IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. 48, NO. 7, JULY 2026

8581

Nonlinear Bayesian Filtering With Natural Gradient
Gaussian Approximation

Wenhan Cao"”, Tianyi Zhang
Stephen S.-T. Yau

, Zeju Sun

Abstract—Practical Bayes filters often assume the state distribu-
tion of each time step to be Gaussian for computational tractability,
resulting in the so-called Gaussian filters. When facing nonlinear
systems, Gaussian filters such as extended Kalman filter (EKF) or
unscented Kalman filter (UKF) typically rely on certain lineariza-
tion techniques, which can introduce large estimation errors. To
address thisissue, this paper reconstructs the prediction and update
steps of Gaussian filtering as solutions to two distinct optimization
problems, whose optimal conditions are found to have analytical
forms from Stein’s lemma. It is observed that the stationary point
for the prediction step requires calculating the first two moments
of the prior distribution, which is equivalent to that step in existing
moment-matching filters. In the update step, instead of linearizing
the model to approximate the stationary points, we propose an
iterative approach to directly minimize the update step’s objective
to avoid linearization errors. For the purpose of performing the
steepest descent on the Gaussian manifold, we derive its natural
gradient that leverages Fisher information matrix to adjust the
gradient direction, accounting for the curvature of the parameter
space. Combining this update step with moment matching in the
prediction step, we introduce a new iterative filter for nonlinear
systems called Natural Gradient Gaussian Approximation filter, or
NANO filter for short. We prove that NANO filter locally converges
to the optimal Gaussian approximation at each time step. Further-
more, the estimation error is proven exponentially bounded for
nearly linear measurement equation and low noise levels through
constructing a supermartingale-like property across consecutive
time steps. Real-world experiments demonstrate that, compared
to popular Gaussian filters such as EKF, UKEF, iterated EKF, and
posterior linearization filter, NANO filter reduces the average root
mean square error by approximately 45% while maintaining a
comparable computational burden.
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1. INTRODUCTION

TATE estimation of dynamical systems is a timely topic
S in fields such as astrophysics, robotics, power systems,
manufacturing, and transportation. The most comprehensive
framework for state estimation is Bayesian filtering, which
targets the distribution of the current state given the available
measurements to date. This state distribution, referred to as
the posterior distribution, is often calculated iteratively through
two steps, i.e., prediction and update. The prediction step uses
the Chapman-Kolmogorov equation to forward-predict the state
distribution using the transition probability, a conditional proba-
bility that describes the time evolution of the system state. Based
on the prior distribution acquired after prediction, the update
step applies Bayes’ theorem to update the prior using the mea-
surement probability, a conditional probability that describes the
relationship between noisy measurements and the true state [1].

For linear Gaussian systems, directly applying Bayesian fil-
tering results in the well-known Kalman filter (KF) [2], which
analytically computes the Gaussian posterior through recursive
updates of its mean and covariance. This analytical form relies
on the closure property of Gaussian under linear transformations
and the conjugate property of Gaussian under conditioning.
Unfortunately, such an elegant structure of KF does not exist
for nonlinear systems, as the closure and conjugate properties
only hold in the linear Gaussian case.

Therefore, if the system is nonlinear or non-Gaussian, finding
the exact solution of Bayesian filtering is often unattainable.
In this case, designing an appropriate approximation of state
distribution becomes a key step in Bayesian filtering. To this
effect, the particle filter (PF) approximates the probability den-
sity function with a set of discrete particles, each representing
a possible state of the system. These particles, when weighted
and summed, form a discrete approximation of the continuous
probability density function. Although PF can provide asymp-
totically optimal approximations, it requires a large number of
particles, which results in significant computational demands
and limits its application in practical systems [3], [4]. In contrast
to approximating the posterior distribution with samples, an
alternative choice is to approximate it as Gaussian distribution
in each time step, which leads to the Gaussian filter family.
Compared to PF, Gaussian filters offer higher computational
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efficiency and have become by far the most popular family to
date [5].

It turns out that the design philosophy of Gaussian filters gen-
erally consists of two steps: (i) approximate the nonlinear models
to linear forms with additive Gaussian noise, and (ii) perform
KF based on this linear Gaussian model. Within this framework,
the differences between Gaussian filters are primarily attributed
to different linearization techniques. The earliest technique in-
volves directly using the Taylor series approximation to linearize
the nonlinear function. Typically, the first-order expansion is
employed to avoid the occurrence of tensors in high-order ex-
pansions, exemplified by the well-known extended Kalman filter
(EKF) [6], [7]. Originally developed by NASA for navigation
tasks, EKF linearizes the nonlinear function around the state
estimate and performs KF using the resulting affine-form system
equation. Building on this foundation, iterated extended Kalman
filter IEKF) [8] repeatedly performs linearization at each up-
dated approximation of the posterior mean instead of the prior
mean as in EKF. In fact, the iterative process of this method is
a Gauss-Newton iteration that essentially linearizes the model
around the maximum a posteriori estimate of the state [9].

A clear drawback of directly linearizing the state space model
is its inability to capture the second moment, namely the co-
variance, after a nonlinear transformation, since Taylor-series
linearization only utilizes the mean. To address this issue,
a fundamentally different approach is to directly match the
transformed mean and covariance, known as moment-matching.
Essentially, moment-matching can be viewed as statistical linear
regression (SLR), a linearization technique that obtains optimal
affine representation of the nonlinear system with parameters
minimizing the expected regression loss [10]. This so-called
SLR method requires computing several integrals over Gaussian
distributions. In particular, the use of established numerical in-
tegration methods such as unscented transform, Gauss—Hermite
integration, and spherical cubature integration underpin the de-
sign of unscented Kalman filter (UKF) [11], Gauss—Hermite
KF [12], and cubature KF [13]. In addition, a new algorithm
called posterior linearization filter (PLF) is proposed to perform
SLR at the posterior rather than the prior during Bayesian
updates to improve filtering accuracy [10].

This framework of first linearizing the model and then per-
forming KF is termed enabling approximation [10]. Although it
has been widely applied since the 1960 s and may seem like a
natural choice, one critical question cannot be overlooked: Is this
enabling approximation framework sufficient to find the optimal
Gaussian approximation of Bayesian filtering? Unfortunately,
no existing works discuss this issue. In this paper, we argue that
applying this framework in the update step may not yield an exact
solution for nonlinear Gaussian filtering. This contrasts with
the prediction step, where performing enabling approximation
using moment-matching filters [11], [12], [13]is a proper choice.
To this effect, we propose a new method called Natural grAdient
GaussiaN apprOximation (NANO) filter that applies natural
gradient in the update step to find the exact solution of Gaussian
approximation. Specifically, the contributions of this paper are
summarized as follows:
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® We interpret the prediction and update steps of Bayesian
filtering as solutions to two distinct optimization problems.
This new perspective allows us to define optimal Gaussian
approximation and identify its corresponding extremum
conditions. Leveraging the Stein’s lemma, we derive that
the stationary point for prediction step has an explicit form,
involving the calculation of the first two moments of prior
distribution. This analytical form is implementable via
moment-matching filters [11], [12], [13]. In contrast, the
stationary point for update step is characterized by two in-
terdependent equations, which generally has no analytical
root. A special case occurs in the linear Gaussian systems,
where these two equations decouple and become linear,
resulting in analytical solutions for KF. For nonlinear sys-
tems, those enabling approximation-based Gaussian filters
need to perform certain linearization technique, which
inevitably introduce large estimation errors.
e To address linearization errors in the update step, we derive
natural gradient iteration to minimize the optimization cost.
By leveraging the Fisher information matrix that captures
the curvature of the parameter space, the gradient direction
is adjusted to perform the steepest descent on the Gaussian
manifold. By combining this optimization procedure in the
update step with moment matching in the prediction step,
we develop a new iterative filter for nonlinear systems,
namely NANO filter. We demonstrate that KF is equivalent
to a single iteration of NANO filter for linear Gaussian sys-
tems, providing a fresh understanding of Kalman filtering.
® We prove that the NANO filter locally converges to the
optimal Gaussian approximation at each time step, with ac-
curacy up to a second-order remainder in the Taylor expan-
sion. Additionally, the estimation error is proven exponen-
tially bounded for nearly linear measurement equation and
low noise levels through contructing a supermartingale-like
property across consecutive time steps. We further show
that NANO filter can naturally extend the Bayesian pos-
terior to Gibbs posterior, enabling the use of more flexi-
ble loss functions to enhance robustness against outliers
in measurement data. On its basis, three robust variants
of NANO filter are introduced, each employing different
robust loss function designs. Simulations and real-world
experiments demonstrate that NANO filter and its robust
variants significantly outperforms popular Gaussian filters,
such as EKF, UKF, IEKF, and PLF for nonlinear systems.
The remainder of this paper is structured as follows: Section II
formulates the problem, and Section III explores the optimal
Gaussian approximation. Section IV introduces the NANO fil-
ter algorithm, followed by theoretical analysis in Section V.
Section VI proposes the robust variants of NANO filter. Sec-
tion VII provides a discussion on the proposed algorithm. Sim-
ulations and experiments are presented in Section VIIIL.
Notation: All vectors are considered as column vectors. The
symbol Dy (pllg) = E,{log £} denotes the Kullback-Leibler
(KL) divergence between two probability distributions p and q.
Unless otherwise specified, ||z|| refers to the ¢3-norm of the
vector z, defined as ||z|| = V& Tx. The notation N (x; i, )
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represents the Gaussian probability density function for the
variable x with mean p and covariance matrix 3. For simplicity,
this may be abbreviated as A/ (p1, ). Furthermore, E{z}, D{z},
and Cov(z, y) denote the expectation, variance, and covariance,
respectively. The notation A < B (A < B) for symmetric matri-
ces A and B indicates that B — A is positive (semi-)definite. The
symbol ® denotes the Kronecker product. The notation vec(A)
refers to the vector obtained by stacking the columns of matrix A
into a single column vector. The trace of matrix A is denoted as
Tr(A). The notation I, «,, represents the n-dimensional identity
matrix.

