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ABSTRACT

In this paper, we prove that, under certain reasonable assumptions, bidirectional recurrent neural
networks (BRNNs) can well approximate a class of bidirectional dynamical systems. As a special case,
we prove that the forward recursions of BRNNs are capable of accurately approximating any filtering
dynamics, while the bidirectional recursions of BRNNs satisfactorily approximate the corresponding
smoothing dynamics. We present explicit estimation bounds and utilize these theoretical results to
construct a BRNN-based smoother, which offers a synthetic resolution to the smoothing problem. By
training a BRNN on sequences of observations and their corresponding states produced by computer
simulations or actual experiments, we demonstrate that the BRNN-based smoother can closely
approximate the optimal smoother, including approximating the optimal filter as its forward recursion.
Finally, we support our theoretical findings through a numerical example and compare our results

numerically against the extended Kalman smoother and particle smoother.
© 2026 Elsevier Ltd. All rights are reserved, including those for text and data mining, Al training, and

similar technologies.

1. Introduction

Recurrent neural networks (RNNs) with various structures, in-
cluding vanilla RNNs (Elman, 1990), bidirectional RNNs (BRNNs)
(Schuster & Paliwal, 1997), long short-term memory (LSTM) net-
works (Hochreiter & Schmidhuber, 1997), gate recurrent unit
(GRU) networks (Chung et al., 2014), etc (Yu et al.,, 2019), have
been widely applied in sequence modeling (Chiu et al., 2018;
Sutskever et al.,, 2011), image generation (Gregor et al., 2015; Van
Den Oord et al.,, 2016), natural language processing (Goldberg,
2016; Mikolov et al., 2010), and reinforcement learning (Per-
rusquia & Yu, 2021; Santoro et al., 2018). Despite their success,
theoretical aspects require further investigation. Schafer and Zim-
mermann (2006) proved the universal approximation theorem for
RNNs based on the Feedforward neural networks (FNNs) result by
Hornik et al. (1989). Recent work by Chen et al. (2023), Tao et al.
(2024) extended these results to stochastic settings. However,
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all existing work focuses on unidirectional models, leaving the
approximation capacity of BRNNs unexplored.

In this work, we rigorously prove that under reasonable as-
sumptions, BRNNs can approximate a class of bidirectional dy-
namical systems. Furthermore, we find that this result can be
used in smoothing problems for the state-space models (SSMs).

We consider the discrete-time SSM:
X = f(x—1) + w, )
Ye = h(x;) + v,

where x, € R" is the state, y, € R™ is the observation, f and

h are potentially nonlinear functions, time t = 1,2, ..., T with
fixed T € N*, and w;, v; are zero-mean Gaussian noises with
covariances Q € R™™ and R € R™™, Let y1+ .= {y1,¥2, ..., Ve }-

Filtering estimates p(x; | y1.¢) via forward pass, while smoothing
estimates p(x; | y1.r) via backward pass after filtering, analogous
to BRNN’s bidirectional structure.

Current smoothing algorithms rely on model-based method-
ologies such as the Rauch-Tung-Striebel smoother (Rauch et al,,
1965) and particle smoother (PS) (Carvalho et al,, 2010; Klaas
et al., 2006). However, these methods have limitations in data-
only scenarios and nonlinear SSMs. Model-based methods require
exact knowledge of the underlying SSMs, restricting their ap-
plicability when this information is unavailable. Nonlinear vari-
ants like the extended Kalman smoother (EKS) are not minimum
mean-squared error (MMSE) optimal (Jazwinski, 2007), while
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PS algorithms require large particle numbers for highly non-
linear systems, making them computationally expensive. Data-
driven smoothing algorithms based on the Kalman framework
have been developed (Ni et al., 2022). In scenarios where ex-
plicit SSM knowledge is unavailable but historical observation-
state data exist, synthetic approaches leveraging this data become
necessary.

In this work, motivated by the similar framework of BRNN and
smoothing, we develop a BRNN-based smoother trained on simu-
lation or experimental data using backpropagation through time
(Werbos, 1990) to minimize mean-squared error between states
and estimates. The forward recursion yields an RNN-based filter
(Chen et al., 2023), extending the neural filter concept (Lo, 1994).

