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It is well known that Zakai equation in the nonlinear filtering (NLF) governs the evolution of
unnormalized density function of the states conditioned on the observation history. In this paper, the
NLF is investigated in a jump-diffusive Lévy stochastic system where the state space model is based
on heavy-tailed non-Gaussian «-stable Lévy process, and the observations are driven by mutually
independent jump and diffusion processes. In order to deal with the NLF problem efficiently, we
approximate its corresponding Zakai equation by splitting it up into two stochastic processes on
discretized time intervals, which actually correspond to the prediction and updating steps, respectively,
in the NLF setting. The main contribution of this paper is that theoretically the strong and weak
convergence results of splitting-up Zakai equation are generalized to the NLF models with non-
Gaussian «-stable Lévy states and mixed type observations. To demonstrate our theoretical analysis,
correspondingly, we extend the Yau-Yau algorithm, originally proposed by the classical NLF problems
under Gaussian noises to the heavy-tailed non-Gaussian «-stable Lévy process. Furthermore, the
performance of our proposed algorithm is illustrated by presenting some challenging example of highly
nonlinear tracking cubic sensor. The experimental results indicate that the proposed filtering algorithm
yields much more efficient and accurate performance, vastly superior than that of the sequential
importance resampling (SIR) particle filter.
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1. Introduction

The non-Gaussian «-stable Lévy processes, which exhibits ex-
treme values much more frequently than that of a Gaussian
model, play a significant role in many practically real-world sce-
narios. A principal reason for the attention that «-stable Lévy
noise has been received in applications is that such noise retains
important properties including self-similarity, infinite divisibility,
and heavy tail. In financial applications, examples exhibiting such
abrupt changes include fluctuations in stock prices or insurance
gains/losses, as demonstrated in seminal studies such as Fama
(1965). Further applications can be found in signal processing
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(Lombardi & Godsill, 2006), image analysis (Achim et al., 2006),
and a wide range of engineering fields, such as communications,
referring to Azzaoui and Clavier (2010) for statistical modeling
of channels, de Freitas et al. (2017) for capacity bounds, Liebe-
herr et al. (2012) for delay bounds in networks with «-stable
noise, and Shevlyakov and Kim (2006) for signal detection. In
numerous applications, such as biology, physics, target tracking
and weather forecast, the nonlinear filtering (NLF) problems in
stochastic systems are driven by Wiener process which have been
studied extensively. In Kushner (1967), Kushner for the first time
derived the evolutionary equation for the posterior distribution of
the states conditioned on the observation history, which is called
the Kushner-Stratonovich (K-S) equation. Since the K-S equation
is a non-local stochastic partial differential equation (SPDE), gen-
erally, it cannot be solved analytically, or even numerically, due
to its computational complexity. Under some suitable change of
probability measure, the unnormalized conditional distribution of
the states satisfies a so-called Zakai equation (Zakai, 1969), and it
is preferred for computations.
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The NLF problem with Lévy processes is of great significance
in modern signal processing, credit risk models, mathematical
finance, insurance, and beyond. More attentions have been paid
to the filtering problem involving heavy-tailed «a-stable Lévy pro-
cess, especially their corresponding Zakai equation and K-S equa-
tion. The study of NLF problems driven by Lévy processes has
emerged as a highly popular topic in theoretical research. In
Brandis and Proske (2004), the Zakai equation of the NLF prob-
lem with mixed observation processes, modeled by a Brownian
motion and a generalized Cox process was studied. Later on,
the derivation has been extended to the signal processes with
jumps (Mandrekar et al., 2011). Ceci and Colaneri (2012), Ceci
and Colaneri (2014) considered the NLF problem of a jump dif-
fusion signal process and a correlated jump diffusion observation
process in the scalar case. Specifically, the K-S equation and the
Zakai equation have been derived by the innovation method in
Ceci and Colaneri (2012) and by the change of measure in Ceci
and Colaneri (2014), respectively. Qiao and Duan (2015) com-
bined It6-Lévy diffusion signal processes (Popa & Sritharan, 2009)
with mixed observations (Brandis & Proske, 2004). Fernando and
Hausenblas (Fernando & Hausenblas, 2017) investigated the NLF
model with correlated point processes for the signal and obser-
vation, and the well-posedness of corresponding Zakai equation
was established by providing sufficient conditions.

There have been a few theoretical studies on the NLF problems
driven by the Lévy process. Unfortunately, the literature reflects
a dearth of numerical studies with notable achievements. In Frey
et al. (2013), they studied Galerkin approximations applied to the
Zakai equation of stochastic filtering and solved it numerically
by using Hermite polynomials, whose idea is originated from
the Galerkin approximations by Germani and Piccioni (1987),
Ahmed and Radaideh (1997), and the splitting-up algorithm by
Bensoussan et al. (1990). Liu (2007) in his dissertation discussed
for the case of pure Poisson point observation process. He derived
a numerical recursive scheme by mimicking the S*-algorithm in
Lototsky et al. (1997).

While for stochastic systems driven by Wiener process, one
of the extensively studied numerical approximations for the
Zakai equation is the splitting-up method. The splitting-up way
for Zakai equation is not unique, and the convergence of var-
ious splitting-up ways is a prerequisite for the design of the
corresponding implementable algorithms. In terms of conver-
gence analysis and error estimates, most of these studies are
concerned with approximating the solution of the undiscretized
Zakai equation, or the temporally discretized splitting-up stochas-
tic differential equation (SDE) and PDE system to the exact solu-
tion of the Zakai equation. For instance, the authors in Bensoussan
et al. (1990) obtained the strong convergence of the undis-
cretized solution of the splitting system to the exact solution
of the Zakai equation. In Gyongy and Krylov (2003), the half
order convergence was proved for the numerical solution of
the temporally discretized splitting-up SDE-PDE system. For spa-
tial semi-discretization by using the spectral methods to solve
the Zakai equation, error estimates in Dong et al. (2021), Luo
and Yau (2013) were obtained, and a strong convergence result
without error estimate was obtained in Frey et al. (2013) by
using splitting-up method. In Zhang et al. (2022), the authors
have derived a half order error estimate for the spatial semi-
discretization and full discretization of the Zakai equation with
the correlated Gaussian noise system. In Bao et al. (2018), the
authors constructed a first order finite difference algorithm to
solve the NLF problems for the backward doubly SDE system with
Gaussian noise.

In this paper, our goal is to approximately handle the stochas-
tic dynamical system whose states are driven by the heavy-tailed
«-stable Lévy noise, while the mixed-type observation processes
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consist of the diffusion process and point-process. Actually, this
kind of model has not yet seen the development of any filtering
algorithm to our best knowledge. In order to deal with this NLF
problem efficiently, we combined Galerkin spectral approxima-
tion with splitting-up method to solve the corresponding Zakai
equation. The main contributions of this work are as follows.

% The corresponding Zakai equation is decomposed into two
processes on discretized time intervals, where the one
evolves from a deterministic second-order PDE, and the
other one is modeled by a fractional order SPDE. These two
splitting-up processes propagate alternatively.

% We have derived the weak and strong convergence re-
sults for the semi-discretization of the Zakai equation by
using the splitting-up technique. To the best of our knowl-
edge, this is the first convergence analysis result for a
semi-discretization of the numerical solution for the Zakai
equation based on the splitting-up algorithm.

* We extend the Yau-Yau algorithm to the stochastic system
disturbed by heavily-tailed Lévy noise, which consists of
two computational parts corresponding to the two splitting-
up processes. And we divide the filtering algorithm into
the on- and off-line computations. Specifically, the Legendre
Galerkin spectral method is applied to solve the off-line part
of the splitting-up Zakai equation, and the on-line computa-
tion is updated by using the Euler-Maruyama (EM) method
when the new observation arrives at. While the EM method
is fast to implement, it can become quite unstable if the time
step is relatively large. This difficulty can be overcome with
the splitting-up method.