II. PROBLEM STATEMENT

Consider the following nonlinear discrete-time stochastic sys-
tem:

i1 = floe) + &,
Y = g(xe) + G, (D

where x; € R” is the system state, y, € R™ is the noisy mea-
surement. The function f : R” — R"™ is referred to as the transi-
tion function, while g : R™ — R™ is called measurement func-
tion; &; denotes process noise, and (; represents measurement
noise. Typically, the initial state x¢, the process noise {&:},
and the measurement noise {(;} are all mutually independent,
with the process and measurement noises being independent
and identically distributed across time. This state-space model
description in (1) can be represented as a hidden Markov model:

xo ~ p(z0),
Tt NP(It|It—1)7
Yt ~ p(Ye|we). 2

Here, p(2¢|z:—1) and p(y:|z:) are the transition and output
probabilities respectively while p(zg) denotes the initial state
distribution. In essence, (2) and (1) are different representations
of the same system model. For example, consider the transi-
tion model z; = Axy 1 + &1, where & 1 ~ N(§.1;0,Q),
with @ denoting the covariance matrix of the process noise.
This can be equivalently described by the transition probability
pxelwe 1) = N(wg; Aze 1, Q).

The objective of state estimation is to recover the system
state x; from noisy measurements y;. Typically, finding the
optimal estimate involves two key steps: calculating the posterior
distribution p(z¢|y1.¢), and determining the optimal estimate
T4; using the posterior distribution. A principled framework
for posterior distribution calculation is Bayesian filtering, which
computes p(x|y1.:) recursively through two steps:

p(xe|y1e-1) = /p($t|xt71)p(f£t71|y1:t71) dri_1, (3a)
€z T |Y1:t—
p($t|y1:t) = p(yt| t)p( t|y1.t 1)

a fp(yt‘xt)p(xﬂqu)d%t.

Here, (3a) is called prediction step while (3b) is called update
step. The former, known as the Chapman-Kolmogorov equation,
utilizes the transition probability p(z:¢|2;—1) to predict the prior

(3b)
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distribution p(x¢|y1..—1). Based on this prior, the update step
leverages the Bayes formula to calculate the posterior distribu-
tion p(x¢|y1.¢), where the output probability serves as likelihood
function. After calculating p(a¢|y;.¢), common estimation crite-
ria like the minimum mean square error or maximum a posteriori
estimation can be used to determine the optimal estimate.

As discussed in Section I, neither (3a) nor (3b) can be calcu-
lated analytically when the transition or output probabilities are
non-linear or non-Gaussian, requiring the approximation of state
distributions in practice. Given the high computational burden
of discrete approximations like PF, Gaussian approximations are
widely adopted in industrial applications. More specifically, in
Gaussian filters, both the prior and posterior distributions are
approximated by Gaussian distributions:

P(xelyre1) = N (w45 By—1, Poje—1),
P(xe|y1e) = N (@ fft\t, Pt\t)a 4)

which is usually achieved through enabling approximation
framework. In particular, this framework first approximates the
transition or output probabilities with linear Gaussian models
and then performs the well-known KF. Due to the closure prop-
erty of Gaussians under linear transformations and the conjugate
property of Gaussians under conditioning, the resulting prior and
posterior distributions are naturally approximated as Gaussian.
The linearization techniques in existing Gaussian filters can be
categorized into two types: Taylor series expansion and stochas-
tic linear regression. As summarized in Table I, the former uses
the Jacobian matrix ¢'(Z) to provide local affine approximations
of system models at point z, while the latter minimizes the
expectation of the square of the residual y — Az — b to find
optimal linear parameters.

While these techniques offer practical methods for Gaussian
approximation, it still remains unclear whether this enabling
approximation framework truly achieve an optimal Gaussian
approximation for Bayesian filtering. Unfortunately, there is
even no clear way to formally judge whether a Gaussian approx-
imation is optimal. This paper aims to establish a framework for
defining and identifying the optimal Gaussian approximation for
Bayesian filtering. Specifically, we seek to address the following
three questions:

QI1: What defines the optimal Gaussian approximation in

Bayesian filtering, and what conditions must it meet?

Q2: How can we design a filter that effectively achieves this

optimal approximation?

Q3: What theoretical guarantees can we provide for the

algorithm’s convergence and the boundedness of the
estimation error?

III. OPTIMAL GAUSSIAN APPROXIMATION FOR BAYESIAN
FILTERING

In this section, we will address Q1 by exploring the necessary
conditions for determining the optimal Gaussian approximation
for Bayesian filtering.
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TABLE I
LINEARIZATION TECHNIQUES FOR EXISTING GAUSSIAN FILTERS

Linearization Technique
g(z) =
—rule Taylor Series Expansion

Basic Principle: N (y; g(z), Z) =~ N (y; Az + b, A)
@) +9'(@) (= —7)

Representative Algorithms

EKEF [6], IEKF [8]

A=g'(2),b=g(T) -9 @), A=%

—rule Statistical Linear Regression

A= Cov(z,y) "D(z),b =E{y} — AE{z} , A =D{y} — AD{z} AT

argmin 4 , B, {(y — Az —b)T(y— Az —b)}
I

UKEF [11], Gauss—Hermite KF [12],
cubature KF [13], and PLF [14]

A. Optimization Viewpoint of Bayesian Filtering

Inspired by the optimization-centric view on Bayes’s
rule [15], we show that the prior and posterior distributions can
be interpreted as solutions of two variational problems, as shown
in the subsequent proposition.

Proposition 1 (Variational Problems for Bayesian filtering):
The prior distribution can be regraded as the maxmizer of an
variational problem:

p($t|y1:t—1) = arg maXEp(mtfl\qu) {log Q(xt)} )
q(zy) p(ze|we-1)

Similarly, the posterior distribution can be regarded as the min-
imizer of a functional:

p(ze|yre) = arg( min {Ey(,,) {—log p(y|a:)}
q(T¢

+Dx (q(xe)|Ip(we|yre-1))} - (6)

Note that in both (5) and (6), ¢ : R™ — R represents the
candidate density function. Besides, we use the notation
Ep@y{f(2,y)} to represent the expectation of f(x,y) with

p(y)
respect to both distributions p(z) and p(y), i.e.,

]EP(ZI?) {f(l‘, y)} £ Ep(z)Ep(y) {f(I7 y)} :
p(y)

The proof of this proposition can be found in Appendix A
in the supplementary material. This proposition shows that the
prior distribution p(x¢|y1..—1) can be viewed as the solution to a
variational problem that maximizes the expected logarithm of a
candidate density ¢(z) over the joint distribution of the previous
state and the transition probability. This reflects the idea that
the prior is derived by considering all possible transitions from
the previous state, and selecting the distribution that maximizes
the expected log-density under these transitions. Similarly, the
posterior distribution p(z¢|y1.+) is the solution to a variational
problem that minimizes a cost combining the expected nega-
tive log-likelihood of the measurement model, — log p(y:|z¢),
with the KL divergence between the candidate density and the
prior distribution Dy (q(z¢)||p(2¢|y1.+-1)). This captures the
Bayesian update process, where the posterior distribution adjusts
the prior distribution based on new measurements to balance
prior knowledge with new information.