The key contributions of this paper are summarized as follows:

e We establish a theoretical result showing that BRNNSs can ef-
fectively approximate a broad class of bidirectional dynam-
ical systems. As a special case, we prove that the forward
and backward recursions of BRNNs can respectively approx-
imate the filtering and smoothing dynamics, with explicit
error bounds. This gives the first quantitative analysis of the
approximation capability of BRNNSs for noisy sequential data.

e We develop the BRNN-based smoother for SSMs, integrating
BRNN forward recursions into an RNN-based filter. Numer-
ical experiments demonstrate superior performance over
EKS and PS in nonlinear cases.

The paper is organized as follows. In Section 2, we review
SSM estimation problems, including filtering and smoothing, as
well as relevant neural network architectures such as FNNs, RNNs,
and BRNNs. Section 3 presents the RNN-based filter and in-
troduces the architecture of the BRNN-based smoother. In Sec-
tion 4, we analyze the approximation capabilities of BRNNs and
quantify the corresponding error in the BRNN-based smoother.
Section 5 provides numerical experiments comparing the BRNN-
based smoother with EKS and PS. Finally, Section 6 concludes the
paper and outlines directions for future research.

Notations: We use - for transpose, and E[-] for expectation.
The probability space with filtration F; is (§2, 7, P). Gaussian
distribution with mean u and covariance P is N(u, P). R (Z) de-
notes real (integer) numbers; R" and R™*" denote n-dimensional
Euclidean space and m x n real matrices, respectively. We denote
by L'(R™), [>(R"), and L®(R") the spaces of integrable, square-
integrable, and essentially bounded functions on R", with norms
II-ll, for p =1, 2, co. The symbol | - | denotes the Euclidean norm.

2. Preliminaries

This section introduces the filtering and smoothing problems
for SSMs and their optimization formulations, followed by brief
descriptions of FNNs, RNN and BRNN.

2.1. Filtering and smoothing

We focus on estimating the expectations of test functions
¢ under the filtering and smoothing distributions, denoted by
e = Ele(x) | y1:] and ¢ = E[p(x) | y11], respectively,
where ¢ : R" — R’ is a test function. Let Lfl_r(.Q; R") denote
the family of R"-valued F;-measurable random variables & with
E[I&13] < oo, where 7 is o algebra generated by yi.. The
filtering problem is formulated as:
argmin  E [y, - ox)]5] @)
w/;[eLgm(:z; RT)

{btlt =

and the smoothing problem as:

¢ = argmin E [”?/’t - ‘/’(Xf)Hi] : 3
Vreld, (2 BT

Automatica 194 (2026) 113292

2.2. Neural networks

We first introduce the FNNs.

Definition 2.1 (FNNs). Let o : R — R be an activation function.
Define

T (g) = {NN :R™ — R™ | NN(x) = Vo (Wx — 9)},

where V € R™*"3,
component-wise.

W e RB*™M 9 ¢ R™ and o is applied

A vanilla RNN processes sequential data with the following
structure.

Definition 2.2 (RNN). For nq, ny, n3 € N* and activation function
o, the class RNN""2™ () consists of functions defined by

Si=o (WSU)_s’H + W + bh(”) ,
—
pe=WIT  + b,
where o € R™ is the input, _s)[ € R™ js the hidden state,

B¢ € R™ is the output, and the weights Ws(f ), Wo(f ), W,EZ) together
with the biases bh(f), bg) are the model parameters.

A BRNN extends the vanilla RNN with forward and backward
hidden states.

Definition 2.3 (BRNN). For ni, ny, n3 € N* and activation o, the
class BRNN™-™:"3(q) consists of functions defined by

5 =VOe(WIS g+ W + b)),
50 = VoW g + W, + b)), (4)
St = [?[); <57], Br = Mg U(Wﬂst + b/g),

where o; € R™ is the input, ?? <sT € R™ are the forward and
backward hidden states, 8; € R™ is the output, and the weights
w9, wi), v, w®), W) v W Mg together with the biases
b, b, by are the model parameters.

3. RNN-based filter and BRNN-based smoother

In this section, we introduce the architecture of the BRNN-
based smoother, which incorporates an RNN-based filter (Chen
et al., 2023) as its forward recursion.

