HODGE MODULI ALGEBRAS AND COMPLETE INVARIANTS OF
SINGULARITIES
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ABSTRACT. We introduce the Hodge moduli algebras and Hodge moduli sequence associated
with an isolated hypersurface singularity. These are new subtle invariants of singularities. We
propose several characterization conjectures by using of these invariants. We investigate struc-
tural properties and numerical invariants of Hodge ideals naturally associated with isolated
hypersurface singularities. In particular, we establish that the analytic isomorphisms class of an
isolated two dimensional rational hypersurface singularities is determined by the Hodge moduli
algebras and Hodge moduli sequence. As a result, we prove that Hodge moduli algebra together
with the geometric genus give complete characterization of such singularities. In the proof,
we concretely compute the Hodge ideals and the associated Hodge moduli algebras of these
singularities.
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1. INTRODCTION

In [I7] and [I8], the authors extend the notion of Hodge ideals to the case when D is an
arbitrary effective Q-divisor on X. Hodge ideals {I} (D)}, are defined in terms of the Hodge
filtration Fe on some Zx-module associated with D (cf. [I7], §2 — §4 for more details). When
D is an integral and reduced divisor, this recovers the definition of Hodge ideals I, (D) in [15].

Let X be a smooth complex variety, and Zx be the sheaf of differential operators on X. If
H is an integral and reduced effective divisor on X, D = aH,a € QN (0,1], let Ox(xD) be
the sheaf of rational functions with poles along D. It is also a left Zx-module underlying the
mixed Hodge module j,Q#[n], where U = X\D and j : U < X is the inclusion map. Any
P x-module associated with a mixed Hodge module has a good filtration F,, the Hodge filtration
of the mixed Hodge module [20].

In order to study the Hodge filtration of Ox (xD), it seems easier to consider a series of ideal
sheaves, defined by Mustata and Popa [I5], which can be considered to be a generalization of
multiplier ideals of divisors. The Hodge ideals {Ij(D)},cy of the divisor D are defined by:

FyOx(xD) = I(D) ® Ox ((k+1)D), for all k € N.

These are coherent sheaves of ideals. See [15] for details and an extensive study of the ideals
I.(D). Hodge ideals are indexed by the non-negative integers; at the O-th step, they essentially
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coincide with multiplier ideals. It turns out that Io(D) = _#((1 — €)D), the multiplier ideal
of the divisor (1 —€)D, 0 < e < 1. The multiplier ideal sheaves are ubiquitous objects in
birational geometry, encoding local numerical invariants of singularities, and satisfying Kodaira-
type vanishing theorems in the global setting. The Hodge ideals are interesting invariants of the
singularities, they have similar properties as multiplier ideals.

We summarize the properties and results (cf. [I7] and [16]) of Hodge ideals as follows:

Given a reduced effective divisor H on a smooth complex variety X, D = aH,a € QN (0,1],
we also denote by Z the support of D. The sequence of Hodge ideals I} (D), with k& > 0, satisfies:

e [y(D) is the multiplier ideal Z((1 — €)D), so in particular Iy(D) = Ox if and only if the
pair(X, D) is log canonical.
e When Z has simple normal crossings, then

Ik(D) = Ix(2) ® Ox(Z — [ D),
where Ij(Z) can be computed explicitly as in [I5], if Z is smooth, then I} (D) = Ox(Z —

[D1).
e The Hodge filtration is generated at level n — 1, where n = dim X, i.e.,

F9x - (In(D) ® Ox(kZ)h™) = Ij1e(D) ® Ox((k +0)Z)h ™"

forallk>n—1and ¢ > 0.

e There are non-triviality criteria for I(D) at a point € D in terms of the multiplicity
of D at x.

e If X is projective, I(D) satisfy a vanishing theorem analogous to Nadel Vanishing for
multiplier ideals.

e If Y is a smooth divisor in X such that Z|, is reduced, then Ij(D) satisfy

I (Dly) C Ix(D) - Oy,

with equality when Y is general.
o If X — T is a smooth family with a section s : T'— X, and D is a relative divisor on X
that satisfies a suitable condition then

{t eT | Iy (Dy) € mg(t)}

is an open subset of T', for each ¢ > 1.
e If D; and Dy are Q-divisors with supports Z; and Zs, such that Z; + Zs is also reduced,
then the subadditivity property

I, (D1 + D) C I, (Dq) - I, (D2)
holds.

For comparison, the list of properties of Hodge ideals in the case when D is reduced is
summarized in [19]. The setting of @-divisors is more intricate. For instance, the bounds for the
generation level of the Hodge filtration can become worse. Moreover, it is not known whether the
inclusions I(D) C I_1(D) continue to hold for arbitrary @-divisors. New phenomena appear
as well: given two rational numbers a; < a9, usually the ideals I (a1 Z) and I (apZ) cannot
be compared for k > 1, unlike in the case of multiplier ideals.