In both (5) and (6), there are no constraints on the candidate
distribution, meaning we seek an optimal candidate distribution
over the entire probability space. However, such variational

problems generally lack analytical solutions. A tractable ap-
proach to solve this problem is to restrict the candidate distribu-
tion to a parameterizable family of distributions, with the Gaus-
sian distribution family being the most commonly used [16].
Therefore, by utilizing Gaussian approximations in (4), the two
variational problems (5) and (6) that depict Bayesian filtering
can be reduced to two optimization problems:

Zy)p1, Pyg—1 = arg max Lz, Pr),
e, Pt

L(.’i‘t,Pt) Z]EN( {IOgN(xt;tht)},

Teo138 1)1, P 1)e-1)
p(xe]ze-1)

(7a)
By, Py = arg min J (24, Py),
T, Py
J(&4, Py) = Dxr (N (we; &4, Py)||N (@3 Sgje—1, Pr—1))
— En(aeiz,.p) {108 P(yelze)} - (7b)

Here, L(&, P;) is called prediction cost while J (i, P;) is
called update cost. Compared with (5) and (6), (7a) and (7b)
transform the generally unsolvable variational problems to op-
timization problems for Gaussian parameters. This allows us to
find the optimal Gaussian approximation for Bayesian filtering
by studying the optimality conditions of (7).

B. Structure of Stationary Points of L(&+, Py)

To establish the optimality conditions for problems (7a)
and (7b), we examine the stationary points of L(Z, P;) and
J(&+, P;). Interestingly, the extreme condition of the former
reduces to a straightforward moment-matching equation, while
that of the latter results in two mutually coupled implicit
equations, whose roots are generally intractable. The following
lemma helps elucidate the structure of L(zy, P;):

Lemma 1 (Stationary Points for Maximum Gaussian Like-
lihood): For probability density function p(x), the stationary
points of a maximum expected Gaussian likelihood problem

T argﬂrgax Ep(z) {log N (z; 1, %)}, ®)
can be written as
1= Eye {2}, ©a)
S =By {(z — )@ —p)"}
=Ep) {g:xT} — T (9b)

The proof of this lemma can be found in Appendix B. This
lemma states that the stationary points for maximizing the
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expected Gaussian likelihood are achieved when the Gaussian
distribution matches the mean and variance of the given distri-
bution. Therefore, as a special case of (8), solving (7a) requires
to match the first and second order moment:

Li[t—1 = EN(xt—l?it—l\t—l7Pt,—1\t—1) {xt} )
P(1t|$t71)

_ . ™ _ 4 ~T
Pﬂt*1 - EN(mtfl§It—1\t—17pt—1\t—1) {xtl‘t } LTt|t—1Tg)p—1-
P(1t|It71)

(10)

For the system obeys the transition model in (1) with &; being
the zero mean process noise, (10) can be further expressed as

‘ijt\t*1 = ]EN(wtfl;it—l\t—laPt—l\t—l) {f(xt—l)} )
Pt‘t*1 = ]EN(ztfl;it—l\t—lth—l\t—l) {f(xtfl)f—r(xtfl)}
+D{& 1} — Byeady (1D

By leveraging variable substitution and the independence be-
tween process noise and state, we find that the optimal solution
in (11) essentially requires finding the expectation of a nonlinear
function with respect to a Gaussian distribution. The subsequent
example explains this momoment-matching operation in terms
of the canonical KF:

Example 1 (Prediction step of Kalman filter): For linear
Gaussian systems z; = Ax;_1 + &1 where the process noise
satisfies &1 ~ N (&-1;0,Q), if the posterior distribution at
time ¢ — 11is given by ;1 ~ N (2415 Z4-14—1, Pi—1)1—1), the
prediction step using (11) yields the following stationary points:

e ]EN(attfl?it—l\t—lapt—l\t—l) {Axtfl}

= AEN (20 130 110 1,Pr1jp1) 1Tt-1}
=A%t qpe-1,
Pii—1 =EN(zy 180 1p0 1P je 1) {Azy 12/ AT}
+D{&- 1} — Ait_l‘t_ljg;'—_l‘t_lAT
= Apt—l\t—lAT +Q.

Note that the prior covariance matrix satisfies P 131 =
EN(wt—ﬁit e-1,Pe1pt 1){‘1%—1]";—1} - i‘t*1|t*1jz—1\t71'

In linear systems as shown in Example 1, the expectation
operator in (11) is allowed to be interchanged with the affine
function. However, for nonlinear functions f, computing the
expectation requires numerical methods. As discussed in Sec-
tion I, moment-matching KF methods, such as UKF, GHKEF,
and CKEF, approximate this expectation using techniques like the
unscented transform, Gauss—Hermite quadrature, and spherical
cubature. These methods provide optimal Gaussian approx-
imations for the prediction step by numerically solving the
expectation.

C. Structure of Stationary Points of J(Z+, P;)

Compared to the simple form of the stationary points of
L(%y, P;), the stationary points of J(&;, P;) are relatively
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more complicated. For simplicity in notation, we define the
negation of the log-likelihood as ¢(x;,y:), where (x¢,y;) =
—log p(yt|z¢), and refer to €(xy,y:) as the measurement-
dependent loss. Using the analytical form of the KL divergence
for two Gaussian distributions, the update cost can be formulated
as

J(a/}t;Pt)
= EN(mt;fi'hPt) {g(‘rt’yt)}
+ Dxr (N (45 &4, Po)||N (245 B4j4—1, Prye—1))

= EN(mt;fi'hPt) {g(‘rtﬂyt)}
1

. AT e . .
+ 3 (xt\t—l - 9Ut) Pt‘tl_l (xt\tfl - xt)
1 , 1 | Pt| 1
4 oTr (P L Pt) ~ Zlog —Znp. (12)
2 tlt 1 2 |Pt‘t71| 2

To find the stationary points of J (&, P;), we need to calculate
the partial derivatives with respect to z; and P;. The following
lemma is helpful in simplifying these partial derivative calcula-
tions:

Lemma 2 (Gradient of expectation under Gaussian distribu-
tion): Assuming that f : R™ — R is twice differentiable, we
have the following results:

(i). The gradient of E (5., vy { f (%) } w.r.t. the mean y satisfies

0 0
@EN(I;}L,E) {f(‘r)} = EN’(m;p,E) {adif(x)}
= EilEN(x;u,Z) {(.’ﬂ - /L)f(l’)} . (13)

(ii). The Hessian matrix of Exr(z;,5){f(2)} w.r.t. the mean
L satisfies

82
TNJQE/\/’(J:;M,Z) {f(l‘)}

82
= EN(Z‘;/L,E) {Wf(x)}

) (8511@/\/(@;#,2) {f(x)}) o

= EilE/\/(m;u,E) {(Z‘ - ,LL)(JZ‘ - M)Tf(x)}

— ST En(as {f(2)} - (14)

Proof: The results presented are all related to Stein’s
lemma [17]. Result (i) is known as Bonnet’s Theorem [18]
and result (ii) is referred to as Price’s Theorem [19]. Detailed
discussions about these results can be found in this technical
report [20]. O

Before studying the structure of the stationary points, we have
the following assumption:

Assumption 1: The measurement-dependent loss function
0(x,y) is twice differentiable with respect to the state ;.
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Based on Assumption 1 and the result of Lemma 2, we have
the partial derivative of .J (2, P;) with respect to &; and P, !:

OJ (&, Py)
Oy
af(fuyt) — A A
= En(assai, Pr) {8@ + Pt|t1_1(fft = Zyje-1),
(15a)
OJ (I, Py)
opP; !
1 825(%,%)
= —§Pt “En(zi3.,P)) {({%E% - P,
1 1 1
_ §PtPt|t_1Pt + §Pt. (15b)

To find extrema, we could attempt to set the first derivatives
to zero

OJ (&4, Prye) O (&4t Poye)

Py = — =0,
8.%‘75“ apt‘tl
we have
R . ol(xy,
Tt = Lejt—1 — Pt|t—1]EN(:c,,;fft”t,Pt‘t) {(a;tyt)} , (16a)
- - 325(1},%)
Pt‘tl = Pt\tlfl + E/\/(wt;it £ Pye) {ax% . (16b)

As shown in (16), the first-order condition is generally not
possible to isolate for Z;; and P;;. An exception for it is the
well-known KF, where the expectation in (16) is a constant value,
as shown in the subsequent example:

Example 2 (Update step of Kalman filter): For linear Gaus-
sian systems with output probability p(y;|z¢) = N (ys; Czy, R),
the optimal Gaussian approximation of the posterior mean in
(16a) can be written as

L 0
Teft = Teft—1+ Prle 1By @iy, Py {&Et log {N (ys; Ct, R)}}

R 0 1
= Ztje—1— Pt 1EN (w1800, P) {&Bt {2”% - Cfﬂt|2R1}}

- ‘it‘t_l + Pt‘t_lEN(ait%i't\uPt\t) {CTR?l(yt B C‘Tt)}

= Ty + Pt\tACTR_l(yt — Cyy). (17)
From (17), we can obtain
Ty)p = Typ-1 + Ky (yt - Cit\t—l) ) (13)

with K being the gain matrix of KF defined as KtéPt‘t,l
C"(CPy;—1C"+R)™'. Similarly, the optimal Gaussian appro-
ximation of the posterior covariance (16b) can be written as

2

. 9 -
Py = (Pttll BNy, Pr) {ax? log N (y¢; Cae, R)}})

-1
= (Pt\tfl

+ CTR’lC)A

=Py — Pt\tflcT(R + CPt\tflcT)_lcPt\tfl- (19)

IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. 48, NO. 7, JULY 2026

Note that (18) and (19) consist of the update step of the canonical
KF.