3.1. RNN-Based filter

We begin with the RNN-based filter, which consists of a dy-
namical encoder and an output decoder. Let us denote the dy-
namical encoder and the output decoder by Forward — Encoder
(; wy) and F — Decoder(-; w-), respectively. For brevity, we
denote them as FE(-; wy), and FD(-; w,) in the sequel. Their
dynamics are given below:

_S)[ = FE(_S)pl,}’t; wi),
P"(x)y10) = FD(S 15 W),

where @Y(x;)(y1.¢) is the estimation of ¢(x;) using observations
y1.t by RNN. Typically, the dynamical encoder FE(-; w;) and
the output decoder FD(-; w,) are parameterized by FNNs with
parameter w = [w1, W], respectively.

(5)
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3.2. BRNN-Based smoother

After introducing the RNN-based filter, we turn to the BRNN-
based smoother, which still consists of a dynamical encoder and
an output decoder. Compared to RNN-based filter, a backward
recursion of the hidden state is added into the dynamical encoder.
Hence this dynamical encoder is divided into forward recursion
and backward recursion. Let us denote the forward recursion
of the dynamical encoder, the backward recursion of dynamical
encoder and the output decoder by Forward — Encoder(-; 6;),
Backward — Encoder(-; 6,)and S — Decoder(-; 03) respectively
For brevity, we denote them as FE(-; 61), BE(-; 6,), and SD(-; 63)
in the sequel. Their dynamics are summarized as follows:

_S)t = FE(_S)t—l,YtZ 01),
Se=BE(S 1. Ve 62), (6)
Q" (xe)y11) = SD(s¢; 63),

where s; = [?[); <ST] be the vector concatenating <s_t, _s>[, and
@"(x;)y1.7) is the estimation of ¢(x;) using observations yi.r by
BRNN. Usually, the dynamical encoder FE(-; 6), BE(:; 6,) and the
output decoder SD(-; 63) are parameterized by BRNN and FNN
with parameter § = [0, 0,, 5] respectively. It is necessary to
note that FE(-; 6;) and BE(-; 6,) can be any NNs with recurrent
architecture such as LSTM (Hochreiter & Schmidhuber, 1997),
GRU (Chung et al., 2014). Since the following theoretical analysis
are based on continuous assumptions of FE(-; 6,), BE(-; 6,), and
SD(-; #3), we only consider the original architecture in Schuster
and Paliwal (1997).

Remark 3.1. Notice that in (6), S contains all the history up to
time t i.e., it can be viewed as the function of yq, ...,y in (6).
And § ¢+ contains the information from time t to the terminate
time T, ie. it can be viewed as the function of y;y1,...,yr.
s; defined as the concatenation of _s>t and <s_t, which contains
information about all time-step observations.

4. BRNN approximation and error analysis for nonlinear
smoothing

In this section, we first establish the approximation capability
of BRNNs. Then we prove that the nonlinear smoother can be well
approximated by a class of bidirectional system. Consequently, it
can be further approximated by BRNN.

4.1. Approximation property of BRNN

We first give the approximation ability of FNN defined in
Definition 2.1.

Theorem 4.1 (Universal Approximation Theorem Leshno et al., 1993).

Let 0 : R — R be a locally bounded piecewise continuous function
that is not a polynomial. Then, for integers ni,n, € N7, the class
XM (g is uniformly dense in C™-"2 in any compact domain.

Using this theorem, we can prove the approximation ability of
BRNN defined in (4) and the detailed proof is put in Appendix A.1.

Theorem 4.2 (Approximation Property of BRNNs). Let n¢, ny, & be
continuous functions and assume the input sequence {o; € R™ :
t=1,2,...,T} is bounded. Consider the system

— —
se = np( S =1, ),

P <~

St = M('S t41, ),
— <«

Se=1[st: 8], Br=

&(s¢).

Then for every ¢ > O, there exists a BRNN""2(o') with output Br
such that |8 — B¢l < eforallt =1,2,...,T.
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Remark 4.1. Theorem 4.2 extends naturally to the case where
the backward recursion depends on «;, instead of «, i.e., s[ =
np( (s_pr], a¢41)- This follows by augmenting the backward state as
¥ =[5 ; o] and applying Theorem 4.2 to the equivalent system.

4.2. Smoothing problem

The smoothing distribution satisfies

p(xe | yrr) o p(xe | Y1) PVerrr | %e), (7)

where p(x; | ¥1.¢) is obtained from forward filtering and p(y¢1 1.7 |
x;) from backward recursion.