In classification theory of singularities, one always wants to find various invariants associated
with singularities. Hopefully with enough invariants found, one can distinguish between different
isolated singularities up to some certain equivalences. However, not many effective invariants
are known. Moreover, most of known invariants. For example the geometric genus are hard
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to compute in general. In this article, we shall introduce a serious new numerical invariants
to isolated hypersurface singularities. These invariants can be calculated easily compared with
other invariants of isolated singularities. Moreover, it is a natural question whether some inter-
esting singularities are distinguished by Hodge ideals. It is the first step to study the moduli
space of singularities by using Hodge ideals. The most simple and important class of singulari-
ties are simple singularities. In this paper, we show that our newly introduced invariants (i.e.,
Hodge moduli algebras, see Definition can be used to distinguish between different simple
singularities.

From now on, throughout the paper we assume that X is C", H is defined by f which has
an isolated singularity at the origin. Set D* = aH,a € QN (0,1]. Let Ix(D®) C C{x1, - ,zyn}
be the Hodge ideals for & € N. Since f has an isolated singularity at 0 and the I(D%) are
coherent, these are mx o-primary ideals, that is, I(D®) D m&o for some p € Z~¢ (depending on
k and o) with mx o C C{x1,--- ,z,} the maximal ideal, and C{x}/I;(D®) is finite-dimensional.
Le., the Hodge ideal I(D®) is Artinian. The sequence of ideals I}(D®) are refined invariant of
singularities than the multiplier ideal Io(D®) alone (cf. [15], Remark 17.13).

For recent progress in distinguishing between different simple singularities by using several
derivation Lie algebras, the interested readers can refer to [3], [6], [§]-]L0].

Definition 1.1. Let f,g € R = C{z1,...,x,} which is the convergent power series ring. We
say f and g are contact equivalent if the local C-algebras R/(f) and R/(g) are isomorphic.

Recall that we have the following well-known generalized Mather-Yau theorem ([7], Theorem
2.26).

Theorem 1.2. Let m = (x1, -+ ,xy) be the maximal ideal of O,. Let f,g € m C O,. The
following are equivalent:

1) (V(f),0) = (V(g),0);

2) For all k >0, O,/(f,m*J(f)) = 0,/(g,m*J(g)) as C-algebra;

3) There is some k > 0 such that O /(f,mFJ(f)) = O,/(g,m*J(g)) as C-algebra,
where J(f) = (2L, ... 2Ly,

dx1° Y Oxn

In particular, if £ = 0,1 above, then the claim of the equivalence of 1) and 3) is exactly the
same as the Mather-Yau theorem [13].

Let (V,0) be a normal two-dimensional singularity, 7 : M — V be a resolution of (V,0).
It is known that the geometric genus p; = dim H'(M, O)y) is independent of resolution. One
might classify singularities by p,. Rational singularity is equivalent to p, = 0. Minimally elliptic
singularity is equivalent to saying that p, = 1 and Oy is Gorenstein. It is well-known that
isolated two-dimensional rational hypersurface singularities are exactly simple singularities.

Among Arnold’s most famous results in the singularity theory is his classification of simple (or
ADE) singularities [I]. Simple singularities can be considered in arbitrary dimensions. Simple
surface singularities, consist of two series Ay, : {#FT! 4+ 92 + 22 = 0}k > 1, Dy : {21 +
xy? + 22 = 0},k > 4 and three exceptional singularities Eg, F7, Eg defined by polynomials
3 4yt + 22 23+ + 22, 2% + 5 + 22 respectively. These singularities play an important role
in algebraic geometry and singularity theory (cf. [2], [II]). Simple surface singularities (i.e.,
rational double points) can be characterized in many ways [5], all of which involve some form
of finiteness. These characterizations build on the work of Artin, Brieskorn, Du Val, Arnold,
Tjurina and many others. And they form a very interesting subject in singularity theory.
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Notice that all these important invariants, Yau algebra [6], Milnor number, and geometric
genus can not distinguish the simple singularities. It is a very interesting question to construct
some subtle invariants which distinguish the rational isolated hypersurface singularities. In
this article, we will introduce some new subtle invariants Hodge moduli algebras and Hodge
moduli sequences. Motivated from the beautiful work in [6] and Mather-Yau theorem, one of
our main goals is to show that singularities of certain types (i.e., rational isolated hypersurface
singularities of dimension two) can be classified by their Hodge moduli algebras and Hodge
moduli sequences. As a result, we prove that Hodge moduli algebra together with the geometric
genus give a complete characterization of such singularities. This gives a new characterization
for simple singularities, which can be viewed as an extension of the fifteen characterizations
theorems summarized in [5].

We first introduce the following new definitions.

Definition 1.3. Let f : (C",0) — (C,0),n > 2, be an isolated hypersurface singularity. Let
H = {f = 0} be an integral and reduced effective divisor defined by f, D* = aH,a € QN (0, 1].
We define the i-th Hodge moduli algebra of D* to be M;(D®) := C{x1,...,zn}/Li(D®) fori > 0
(or M; for short), where I;(D%) be the i-th Hodge ideal (or I; for short). The i-th Hodge moduli
number of D is defined to be m;(D%) := dim(M;(D®)) for i > 0 (or m; for short). We define
the Hodge moduli sequence of D to be the sequence {m;} := {mg, m1, mo,...}.