As shown in Example 2, for the special case of a linear
Gaussian system, the extreme conditions are specified by two
decoupled equations whose analytical solutions correspond to
the analytical form of the KF update. Specifically, the expec-
tation on the right-hand side of (16a) depends solely on the
posterior mean, while the expectation in (16b) is determined
entirely by the system, meaning it is unrelated to either the
mean or covariance. However, for a general nonlinear or non-
Gaussian system, the expectations in (16) depend on both the
posterior mean and covariance, rendering the stationary points
analytically intractable.

Remark 1: As discussed in Section II, existing Gaussian
filters rely on approximation techniques that solve (16) by
linearizing the measurement model and then performing the
KF updates as (18) and (19). We contend that this type of ap-
proximation technique inevitably introduces linearization errors.
For example, the Taylor series expansion technique unavoidably
results in higher-order error terms. Moreover, these approxima-
tion techniques are applicable only for Gaussian noises [10].
Therefore, there is an urgent need to develop a new method
that can directly solve the Gaussian approximation for Bayesian
filtering update to avoid linearization errors.

IV. NATURAL GRADIENT GASUSSIAN APPROXIMATION

In the previous section, we observed that existing moment-
matching KF methods already provide exact numerical solutions
for the optimal Gaussian approximation in the prediction step.
However, the update step is not sufficiently resolved in current
Gaussian filters, as these methods rely on linearization to approx-
imate the stationary point, which introduce linearization errors.
In this section, we aim to tackle Q2. Specifically, we will design
an algorithm to solve (7b).

By examining the structure of the extreme conditons defined
by (16), we find that it is challenging to directly obtain an
analytical form of the stationary point because it is typically
impossible to isolate the updates for the mean and covariance in
(16). Therefore, a more practical approach to finding the optimal
solution is to directly minimize the update cost .J (2, P;). To find
the steepest descent in optimizing the parameters of Gaussian
distributions [21], [22], we derive a natural gradient iteration for
finding the optimal Gaussian approximation.

For simplicity, we stack the Gaussian parameters into a single
column vector v and calculate the derivative with respect to it:

52 (&4, Pr)
vec (aPL;l'](it’Pt))
(20)

a ..
, %J(xtapt):

Here, we consider the inverse of the covariance matrix instead of
its original form. This consideration is inspired by the structure
of the information filter [23], [24], an equivalent form of the KF,
where the inverse of the covariance matrix is employed instead
of the covariance matrix itself. This is because the inverse can
potentially simplify the mathematical expression of the update
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step in Bayesian filtering [23], [24]. Additionally, to easily
represent the iteration, we define

0T
vec(6P, 1)

A

[ D _ 50

vec((P )(H—l) (tl)(i))l’

where 7 is the iteration index. Under this notation, the natural
gradient parameter update can be defined as

o= |maear)
v=0()
where F,, is the fisher information matrix associated with the
Gaussian distribution ' (4; 2, P;) and p(@® represents the value
of v in the ¢-th iteration. The next proposition provides the
formulation of Fisher information matrix:
Proposition 2: The inverse of the Fisher information matrix

F, 1 associated with N (z4; &4, P;) is

P, 0

Fl= ,
v 0 2P 'eP Y

(22)

where ® is the kronecker product.
The proof of this proposition can be found in Section 2.2
of [25]. Combining (20) and (22) with (21), we have

0
755

-2 [(Pt1 ® P vec (a]ft_lj(j;t, Pt))]

Transforming this into matrix form, we can derive the following
iterative updates:

6it = - J(i‘taPt):l )

v=0(1)

vec (6P, 1) =

v=o(i)

(7)Y = ()
NGO N —1) (%)
—2(PY) 6P7t_lj(a:t,Pt) " (",
jgi-u) _ ig) P(H—l) 0 9 JaP) 23)
04 WO

Combining the iterative updates (23) with the formulation of
partial derivative, we have

1
Pt\t 1t ]EN(zt;ig“,Pf“) {

(i NG i ol(xy,
CL‘§ +1) _ q;§ ) _ Pt( +1)E/\/(act;i§i),Pt(i)) { (a;tyt)}

(P;1)(i+1) *U(xy,y1) }

2
oxy

_ P(2+1)P 1

i (@ (24)

v Tyjp1).

One practical issue when performing (24) is that the derivatives
of ¢(x4, y;) can be hard to compute. To avoid the need to compute
derivatives of the measurement-dependent loss, we can once
again apply Lemma 2 to acquire the derivative-free formulation.
By applying (13) and (14), we have

]E ‘ Uy, yr)
N (@ P ds

= (Ptil) v E./\/(a: ;@80 Py {(xt - igz)) E(l‘hyt)} )
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E ‘ *U(xs, yr)
N(a:t,arg R Pt(l)) 833?

= ()" Ey (esa,PO) {(Itiigi))(xﬁ
_ (Pt_l) (1) E

N(z:2D D) (e, ye)} -
With the result in (25), we have the derivative-free update
scheme shown in (26), shown at the bottom of the next page. This
update scheme is still practically intractable for two reasons.
First, the expectations generally do not have analytical forms.
Second, the update scheme in (26) generally cannot guarantee
that the covariance matrix will be positive definite.

To address the first issue, we could use well-established
numerical integration methods, such as the unscented trans-
form [11], Gauss—Hermite integration [26], or spherical cubature
integration [13] to approximate the expectation calculations. For
the second issue, one possible and efficient solution is to provide
a sufficiently good initialization. For example, we could solve
the maximum a posterior estimation problem:

fgi))—rg(zt, yf)}

(25)

~MAP

Typ — arg max {N(@“t; i't\tfla Pt\tfl) : exp{—é(a:t, yt)}}

= arg max {log/\/(xt; i‘t\ph Pt\tfl) — (x4, yt)} )

27

and use Laplace’s approximation [27] to construct the initial
mean and covariance for the iteration in (26), as shown in the
subsequent equation:

A (0) 4MAP

t\t ’

0% {~log N'(z4; Byjg—1, Poj—1) + (e, y1)}
Ox?

(Ptil)(O) =

~MAP
t|t

(28)

T=T

This method works quite well in most scenarios. Besides this
initialization trick, other methods such as Cholesky decom-
position [28] or square-root parameterization [29] can also be
leveraged to ensure the positive definiteness of the covariance
matrix.

Another important consideration for the iterative scheme
is the stopping criterion. As suggested by [14], we use
the KL divergence between two consecutive Gaussian distri-

butions, specifically N = A (zy; 2, P} and N(+D) =

Ly Lo
N (245 ii‘l:' 1 Pt(lz;rl)) to determine when to stop the iteration:

Dt (NONEHDY < (29)

where 7 is a predefined threshold. This approach is more effec-
tive compared to using Dyp (N D[N (D) < 4 because N 1)
is generally more concentrated. By using Dy (N ||V G+1),
we ensure that the criterion remains sensitive to convergence
while avoiding premature termination of the algorithm.

Recall that in Section III-B, we proved that the prediction step
of the moment-matching KF algorithms essentially follows the
optimal solution of Gaussian filtering. By combining this step
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Algorithm 1: NANO Filter:

Input: Stopping thresohold ~
Initialization: State estimate |y and covariance Py|q
for each time step t do
Predict:
Calculate predicted state mean Z;; ; and covariance
Pyj;—1 using (11)
Update:
Obtain the noisy measurement y;
Initialize the state estimate JZ"EO)
using (28)
for each iteration number ¢ do
if (29) is not satisfied then
Update state estimate and covariance using (26)
end if
end for 4
fi?t|t = 535,1)7 Ptlt = Pt(l)
end for

. 0
and covariance Pt( )

with our natural gradient descent update step (26), we devel-
oped a new iterative filter. To emphasize that natural gradient
descent is our key contribution, we call it the Natural grAdient
GaussiaN apprOximation filter, or NANO filter for short. The
pseudocode of the NANO filter is summarized in Algorithm 1.
Note that all the expectation computations appearing in Algo-
rithm 1 are suggested to use the efficient unscented transform
[30].

V. THEORETICAL ANALYSIS

In this section, we will answer Q3, i.e., we will provide the
convergence and stability analysis for NANO filter.