Define the prediction, update, and backward transition opera-
tors, respectively, as:

A & / P (x | 2)u(2) dz, (8)
]er

Ay 2 gy | ) u(x), ©)

F(v)x) & / P (2 | ) 0(2) dz, (10)
]:Rn

where q(y | x) = exp[—1(y — h(x))"R™'(y — h(x))] is the un-
normalized likelihood. Intuitively, 7; propagates the density for-
ward in time (prediction), 7, applies the Bayesian measurement
update, and 73 performs the backward Chapman-Kolmogorov
integration.

The unnormalized filtering densities {u,} (proportional to p(x; |
¥1:t)) and backward messages {v;} (representing p(yr+1.7 | Xt))
satisfy the recursions:

Uy = fz(fl(ut)vyt+l)’ v = f3(]:2(vr+1,)’t+1)), (11)

with ug = p(x¢) and vy = 1. The smoothing distribution is then
given by p(xe | y1.r) oc ug(X)ve(x).

Assumption 4.1. There exists L > 0 such thaty, € 8, .= {y €
Myl <L}forall1<t<T.

Remark 4.2. This assumption can be relaxed to cases where the
observation process remains within a sufficiently large ball with
high probability, in which case a similar result can be established
in the expectation sense. For the sake of clarity and intuition in
the proof, we adopt the slightly stronger Assumption 4.1 here.

4.3. Finite-dimensional coordinate representation

By Kolmogorov n-width theory (Pinkus 2012), forany ¢ > 0
there exist N orthonormal functions {¢J ~1 C L*(R") such that

max |q(y | ) - ;%(M(-)Hw <e, (12)
where a;(y) £ [ q(y | X) ¢;(x) dx. Define

N

iy x) = Z

For the remalnder of this section, we assume that 0 < ¢ < &,
where ¢gq is an arbitrary but fixed positive constant.

4.3.1. Forward approximation
Define the approximated operator

Fou, y)(x) £ 4y | x)u(x). (13)
and the approximated densities {ii;} evolve by

Upyy = }N—z(ﬁ(flt),)’tﬂ), lip = Uop. (14)
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A

Define the multiplication operator Mg(u)(x) £ ¢(x)u(x). Since
Hu,y) = Z;N:1 aj(y) Md,}.(u) admits the separated representation,
the sequence {ii;} evolves in a finite-dimensional subspace of
LY(R™) given by

(Ol 01,07 Ju

c1<k<T, 1<ip,...,

N £ span , (15)

k-1 <N

Here (O denotes right-to-left operator composition. Although
each element in the spanning set corresponds to selecting a single
basis function at each step, the actual recursion uses the full linear
combination q(y;41]-) = Z’Ll aj(¥t+1)¢;. Thus, the dependence
on yq41 only affects the coefficients {o;(y:+1)}, while the generat-
ing family of operators remains fixed. Consequently, the elements
n (15) enumerate all single-basis “skeleton” trajectories, and
their linear span contains every trajectory of {ii}.

Let {'ﬁl 1 be a basis of Vy. Then every ii; € Vy admits a
unique representatlon

Ny
=Y a(tyi(x)
i=1

Since Vy is invariant under the approximated recursion (14), ti;41
also belongs to Vy. Therefore, there exists a uniquely determined
coefficient vector a(t + 1) € RN depending on a(t) and y,;.
Moreover, since Vy is finite-dimensional and both F; and 7, are
continuous operators, there exists a continuous map

A RM X/ZL—HRM
such that

a(t +1) = A(a(t), yes1). (16)

4.3.2. Backward approximation
Similarly, define

= F3(F(Ve41, Yer1))

By the same separation argument {v;} evolves in a finite-dimens-
ional subspace. Let {I/I]} be a basis of this space. Then every v,
admits a unique representatlon

Ny
%(x) = ) bi(t)5(x).
j=1

Since the finite-dimensional subspace is invariant under the ap-
proximated backward recursion (17), v¢ is uniquely determined
by ¥¢.+1 and y;.1. Therefore, there exists a uniquely determined
coefficient vector b(t) € RM2 depending on b(t + 1) and y,1.
Moreover, since the space is finite-dimensional and both 75 and
F, are continuous operators, there exists a continuous map

br=vr = 1. (17)

AR x g — R
such that
b(t) = A(B(t + 1), yes1). (18)

4.3.3. Smoothing approximation
The approximated smoothing distribution is

N1 Ny

Pe(x) = fu”v") =33 ciate). b)) vilx) d0), (19)
i=1 j=1
aibj

where ¢;j(a, b) = .
Y 5;1 Zlevi1 agbe (Y )
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4.4. Approximation error bounds

Lemma 4.1 (Forward Error Bound). Suppose Assumptions 4.1 holds.
Then forallt =1,...,T,

lur — ey < Cie, (20)
where C1 = T(1 4+ &) uol|1.