Definition 1.4. let F := {fo : (C",0) — (C,0) | a € Q} where f, is an isolated hypersurface
singularity, the § is contained in a finite-dimensional vector space C?¢, d € N. We call such Fn
a bounded family of isolated hypersurface singularities.

Definition 1.5. Let Fj := {f, : (C",0) — (C,0) | @« € A}, n > 2, be a bounded family
of isolated hypersurface singularities. Let Hy = {f\ = 0} be an integral and reduced effective
divisor, D} = aHy, where a € QN (0, 1]. We call Fi has (o, N, )-Hodge property where N, € N,
if Fy satisfies the following two conditions.

(1) There exists f1, fa € Fa, such that f; is not contact equivalent to fa, but m;(D{) = m;(D)
for0<i< N, —1.

(2) For any f, fu € Fa, then fy is contact equivalent to f,, if and only if m;(D§) = m;(Dy;) for
0<17< Ng.

If N, above is finite, then we call F, has finite Hodge property for the fixed a.

We propose the following new question and conjecture.

Question 1.6. Let Fo := {f, : (C",0) — (C,0) | o € Q} be a bounded family of isolated
hypersurface singularities. Which bounded family of isolated hypersurface singularities Fq will
have finite Hodge property?

Definition 1.7. Let Fj := {f, : (C",0) — (C,0) | « € A}, n > 2, be a bounded family of
isolated hypersurface singularities. If Hy = {f)\ = 0} is an integral and reduced effective divisor
defined by fy, and D§ = aH)y, where o € Q N (0, 1]. If there exists N, € N such that

(1) There exists f1, fo € Fa, such that f; is not contact equivalent to fo, however M;(D{) =
M;(D$) for 0 <7 < N, — 1.

(2) For any f, fu € Fa, then fy is contact equivalent to f,, if and only if My, (DY) = My, (D).
Such N, is called the Hodge moduli threshold of Fj for the fixed «.

Conjecture 1.8. Let f,g: (C",0) — (C,0),n > 2 define two isolated hypersurface singulari-
ties. Let Hy = {f = 0} (resp. Hy = {g = 0}) be an integral and reduced effective divisor defined
by f (resp. g). And D} =aHy, Dy = aHg, where o € QN (0,1]. Then there existss an N, € N,
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such that the following are equivalent.

(1) f is contact equivalent to g.

(2) For alln > No, Mn(D$) = My(Dg).

(3) There is some n > Nq such that My, (D$) = My (Dg).

Moreover, let Fo := {fo : (C™",0) — (C,0) | a« € Q} be a bounded family of isolated hypersurface
singularities, then the Hodge moduli threshold of Fq is finite.

Remark 1.9. If Fj has («, N,)-Hodge property and its Hodge moduli threshold is equal to
K., then K, < N,.

In this paper, we verify the above conjectures for simple singularities in three variables. We
will prove the following proposition in section 3 which plays fundamental role in the proof of
Main Theorem.

Proposition 1.10. Then the first four Hodge moduli algebras and Hodge moduli numbers are
given as follows.
Let f(x,y,2) = o1 + 4% + 22 be Ay type singularity, where k > 1. Let H = {f = 0} be an
integral and reduced effective divisor defined by f. And D* = aH where o € QN (0,1]. Then the
first four Hodge moduli algebras and Hodge moduli numbers are given as follows.
(1) For a € (0, k%rl],

MO :M1 = O,mo =mi = 0.

My =span{l,z,--- , 2" 1} my = k.
k

k -1 E-1_ .2 .2 k-2 2
Ms =span{l,z,--- 2" y,xy, -+, &" ‘y,z,xz, - ,x" "z, 2% w2 - 2" 2%} mg = 4k.

(2) For o € (4, ] with 1 <i <k —1,

My =span{l,--- , 2" '} my =i.

My =span{l,z,--- aF gy, 2y, 2w, 2t e 22 w2 2 722%) my = k + 3.
_ 2k+i—1 ki-1, .2 2 i-1,2 k+i—1
Ms3 =span{l,z,...,x SY, XY, ey T Y, Y,y ., Y, 2,2, ., T 2,
Yz, xyz, ..., x  yz, 22 a2 a2 ms = 4k + 6i.

(8) For a € (kiﬂ, 1],

MO :0, mo = 0.

M; =span{l,--- ,z" "1}, m; = k.

My =span{l,z,- - aF oy ey, by z a2 T 2 22 2 ,:vk_2z2}, mo = 4k.
M3 =span{l,z, ... ,x%*l, Y, TY, ... ,x%*ly, y2, xy2, ... ,:EkilyZ, 2,22, ... ,x%*lz,

YZ, TYZ, ... ,xk_lyz, 22, xzz, .. ,xk_lzg}, mg = 10k.