A. Convergence Analysis

After deriving the update scheme of natural gradient Gaussian
filtering in (24), a key question arises: does it converge to the
optimal solution of (7b)? The following theorem confirms the
local convergence of our update scheme:

Theorem 1: Consider the Taylor series expansion that is
second order in & and first order in § P, *. Under this approx-
imation, the iterative update in (24) guarantees convergence,

ie.,
oJ 1 T [ 0%J
0 — (02 — 0
oz |, e 2( ) (5@2 vm) o

oJ
Tr| —— op~t
o < oP; ‘ )

JOHD & @)
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< Y, (30)

where Jt(z) is the update cost at the i-th iteration, defined as
Jt(i) £J (i’gi),Pt(i)). Moreover, equality in (30) holds if and
only if §2; = 0 and 5P, ' = 0.

The proof of this theorem is provided in Appendix D in
the supplementary material. This theorem indicates that natural
gradient descent iteration in the update step of the NANO filter
provides a guarantee of local convergence. This guarantee is
achieved by approximating the objective function with second-
order accuracy around the mean and first-order accuracy around
the inverse of the covariance matrix. The key idea of proof is
to show that the difference in update costs between consecutive
iterations can be expressed as a semi-negative definite quadratic
form. Technically, achieving this semi-negative definiteness re-
lies on the use of the Fisher information matrix, which corrects
the gradient direction to provide the steepest descent on the
Gaussian manifold. This adjustment makes the gradient “nat-
ural” because it aligns with the geometry of the Riemannian
space of Gaussian parameters.

For linear Gaussian systems, the NANO filter achieves the
optimal solution of (7b) in a single iteration, as stated in the
following corollary:

Corollary 1: For linear Gaussian systems in Example 2, the
update rule given by (24) converges to the optimal solution of
(7b) within one iteration. In other words, a single iteration of
NANO filter is equivalent to KF.

The proof of this corollary can be found in Appendix C in the
supplementary material. Corollary 1 holds regardless of the ini-
tialization of the Gaussian parameters :i'go) and Pt(o), supporting
the fact that the natural gradient is the steepest descent direction
in the Gaussian manifold.

B. Stability Analysis

Next, we will analyze the stability of the proposed NANO
filter. Stability is the most critical property, as it ensures that
the estimation error remains bounded throughout the filtering
process. Our stability analysis is conducted based on the state-
space model given in (1). We focus on the case where the
process and measurement noise are both zero-mean Gaussian
noise, satisfying & ~ N(0, Q) and {; ~ N (0, R;). Inthis case,
the measurement-dependent loss ¢(x, y;) is the log-likelihood
loss function that satisfies £(x¢,y:) = —log p(yi|z:) = Co +
2yt — 9(20)) "Ry (e — g(w¢)). Here, Co > 0 is a constant
value irrelevant to the state and measurement. For the purpose of
stability analysis, we make the following regularity assumptions
on the system functions f and g.

i i (i L@\ NG
(Ptfl)( +1) _ Pt‘itlil T (Ptfl)( ) . EN(a:t;aA:(’i),Pt(i)) {(xt — J}E )) (xt - J’,‘E )) é(ﬂft,yt)} (Pt 1)( )

t

— (P By, 000 pon (@ w0}

(41 (i i+1 —1y (%)

Ty — xgz)) Uy, yt)} - Pt(iH)PtTtIA (igz) - jt\t—l) .

(26)
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Assumption 2: The derivatives of the functions f and ¢ are
bounded. Specifically, there exists a constant C' > 0 such that
o fz gk 32 gk
‘ Oxd|"|0x7 || OxiOxI
forall z € R?, 1 <14,j <n, 1<k <m.Here, 2 represents
the ¢-th component of the state vector x; similarly, fi and g”C
denote the corresponding components of the functions f and g,
respectively.

Using the standardization of the state z; under the Gaussian
distribution, we can rewrite the stationary point condition for
update step (16) in the following tensor form:

€29

< C < o0,

i 5gk N
Ty = xt\t L+ Pyee)” [ (R s (T4 + Spe2)
. 1 a1y,
X (yi —d (&4t + Sye2)) (2m) e zlAlP dz,
(32a)
(PtTtl)ij = (Pt\_tlfl)ij

1 [og* dg'
+ /(R; )kl [8 (T + Sf|tz)87(xf\t + Sye2)

829k .
T A0 (B + St|tz)( — g (&4 + Sip2))
L4y
X Gmz¢ dz, (32b)

Where SﬂtS e = = Py); is obtained by Cholesky decomposi-
tion, and we use the Einstein summation convention [31].

Next, we will substitute the measurement model, y,l5 =
g' () + ¢} into the tensor form of the stationary point condition
in (32), and consider the Taylor expansion of g(z;) at Z,. For the
stationary point condition of Z;, let us first define the auxiliary
function h?l(gc), forl<j<mnandl <kl <n:

o k
/ ag] (T4t + Syje2)

. 1
- gl(ivt\t + Sye2)) (2

h?l(z) =

12
e 212 4z,

x (g'(2)

w3

then (32a) can be rewritten as

Fy = &1 + (Pyen) (R D ()

ij (-1 dg" l
+ (Prje-1)" (B ) EN (252,00, @(%) G

=&y 1+ (Poe-1)? (B,

ahkl

X hfl(fﬂt) o q( !

i;ﬂt) + 7/);?1(1} - i"tt)]

o dg*
P VB B0 500

(33)

where

w;‘d(ﬂft - ﬂACt|t) < Hl(HlUt - 3A3t|t||2),vo < th - it\t” < €1,
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for some k1, €; > 0, are high-order terms in the Taylor expan-
sion of K4,

Let us denote the estimation error as e;; = xy — Ty and
etjt—1 = Tt — Ty Regardless of the specific methods used in
the prediction step, the prediction error e;;_; can be expressed

as
i
— Ty—1

er1 = I (21) +§

oft .

= 57 Be-ve-1) (g = &y y)

F P (X1 — By1je1) + &, (34)

where
P (ze-1 — Tr-1p-1) < Koot — &1 ),
VO < o1 — g1l < €2,

for some k2, €2 > 0, which are higher-order terms in the Taylor
expansion of f. Subtracting x; from both sides of (33) and
applying (34), we obtain

i

e;\t = @(fhum)ei,m,l + 1/7(55:5—1 —Tyqp-1)
+& — (Py-1)" (R
ki
Kl s . ki -

X | (Tage) + ﬁ(wm)ef\t + 5 (e — wtt)]
g dg"
7 -1 1

— (Pye—1)" (R )klEN(zt;i”,P”){axj(xt)}Ct-

(35)
In matrix form, (35) becomes
eyge = Fyro1ei1i—1 — Hyeyy — he + WUy + & — Gy,

where F,, H;, h; and G; are matrix- or vector-valued functions
with components given by

9
(Fi 1)J afj (& 1t— 1)
) . 6hkl
(Hi)y = (Pye1)” (Ry i Bt (&40,

Bi = (Pt\t—l)ij(R; )klhj (:Et\t)y

; dg*
(G)i = (Pip—1)" (Ry )t Enr(a,; x“,P“){al,j (l‘t)}y

and
v = in(et—llt—l) - (Pt|t—1)ij (Rgl)kliﬁfl(zt — Zyp¢)
are the high-order terms. Therefore, we have
e = I+ Hy) "Fyvep g1 — (I + Hy) 'hy
+ (I +Hy) "0+ (I + Hp) ' (& — Gide) -

Similarly, for the stationary point condition of Py, let
us define the auxiliary function Eff(x), for 1 <i,j <n and

(36)
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- oa* dg'
hfjl(x) = /[agz (T4 + Sepe2) ag (%4 + Sepe2)

gk
- m(xtn + St\tz)(gl(x)
1

@mi’

- gl(ft\t + Si2))

1 2
-5z
Sl g

X

then (32b) can be rewritten as

(PtTtl)ij = (Pt\itl—l)ij + (Rzl)klhff (t)
aQQk
1 1
— (R )klEN(a:t;itt,Ptt){(W(xt)} ;
= (Pt\itl—l)ij + (R M [ilkl(xtt)
Onkt X )
+ 893‘; (&) (2] — 27),) + ol (w0 — -rt|t):|
_ 0%gF
- (Rt 1)k:lEN(If,;i“,PH){axiaxj(xt)}<é7
where
(Pfgl(‘rt - jét\t) < 53“1} - i't\t”z,v 0< ||.’Et — flz"t‘fH < €3,

for some k3, €3 > 0, are high-order terms in the Taylor expan-
sion of izfjl .