% Furthermore, demonstrated by some numerical experiments
and compared with the SIR particle filter, our filtering algo-
rithm has good performance on both efficiency and accuracy
in the NLF problem.

The paper is organized as follows: In Section 2, some notations
and Zakai equation associated with the stochastic model we
considered are presented. Section 3 is devoted to the appropriate
splitting-up approximation for Zakai equation and the necessary
apriori estimates in suitable functional spaces. In Section 4, the
main results including weak and strong convergence are shown
rigorously. The simulations for NLF problem by the Legendre
Galerkin spectral approximation and extended on- and off-line
filtering algorithm are investigated in Section 5. Finally, we arrive
at the conclusions.

2. Preliminary
2.1. Notations

1. Define I’ (R%), 1 < p < oo as the uniformly local IP-
integrable space consisting of functions such that ||f]| P o=

1/p
SUPycpd ( flx—y\<l [f(y)l"dy) < oo. CKR?) stands for the

space of all k-times differentiable functions on R? with
compact support.

2. Let S(RY) be the Schwartz space of all rapidly decreasing
real-valued ¢* functions on RY. The space of all tempered
distributions on R? denoted as S'(R?) is the dual space
to S(RY). And further, let f and f(or F~') be the Fourier
transform and Fourier inverse transform of f € S'(RY),
respectively. That is, f(§) = (27)™%? [ 4e7**f(x)dx, and
fx)=(F 1) x) = Q2r) Y2 [oqe7f(§)ds.

3. We introduce the Sobolev space H(R?), which is the com-
pletion of S'(RY) with respect to the norm Iy mey =

(Justerr1ier’ae) " for any v € B, where (&) = (1 +
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E1)2, ie. HY(RY) == {f € S'(RY) : [|flyyymay < o0}, for
Vy € R. In particular, HO(R?) = L*(R%). Obviously, H” (R%)
is a Hilbert space. It is not hard to obtain that Vy > 0,
HY(RY) = {f e [*(RY) : |&)"f e [*(RY). And further, if
one considers y € (0, 1), then we have

IF(x) —f

— e [A(R! x RY)}.
Ix —y|2*7

H”(RY) = {f € [*(RY) :

5. In the sequel, we use w to represent randomness, the prob-
ability measure P°, and the expectation under P° is denoted
as E°. For fixed T > 0, the Hilbert space [2(0, T; X), which
is the space of all stochastic processes ¢(-, t, w) in a sepa-
rable Banach space X such that E¢ fOT ||¢(x)||)2<(t, w)dt < o0.
[?(£2, F, P%; X) is the space with E°||¢(x)[|2(t) < oo, for a.e.
t € [0,T). [*(2, F,P% C(0, T; X)) is the space of functions
taking values in X such that E¢ SUPg<;<T ||¢(x)||)2((t) < 00.

6. The notation for q(t — 0) means the left limit of g(t),
i.e, limg » q(s) := q(t — 0). And X;_ := lim; ~; X(s).

2.2. Symmetric a-stable Lévy processes

We recall the following definition about non-Gaussian Lévy
process.

Definition 1. A process L = (L;);>0 with Ly = 0 almost surely
(a.s.) is a d—dimensional Lévy process if L is right-continuous with
left limit, and it has independent and stationary increments.

The characteristic function of L; is given by Elexp{i(z, L;)}] =
exp{t¥(z)}, z € R% where the function ¥ : R? — ¢ is called
the characteristic exponent of the Lévy process L. And for any
01,02 € R% (07, 09) := ogoz stands for the inner product in the
Euclidean space RY. By the Lévy-Khintchine formula, there exists
a nonnegative-definite d x d matrix Q, a so-called Lévy measure
v on RY satisfying v({0}) = 0, fRd\(O}(|u|2 A 1u(du) < oo, and
7 € RY such that

1
lI/(Z) :i(Z, j;) - 5(27 QZ)

+ / (ei(z,u)
RY\{0}

For an d-dimensional symmetric «-stable Process denoted as
LY, for o € (0, 2), with any t > 0, the diffusion matrix Q = 0,
the drift vector y = 0, and the corresponding Lévy measure
denoted as v* is given by v¥(du) = C(d,a)/|u|d+°‘du, with

0 ar( d+a )

C(d, o) = bY and/ZF(l_g)'
infinitesimal generator of LY is defined in the sense of the Cauchy
principal value, denoted by £} as following

LEP(X)
_ / [6(x + 1) — B0 — (VO(x). uluyr)] v¥ ()
R4\ {0}

—-1- i(Z, u)lwg)v(du).

and I" is the Gamma function. The

—PV. / [B(x + 1) — ()] v™(du),
R4\ {0}

for any ¢ € Cf(Rd), where P.V. stands for the Cauchy principal
value, and the last two equality follows that the limit of the inte-
gral lim,_.o f[ueRd:‘X_u‘x} (VP(x), ulyy<1)v¥(du) equals to 0 by the
fact that (Ve (x), uljy<1) is an odd function and v* is symmetric
and rotation invariant.

Let b(x, £) be a continuous function on RY x R?, and define the
pseudo-differential operator

b(x, D)p(x) := (2)~/? /d e b(x, £)p(€)dE, (1)
R
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for any ¢ € S(RY), where D = %(8)(1, ..., 0xs)- And b(x, &) is
called the symbol of b(x, D). If « € (0, 2), there is an equivalent
form of the £7 as

LEp(x) := —C(d, a) A P(x), (2)

where

A%p(x) = P.V. Mfg)dy, (3)
rd X =Yl

with 0 < « < 2, is called the fractional Laplacian operator, whose
symbol is given by letting b(x, &) := |&|“.

Remark 1. By Fourier transform and rotation invariant property

of v* for @ € (0, 2), it is further obtained that
A%(x) = CoF (IE1"$(&))x), 4)

for every ¢ € C°, where (y is a positive constant only depending
on d and «. Thus, it yields that

LEP(x) = —CF (&I B(&))(x), (5)
with € = TR 2};35 jgj

2.3. Models and Zakai equation

The NLF problem we study consists of an unobserved signal
process X; driven by the multiplicative symmetric «-stable pro-
cess, and the mixed observation processes Z; and N;, where Z; is
a nonlinear continuous function of X; with additional Gaussian
noise and N; is a doubly stochastic Poisson process, whose inten-
sity A; := A(X;) is a positive, continuous and bounded function
of X;. Precisely, in the probability space (£2, 7, P), the NLF is
modeled by the following SDE:

dX; = f(X;, t)dt + dL?,
dzZ; = h(X;, t)dt + dW;, (6)
dN; = A(X,)dt + dN,,

where X; € RY, Z, € R™, the drift function f(X;, t) : R x [0, T] —
R? and the observation function h(X;, t) : R? x [0, T] — R™ are
measurable. {W;} is the standard Brownian motion, taking values
in R™. LY is the multiplicative symmetric «-stable process with
the Lévy measure v*, independent of {W,}. The increment N; — N
with0 <s < tisa P01sson random variable with distribution

0,—0
(Nr Ny =k)= 0 — 0" )7(0[ —0s)t=s) for k=1, 2, .

kv

= [y MXs)ds = A(Xy) — AM(Xo), for any u € [0, t].
Moreover let the filtration 7, = o (Z,N;:0<s<t) C
F,t € [0, T]. The initial Xy is a square-integrable random variable
with density 7y, which is Fp-measurable, and independent of
LY, W;, and N;. Let Zy = Ny = 0 for convenience. Addition-
ally, the jumping times of the Poisson process N; denoted by
7] < T < .-+ < Ty, are stopping times with respect to the
filtration 7;, where ng is an integer-valued random variable. By
the Doob-Meyer decomposition, N; is a (P, 7;)-martingale.