Let f(x,y) = 21 + 2y® + 22 be Dy type singularity, where k > 4. Let H = {f = 0} be an
integral and reduced effective divisor defined by f. And D* = aH where o € QN (0,1]. Then the
first four Hodge moduli algebras and Hodge moduli numbers are given as follows. For Dy, when

k s even,
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(1) For a € (0, ﬁ],

M() :Ml = O,m() =mi = 0.
My =span{l,x,--- ,xk_Q,y},mg = k.

M3 :Span{lv'x’ U 7xk_1)y7xy7 o ,fk_1y7y2,93y2, e 7xk
ms = 4k.
(2) Fora € (325,55, 2<i <%,

My = 0,mg = 0.
M, =span{l,z--- 22}, m; =i— 1.

My = span{1,z,--- , 2"

—-2,2 .3
y,y,z, Tz,

...7(1’/‘

k

22,9z},

Y Y, Y, - 7xi_1yay27szza' o 7$i_2z}7m2 - k+32 - 3.

2k+i—6 k+i—3 2 2 i, 2 3 3,4
MgZSpaH{l,IE,"',ZE + 7y>xy7"'7x+z y,y,xy,"‘,xly,y,fl?y,y,
Z, T2, ,:ck+i_4z, YZ, TYZ, -+ ,xi_lyz, y2z, z2, ce ,332'_2;22}7 ms = 4k + 67 — 6.
2i—3 2i—171 k .
(3) For a € (50=5, 575> 5 + 1 <i <k —1,
My =0,mg=0.
M, =span{l,z---, 22y}, my = i.
k+i—4 i—1 2 2,3 i—2
MQZSpan{an"'vx e ,y,l‘y,"',l'z Uy .,2y Y Z,l’Z,"',IEz z,yz},
mo = k + 3i.
2k+i—6 k+i—3 2 2 i, 2 3 3 .23
MSZSpan{va”'ax + Y Y, LY, -, X + y,y,xy,---,xzy,y,:vy,fby,
4 4 .5 k+i—4 i—1 2 2 3
y7xy7y7z7xzan'7x+l Zvyzul‘yza‘”7xl Y=,y =, 1y 2,y %z,
22 2222 g2t ma = 4k + 6i.
2k—3
(4) For a € (57=5,1],
Mo = 0,mg = 0.
k—2
M; =span{l,--- 2" “ y},m = k.
2k—4 k—1 2 2,3 k—2
MQ:Span{]-a]:)"'?x Y Y, XY, -, T Y,y ,TYy Yy ,z2,xz, - ,T Z,?/Z},m2:4k3~
3k—6 2k—3 2 2 k,2 .3 3,23
M3:Span{1ax7”'7x Yy Y, XY, -0, T Y, ,2Y -, Y LY XY ,T Y,
4 4 5 2k—4 k—1 2 2 3
y,ry,y ,z,rz,",T 2y Yz, XYz, T Y=,y 2,2y 2,y %,
22 ... ,:Ek_222,y22},m3 = 10k.

When k is odd,
(1) For a € (0, ﬁ],

My = span{l,x, e 7xk_27y}?m2 = k.
Mz = Span{]-vxa'” )xk_layaxya'” y L

ms3 = 4k.

k k

-1 2 2
vy ,xy , -,

—-2,2 3
v,y ,zxz,

k

_227 yz}u
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. k—1
LS

IN

M():O,mozo.

My =span{l,z -, 22}, m; =i — 1.

My = span{l,x, T 7$k+1_47ya$ya e 7x2_1y7y2’zvxza U ,xl_2z},m2 =k+3i—3.
_ 2k+i—6 k+i—3 2 2 i,2 .3 3,4
Mg—span{l,x,”',aj Y, Y, -+, T 9,2y, Y, Y Ty LY,
Ry XLZy: e ,xk+7,—4z’ Yz, xYz, - - 7x1_1yzvy2'z7 Z27 T 7$Z_222}7m3 =4k + 6 — 6.