The main idea of stability analysis is based on the application
of Lyapunov functions, just as in the case of Kalman-type
nonlinear filter [32], [33]. In order to construct the Lyapunov
function, let us first introduce the auxiliary covariance matrix
Pt‘t and Pt‘t 1, which evolve according to

(ﬁt\_t )i’ (PtTt 1)1] + (Rt_l)klﬁg(jth)y

_oft . af .
(Pt\t 1) T or k( t— l\t—l)@(:ﬂt—ut—l)
X (Pt71|t—1)kl +(Q¢)",
and in matrix form
Pt‘j} = Pt\}l_l + Dy,

pt\t—l = Ft—lpt—l\t—lFle +Q, (37

where D; is the matrix with each component (Dt)m =
(R; 1)k.ll~sz (#4¢)- Note that the evolution of Py; and Pt‘t 1
does not depend directly on the errors ey, €41 or the noise
terms &, (. This makes the following positive definiteness and
boundedness assumption largely a condition on the system itself,
much like the detectable and controllable conditions for linear
systems [34].
Assumption 3: There exist constants p, p > 0, such that

0<pl <Py <pl<oo, Vit>0,

0<pl <Py <pl<oo, Vit>0.
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Our main stability result is stated in the following theorem.
Generally speaking, this theorem proves the stability of our pro-
posed method for those systems with almost linear measurement
functions and small noise.

Theorem 2: Under Assumption 2 and 3, the estimation error
ey is exponentially bounded in the mean square for systems with
almost linear measurement functions, i.e., there existe, €/, A > 0,
such that

1 t
B e < clleonl?( ) +¢

as long as the initial error and the strength of the system noise are
small enough, thatis [leg)o || < 8, E{&:&, } < 6TandE{¢¢, } <
01 for some given § > 0.

The proof of this theorem can be found in Appendix E in the
supplementary material.

V>0,

VI. ROBUSTIFYING NANO FILTER WITH GIBBS POSTERIOR

In the update step of Bayesian filtering, as illustrated in (6),
the objective is to strike a balance between the information
provided by the measurement data and the prior distribution.
However, obtaining reliable information from the measure-
ment data requires a comprehensive probabilistic model of the
measurement-generating process. In other words, a precise spec-
ification of the output distribution p(y; |z ) is needed beforehand.
Unfortunately, in practical scenarios, it is often challenging to
specify the true model of p(y;|x;) due to factors such as sensor
malfunctions or unmodeled system dynamics. This leads to
a mismatch between the true data-generating process and the
assumed output probability model. Measurements influenced
by such model misspecifications, which are typically referred
to as outliers, require special attention to maintain the reliability
of state estimates [35], [36]. One effective approach to handle
this issue is to replace the likelihood function in (6) with a
generalized measurement-dependent loss function, leading to
the following variational problem:

pa(Te|yie) = arg minq(mt) {Eq(xt) {ég(xt, yt)}
+ DxrA{q(@o)|lp(@elyr:e-1)}} -

Here, (¢ :R™ x R™ — R is the generalized measurement-
dependent loss function. It turns out that the solution to (38)
is known as the Gibbs posterior, which has an analytical form
akin to the standard Bayesian posterior:

(3%)

eXP{*EG(xtayt)}]?(xt|yl:t71) '
feXP{_EG(xtayt)}P($t|y1zt71)dﬂct

Here, we denote the Gibbs posterior as pg (z¢|y1.¢) to differ-
entiate from the standard Bayesian posterior p(x|y;.¢). In fact,
the standard Bayesian posterior can be regarded as a special
case of the Gibbs posterior by setting the loss function as
the negation of the logarithm of the likelihood function, i.e.,
EG(xt,yt) = —log p(y:|z:).

Remark 2: A notable fact is that the analysis of the Gaussian
approximation in Section III-C and the derivation of the NANO
filter in Section IV do not depend on the specific form of the
loss function £(x¢, y¢ ). Therefore, since Gibbs Bayesian filtering

PG(It|y1:t) =

Authorized licensed use limited to: Tsinghua University. Downloaded on August 28,2026 at 09:25:58 UTC from IEEE Xplore. Restrictions apply.



CAO et al.: NONLINEAR BAYESIAN FILTERING WITH NATURAL GRADIENT GAUSSIAN APPROXIMATION

in (38) only modifies the loss function ¢(x¢,y:) in (6) to a
more general form, ¥ (z;, y;), all of the previous analysis and
algorithmic design can naturally extend to this case.

Then, we provide several potential choices of the
measurement-dependent loss functions that can tackle model
misspecifications:

Choice 1 (Composite Likelihood): One popular choice is
to use the composite likelihood loss, i.e., combine multiple
likelihood functions to achieve robust and adaptive performance
under varying conditions. For example, for single-dimension
measurement case, we can assume that the loss function is a
composition of Gaussian likelihood and Laplace likelihood:

Eh(fﬂtayt)

_ [~ log N(ye; g(z4), 1) if |y —g(2e)| <4,
~ | —log Laplace(ys; g(x), %) otherwise.

e [3lye—g(@)P it lye — g(a) <6,
§ (lyt — g(@¢)| — 26)  otherwise.

Here, the notation "= represents that two expressions are equiv-
alent up to an additive constant, and ¢ > 0 is the threshold
variable. In fact, /* (2, yi) represents the famous Huber loss [37]
used in robust regression, which is known to be less sensitive
to outliers in data than the squared error loss. In practical
applications, we utilize a smooth approximation of the Huber
loss, known as the Pseudo-Huber loss, to improve optimization
efficiency and ensure differentiability. The Pseudo-Huber loss
is defined as:

o) =5 (1 = gte)? /2 -1). @9)

Choice 2 (Weighted Log-Likelihood): Besides the composition
of different likelihoods, one natural choice to achieve a robust
loss function is to scale the log-likelihood loss function with a
data-dependent weighting term:

)

(g, ) = —w(we, ye) - log p(ye|ey). (40)

Here, w : R™ x R™ — R, is the weighting function. The phi-
losophy behind this form of loss is that reweighting the effect of
outliers in the filtering procedure can potentionally improve ro-
bustness. The choices of the weighting function can be inspired
from several domains. For example, we can use the so-called
inverse multi-quadratic weighting function [38]

w(@e, ye) = (1+ |lye — g(wt)H??,;l /e*)

where ¢ > 0 is aconstant number. Other choices of the weighting
function can also be found in Section 3.3 of [38].

Remark 3: When w(xy,y:) is chosen as the constant value
that is smaller than 1, it can be regarded as the result of perform-
ing the so-called exponential density rescaling for convlutional
Bayes filter [39], which already shows robustness for systems
with outliers. In this case, w(x¢,y:) can be regarded as the
Lagrange multiplier which balances the compression and recon-
truction in the well-known information bottleneck problem [39].

Choice 3 (Divergence-Dependent Loss Function): The final
option is to utilize robust divergence to fit the data. This approach
is based on the fact that minimizing the negative log-likelihood
essentially amounts to minimizing the KL divergence between
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the true data distribution pyye(y: ), which includes outliers, and
the assumed likelihood:

arg ming, \Eg(z,) {Dxv (Puroe (ye) [[P(ye|21)) }

= arg ming, ) By Epp.(y,) {—log p(yelze)}

~ arg ming ., Ey(z,) {—logp(ys|ze)} - (41)
In this equation, the first equality arises because the term pyye (¢ )
is treated as a constant regarding ¢(z;) and thus omitted, since
the objective is to find the minimizer, not the minimum value.
The final approximation holds because we cannot directly access
the true data distribution; instead, we use the sample y; to
approximate the expected value.

Based on this understanding, one natural idea for designing a
robust loss is to replace the KL divergence with a more robust
divergence, such as -divergence or y-divergence. For instance,
replacing the KL divergence with S-divergence in (41) leads to
the 3 loss function £ (z¢, y;) [35]:

1
(e ) = (velze)® + / plylz)Hidy.  (42)

B+
3 p
Remark 4: Formally analyzing which loss function provides
superior robustness is challenging as each is grounded in differ-
ent principles. A common approach is to apply Huber’s robust
statistics theory [40], which assesses the robustness of an estima-
tor using its influence function. An estimator is considered robust
if its influence function remains bounded as an outlier’s value
increases indefinitely. Previous studies have conducted case-
specific analyses of robustness for Huber loss [41], weighted
loss [38], and /3 loss [35] in linear Gaussian systems, demon-
strating that adjusting the loss function can improve robustness.
Since this paper focuses on applying robust loss functions to
enhance the NANO filter, a detailed formal analysis is left for
future work.

VII. DISCUSSIONS

Natural Gradient Descent for Gaussian Approximation: The
use of natural gradient descent for finding optimal Gaussian
approximations is well-documented in the literature, with early
works dating back to [42] with applications for Gaussian process
regression. After that, related methods have been explored in
various domains, including robot batch estimation [43], [44],
Bayesian deep learning [45], [46], approximate inference [47],
optimization [48] and more.