The aim of NLF is to find suitable ways for computing m;(dx)
in a recursive way, where ; is the conditional distribution of the
state X; given the observation history. That is,

e (p) == E(p(Xc) | ), (7)

for any ¢ € L°(RY). In this subsection, we shall present the Zakai
equation of (6) and state its solution’s regularity. Let us assume
that

., Where

(As-1) E[Xo|?
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(As-2) We assume that f = (fi,fs,...,fs)T satisfy that i €
L}, oxf; € P}, with p > max{1,d/a}, 1 <i,j < d.

ul’

(As-3) The functions h satisfies that h*> e Lﬁ,. The intensity
function  : RY — [&7, @] C R, is continuous. And
further, (A — 1)? € LF.

For any t € [0, T], with respect to the filtration 7,

t
I = 1_[ A(Xz,—) exp (/ h' (Xs. s)dWs
0

=t

+1 f hT(X;, $)h(X;, s)ds — / (A(XS)—l)ds>,
2 0 0

is a nonnegative square integrable martingale under the assump-
tions (As-1)-(As-3), according to the Novikov criterion
(Protter). Define the probabilioty measure P® by virtue of the

dP
Radon-Nikodym derivative — = I1; ! then by the Kallianpur-
Striebel formula (Bain & Crisan, 2009), we have

0
7(¢) = E°[¢(X¢ )1t Fi] _ (Qt,ff’)’ (8)
O[] F] (qr, 1)

for any ¢ € L®°(RY), where q; is the unnormalized conditional
density function of the states. By setting V := H%(Rd), with a €
(0, 2), H := H(RY) = [*(RY), we further denote (-, -)y and (-, -)y
as the inner products in H and V, respectively. Correspondingly,
|l-lly and || - ||y are defined as the norms on H and V, respectively.
By the definitions of the fractional Laplacian operator A* and the
Hilbert space HY(RY), it can be obtained that

(01, 02)y = (A%%01, A%03)  + (01, 02y »
o lly == (o, 0y,

for any o, 01,0, € V. Clearly, [|§]|2 = [|A%?¢]% + ||p||%. Let
V' = H’%(Rd) represent the dual space of V, the duality pairing
between V' and V is given by (T, ¢)y v = (A*/?T, A°%¢)
forany T € H‘%(Rd) and ¢ € V. Obviously, for any ¢ € V C
H cC V', there holds ||¢|ly < |l¢llu < ||¢]lv. Plenty of theoretical
results for the stochastic dynamical systems with Lévy noises
are to derive the evolution equation of the Zakai equation (Frey
et al,, 2013; Qiao & Duan, 2015; Wang & Duan, 2017; Xu, 2010).
Accordingly, the Zakai equation satisfied by q; for the system (6)
is deduced from the result (Qiao & Duan, 2015) and thus given by

dqe = £*qedt + q:h"dZ, + (x — 1)q_dN,, (9)

where £* is the adjoint operator of £ € L(V; V'), with L(V; V")
being the space of all linear bounded operators from V into V'
with the usual supremum norm, i.e.

Lo =fTVe+Ll¢p.

Therefore, originated from the expression (2), we know that in
the sense of the Cauchy principal value, the adjoin operator £* is
given by

Lop(x) = =V - (f) + £ (%)
d
w5 M [ o042 - sl

i=1

= V- (f¢) — C(d, 2) A" $(x). (10)

The Girsanov theorem asserts that, under P°, Z; in (9) is a stan-
dard Brownian motion, and N; is a compensated Poisson process
with intensity being one, and that X;, Z and N, are mutually
independent. Moreover, N, = N; — t is a F;-martingale under
P°. The generalized weak solution for the Zakai Eq. (9) will be
defined in the Hilbert space Li(O, T; V) as follows.

)
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Definition 2. We call u(t, x) € Li(O, T; V) as a weak solution of
Cauchy problem (9), provided with gy € H, if for any ¢ € C?(Rd),
the below identity holds almost everywhere for t € [0, T] with
respect to Lebesgue measure and almost surely with respect to
the probability measure:

t
(u(t. %), $x)) =0, S0 + / (£*u(s, %), $(x))vr.yds
0
+ f (u(s, 0hT, HR)dZ (1)
0

+ / ((A(0) = Du(s—, x), $(X))nd.
0

And there exists a positive number M depending on the coeffi-
cients and T, d, yp, such that

T
E® sup [gq(t)[f +E° / lg(®)llydt < Ml|moll7-
0

0<t<T

Remark 2. Clearly, if (11) is valid, then u(-, x) € C([0, T]; H); thus
it holds for all ¢t € [0, T].

It is a classical result of the existence and uniqueness of the
solution to (9), which can be deduced by Frey et al. (2013), Wang
and Duan (2017), Xu (2010).

Theorem 1 (Frey et al,, 2013, Wang & Duan, 2017, Xu, 2010). Under
(As-1)-(As-3), for each initial condition oy € H, there exists a unique
weak solution q(x,t) € [2(0,T;V)(L*($2, F,P% C(0,T; H)) of
(9).

3. The splitting-up method for Zakai equation

Let us make the transformation g(x, t) := q(x, t)e *! in (9),
where y is a positive constant to be determined later. To be brief,
we still denote g as g in the sequel. It satisfies

{ dqe = £*qedt — pqedt + qeh"dZ, + (0 — 1)qe—dN,
q(0) = mo.

The parameter © > 0 will be clarified in Lemma 1, which is
essential in the apriori estimates for the coercivity condition in
Lemma 1.

Let x(£) : RY — R be a smooth function such that y = 1
for || > 2 and x = 0 for |£] < 1, and define its corresponding
pseudo-differential operator as x (D). We shall apply the splitting-
up algorithm directly to (12), instead of (9). Let us divide [0, T]
into Mr equal-distant subintervals, 0 < x < 2k < -+ < Myk =
T, with « := T /M. For conciseness of notations, we shall drop the
argument x in q,, g2, and move the subscript t in g, g2, into
the parenthesis, if necessary. Thus, let us define two processes
q1. and gy, recursively in each time interval [r«, (r + 1)x), r =
0,1,...,Mr —1, by

(12)

dfhx = A*(hxdt - %thdf,

_ 7o, if r=0, (13)
Gue(ric) = Goe(rc —0), if r=1,2,...,
where
A*(0) :=L"(0) 4+ ¢ A%(0) (14)
=L%(0) + ¢ A%(x(D)o) + ¢ A%((1 — x(D))e),
and
dgc = (—;A“qu - %qzk) dt
+ qahTdZ, + (1 — 12 (t-)dN,, (15)

qoc(r) = q1((r + 1)k —0), for r=0,1,...
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dqax(t) dqay(t) dqa(t) dqax(t)

ldmx(t):Zm(t);; dqu(t) | dmN | dqlx(r):;; t
0 K 2K K Mrx

Fig. 1. The two processes qi, and ¢, evolve recursively in all time interval
[re,(r+ 1)), forr=0,1,..., My — 1.

respectively, for some small constant ¢ > 0 to be determined
later.

As shown in Fig. 1, for a start point, once q,(0) = 7 is given,
q1c and g, in [0, T) are defined completely and recursively by
(13) and (15), respectively. In each time interval [r«, (r + 1)«),
q1. is deterministic, while g, is a stochastic process adapted to
the filtration F;. The processes g1, and g, are right-continuous
at the time instants t = «, 2«, ..., Mrk. Furthermore, gy, and
(o are Fr._- and F;_-measurable, for all t € [rk,(r + 1)),
respectively, where F,_ := 0(Z;, Ns : 0 < s < r«). In each time
subinterval [re,(r + 1)x), r = 0,1,..., My — 1, the existence
result for (13) and (15) can be obtained similarly as in Theorem
1, and we present it in the following proposition.