(3) For o € (zkk%é, 217%12]7

M():O,m():().
k=1 k+1
M; =span{l,z--- ,x 2 Lml:?'
3k—5 kt1 9 k=1 5k + 3
MQZSpan{an"' s T2 LY, Y, T 2 Y, Y, 2,2, 00, 2 Z}7m2:T-
5k—9 3k—3 9 2 k3 o9 g 3 4
M3:Span{17x7"' y L2 Y, Y, T 2 Y,y ,2Y ,- ,T 2 y,y,ry,y,
3k=5 E+1 2 2 k=1 o
ZyTZy T2 2, YZ, TYZ, T2 Yz, Yoz, 25 2 27} mg = Tk + 3.
k—1 k
(4) For o € (37=3, 373,
M()Io,m[):
, k+3
—2
Mlzspan{]-ax"'axz )y}amlzT-
3k=5 ktl 2 2 .3
MZZSpan{lal‘a"'vl' 2 5,2y, -, 2 Y, Y, TY L, Y
k=1 o5k +9
Zy Xz, T2 Zayz}amQZ 9
5k—9 3k—3 9 9 k+3 o
M3:Span{lax7”'7$ 2 Yy Y, XY, -, T 2 Y,y ,2Y -, T 2 v,
3,..3 .23 4 4 5 3k=5 Al
YL,xy Y Y Y LY S 2,T2, 0, 2 2, Y2, Yz, , T 2 YZ,
k—1
yzz,nyz,ygz,zQ, e ,xTzz,yzz},mg =7k +9.
2i—3 2i—171 k43 .
(5) For a € (575, 515, 5~ <i<k—1,
M():O,m():().
My =span{l,z--- 22y}, m =i.
k+i—4 i—1 2 2,3 i—2
Mg:span{l,x,'--,x"'l 7yal‘ya”'7$l y7y7xy7y27$'zv"‘a$z Z,y2}7
mo = k + 3i.
2k+i—6 k+i—3 2 2 i, 2 3 3 .23
MgZSpan{l,I‘7"',J,‘ + Yy Y, LY, -0, T t y7y71:y7"‘7$zyayaxy7xy)
4 4 .5 k+i—4 i—1 2 2 3
y7'%.2/7y')Zawzuu'7:6—‘#z zayzvxyza'”7xz Yz,y 2,2y 2,4y %,

22 2222 y2?Y, ma = 4k + 6i.

9



8 GUORUI MA, YANG WANG, STEPHEN S.-T. YAU, AND HUAIQING ZUO

(6) For o € (223 1],

2k—2>
Moy = 0,mg = 0.
k—2
My =span{l,--- 2" “ y},m = k.
2k—4 k—1 2 2 .3 k—2
MZZSpan{l)xf”u:E Yy Y, Y, -, T Y,y ,xrY Yy 2, Tz, ,T Z,yZ},
m2:4k‘
3k—6 2k—3 2 2 k,2 .3 3 .23
Mgzspan{l,x,-'-,x Yy Y, XY, -+, T 9,2y -, Y LYY ,TY,
4 4 5 2k—4 k—1 2 2 3
Yy,xy Y 2, T2, ,T Yz, XYz, 5 T Yz, 4y 2,2y 2,Y %,
22 ab 7222 Y22}, mg = 10k.

Let f(z,y,2) = 23 + y* + 22 be Fg type singularity. Let H = {f = 0} be an integral and
reduced effective divisor defined by f. And D* = aH where o € QN (0,1]. Then the first four
Hodge moduli algebras and Hodge moduli numbers are given as follows.

(1) For a € (0, 3],
Mo =My =0,mg=mq =0.
My = span{1,y,y?, x, zy, xy*}, my = 6.
M3 = span{1, z, x2, 23, Y, acy,xzy, x3y, y2,my2,m2y2, y3,a:y3,
y4,xy4,y5, xy5, yﬁ, Z, TR, Y2, TYZ, y2z,a:y2z},m3 = 24.
(2) For a € (&, 5],
My =0,mg=0.
M; =span{l1},m; = 1.
Moy = span{1, z, 22, y, zy, v, xy*, v, 2}, ma = 9.
M3 = span{1, z, 22, 23, 2, y, zy, 2%y, 23y, v*, 292, 2292, 2392, o3, xy®, 223,
vt ayt o S 8, 2 e, 222, yz, wyz, P, wyP e, B2, 22, ms = 30.
(3) For a € (%, %],
My =0,myg =0.
M; = span{l,y},m; = 2.
Moy = span{l,z,z°, y, zy, y*, xy?, v°, 2}, my = 12.
Mz = span{1, z, 22, 23, 2%, y, zy, 2%y, 23y, 21y, 2, 2y?, 2%y?, 23y,
v oy, 3yt myt, 22yt o0,y L YT 2 e, 222, y 2,y 2, 2Py,
vz e,z yte, 22, yz2},m3 = 36.
(4) Fora e (5, 5],
My =0,mg=0.
M, = span{l,z,y},m; = 3.
Moy = span{1,z, 22, 23, y, zy, 2%y, y*, xy®, o>, 2, 9y, 2, 22, y2}, my = 15.
3 24 a0y wy, 22y, Py, oy, o2, w2y, Py,
Lo, 228, 238, ot eyt 2Pyt o8, P, o8, ay,y T 2wz, 22, 102,
2

Mz = span{l,z,z° x

2 2 2 3 3 4 2 2 _
Yz, XY=z, Y=,y 2, Y 2, Y 2, Y =2,Y 2,2,z , Yz }am3_42'
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(5) For a € (%, 1—82],

M(_) == O,mo = 0.
M, = span{l,x,y,y2},m1 = 4.

M, = span{l,z,2%, 2%y, vy, 2%y, v*, vy?, %92, %, 2y, y* 0P, 2, w2, yz, Y22}, ma = 18.