The proof is provided in Appendix A.2.

Lemma 4.2 (Backward Error Bound). Suppose Assumption 4.1 holds.
Then forallt =1,...,T,

lve — Belloo < Cae, (21)
where C, = T(1 4 &)L

The proof can be found in Appendix A.3.
Assumption 4.2. There exists ¢ > 0 such that Z, £ f pe(x)dx = ¢
forall1<t<T.

Assumption 4.2 prevents density degeneracy. With these pre-
liminary results in place, we can bound the error of the nonlinear
smoother.

Theorem 4.3 (Smoothing Approximation Error). Suppose Assump-
tions 4.1-4.2 hold. Then for all t = 1, ..., T and any test function
@ € L™,

[Biote) 19371 = [ 0B ] < Cllple,

where C3 depends on Cl, Gy, ¢, and
[ o, d= 33 aate o) [ v
£ I'(a(t), b(t)). (22)

i=1 j=1
The detailed derivation is provided in Appendix A.4.
Finally, combining the approximation of the forward and back-
ward dynamics with the universal approximation property of
BRNNs, we obtain the following result.

Theorem 4.4 (BRNN Approximation of Smoothing Problem). Under
the assumptions of Theorem 4.3, for any test function ¢ € L* and
& > 0, there exists a BRNN"""2(¢ ) with input y; and output B, such
that

|B: — Elp(x) | yir]| <&, Ve=1,....T

The proof, which follows by applying Theorem 4.2 to the sys-
tem (22) and combining the forward and backward error bounds,
is provided in Appendix A.5.

Remark 4.3. By following a similar proof as in Theorem 4.4, a
corresponding result can be established for filtering problems.
That is, the forward recursion of BRNNs can also accurately ap-
proximate the optimal filtering dynamics.

5. Experiments

In this section, we aim to assess the performance of our
proposed BRNN-based smoother in comparison to other exist-
ing smoothers on Nonlinear SSM. Additionally, we seek to val-
idate the main results presented in Theorem 4.4. For brevity,
we will refer to the RNN-based filter as RNNF and the BRNN-
based smoother as BRNNS. The subsequent numerical experi-
ments exclusively involve synthetic data. Initially, we will train
our model on the training set until convergence. Subsequently,
we will evaluate the performance of our trained model on the
test set.
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X;‘\’t(yl‘t)

X3ty (y1:4)

Forward-Encoder F-Decoder

: (—E xrg (y1:7) i

Yi+1:1

Fig. 1. The high-level architecture of BRNN-based smoother.

5.1. Training method

We use supervised learning with N paired data paths (Y,
X@)¥,, where Yo = [V, ...,3"] and Xy = K, ..., %] are
observations and corresponding states from system (1).

For brevity, denote the RNN-based filter output (5) as Xt\r and
BRNN-based smoother output (6) as fcf

By (2) and (3), we define MSE objective functions with regu-
larization coefficients Aq, Ay:

T
1 o 2
Conerng(W) = = ; E (|81 = x5 ] + 21 w3
7 (23)
1 N 2
Lmooting(8) = = ;E [[817) = xc[3] + 22 1082
The empirical (Monte Carlo) approximations are:
N 1 T Py
A (i) (i)
[fﬁltering(wv N) = X]: - tZ]: x[‘[(yllt) - Xt' 5 + A |W|§ s
i= =
v (24)
A 50.,(0) (i )
Esmoothing(ﬁ N) = Z ? Z X; (y1IT) [1 + A2 |0|2

1 t=1

Following standard filtering-then-smoothing procedure, we
first train the RNN-based filter to obtain W = arg min Lrijtering(W),
then integrate it into the BRNN-based smoother with fixed w:

Se= BE(<S_r+1, Yerr: 02).

Myir) = SD((S_H 0s) +Xf'|'t(Y1:r), (29)
where

SD(St; 603) = Wiy S ¢ + by, (26)
with 03 = [th"[{q]' th e R and Fq € R9*1, The architecture

is illustrated in Fig. 1.