Proposition 1. Given the time discretization, under assumptions
(As-1)-(As-3) and 7y € V, both (13) and (15) have unique solutions
in [2(0,T; V) N L[?(2, F,P°; C(0, T; H)) in each time subinterval
[re,(r+ 1)) forr=0,1,...,Mr — 1.

The existence result for (13) and (15) has been established
by Proposition 1, whereas, it is worthy of pointing out that the
[2(0, T; V)NI24(2, F,P°; C(0, T; H)) norm of ¢, may depend on
k. Therefore, one cannot directly let «k — 0 to guarantee that the
limit of q,, is still in the same space, even if the limit exists. This
is why the apriori estimates in Section 3.1 is the key to the proof
of the weak convergence for g, and qy.

3.1. Apriori estimates

Besides (As-1)-(As-3), we need some further assumptions
given in the following Lemma 1.

Lemma 1. If the assumptions (As-1)-(As-3) hold, then there exist
u >0, ¢ > 0 such that

(As-4) —2(A*}, )vv + pllolf = Billolly,
(As-5) wllplif+25(A%p, @hvrv = l@h" IF == 1o l7 = B2ll¢lIF,
hold for some constants 1, B2 > 0, and for all ¢ € V.

We shall show that the conditions (As-4) and (As-5) can be
satisfied by appropriately chosen © > 0, and ¢ > 0. In order not
to distract readers’ attentions, we put the proof of Lemma 1 in
the appendix.

Thus, we have the following apriori estimates for g1, and gz,
in Lemma 2.

Lemma 2. For any given time discretization, the processes q1,, Q2 €
[2(0,T; V) and for all t € [0,T), qu(t), qac(t) € [2(22, F, P°; H),
with the upper bounds of the norms independent of k. Precisely, one
has

T
EO/ lquc I de < By "E°|molf, (16)
0

T
EQ/ Igac 5 dt < B3 'EC|mol7,
0
and
0 2 0 2
E¥|q1()ly < E¥|moly,

forallt € [0,T).

E°|q2e (0IF < E%|molf;, (17)
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Proof. For any t € [rk, (r + 1)k), one has

dllqiellf; =2(A*que, que)vrvds — llqie I ds (18)
< — Billgcllyds

by (As-4). Integrating (18) from r« to t and taking the expectation
under P° on both sides, it yields that

t
Bl que(OlIF; — B llque(rio)lify < —,313*30/ eI ds. (19)
TK

Since Z is a standard Brownian motion and N; is a standard
compensated Poisson process under P°, by applying the Itd's
formula to ||g2 ||, one has

dllq2ell7 = 2(dq2e, Gac)vr v + (A2, A2 )
= — 26 (A%, Gac)vrvds — il qac I ds

+ 2(q2ch”, qandZs + 2((h — 1)qac(s—), G2 JndNs

+ lIqachT I3 ds + (0 — 1)q2¢ I ds (20)
< — Bollgzely + 2(qach”, gac JndZs

+ 2(( = 1)q2c(5—), G2 JudNs,

by (As-5). Then integrating (20) from r« to t and taking expecta-
tion under P°, it leads to

t
E [l q2e (O)lIF; — B llqae (rio)liFy < —ﬂzEO/ g2 15 ds. (21)
Tk

Let us take t = (r + 1)x — 0in (19) and (21), and adding them
up, then we have

E®[lque((r + 1) = O)lIF; + E% I qac((r + 1) — 0)IF
— E°llque(rio)lly — E°llqze(ric)ll (22)

(r+1)k , (r+1)x
+ BE® / I q1cllyds + BE® /
T

2
g2« llyds < 0.
© ric

Recalling the initial condition of g, in (15), we have

E°[lqae ((r + 1 — O)IIZ — E° llque (i)l (23)

(r+1)x (r+1)k
+ ﬂlEO/ I grc Iy ds + ﬂzEO/ g2 lI5ds < 0,
K K

with 81, B, > 0. It is clear to see that
(15)

E° |l qae(rio)llf = E°llque((r 4+ 1 — 0)lI;
(19)
< E°[lque(rio)ll?, ‘= E° I qac(re — O)II3 (24)
(21) (15)
<E°llqac((r — 1))ll7 = E°llque(rec — O)lI7,
foranyr =1,..., My — 1. Namely, we have

E (| qae(TII7 < ECNque(T — O < -+
<E%llqac(rio) iy < E°Nlque(ri)llfy < E%llq2 (0)II7,
=E°|Iq1c(k — O)lI7; < E°llq1(0)If; = Ellmoll; (25)
by (24). Thus, it immediately leads to
E°llqre (Ol < E°lImollfy, EClqac(®)f < E°lImollf. (26)

21)
E%llque(rio)llfy and E°llqae(t)llf <

(19)
by (25), E°llqu(O)lf; =<

E|q2e (ric) ;-
Eq. (16) follows immediately by summing (23) over r from 0
to My — 1, it yields

T
E° / lguelly < By [E%Imolly — E°lgu(T)IIE]
0

(24),(25) 1 P
< .31 EQ””O”}-}y
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and

T
EQ/ lazelly < By " [E®Imolly — E°lg2e(T — 0)II7]
0

24025 )
< B E%mol- u

The Lemma 2 implies that IE°||q2K(t)||,2{ is uniformly bounded
in t, but IE<>||q2,((t)||§ may go to oo, as k — 0, at some t € [0, T].
In the proof of weak and strong convergence, we need to control
the terms like E° fr(,:H)k lg2¢(s)I2ds < oo, as k — 0. This is an
alternative control on the terms like ]Eollqz,c(t)llé in some sense,
for almost all ¢t € [0, T). Therefore, by introducing Lemma 3 (Luo

et al,, 2023), it yields the bounded results shown in Lemma 4.

Lemma 3 (Luo et al, 2023, Lemma 3.5). Assume that a sequence of
nonnegative functions {g.(t)} € C([0, T]), and fOT g.(s)ds < C < o0
uniformly in k. For almost all t € [0, T), there exists some time
discretization 0 < 1k < --- < Mrk = T, with My = [T/«],
and [rx, (r 4+ 1)x) is the time interval containing t, then as k — 0,
we have

(r+1)
/ g.(s)ds — 0.
;

K

Lemma 4. Assume that qy, and gy, are the solutions for (13) and
(15), respectively, then we know that

) (r+1)x 5
(i) E / e (5)]12ds— O,
T

K

(r+1)x
(i) E° / 14(s) = que(s)I2ds— O,

K(T+1)K
EO/ lig(s) — gac(s)llyds— O,
K

ask — 0, forallr =0,...,M;r — 1.

Proof. The result (i) follows immediately from Lemma 3 and
E [} g2 (s)lI2ds < B 'E°|mo|% bounded uniformly in «, by (16).
Also, (ii) can be obtained by Lemma 3, Theorem 1 and (16). ®

4. Convergence

In this section, we shall investigate the weak and strong con-
vergence of gy, and g, to the solution of the Zakai Eq. (12), as
the time step size « shrinks to zero.

4.1. Weak convergence

From the apriori estimates in Lemma 2, one can extract sub-
sequences from ¢y, q2,. Without any confusion, we still denote
them as qi, q2,, such that

que =~ ¢q1 and G — 2
in Li(O, T; V), respectively; and for almost all t € [0, T),
quc(t) = qu(t) and g (t) — qa(t)

in [2(£2, 7, P% H), where — denotes the weak convergence in
the sense that f, — f in some function space o, as k — 0, if

(fK7 d))o.o/ - (fa (p)o,o’v for any ¢ €o.