— 2 .3 .4 .5 2 3 4 2 2 .22 3,2 .4, 2
Mg_span{l,x,x y LT T Y, 2Y, LY, XY, Y, Y Y Y Y T Y,

3,23 .33, 4 .4 24 5 5 25 6 .6 7 8 2, .3
y7$y7$y’$y7y7xy7xy7y7$y7$y7y7$y7y7y7z7mz7$zﬂ$z’

2

2 2 2 2,2 3 3 4 5 2 2,22 _
Yz, XYz, Y=, Y 2, XY 2, LY 2, Y 2, XY 2,Y 2,Y 2,2,z Yz, Y =z }7m3_48'

(6) For a € (%, %],

My =0,mg=0.

M, = span{l,z,y,y% zy}, m3 = 5.

My = span{1,z, 22 23, y, zy, 2%y, 23y, y*, xy?, 2*y*, v°, xy®,
y4, :cy4,y5, z, :cz,yz,xyz,yZZ},mg = 21.

M3 = span{l,z, z?, 23, at, 25y, xy, 22y, 23y, oty 2By, v?, 2y, 22y, 3yP, oty

y3, xyd, 22y%, 2393, oyt wyt, a2yt 23yt o8, 2P, 220, oS, 1,7, my, o,

2wz, w2, 1032, yz, vyz, 2ty z, By z, e, wyP e, 22yP 2,

ygz’ Q;ygz’ y4zv l‘y42, y5zu 227 132'2, 9227 J"y227 9222},7”3 = 54.
11
(7) For a € (13,1],

MO = O,mo =0.
M, = span{l,y,yZ,x,a:y,xy2},m1 = 6.

M, = span{l,z, 2% 2% y, 2y, 2%y, 2%y, v*, 2y?, 22y, v, 21,

y47 l’y4, y57 xy5, y67 Z2,xz,Yz,TYz, y2Z7 37?/22’}, ma = 24.

3.4 .5 2. .3, 4 .5 .2 2 22 32 4 2
7x7‘r7y7‘ry7xy7xy?$y7xy7y7xy7‘ry7xy7"By7

3 .3 .23 .33 4 .4 24 34 5 .5 25 6 .6 26
Yoxy LTy ,ryLy 1Yy Y ,ry Yy ,ryY Y,y ,Iy ,ry,

M3 = span{l,z,z°

7 7,8 8 .9 2 3 2 3 2 2 2,2
y,ry Yy ,ry ,Yy ,2,T2,T 2, T 2,Yz,TYz, L Y=z, T Yz,Y 2,TY 2,L°Y 2,

2 2

3 3 4 4 5 5 6 2 2 2 2 2.2
Yy z,x2Yy 2,y 2,2y 2,Y =2,TY z2,Y 2,2,z ,Yz , Yz, Yy =2 ,TY 2 }am3:60'

Let f(z,y,2) = 2® + xy3 + 22 be E; type singularity. Let H = {f = 0} be an integral and
reduced effective divisor defined by f. And D* = aH where a € QN (0,1]. Then the first four
Hodge moduli algebras and Hodge moduli numbers are given as follows.

M0:M1:0,m0:m120.
M2 = span{l,x,y,yQ,y?’,y4,xy},m2 =T.
M; = span{l,z, 2%, 2%y, vy, 2%y, 2%y, v*, 2y?, 2%y, v, vy, 2%y,

yh oyt y® 2y’ ot 2yl 2 e, yz, wyz, yP e, R, yte ), ms = 28.
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(2) For o € (%, 1%],

Mo == O7m0 =0.

M; = span{l},m; = 1.
2 Span ’:L'7':E 7y7$y7y 7':Uy 7y 7y’Z ’m2 .

M; = span{l,z,2%, 2% 2%, y, zy, 2%y, 2%y, y?, vy, 292, 2%y, o, oy, 2%y,
yh oyt 22yt v oyt 0wyl YT 2wz, 202y, myz, P e, wyPe,

vz, ytz, 2%}, my = 34.
(3) For a € (&, ],

My = 0,mo = 0.
M; = span{l,y},m; = 2.
M, = span{1,z, 2%, y, zy, 2%y, y*, 2y*, v°, 2y, v, 2, yz}, ma = 13.

_ 2 3 4 2 3 4 2 2 2 2 3 2
M3 = span{l,z,z°, z°, 2%, y, vy, 27y, 2%y, 2"y, y°, xy°, 2°y*, °y°,

y3 ayd 2%y, 2yt eyt 22yt v wyt 8wyt YT

2 2 2 2, .3 3,4, .2 2 _
2, T2, T2, Yz, TYZ, T°Yz, Yy 2, xy“z,y° 2, xy° 2,y 2, 2, yz° }, ms = 40.

(4) For o € ({5, 5],

Moy =0,mg =0.
M, = span{l,z,y},m; = 3.

M2 = Span{l,x,az2,x3,y,xy,x2y,y2,xy2,y3,$y3,y4,y5, vazayz}amQ = 16.

3 .4 2

_ 2 5 2 3 4 2 2 2 3 2
M3 = span{l,z, 2, 2°, 2%, 2°, y, vy, 27y, 2°y, 2"y, y°, xy”, 7y*, 27y~

TR T TR e Ve YV R VLV o Y VR T TR VL L Vi
2

2 3 2 2 2 3 3 4 5 2 2 _
2y, X2, X 2, X Z,YZ, XYZ, r Y2,y 2, xY 2,Y 2,xY 2,Y 2,Y 2,27, T2 ,Yz },m3 = 46.