We utilize the natural gradient method to find the optimal
Gaussian approximation for Bayesian filtering in this paper.
The advantage of incorporating the natural gradient in Gaussian
filtering may arise from the profound geometric properties of the
statistical manifolds generated by the family of Gaussian distri-
butions, as discussed in [49], [50]. Intuitively, the computation
of the natural gradient involves second-order derivatives of the
probability density functions. Thus, geometric concepts such as
Riemannian metrics, curvatures, and geodesics on the statistical
manifold can be engaged and reflected in the algorithm, lead-
ing to better convergence performance. Nevertheless, a precise
description of the relationship between the natural gradient and
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Gaussian distribution remains an important research direction
for further exploration.

Gradient-Based Gaussian Filters: Gradient-based Gaussian
filters, which use gradient descent and its variants to solve
Gaussian filtering, were initially proposed in [51], utilizing
Monte Carlo techniques to approximate the exact gradient.
Subsequently, cubature rules were introduced to replace the
Monte Carlo method for gradient approximation, and vari-
ous optimization approaches, such as the conditional gradient
method, the alternating direction method of multipliers, and the
natural gradient descent were employed to replace basic gradient
descent for optimization [52], [53], [54], [55]. These methods
have certain assumptions and limitations compared to our ap-
proach. For instance, (i) the methods in [51], [52], [53], [55] are
restricted to systems with Gaussian noise; (ii) [51], [54] and [55]
require performing linear approximations of the measurement
model; (iii) [52] modifies the implicit hard constraints of the
original problem into soft constraints, rendering it inequivalent
to the original problem and (iv) [56] only finds the maximum
a posterior estimate, rather than the entire optimal Gaussian
distribution. Also, they both lack rigorous proofs of algorithm
convergence and stability guarantees for the estimation error,
which we provide in Section V. Besides, their optimization prob-
lems are constructed based on direct minimization of forward
KL divergence between the candidate distribution and the true
posterior, which does not support the extension to the Gibbs
posterior as proposed in our method.

Moreover, we would like to emphasize that, while these works
utilize gradient-based methods for Gaussian approximation,
they lack a theoretical analysis of the stationary points related to
the optimal Gaussian approximation. Specifically, they neither
justify the use of gradient methods in the update process nor
address the Gaussian approximation in the prediction step. In
contrast, our paper provides a comprehensive analysis cover-
ing both the prediction and update steps, including a detailed
examination of the stationary points for the optimal Gaussian
approximation.

Kalman Filtering as Natural Gradient Descent: Corollary 1
shows that the canonical KF can be interpreted as a single
iteration of the natural gradient in our proposed NANO filter.
This result looks similar to the findings in [57], where the
equivalence between KF and online natural gradient descent
is established. However, [57] focuses on parameter estimation,
where the state is treated as a deterministic variable representing
the parameters of the measurement model. In that context, the
natural gradient is applied to maximize the likelihood with
respect to the measurement model. In contrast, our result is built
on a more general Bayeisan view, where the state is a random
variable, and the natural gradient is used to find the optimal
parameters of state distribution. Therefore, our result can be
treated as a generalization of the result in [57].

VIII. EXPERIMENTS

In this section, we validate the proposed NANO filter and its
robust variants using the loss functions introduced in Section VI.
We conduct simulations for both linear and nonlinear systems,
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along with a real-world experiment. All the simulations and
experiment are evaluated by root mean square error (RMSE)
which is defined by

T N
2= |l — &2

RMSE =
n-T ’

where 7' is the total time step for each trajectory. As itis generally
impossible to compare with all existing Gaussian filters, we
focus on the most popular ones as baselines for our analysis,
including the KF, EKF, UKF, IEKF, and PLF. These filters are
all mentioned repeatedly in the well-regarded textbook [10].

A. Linear System Simulation: Wiener Velocity Model

First, we perform simulations for Wiener velocity model,
which is a canonical linear Gaussian model commonly employed
for target tracking [10]. In this model, the state represents the
position and velocity of a moving object in two dimensions. The
state vectoris defined as x = [p, p, v, v,] ", where p, and p,, are
the object’s positions along the longitude and lateral directions,
and v, and v, are the corresponding velocities. The measure-
ments are direct, noisy observations of the position components.
The state transition model with a time step At = 0.1 and the
measurement model can be described as

1 0 At 0
01 0 At
Tiy1 = 00 1 0 e + &,
00 0 1
1 0 0 0
Yy = 10 o0 e + G

Here, & ~ N(&;0,Q)and ¢; ~ N ((y; 0, R) are the process and
measurement noises with covariance matrices given by

20 o
0 Al g A
@= ag 0 A o |l
0 22 0 At

To validate our method, we consider two scenarios. In the
first scenario, the proposed NANO filter is compared against
the KF, the optimal filter for linear Gaussian systems, as well
as UKF and PLF. As shown in Fig. 8 in Appendix H in the
supplementary material, the NANO filter achieves the same
performance as the KF family within one iteration, supporting
the result in Corollary 1 that KF equals a single iteration of
NANO filter. In the second scenario, we consider the case where
the measurement data deviates from the measurement model
due to contamination of outliers. Specifically, the measurement
data has a 10% probability of being contaminated, modeled
as ¢, ~0.9-N(0,R) +0.1-AN(0,1000R). For this case, as
illustrated in Fig. 1 in Appendix H in supplementary material,
we evaluate the robust variants of the NANO filter, including the
Huber-NANO filter, Weight-NANO filter, and 5-NANO filter,
which utilize the robust loss functions ¢! (39), £% (40), and ¢°
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Fig. 1. Box plot of RMSE for KF, UKF, PLF, NANO filter, and its robust
variants with various parameter values, for the Wiener velocity model with
measurement outliers.

(42), respectively. The box plots indicate that the robust variants
of the NANO filter generally outperform the standard NANO
filter using different parameters. Notably, the Huber-NANO
filter with § = 3 shows the best performance.

B. Nonlinear System Simulation: Lorenz System

Next, we perform simulations for a strongly nonlinear and
chaotic dynamical system, namely a 6-dimensional coupled
Lorenz system [58]. This system is constructed by stacking two
Lorenz subsystems and introducing nearest-neighbor coupling.
The full system state is defined as

1 2 2 2
(pii,pi,i,pit),pil,péi,pit)) € RC.

Each subsystem evolves according to the classical Lorenz equa-
tions, while the z-component of the second subsystem receives
an additional coupling term from the first:

a(py — i)
5O = [p0 (o= pDy = p |,
pOp _ gpd)
[o(n? —p) + 50" —p?)
p2 = p®(p— p<2>) p®
| pPpl? — pp?

Here, 0 = 10 (Prandtl number), p = 28 (Rayleigh number), and
8= % are standard parameters that yield chaotic motion in
the Lorenz attractor. The additional coupling coefficient 6 = 5
controls the strength of interaction between the two subsystems.
We discretize the dynamics using the Euler method,
Ty = o + At feon(2t) + &ty &6 ~ N(0, Tgxo),
where f.o, denotes the continuous-time drift function and At =
0.01 is the sampling period.
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Fig.2.  Box plot of RMSE for EKF, UKF, IEKF, PLF, IESKF, SKF and NANO
filter on the 6D coupled Lorenz system over 200 Monte Carlo runs. Note that
the black square “ " represents the average RMSE over all the Monte Carlo

experiments.

To further increase the nonlinear complexity of the estimation
problem, we adopt a blockwise nonlinear measurement model,

sin(0.5pg.¢)
tanh? (py,t)+2
tanh(py ¢)
exp(—0.2p.¢)+3
exp(—0.1p. +)
sin?(0.5pg ¢)+5

Yy = 10 + Gty G~ N(0,4-Tgxe)-

i=1,2

Note that the measurement function contains multiple composi-
tions of sin(-), tanh(+) and exp(-), leading to highly nonlinear
and non-monotonic observation channels that are far from the
“nearly linear” assumption required in our stability analysis.
This setting is therefore a stringent test for all Gaussian filters
considered in this paper.

To validate the effectiveness of the NANO filter, we compare
it with KF, EKF, UKF, IEKF, and PLF baselines. Besides,
we also add two advanced filters, namely the iterated error
state Kalman filter (IESKF) and stochastic search Kalman filter
(SKF) [51]. The former is an error-state formulation of IEKF
that is widely used in robotics and inertial odometry; it linearizes
the error dynamics in the tangent space and iteratively refines
the update [59]. The latter is a gradient-based filter that uses
standard gradient descent to minimize a surrogate cost function.
The original SKF algorithm relies on Monte Carlo sampling to
estimate the gradient, which leads to significant computational
burden and unstable gradient computation, and makes direct
application impractical. To enable a fair comparison, we adopt
the core gradient-based update structure of SKF while replacing
the Monte Carlo gradient approximation with a more tractable
deterministic alternative, namely the unscented transform.