5.2. Experimental setup

Evaluation Metrics. We adopt the average Mean Squared
Error (MSE) and average Standard Deviation (STD) as evalua-
tion metrics in this study. These metrics, denoted by MSE and
STD, respectively, are computed over 100 test paths and can be
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calculated as follows:
100

MSE = - Z Z

t=1

0] Xl

2 (27)
100
j=

0 _ 1005
100

1
STD := —
T 100

-
HMH
-

Here, x(’) represents the true state at time step t in the jth path,
while X x[ ) denotes the estimated value of x?).

Implementation Details. The implementations of RNNF and
BRNNS were performed using the PyTorch framework, while EKS,
and PS were implemented using Numpy. All the models men-
tioned above employ the Rectified Linear Unit (ReLU) as the
activation function and the number of layers for both RNN and
BRNN is set to 2. Gaussian initialization was adopted for pa-
rameter initialization in the NNs model with standard setting.
Adam with mini-batch gradient descent was used as the op-
timizer during model training. The training process for all the
experiments took approximately 20 min on a single Tesla P100,
with the inference process executed on an Intel(R) Core(TM) i7-
10700 CPU @ 2.90 GHz. The hyper-parameters of the models used
are summarized in Table 1.

5.3. Nonlinear SSM

In this subsection, we examine a non-linear SSM characterized
by a cubic sensor function. The non-linear SSM is defined as
follows:

Xer1 = (I3 + k1A) X + k5 cOs(X;) + wy,
Yt :X?+U[7

where xo ~ N(0,15), E[w/w;] = 0.55 and E [v]v;] = 0.5I5.
k1 = k = 0.05 are constants controlling the state dynamics, and
A € M3y3(R) is defined as follows:

-1 02 O
=| 02 -1 02 |.
0 02 -1

Unless otherwise specified, all hyperparameters follow Table 1. It
is important to highlight that based on the main theorems pre-
sented in Crisan and Doucet (2002), the PS attains convergence to
the target distribution function in terms of [P-convergence, where
p > 2, as the number of particles approaches infinity. Hence, with
a sufficiently large number of particles, the PS can be regarded
as a state-of-the-art (SOTA) benchmark algorithm in terms of
accuracy. Here, we set the number of particles in PS to be 3000.
Fig. 2 illustrates the MSE of BRNNS as a function of the number
of hidden neurons, training paths, and training steps. The results
demonstrate that estimation performance improves significantly
as the number of hidden neurons increases, ultimately surpassing
both EKS and PS. Similar performance gains are observed when
increasing the number of training paths and training steps. Fur-
thermore, in Fig. 3, we present the true state versus the estimate
of EKS, PS, and BRNNS over time. We observe that in every state
dimension, the estimate of BRNNS (dashed line) outperforms the
estimation of EKS (dash-dotted line).

The specific comparison results, including the MSE between
EKS, PS, BRNNS, and the true state, as well as their respective
inference times, are summarized in Table 2. Note that BRNNS
outperforms both the EKS and PS, and it has the same inference
speed as EKS. Although PS also gives good estimates, its excessive
inference time significantly limits its efficiency. Hence these ar-
guments show that BRNNS is a very efficient smoother that can
be applied to nonlinear smoothing problems.

(28)
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Table 1
The hyper-parameters for BRNNS on nonlinear SSM.
Hidden neurons Epochs Batch size Learning rate Training paths Training steps
48 500 256 0.005 1024 300
EKS ¢ EKS 8 EKS
23 - PS 5 — 7 - PS
—— BRNNS —— BRNNS 6 —r— BRNNS
2.0 4
w w w 5
215 23 24
-
1.0 2 5
05 — ! = 1
10° 10! 10° 10 102 103 0 50 100 150 200 250 300 350 400

Hidden neurons

Training paths

Training steps

Fig. 2. MSE comparisons with respect to the number of hidden neurons (left), training paths (middle) and training steps (right) for the nonlinear SSM. All other

parameters in the three figures are kept consistent with Table 1.
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Fig. 3. Comparison of the true state versus the estimates obtained from EKS, PS, and BRNNS over time.