(5) For a € (1%, %],

Mo = 0, mg = 0.

My = span{1l,z,y,y*},m; = 4.

My = span{l, =, 2%, 2%, y, zy, 2*y, o*, 2y?, 2®y%, %, 2y, vt wy 0P,
2,22, y2,y° 2}, mg = 19.

3 24 20y wy. a2y, iy, why, o2,y 222, 0y, o,

TR T TR e Ve T T v R Yl VY R A S TR VLR VLIS TRR Vi

M3 = span{l,z,z° x

2wz, 002,832, yz, vy z, 2y z, yP e, wyPe, 2y e, iz, gz,

4 4. 5. .2 2 .2 2.2
yz,xyz,yz,z,xz,yz,yz},m3:52.
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(6) For o € (%, %],

My = 0,mg = 0.

M, = span{1, z,y,y*, zy},my = 5.

My = span{l,z, 2%, 2%, y, 2y, 2>y, 2>y, o%, 2y?, %%, o°, 2y, ot 2yt 00,40,
2,22, Yz, xYZ, Y22}, my = 22.

3 2% 28y, wy, 2y, 2y, oy, 10y, o2, w?, w2, R, oy

5

Ms = span{1, z, 22, x
3..3.23 .33 4 4 24 34 5 2.5 .6 .6 2 6
yL,ry,ry,ry,y,ry Yy Y Yy ,TrY Y,y ,ry , Ty,

2, .3 2 3 2 2, .22

z7x 27 y'z7 xyz7$ yz7x yz7y Z’ xy Z7x y 27

2

7 7 8 8 9

y 7xy 7y 7xy 7y 7Z7m27x

3 3. .4 4. 5. 6 2 9 2 9.9

Yy zry zYy =21y Z7y27yzaz7xzayz’xyzayz}7m3:58-
13 17

(7) For a € (13, 13),

My = 0,mg = 0.
Ml = Span{17$7y7y27y37$y}’ml = 6.
My = span{l,z, 2% 2% y, 2y, %y, 2%y, v*, 2y, 222, o°, 2, 22y°,

yh oyt y® 2y’ 0, 2 w2, yz, myz, yPe, Y2}, me = 25.

2 .3 .4 .5 2 3 4 5 2 2,22 .3 2 4 2
Mgzspan{l,:c,:c,m,:c,x,y,xy,a:y,xy,xy,xy,y,my,xy,xy,xy,
3 3 .,2,3 .33 ,43 4 4 .2 4 3.4 5 5 .,.2,5 .35 .6 6 .2 6
Yy,ry Ty ,ryY ,,ryLy Y,y ,xyY Y,y Y, rY Yy ,ryY Ty,
2 3 2 3 2 2 2,2
By L R, Yz, XY2, Yz, LYz, Y 2, XY 2,T°Y %,

2

7 7,8 g8 .9 .10
Yy,xy Yy ,xy ,y .,y ,z,Tz,T

3 3 2,3 4 4 5 5 6 2 2 2
Yy z,TYy =2,XY =Y 2,2Y 2,y 2Ty =Y 2z2,2,Yz ,TYz,

y?2, 32"}, ms = 64.
(8) For o € (3L,1],

Mo = 0, mg = 0.
Ml = Span{lwrayvy27y37y47$y}7m1 =1T.

My = span{1,z, 2%, 23y, vy, 2%y, 2%y, v*, 2y?, 22y, v°, vy, 2%y, ot oyt 0P, 2y,

y67 xyﬁv y77 Z2,Xz,Yz,TYz, y2Z7 y3Z7 y42’}7 ma = 28.

3

2 4 5 2 3 4 5 2 2 2 2 3,2 4 2
M3z = span{l,z,z* 2°, 2%, 2°, y, xy, 27y, x°y, 2"y, 2°y, y*, xy”, 7y~ °y*, *y*,

3,,3,23 .33 43 4 .4 24 34 5 5 25 35 6 6 26
YL,xY XY LTy LT Y LY XY XY XY LY XY YT Y LYY Ty,

22,232, yz, xyz, 2tyz, 2y,

7 7 .2, 7 8 8 .9 9 ,10 11
y.,xy ,ry,y ,ry,y ,ry Yy Yy ,2,TZT
2 2 2,2 3 3 2,3 4 4 5 5 6 6 7
Y 2,2Y 2, Y 2,Y 2,TY 2,0Y 2,Y 2,TY 2,Y 2,TY 2y 2ITY 2y %,

2 2 2 2,22 .32 4.2
2, X2, Yz, Yz, Yy 2,y 2,y =2 }7m3:70'

Let f(z,y,2) = 23 + y° + 22 be Fg type singularity. Let H = {f = 0} be an integral and
reduced effective divisor defined by f. And D* = aH where o € QN (0,1]. Then the first four
Hodge moduli algebras and Hodge moduli numbers are given as follows.
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1
(1) For a € (0, 53],

MO:M1:O,m0:m1:O.
M, = span{1, z,y, vy, %, 2y%, v°, 2y*}, me = 8.
Mj = span{l,z, 2%, 2%y, vy, 2%y, 2%y, v*, 2y?, 2°y%, 2392, 3 2y®, 2%y, o, oyt

y5’ xy57 y67 xy67 y77 xy’?? y87 z? :UZ, yz7 xyz7 y227 xy2z7 y3z7 xysz}7 m3 = 32'

(2) For o € (4, %)

My = 0,mg = 0.

