. Consider the IBV problem of stochastic partial differential equa-
tion given by

d
do(t,x) = L7o(t,x)dt + Y hj(x)o(t,z)dYy ;, t € [0,T)
j=1

o(t,z) =0, (t,z) €[0,T] x 0Bg, 0(0,z) = oo(x), x € Bg.

(A.8)

where Y = {Y; : 0 < ¢t < T} is a standard d-dimensional Brownian motion in the
filtered probability space (2, F,{Fi}o<i<T, P); Br = {x € R : |x| < R} is the ball in
R? with radius R, and

d 5 d
(A.9) £ =5 2 g @ @) = 3 Sl

Assume that the coefficients a, f, h are smooth enough and the Assumption (A2)
holds for the matriz-valued function a(x), which implies that a(x) is uniformly positive
definite in Bg, i.e., there exists A > 0, such that

d
(A.10) > a(@)6&; = MEP, V w € By, £ € R
i,j=1

If the initial value oo (x) is square-integrable in Br, then there exists a constant C > 0,
which depends on T, R and the coefficients of the system, such that

(A.11) E (/BR (T, x)|2dm>2 <c (/BR 00(33)|2dx)2.

Proof. Let us define ﬁ(m) = fi(z) — Z?zl 6“;;(@, i=1,---,d. Then the sto-

chastic partial differential equation in (A.8) can be rewritten in divergence form:

1 9 o 9 d
_1 ij _ 7 . .
(A.12) do(t,x) 5 ijzzzl o7, (a ax]—) ; o7, (fio) —&-;h]adym.
Let
(A.13) o(t) :/ o?(t,x)dx, t €[0,T],
Br
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then according to It6’s formula,

(A.14) dd(t) = (/BR(20—£*U + 02h|2)d:c> dt + Zd: (/BR 2hj02dx> dYs

j=1

dd3(t) =2 (/BR U2dw) (/BR(20—£*0— + 02|h|2)dm> dt

(A.15) d

d 2
+20(t) ) (/B thUde) dYi;+ Y (/B 2hj02dx> dt
1 R j=1 R

j=

and

After taking expectations, we have
(A.16)

Lot sfa ([ o) ([ e niin) <3 ([ )]

j=1
Notice that

/ 20L odx
Br

/BR Z 83:1( O )d _/B 2021:;%@0)@

2,7=1

60 oo
_ ZY dr o
/BR i§1 Ox; O 2 / Z fio

Br j=1

fA/B |va\2d:c+2/3 Zfz < ai)dx

R =1

1 ~
fA/ |va\2dx+/ —foazdzwx/ |Vo|?dz.
BR BR )\ i=1 BR

(A.17)

IN

IN

Hence,

(A.18) .

ol ([ o)

Jj=1
In the bounded domain Bpg, there exists M > 0, such that

(A.19) % F@)? + [h@)P < M, |hy(x)| < M, ¥ € Bp.
Thus,

2 2
(A.20) %E (/BR 02(t,x)dx> < (2M +4dM*E (/BR a%t,x)dm)

According to Gronwall’s inequality,

2 2
(A.21) E </ Jz(T,J?)dSC) < (2MH4dM*)T </ O’S(I)dl’) ,
BR BR

which is the desired result.
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