Table 2

The comparison of different methods on the nonlinear SSM.
Methods MSE STD Inference time [s]
EKS 0.9079 0.1137 0.0372
PS 0.4445 0.0212 685.1445
BRNNS 04116 0.0205 0.0466

6. Conclusion

In this paper, we establish the universal approximation ca-
pability of BRNNs. As a special case, they can well approxi-
mate optimal smoothers under some mild conditions. Our work
offers significant insights into the quantitative analysis of the
approximation capacities of BRNNs with noisy sequential inputs.
Building on this result, we create a new smoothing algorithm, the
BRNN-based smoother, which we compare to the EKS and PS for
efficiency. Our theoretical analysis concentrates on the original
BRNN, but examining the approximation capacity of its variations
like Bidirectional LSTM and Bidirectional GRU in SSM form can be
an exciting avenue for future research.

Appendix. Proofs of main results

A.1. Proof of Theorem 4.2

The proof follows from the universal approximation theorem
and uniform continuity.

Step 1. For any § > 0, there exist neural networks NN, NN,
such that

sup [np(S, @) = NNi(S', )] < 8,
(3 ,a)eu

sup (S, @) — NNy(S, )] < 6,
(5 .a)eu

where U is compact.

. =g - e —
Define s = NN¢( S (_1,0) wWith s9g = S, and let e, =
— =g
| S¢— 5¢|. Then
er1 < wsle)+8, e =0,

where oy is the modulus of continuity of ny.
Define Eo(8) = 0 and E;1(8) = wy(E:(8)) + 6. Then e; < E(3)
forall t <T, and

1maxTEt(zS) —0 asé§— 0.
<t<

The same argument applies to the backward recursion, yielding
|se — S¢| < E(8) with some E(§) — 0.

Step 2. Since & is continuous on a compact set, there exists a
neural network NN5 such that

sup [£(s) — NN5(s)| < 6.

Thus

1B — el < we(E(8)) + 6,

where w¢ is the modulus of continuity of £. Letting § — 0 yields
the result.

A.2. Proof of Lemma 4.1

We first prove the boundedness of F;. Using Tonelli’s theorem,
we have, for any u € L',

s = [ [ D 2uidade = (A1)
R JRM
For t = 0, we have uy = g, S0 ||ug — tgll; = 0.
For t 4+ 1, using the recursions (11) and (14), we have
luerr — tegalln
=|F(F1(ue). yesr) — B(Fa(iie)., yesr)|
=< ||-7'—2(-7'—1(Ut)»}’c+1) — Fa(F(r), yt+l)”1
+ | R(F1@e), yesr) = Fo(Falfie), yesr) -
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For the first term, note that q(y | x) = exp[—3(y — h(x))"
R™'(y — h(x))] with R™! > 0, so the exponent is non-positive and
0<qly|x)<1forallx € R",y € #. Hence F(u,y)x) = q(y |
x)u(x) is multiplicative by a function bounded by 1, giving

| F2(F1(e), yesr) — FalFi(Ee), yes)|
<||Fu) = A, < llue — el
where we use (A.1).

For the second term, by (12), we have

H]:Z(}—l(ﬁt)syt+l) - ﬁZ(Fl(ﬁt)vyt+l)”1 =< 8”«7:1({&)”1
< et

Now we need to bound ||i;||;. From (14), we have
el = | Fo(Fi(Ee), Yern)| -

Since A (u.y)(x) = (XL, ()gi(x))ux) and | ) es(y)yl is
bounded by [1g(y¥ | )llec + & < 1+ &, we obtain

el < (1+ &) F@)], < (1+ )l

By induction, [|it;||l1 < (1+ &)"||uoll1 (using iip = uo).

Let e, = ||u; — 1i¢]|; denote the error at step t. Combining the
estimates above, we obtain the following recurrence relation for
the error:

ecr1 < e+ e(1+ &) luglls.

Unrolling this recurrence from t = 0 (noting that e; = 0), we get:
t—1

e < Y e(1+8)lluoly = ((1+2) — 1)lluolls.
k=0

Using the mean value theorem, we can bound (1 + &) — 1 <
te(1+ &)~ for ¢ > 0. Therefore, the error at any time t < T is
bounded by:

lue — tell1 < Cee, where C; = T(1+ )" 'luoll.

A.3. Proof of Lemma 4.2
We first prove the boundedness of 75. For w € L*°,
[(Fsw) (x)] < / Preprixe (Z | ¥)w(2)ldz < [wlloo
RH

Thus [|FBwle < [lwlloo-

Then the proof is completely analogous to that of Lemma 4.1,
adapted for the backward recursion. We start from the terminal
condition vy = vr = 1, which trivially gives vy — vy = 0.