Lemma 5. ¢, and gy, converge weakly to the same function 6 €
Li(O, T;V), ie. g1 = q2 = 6. Moreover, for almost all t € [0, T),
0(t) = qu(t) = q2(t) € L*(82, F, P%; H).
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Proof. For any t € [r«, (r + 1)«), integrating (13) from t to
(r 4+ 1), it yields that

(r+1)x m
e =0-qul0- [ (wan - Gaw)as=o. @)
t

while integrating (15) from r« to t, one has
t

e () = Gax (1K) — /

K

a 2
(—;A qauc — qux) ds

t t
_ / Qo dZ, + f (h = 12 (s— ). (28)

K K

Summing (27) and (28) up, we have

(r+1)x m
- = [ (Aa - Saw)ds
t

t
P “w
+/ (—S‘A Q2 — *qZK) ds
g 2

K

t t
+ / 4o hTdZ, + / (h = 1)ae (s—)ds, (29)

K K

since the initial condition of gy, in (15). Taking the norm E°||o||2,
on both sides of (29), it gives

E [1q2c() — qe (O

(r+1) M 2
SEO f <A*Q1K - 5‘]1;() ds
t

v/

t 2
. I
+E° / (gA Q@ + quk) ds (30)
:

K \"

2
+E°
V/

2

’

v/

t
+E° f qach'dz,
T

K

/ (% — 1)z (s=)dRs

K

by the triangle inequality. In the following, we shall estimate the
right-hand side of (30) term by term:

(r+1) 2
. 2
/ (A qie — qu) ds
A 2

V/
(r+1)c
<((r+ 1)k — t)IEQ/
t

]EO

2
ds

% M
A qic — quk v

(r+1)
<+ =08 [ laulis (31)
t
2
where the first inequality follows from ‘ fab o(x)dx’ < (b —

a) fab | o |?dx, and the last one is due to the fact that A € L(V; V'),
under (As-1)-(As-5), and [[o |2, < lloll% < llol|3. Argued similarly
as (31), the second term can be controlled as

t
a 2
/ (—gA Qe — —qu> ds
. 2

K

2
]EO

v/

t
o I
ste- s [ (e + aulp) ds
T,

K

t
<(t — ri)E° f (I1A*2 g, 17y + llgaclI;) ds
T

t
<t =B | llgaelyds. (32)
Tk
2
where the first inequality follows from ‘ fab o(x)dx’ < (-

a)fab |o|*dxand |[o]|2, < llollZ < lloll?, and the second inequality
is due to the fact that

1A% @2l < IA*IX(D)a2e1lIF + I A%I(1 = X (D))gac ]Il
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<NA (DYA o |1y + 1421 = x (D) A g |1
<NA“ g |1

The third term on the right-hand side of (30) becomes

2 2

t t
EO /qZKthZS SEO /qZKthZS
rK \"4 K H
t t
_E° f ok ds < E° / a2, (33)
K K

where the equality follows from the It6 isometry identity, and the
last inequality holds by (As-3). Similarly as in (33), the last term
of (30) can be estimated as

2

(34)

f (% = 1)gae(s—)dRs

K

V/
2
<E°

/ (% — 1)z (s—)dRs

H
t t

_E° f 10 = 1)ae(s—)I2ds < E° / e s,
K K

with the last inequality depending on (A—1)? € L}, and by Lemma
7. Substituting (31)-(34) back to (30), for almost all t € [0, T), one
has

(r+1)k
E% )| q2c(t) = que (DI < KEO[ 911y + llgze 15 ds
T

K

(r+1)x ,
+E / I ae s = 0, (35)
r

K

as k — 0, by Lemma 3 and (16) in Lemma 2. By Fatou’s lemma,
for almost all t € [0, T), we have

0 <E°llgx(t) — qi(0)I,

. (35) (36)
< liminfE°||gac(t) - que(0)lly, < 0.
Therefore, for almost all t, g;(t) = q2(t) = 6(t) € [*(2, F, P%; V).
Since for almost all t, qa(t) — qu.(t) — ¢q2(t) — q1(t) in
12(2, F,P°; H), as well as in [?(£2, 7, P°; V'). Thus for almost all
t, qi(t) = qo(t) = 6(t) € [2(2, F, P%; H). Slmilarly as in (36), one
has

T
0 <E° / laa() — ar (0)]2dt
37)

(35)
< liminfE? f 12 (0) — a1t 2 0,

by Fatou’s lemma. Thus, one deduces that ¢ = ¢ = 6 €
[2(0,T; V'), and czonsequently also in [2(0,T; V), since gz —
qic =~ q2 —q1in L (0, T; V). =

Next, our object is to show that the limit 6 in the previous
lemma is actually the solution of the Zakai Eq. (12), i.e. # = q by
the uniqueness.

Lemma 6. 6 = q, where q is the solution to the Zakai Eq. (12).

Proof. In the time interval [£«, (£ + 1)x) for £ < r, on the one
hand, taking t = ¢« in (27) and t = (£ 4+ 1)x — 0 in (28), and
summing them up, one obtains that

G2 (€ + 1k — 0) — quc (k) (38)

(L+1) w
- / [A*(hk - §Aa42;< - 5(‘]1/( + qZK)] ds
|74

(E+1) (e+1) _
:/ CIz:«thZs + / ()‘« - 1)(12:((5—)st.
12 L

LK Kk
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Summing (38) with respect to ¢ from 0 to r — 1, it yields that
QZK(rK - O) - qlK(O)

rK
* I
- / [A qic — §AQCI2K - E(qh( + Q2/<)] ds
0

K K -
_ / Qo dZ, + / (h — 1)qac(s—)dRs. (39)
0 0

On the other hand, for t € [rk, (r + 1)«), integrating (13) from r«

to t, one has
[~ Sanas=o. (40)

t

Gre () — que(ric) — /

TK

Summing (39) and (40) up, we obtain

q1.(t) = mo
t
I:A*q1K_§Aaq2K -

"w
+ @ + 420 ds

t

t
+ [ quidz + / (h = 1)q20 (s—)dNs
0

t

—

m t
(—gA“qu - quk) ds — / qach’ dz;
K

K

t
- f (h = 1)a0(s5—)dRs. (41)
K
Notice that
t 2
E° / (—gA“qu - ﬁqzk) ds
K 2 \7

2

« s
A Qo + Qo Y

: ds (42)

¢
<kE° /
Tk

t
2
SK EO/ ||q2K ”VdS - O,
rK

t t
/ 2k thZs / 2k thZs
K \" K

t t
2
=E° / lazeh" [, ds < E° / g2, 12ds — 0, (43)
rK TK
SE°

t
f ()‘ - 1)¢I2Kst
rK \"4

t t
=IE<>/ I = Dazellfds < E? / g2« Il ds — 0,
rK Tk

2
< E°

2
]EO

H

and
2 2

E°® (44)

t
/ ()* - ])QZKst

H

as k — 0, with the same arguments in (32)-(34).
Next, we shall show that for almost all t € [0, T],

t
Q1(t) =70 +/ [A*0—c A“0 — ub] ds
0
t t .
+ / OhTdz, + / (A — 1)0(s—)dN;
0 0
(14) ‘ ¢
=19 +/ [12*6 - /LG] ds +/ OhTdz, (45)
0 0
t
+[ (A — 1)0(s—)dN;
0
in [2(2, 7, P% V'), as k — 0. If this is true, combining with the

fact that for almost all t € [0, T), q1.(t) — 6(t)in [*(2, F, P%; V'),
by Lemma 5. It arrives at the conclusion that 6(t) satisfies (12),
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ie.
t t
0(t) =mo +/ [£*0 — no]ds +/ OhTdz,
0 0
t
+ / (A — 1)0(s—
0

by the uniqueness of the limit in [*($2, F, P%; V'
complete the proof that

). Therefore, we

6 =qel’0,T;V)NL* 2, F, P CO,T;H))

by Theorem 1.