We run 200 Monte Carlo simulations with randomized initial
conditions. In each run, the same ground-truth trajectory is used
for all filters, and the root mean square error (RMSE) over the
full trajectory is recorded. Fig 2 summarizes the distribution
of RMSE via box plots. As shown in Fig. 2, the strong non-
linearity and chaotic behavior of the coupled Lorenz system
lead to poor performance for all baseline filters. Interestingly,
the iterated variants such as IEKF and PLF do not improve
accuracy. In fact, their repeated linearization tends to amplify
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TABLE II
AVERAGE RMSE FOR SENSITIVITY ANALYSIS

Iterations
0 1 2 3 4 5 6 7
Prior \ 1135 893 789 784 767 743 754
MAP 1234 730 655 625 626 648 643 6.64

local modeling errors, resulting in even larger RMSE. The
IESKF also performs poorly because the Lorenz dynamics do not
admit a meaningful error-state structure, making the error-state
formulation ineffective in this setting. The deterministic SKF
variant provides some improvement over EKF but still suffers
from large estimation errors as its gradient direction does not
consider the structure of Gaussian parameter space. In contrast,
the proposed NANO filter achieves significantly lowest RMSE
and a much tighter distribution, demonstrating its effectiveness
under this challenging chaotic system.

Sensitivity Analysis: The NANO filter performs an iterative
natural-gradient update in the update step, and its performance
depends on both the number of inner iterations and the initializa-
tion strategy. To examine this sensitivity, we conduct an ablation
study on the 6D Lorenz system by varying the number of natural-
gradient iterations from O to 7. The iteration “0” corresponds to
running the NANO filter without any natural-gradient iteration,
i.e., the initialization is directly used as the final estimate in
each update step. We compare two initialization methods: (i)
initialization from the prior distribution and (ii) initialization
from the MAP estimate (27). The average RMSE values are
reported in Table II, which shows that our proposed MAP-based
initialization yields consistently lower RMSE and achieves
most of its improvement with only a single natural-gradient
iteration. This suggests that, especially in higher-dimensional
systems where computational cost is critical, using MAP ini-
tialization together with just one natural-gradient iteration pro-
vides an excellent balance between accuracy and efficiency.
In contrast, prior-based initialization requires more iterations
to approach its best performance and remains less accurate
overall.

Scalability Analysis: To assess scalability, we further extend
the coupled Lorenz system to 9D, 12D, and 15D by stacking
additional subsystems with nearest-neighbor coupling and ap-
plying the same nonlinear measurement model to each block.
For each dimension, 200 Monte Carlo trials are performed and
the RMSE is computed for all filtering methods. The results
in Figs. 9-11 (see Appendix H in the supplementary material)
show that the baseline filters continue to produce relatively large
estimation errors across all tested dimensions. Besides, IESKF
remains a large RMSE because the Lorenz dynamics do not
admit a meaningful error-state formulation. The deterministic
SKF provides some improvement over EKF, but its overall
accuracy remains noticeably below that of the proposed method.
In contrast, the NANO filter consistently achieves the lowest
RMSE and maintains one of the tightest error distributions in all
cases examined. Even as the system dimension increases, NANO
filter exhibits mild performance variation and retains a clear
margin over all baselines, demonstrating practical scalability
for higher-dimensional chaotic systems.
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TABLE III
WALL-CLOCK TIME PER ITERATION OF THE NANO FILTER

Dimension 6 9 12 15
Time (ms) 1.65 326 543 8.05
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Fig. 3. Box plot of RMSE for EKF, SKF and NANO filter and its robust

variants on the 6D coupled Lorenz system with contaminated measurements.

To further assess computational scalability, Table III reports
the wall-clock time per natural-gradient iteration of the NANO
filter. The computational cost increases moderately with the state
dimension, rising from 1.65 ms at 6D to 8.05 ms at 15D. This
growth is consistent with the increasing size of the Gaussian
parameterization but remains well within practical limits. No-
tably, even at 15D the per-iteration time stays comfortably below
the 10 ms integration interval used in the simulation, indicating
that NANO filter can be deployed in real-time nonlinear filtering
settings for moderate-dimensional chaotic systems.

Outlier Resistance: The Lorenz experiments above focus
on a nominal Gaussian-noise setting in order to isolate the
effects of strong nonlinearity and chaotic dynamics. Beyond
this regime, the NANO filter framework naturally admits robust
extensions by replacing the negative log-likelihood with general
loss functions, yielding the Huber-NANO, Weight-NANO, and
B-NANO variants. These methods can be interpreted as perform-
ing natural-gradient descent on a Gibbs posterior defined by a
robust loss. To evaluate their robustness, we test these variants
under contaminated measurements,

G~ (1 =pe) N(0,416x6) + peN(0,400T6x6),  (43)
corresponding to a p. = 5% probability of severe outliers with
a tenfold increase in standard deviation.

Figure 3 reports the RMSE under this contaminated-
measurement setting. UKF, IEKF, and IESKF diverge and are
therefore omitted from the figure. Among the remaining meth-
ods, EKF, SKF, and the standard NANO filter remain numeri-
cally stable but suffer from noticeably enlarged estimation error.
In contrast, the three robust NANO variants achieve substan-
tially lower RMSE, with clear improvements over the standard
NANO filter. These results demonstrate the effectiveness of
incorporating robust loss functions into the NANO filter frame-
work for mitigating the impact of heavy-tailed measurement
outliers.
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Fig. 4. The UGV and the experiment field. The three red traffic cones serve
as landmarks for positioning.

A\
A\ 4

(b)

Fig. 5. (a) The diagram of the vehicle’s states containing the 2D position of
the vehicle p,, and p,, and the orientation angle 6. (b) The diagram of the
measurement model. Note that the red circle represents the red traffic cone.

C. Real-World Experiment: Unmanned Ground Vehicle
Localization

We conducted a real-world experiment to demonstrate the
effectiveness of our method using an unmanned ground vehicle
(UGV) equipped with a Lidar sensor for environmental percep-
tion, as shown in Fig. 4. The vehicle’s state is represented by
x=[p, py, O], which includes its 2D position (p,, and p,)
and orientation angle (#). The longitudinal velocity v and yaw
rate w serve as control inputs [60]. The Lidar has a 240-degree
detection range with 0.33-degree resolution. The UGV was
manually controlled throughout the experiment.

The vehicle kinematics are modeled as:

Da,t4+1 Dat vy - cos 0y
Dyit1| = |Dye| + |ve-sinby | - At + &,
011 0, Wy

where At = 0.0667 is the sample period, v; is the longitudinal
velocity, wy is the yaw rate, and &, is the process noise. The
measurement model is given by:

ye = [d} d? &3 o} o2 o3]T + ¢,

where d’ and o (i = 1,2,3) denote the relative distance and
orientation angle between the UGV and each traffic cone:

d' = ||(p* — p, — lcosh pt‘” —py — Isind)]|2,

! —py —Ising Ly
Pt — py — lcos 6

o = arctan

(44)

Here (pi&*,pi") is the position of the i-th traffic cone, and
represents the longitudinal installation offset of the Lidar with
respect to the robot center, as depicted in Fig. 5.

The experiment begin by collecting raw data, including
ground truth states from the high-precision motion capture sys-
tem, control inputs, and Lidar point clouds. The Lidar data are
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processed to extract relative distances and angles to the traffic
cones, resulting in a dataset comprising trajectories totaling
11 minutes. The noises are assumed to be Gaussian, whose pa-
rameters are estimated from the ground truth and measurement
data using maximum likelihood estimation. The dataset is then
segmented into 50 sub-trajectories, each lasting 6.67 seconds
(100 time steps). Figs. 6 and 7 compare the RMSE performance
of the EKF, UKF, IEKF, PLF, and NANO filters, including
their robust variants. The results indicate that the NANO filter
consistently outperforms traditional Gaussian filters, achiev-
ing higher accuracy. Furthermore, the robust NANO variants
demonstrate improved performance, demonstrating their effec-
tiveness in handling measurement outliers typically encountered
in real-world conditions.

IX. CONCLUSION

In this paper, we address the estimation errors commonly
introduced by linearization techniques in Gaussian filters like
the EKF and UKF for nonlinear systems. We reformulate the
prediction and update steps of Gaussian filtering as optimization
problems. While the prediction step mirrors moment-matching
filters by calculating the first two moments of the prior dis-
tribution, the update step poses more challenges due to its
highly nonlinear nature. To overcome these issues, we propose
an iterative approach called the NANO filter, which avoids
linearization by directly optimizing the update step using the
natural gradient derived from the Fisher information matrix. This
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allows us to account for the curvature of the parameter space and
ensures more accurate updates. We prove that the NANO filter
converges locally to the optimal Gaussian approximation at each
time step and show that it provides exponential error bounds for
nearly linear measurement models with low noise. Experimental
results demonstrate that the NANO filter outperforms popular
filters like EKF, UKF, and others, while maintaining comparable
computational efficiency.
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