Using the exact and approximate recursions v; = F3(F2(ves1,
Vesr)) and v, = F3(Fp(Veq1, Yer1)), we decompose the error via
the triangle inequality and obtain the backward recurrence for
the error e; = ||vr — V¢ || 0ot

e < €1+ &l Ves1llco-

This recurrence is identical in mathematical form to the for-
ward case in Lemma 4.1. Similarly, we have [[U¢11]l0 < (1 +
&) " 1|lvr||oo. Following the exact same induction and unrolling
arguments, with time unrolled backwards from T instead of for-
wa;"ds from 0, we deduce ||v; — V¢|loc < Coe, Where C; = T(1 +
£0) -1

A.4. Proof of Theorem 4.3

Let p; = usv, and p; = 1, ;. We first bound || o — f¢|l1. Using
the decomposition

Pr — P = UpVy — Uy = Up(ve — Vp) + (U — U )Ty,
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and applying Hoélder’s inequality along with Lemmas 4.1 and 4.2,
we obtain

o — Pelli = llue(ve — Ue) + (ue — Ur) Tellq
< Nue(ve — )l + l(ue — Ge) ve |y
< luellillve = Velloo + llue — Uell110elloo
< lluclls - Gee + Cie - |0 lloo < C'e,

where C' = max(||u¢|l1Ca+C1]|¢||oo) is finite by the boundedness
established in the proofs of Lemmas 4.1 and 4.2.

Now consider the normalized densities p; = p¢/Z; and D =
pe/Zi, where Z, = [ p(x)dx and Z, = [ pi(x)dx. Moreover,
Z: = |pelh < el I9llco- From the proofs of Lemmas 4.1

and 4.2 we have Z, < (1 + &)'|uoly = Mz < oo. Note that
|Ze — Z;| = |f(Pt — p)dx] < lpr — pelli < Ce.

We have
I~ Bl = |2 - 2
t el = Z Z[ .
T
Zt Z[ Zt Zf 1
<1|| pelln + 1||~||
=7z Pt — Pl Z Zt Prelln
1 - |Ze — Z¢| | .
:?||pt_pt||l+7~|lpt||l'
t t4t

By Assumption 4.2, we have Z; > c for all t. For sufficiently
small &, we also have Z; > ¢/2 (since |Z; — Z;| < C’e can be made
smaller than c/2). Moreover, ||p¢||1 = Z; is bounded. Therefore,

Ce C(le-2Z,

lpe = pell < ?'1' < Gse,

c2
where C3 = C'(1/c+2M/c?), with Mz = (1+¢)||uol; bounding
Z; uniformly in t.

Finally, for the smoothing expectation, we have

1ot 1 yart - [ ot0pna

=| / PLOLPx) = Be(x)1dx| = I locllpe = Bellt = Clloce.

A.5. Proof of Theorem 4.4

By Theorem 4.3, the smoothing expectation can be expressed
as

[Ele(xc) | yr.r] — I'(a(t), b(t))] < O(eq),

where ¢ is the approximation error from the finite-dimensional

representation, (a(t), b(t)) are the coefficient vectors defined in

(16) and (18), and I' is the continuous function defined in (22).
The coefficients (a(t), b(t)) satisfy the continuous recursions

a(t + 1) = AMa(t), yeqa).  b(t) = A(b(t + 1), ye11),

established in (16) and (18). The functions A : RM x R™ — RM
and A : R™ x R™ — RM are continuous by construction
(they involve inner products and sums of continuous functions).
Moreover, since {y;} C % is bounded by Assumption 4.1, the
recursions evolve in a compact domain.

Define the system

st = a(t),

5 =b(t),
- <«

Se=1[st; S,
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Note that this system has the structure in Theorem 4.2 and
satisfies the conditions of Remark 4.1 with nf = A, ny, = A4,
§:F,andat = Yt.

Therefore, by Remark 4.1, for any &, > 0, there exists a
BRNN""2(¢ ) with input «; = y; and output B; such that

1B — Bl < €2, VE=1,...,T.

_ Combining this with the error from Theorem 4.3, we have
1B: — Elo(x) | yirll < 1Bt — Bel + 1Be — Elp(xe) | yarll < &2 +

Gllellcsr-
By choosing &; and &, sufficiently small (depending on the

desired final accuracy ¢), we can ensure that
|Be — Elp(xe) | yrrll <&, VE=1,...,T.
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