In the sequel, we shall focus on the proof of (45). Letting
k — 0 on the right-hand side of (41), it is clear that for almost
all t € [0, T), we have

t
f [A*qm—g/\"‘qzx - %(qu + qzk)] ds
0

t
_\/ [£*6 — no]ds
0

in [2(£2, F, P%; V'), since for any test function ¢(x, t) € L*(£2, F,
P°; V), one has

(46)

t
]EO </ I:A*qlk_gAanK - %(fhx + 2 )] dS, ¢(X, t)>
0

v,V

t
=1E°/ (q1e, AP(X, t))y v ds
0

t
- §EO/ (qoie, A%P(x, t))v,v’ ds
0

t

"

o / (@re + Qe (. O)y.yrds
0

t
—>EO/ 0, Ap(x, t))y yds

0 t t

B / (6. A"g(x, )y, ds — pE° / (6. $(x, Dhy.yrds
0 0
t
ZEQ/ (A*0—c A0 — b, P(x, t))y vds (47)
(14) '
= Eof (L0 — b, d(x, t))yr .y ds,
0

where the convergence follows from ¢y, g2 — 6 in Lz)(O, T;V),
for almost all t € [0, T). We are left to check that for almost all
t € [0,T), the remaining terms on the right-hand side of (41)
converge weakly to the corresponding terms in (12), i.e

t t
/ g hTdz, — / OhTdz,, (48)
0 0
and
t » t B
f (0 = 1)qau(s—)dRs — / (% = 1(s—)dRs. (49)
0 0

in[?(£2, 7, P%; H), as k — 0, respectively. Since (48) and (49) can
be shown similarly, we shall only focus on the proof of (48).

Without loss of generality, we can extract a subsequence
[fy 42ch"1dZ, — n in (2, F, P%; H), by the fact that

t 2 t
E° Gach’dz| =E° / gach™ 7, ds
0 H 0

o " 2, o o
<E / lq2cllvds < E”|moljy.
0
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To show that fot [6hT1dZ; = n, it is sufficient to check that, for
arbitrary ¥(x) € H and ¢ € [%(£2, 7, P®), one has

[( / [ehT]dZs> ;]:130 (. mu ] (50)

Since both n and fo [OhT1dZs are in [*(2, FZ,P°) with FZ =
0(Z; : 0 < s <t) C F, we just need to check that (50) holds
for arbitrary ¢ e L?(£2, FZ,P°). It is well known that 3'(t) =

1
exp [fo s)dZ, — fot |Q(S)|2d5:| generates a dense subspace of

X2, 7, PY), where o € L*(0, t; R™). Thus by Itd formula, we
have

E° [(z// / t[qzkhT]dzs> sl(r)}
0 H

=E / ((Wh")o(s)3'(5), ), ds
0

—E° / ((whMe(s)3'(s). 0),, ds
0

= E0[<w,/ [QhT]dZS> 31(t)] (51)
0 H

as k — 0, where the convergence follows from g, — 0 in
[2(0,T; V), as well as in L2(0, T; H). The term (49) can be dealt
with similarly, just replacing ¢ with 32(t) := [, _, (o(za—)+ 1)
exp <— fot é(s)ds?, where o(s) € L*°(0, t; R). Therefore, (45) fol-
lows immediately by substituting (46)-(51). Meanwhile, for al-
most all t € [0, T), q1,.(t) — 6(t) in L*(£2, F, P°; V'), by Lemma 5.
Thus, we arrive at the conclusion that 6(t) satisfies (12), i.e.

t t
9(t)=n0+/ [c*6 —;w]cls—i—/ Oh'dz,
0 0

t
+ / (A — 1)9(s—)dN;,
0

by the uniqueness of the limit in L?(£2, 7, P°; V'), since = q €
[2(0, T; V) L%(£2, 7, P°; C(0, T; H)) by Theorem 1. |

4.2. Strong convergence

Theorem 2. Under (As-1)-(As-5), we have

Qic. G2 = q in L3(0,T; V),

and for almost all t € [0, T),

Qi (t). q2e(t) — q(t) in X2, F, P’; H),

q1e(T = 0), @2, (T = 0) — q(T) in ¥, F,P°; H).

Proof. For any ¢(x, t), let us first define
o)) ==25(AD, $)vv — ulpllf + Iph" I
+ v = Dt )17

then by (As-5), we have 6(¢)(t) < —/32||¢||f,. For both (18) and
(20), integrating with respect to s from £« to (¢ + 1)k, with any
0 < ¢ <r; and integrating (18) from (£ + 1)« to (£ + 2)x, for any
0 < ¢ <r — 1, then by taking the expectation under P°, we have

E°lg1e((€ + Dk — 017 — E%lque ()17 (53)

(52)

(L+1)
-E° / [2(A*q1c. que)viv — wllquclly] ds = 0,
¢

K

E[lq1e((€ + 20 — 0)lIF; — E%llqu((€ + 1)), (54)

(L+2)
- EO/ [2(A*q1c. queviv — wllquellf] ds = 0,
(e+1)
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and

E°[|qae((€ + 1)k — )15 — E°[lqae (€)1

(e+1)
_E° / 6(d20 )(s)ds = 0. (55)
V4

K

Summing (53) and (55) up, it yields that
E°llqu((€ + DOl — E°que(e)ll
(13)(15) (D) " 2
= E [2¢4*q1c. que)viv — mllguellf ]
¢

K

(L+1)
+E f 6(d2¢ s)ds. (56)
L

K

And by summing (54) and (55) up, it implies that
E° (g2 ((€ + 107 — E° llgze ()l

(e+2)
3),
( )le)EO/ [
(£+1)

(L+1)
+ E° / 6(qac )(s)ds. (57)
L

K

2{A"q1e, Guedviv — 1l qac ||;21] ds

Thus, for any t € [r«, (r + 1)k ), we have
E®lqre(0)l1F — E° 7ol

t

(53)(56)

= EO/ [2(A* Q1. que)vv — mllqiclIf ] ds
0

K
+ 2 [ slaatoxs, (58)
0
and
E% g2 (0)1F; — E° ol
(55)(57) 0 (r+1) . )
= E [2<-A G1es ue)v v _/“L||q1K||H] ds
0
t
+ 2 [ taatoxs, (59)
0
respectively.

Our strategy is to show that, for almost all ¢ € [0, T), both
() =E%lq(t) — qre (Ol

t
— EO/ [Z(A*(q — 1<), 4 — quc)viv
0
—ullg — qicli?] ds (60)

_E f 6(4 — g )(s)ds.
0

To(t) =E||q(t) — qac (DI

(r+1)
- E° / [204%(q — q16). 4 — G )iy
0

—ullq — que 7] ds (61)

t
_E / 5(q — 420 s)ds,
0

converge to zero, as k — 0, for t € [r«, (r + 1)«). If the claim is
true, then one can deduce that

t
E () — que ()] + BiE® f 1 — quel3ds
0

t
+ BE / 1d = qacli2ds (62)
0
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(As—4),(As—5) N t
< T.(t)-E 6(q — qac )(s)ds — 0,
T

K

and

t
E°llq(6) = qae(O)17, + BiE° / 1 — g 12ds
0

t
+ BE / 1q = Gax I2ds (63)
0

(As—4),(As=5) o [ 5
= Tt)-BHE g — qicllyds — O,
t

as k — 0, since Y, (t) — 0, T,(t) — 0, and E® ft(rH)K lg —
Q1 ||§ds — 0 by Lemma 3. Therefore, (62)-(63) imply that

Qs Qe — (4 in LCZU(()’ T, V)’
and for almost all t € [0, T),

qlk( (t), CIl:«(T -
QZK( (f), qZK(T -

) —>

) —
in [2(£2, 7, P°; H).

Let us go back to show that 7, (t) — 0, as k — 0. Denote
T (t) == VX )+ T72(t)+72(t), where T)(t) contains all the terms
with [|glIZ and || A%/?q||?, in (60), Y 2(¢) contains all the terms with
g1l 1A% quell, g2 Iy and || A%/2gy, ||, and the remaining
terms are in T,f(t). We shall analyze each term Y;(t),i=1,2,3,
one-by-one. Firstly, let us consider T,)(t):

0) — q(T),
0) — q(T),

t
1,(t) =E°|lql|}; — E / [2(A*q, @)vr.v — nllqlify] ds
0
t t
— E° / 6(q)(s)ds + E° / 6(q)(s)ds (64)
0 T

K
(12 14)
E° |70l +EQ/

Tk

t
6(q)(s)ds — E°||mollf,

as k — 0, by]EQf 6(q)(s)ds — 0, as k — 0 due to Lemma 3.
Secondly, we examine the limit 7;2(¢):

T2(t) = — 2E%(q(t), quc())n
— E° /: [—2(A*q, g vy — 2(A*que, Dvry
+24(q, g1 )n] ds
- E° /: [Zg(/\aq, Q2 vy +26{A%Qae, Qv
+ 21(q, G2 )n — 2(gh”, q2ch)n
=2((x — 1)gq(s—), (A — 1)qai(s

—)ulds

t
+ JEO/ [25(A%q. qac)viv + 25 (A% Qo Qv v
:

K

+21(q, g2 )n — 2(gh", qach)n
=2((A — 1)q(s—), (A — 1)qa,(s
— — 2E%||q(t)I1F

t
+ ZEO/ [2(4%q, q)v.v — nliqlly] ds
0

—)ylds

t
12
4 2B / s(a)(s)ds 2 —2E° o2, (65)
0
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as k — 0, by weak convergence in Lemmas 5 and 6, and

t
E° / [26(A“q, qac)vrv + 26 (Ao, Qvry
.

K

+21(q, G2 )n — 2(gh”, gach)y

=2((x — 1)q(s—), (A — D)qae(s—))ulds — 0
by Lemma 3, due to ¢ € [3(0,T;V), g2 € I[2(0,T;V), and
dominated convergence theorem under assumption (As-5). At

last, one has
12(t) =E%l|que(0)ll

t
- EQ/ [2(A*q1e, que)vv — iliguellf] ds
0

_E / 6(d2¢)(s)ds 2 B o 1. (66)
0

Therefore, we arrive at the conclusion that for almost all t €
[0,T), T.(t) — 0, as k — 0, by (64)-(66).

Similarly, one can also obtain that for almost all t € [0, T),
both ga,(t) — q(t) and g2 (T — 0) — q(T) in L*(£2, F, P%; H), by
showing that 7, (t) defined in (61) tends to 0,as x — 0. ®

5. Numerical solution for the Zakai equation

5.1. Legendre Galerkin approximation and extended on- and off-line
algorithm

The Galerkin approximation for a SPDE essentially projects the
equation to a finite-dimensional subspace. Considering that using
N; as the driver instead of N; will be more convenient in the
design of the numerical simulation, let us rewrite the Zakai Eq.
(9) as

dq; = (£* — C)q.dt + Bq,dZ, + Cq,_dN;, (67)

with B(o) := h'o, and C(o) := (A — 1)o. Formally the Galerkin
approximation is defined as follows: Let {eq, e, ...} be a basis
of the Hilbert-space H, and H, be the linear subspace spanned
by {e1, ..., ey}, and P, denotes the projection from H to H,. We
define the projection of the operator £* by (£*)™ := P,£*P,, the
operators 8™ and c™ are defined analogously. The weak form of
the Galerkin approximation (67) becomes

d(g”, o) =((£™ — )", p)udt
+ (8" q&”), $IndZ: + (™™, $)udN;, (68)
qg') =P, .
The Galerkin approximation involves solving (68) in a finite-

dimensional subspace Hﬂ = H, ®H,,. And we define
—_————

d
by Pg the projection from the d-dimensional Hilbert space H¢
to H,f. Similarly as in Dong et al. (2021), the projection from
HY to V¢ is denoted by P4°, The choice of the basis functions
has a large impact on the quality of the Galerkin approximation.
Let us define the univariate generalized Legendre polynomials as
gi(x) = ai(Li(x) — Liz2(x)), for x € D := [—1, 1], and the Li(x) is
the traditional i—th Legendre polynomials fori = 0, 1, .. .. Conse-
quently, the linear space spanned by the multivariate generalized
Legendre polynomials is

Chg(Xa) : (X1, ..., Xq) € DY,
d} c HY,

Ve = span{g, (X1)¢k, (X2) - - -
0<k<n—2j=12,...,
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K, (n) K.(n)
A3 rx On-line: (72) _ 42 (r+1)x—0
x(n]_ K.(n) K.(n) _ K.(n)

Az ql(r+1)h 0 ql (r+1)x qZ(r+1)n 0

TK D) (r+2)x

|  Offtine: (71) Off-line: (71) ~ | t

S Kn) | k(n) - x(n)

>q1 YK 1.(r+1)x—0 ql (r+1)x

Fig. 2. The framework of the on- and off-line flltermg algorithm. On the time
interval [r«, (r + 1)«], once the initial condition q1 + is given, the solution
gy 00 = gy
Then, by evaluatmg at t = (r + 1)k, we set q1 r+1
Similarly, with the initial condition g5 = q’{K('ErH)K 0
a5 Mx) == g5"(t, x) of Eq. (71) can be solved numellcally or analytically. And

(t,x) of Eq. (70) can be obtamed numerically or analytically.
Lo = @ + 1)k, x).
in hand, the solution

thus, by evaluating at t = (r + 1)k, we set q2 r+” o = @ + 1)k, x).
Subsequently, by incrementing r :=r 4 1, we proceed to the next time interval
[(r + 1)k, (r +2)k]. The initial condition for the off-line computation in the (70)
is now available as qﬁ_'((fjr])l( = q;:((;lil)K—O' This recursive procedure is repeated
sequentially over successive time intervals, thereby advancing the evolution
process in time.

which was first proposed in Shen (1994) to efficiently solve the

second- and fourth-order equations. The solution q(t”) is approxi-
mated by:

n—2
0" = > JOGX), (69)

Ik|1=0

where Gilx) € Vd are the generalized Legendre polynomials,
|k|1 = Z]d k; with k= (k1, ..., kq), kjs are integers, and J;(t) €
R ! are the coefficients.

In all, in order to solve the SDE system in (68) recursively, we
discretize the system in time and split (68) into off-line and on-
line computations. On each time interval Vt € [r«, (r + 1)x], with

= 0,1,...,Mr — 1, our aim is to numerically solve the (68)
efficiently. Specifically, the establishment of the on- and off-line
filtering algorithm is based on the splitting-up processes in which
(67) is divided into the computations of the off-line part q’;:E"), and

on-line part q’;’E"), respectively, starting from the initial condition

q({?o = Pymo. The flowchart is depicted in Fig. 2.

% Off-line computation:

d(ay", ¢l = (£ = )y, phudt,
K, () d,0
=P,
410 7o, (70)
or
q;l = Paogs™ | forr =1,...,M; — 1.
% On-line computation:
d(gy ", ¢ = (Bd5 ", )udz
+(C™g5 (Y, pIudN:, (71)
gy = PAogy {1y forr =0,1,... My — 1.

We sequentially apply the forward Euler method to (70) and
EM method to (71), respectively, then it yields that

(@ @ =@, o + i (2™ — Mgy, P,
ie,(n) d,0
=P "1,
Gro” =F" 70 (72)
or
;" = piogy M, forr =1,..., My — 1.
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and
(qZ r+1° ¢)H —(qZ roo ¢)

( qz’rn)’ ¢)H(Z(r+l)k - Zrk) (73)

+ (g5 ", $)u(Nirs13e = Ny,
g5 " = PLogy {1 o forr =0,1,... My — 1.

where Nii1)c — Ny, is the number of jumps of the standard
Poisson process N; within time interval [rk,(r + 1)], r
o,. MT — 1, and each jump quantity is approx1mated by
C(”)qK I (A(Xw)— 1)q2 .. The iterative solutions g}’ £+1 for (72)
and q2 r , for (73), respectively are numerical approximations

to q“ in (70) and q" m) n (71), respectively. It needs to be
pointed out that the terms ( )y in (72) and (73) are numerically
computed by the Gaussian quadrature formula.

Additionally, we now consider the computational complexity
of our filtering algorithm For each time intervals [r«, (r 4+ 1)x],
with r = 0,1, Mr — 1, we need to compute the off-line
and on-line parts From the expression (69), the basis number
of the Galerkin Legendre spectral approximation is (n — 1)%.
In both off-line and on-line computations, the terms (-, -)y are
numerically computed by the Gaussian quadrature formula, if we
set the Gaussian quadrature nodes at one spatial dimension as
Ngq, then at each time interval, the computational complexity is
o((n — 1) % NgQ) and it inevitably will bear the curse of spatial
dimension. Thus, when considering the whole time recursion, the
computational complexity is O(Mr % (n — 1)¢ % NgQ).

5.2. Simulations for cubic sensor

Let us consider d = m = 1 and the cubic sensor problem in
the spacial region of [—2.2, 2.2],

dX; = X (1 — X2)dt + dL?,
dz, = X2dt + dw,
dN; = roX2dt + dN,

where L and W; are mutually independent, and W; is standard
Brownian motion. In this simulation, the total experimental time
is T = 30 s. The initial state X, is sampled from N(0.5, 1). N; is
a doubly stochastic Poisson process with the intensity of AoX?.
Particularly, the corresponding Zakai equation in this case is

Ax(1 = x*)qe]

(74)

dg, = — dt — (hox* — 1)q,dt
0x
[ e )= adone e
RI\{0}
+ X°qedZ; + (hox* — 1)g—dN. (75)
On each time interval t € [r«, (r+1)«],forr =0, ..., Mr—1, fur-

thermore, our so-called splitting-up Zakai filter is to decompose
the Zakai Eq. (75) into off-line and on-line part, and to find their
weak solutions qlK " qu) . in the space V,, := span{¢o, {1, ey Cnlal)

C H,, which is concretely illustrated by finding qlm(x)
Yo 060 € Vi, and g5 = YT JA0)G(X) € Vi,

In the numerical simulations, by takmg a time stepsize «
0.0146 s, and thus My := T/k = 2'1, and choosing 1y = 2, « =
3/2, we can recursively compute the off-line and on-line. And
further, we introduce the mean of the squared estimation error

(MSE) for one realization, defined by MSE(X — Z (Xre —

X,K) , where Mr is the number of time steps, Xy is the real state
X at the instant r« and X;, is the estimation of X,.. All filters
are implemented in MATLAB 2022 A and all examples have been
performed Monto Carlo simulations.

11
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(b) The on- and off-line filtering
algorithm with 95% confidence
inference

(a) The on- and off-line filtering
algorithm with N; = 30 and particle
filter algorithm with 3000 particles

Fig. 3. The different filtering performance in highly nonlinear tracking problem
with cubic sensor.

We trace a sample trajectory by using our on- and off-line
filtering algorithm with the number of Legendre polynomial N, =
30, compared with the SIR particle filter algorithm with 3000
particles and depict it in Fig. 3. Illustrated by Fig. 3(a), our al-
gorithm keeps track of the real state very well, and surpasses the
tracking performance of the SIR particle filter at nearly every time
instant. When solving the Zakai equation by the on- and off-line
filtering algorithm, it is easy to get a confidence interval at each
time instant, thus we set a 95% confidence inference and depict
a confidence tube alongside the state estimate of the on- and
off-line filtering algorithm, shown in Fig. 3(b) with the shaded
area.

On the other hand, as shown in Table 1, we take 20 runs of
Monte Carlo simulations, then the averaged MSE of our proposed
algorithm with N; = 10 is 0.7817, while that of the SIR particle
filter with 300 particles is 1.8314, and 3000 particles is 1.1932.
Meanwhile, the averaged CPU time of our algorithm is 0.7817 s,
while that of the SIR particle filter in 300 particles is 5.0868 s,
and that in 3000 particles is 24.2724 s. This indicates that the
performance of our algorithm is much more efficient and accurate
than that of the particle filter. As for our algorithm, the on-line
computational time for every estimation of the state is around
0.038 x 1072 s, which is about 10? times less than the update
time « = 0.0146 s. This strongly declares that our algorithm is
an real-time solver for the NLF problem.

By virtue of different numbers of the generalized Legendre ba-
sis in our proposed filtering algorithm, there shows the diversity
of the filtering performance in both accuracy and efficiency. We
take 20 runs of Monte Carlo simulations, and the averaged CPU
time and MSE are illustrated in Table 1. Table 1 demonstrates
that our proposed algorithm performs fairly well in all different
number of generalized Legendre polynomials, and maintains the
real-time property as a filtering solver.

6. Conclusions

In this article, we investigate a jump-diffusive Lévy stochastic
NLF model where the states are based on heavy-tailed non-
Gaussian «-stable Lévy process, while the jump-diffusive obser-
vations are involving a mixture of non-Gaussian diffusion process
and Poisson point process. After deriving the corresponding Za-
kai equation, we construct a splitting-up scheme for the Zakai
equation in this paper. By additionally introducing a fractional
Laplacian operator, i.e. the term A%(o), this paper rigorously
manifests the weak and strong convergence of the Zakai equation.
Furthermore, the extended on- and off-line filtering algorithm
is proposed in this paper, and the Legendre Galerkin spectral
method is established to numerically solve the off-line part of
the Zakai equation. Additionally, compared with the SIR particle
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Table 1
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Performance of our proposed filter and SIR particle filter for the highly nonlinear tracking problem.

Methods SIR particle filter On-and off-line filter
300 3000 N, =10 N, =15 N =20 N, =25 N, =30
CPU time (s) 5.0868 242724 0.337 0.3855 0.4751 0.6155 0.6862
MSE 1.8314 1.1932 0.7817 0.7295 0.7178 0.7026 0.6985
filter method, the proposed algorithm of this paper manifests References

the good performance on efficiency and accuracy particularly for
highly nonlinear cubic NLF problems by presenting the numerical
experiments.
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Appendix. The proof of Lemma 1

The result from Zheng and Yao (2009) will be utilized in the
proof of Lemma 1, and is therefore presented below.

Lemma 7 (Zheng & Yao, 2009, Theorem 4.2). If w € Lb(RY), p >
max{1, g}, with o € (0, 2), for any € > 0, there exists C(¢) such
that

/ wlg2dx| < ef 1A% dx + C(e)[ | 2dx, (A1)
RA R4 Rd
forallp € V.
To this end, let us begin the proof of Lemma 1.
Proof. By the direct computations, we have
— (A"}, P)v.v (A2)

(V- (F9). ) + C(d, X A%, )t — (A%, B
/ (V- P Pdx| + (C(d, ) — g)/
Rd

R

Z_

| A% dx
d

(A1)

Sy — s —en) f A% Pdx — C(e) / b 2dx,
Rrd Rrd

if we choose ¢ < C(d, o) — €1 — B1/2, and p > 2C(e71) + B1. And
further,

26(A%G, @)y + uldllf — loh" 17 — I(x — Dl
—2¢ / | Ae2(E)] d& + ull bl
R

= [ i+ 1n = g (A3

(A1

Vs —e) / 1A% dx — (C(e3) — ) / |p|2dx
Rd Rd

=(2¢ — &)l A*?¢|1f; — (Cle2) — WPl

if we choose that ¢ > (8; + €2)/2, and u > C(e2) + Ba.

Therefore, we can choose (8,+¢3)/2 < ¢ < C(d, o)—e1—B1/2,
and © = max{2C(e;) + B1,C(e2) + B2}, then the assumptions
(As-4) and (As-5) hold. =
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