M; = span{1},m; = 1.

My = span{1,z, 22, y, zy, yv*, xy*, v°, z®, 9y, 2}, mo = 11.

Ms = span{1, z, 22, 23, 2%y, zy, 2%y, 23y, 92, xy?, 22, 2292, o2, wy®, 223, 23,
yt ooyt 2yt 0 ay® S ST a8, 2 ws, 222 gz, ayz, v, Pz,

y3Z, l‘y3Z, y4Z7 Z2}7 m3 = 38.

(8) For a € (%, %],

My = 0,mg = 0.

M; = span{l,y},m; = 2.

My = span{1, z, 22, y, zy, 2%y, v*, v°, 3, 2y, y*, 0P, 2, 2}, mo = 14.

Ms = span{1, z, 22, 23, %y, xy, 2%y, 23y, 'y, 2, xy?, %92, 2392, 3, 2y, 223, 233,
vt oyt 2yt 0 wyd 22yt 00, Sy ey R 0 2wz, e gz, wyz, 2Py, v, 1y 2,

y327 xy3’27 y4Z, 3/52, 227 yZQ}a m3 = 44.

(4) For a € (%,%],

My = 0,mg = 0.

M, = span{l,z,y,zy},m = 4.

My = span{l,z,2%, 2%y, xy, 2%y, y%, ay?, o wy® ' oyt 0%, 2y, 0,
z,x2,yz, xyz}, ma = 20.

3

2 4 5 2 3 4 2 2 2 2 3.2 3 3 2. 3 3. 3
M3z = span{l,z, 2", 2%, 2%, 2°, y, xy, a7y, x°y, 2"y, y°, xy”, o7y", °y*, y°, 2y, vy”, 20y°,

4 4 .2 4 3.4 5 5 2,5 6 6 2,6 7 7,8 8 ,9 9 .10
Yy,2y .Yy Y,y ,ryY ,xY Y,y Yy Ty Y, TY Y ,TY Y

2 3 2 2 2 3 3 4 4 5 5 6
By L2y X2, X 2, Yz, XYZ, X Y=, Y 2, XY 2, Y 2, TY =2,Y 2, XY 2,Y 2, TY =,Y %,

22 y2%, w22, 1y}, my = 56.
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(5) For o € (55, 551

My =0,mg=0.

My = span{1, z,y,y*},m; = 4.

My = span{l,z, 2%, 2%, y, vy, 2%y, y*, 2y®, 9%, v°, wy® y' ey 00, 0P,
z,x2,y2,y° 2}, mg = 20.

My = span{1, z,z°, 2%, 2%, 2%y, zy, 22y, 23y, 2y, 2, 292, %92, 2392, xty?,
BB a2, B3Ryt a2yt Pyt P P, 12 S a2y
zy” 8, 2B, 0 10, 2 e, 222, 32, yz, myz, 2y z, Pz, gt e, 2ty 2,

2

3 3 4 4 5 6 2 2,22 _
Yz, TY 2,y 2,XY =2,Y 2,y 2,2, T2, Yz, Y 2 }7m3_56'

(6) For o € (%, %],

My =0,mg=0.

M, =span{l,z,y,y>, zy}, m; = 5.

My = span{l, z, 2%, 2%, y, vy, 2%y, 2%y, y*, 2y®, 9%, o°, 2’y wy o°, 2”0,
2,2, Yz, TYz, Y22}, mo = 23.

Mz = span{l, z, 22, 23, 2%, 2°, y, vy, 22y, 23y, 'y, 22y, 2, 2y?, 222, 232, oty
oy, 228 Byt w22yt 2Pt P, w220, 3y, o, a2S o

7,8 8,9 9 .10 2 3 2 3 2 2 2,2
Yy Y ,xY Y Y Y 2, X2, T 2, T 2, Yz, XY=, " Yz, L Yz, Yy 2,TY 2,T°Y %,

3 3 4 4 5 5 6 2 2 2 2 2.2 o
Yo, xy 2y, ay 2,y ayt e,y 2, 20 et y2t eyt YT 2T ms = 62.

(7) For o € (%, %],

Mo = 0, mo — 0.

M; = span{1, z,y, xy, y2,y3},m1 = 6.

My = span{1,z,2%, 2%, y, vy, 2%y, 2y, o, 2y®, 2°y*, o°, 2y’ % 0wyt o0, 0,00y,
z, T2, yz,ﬂ:yz,y2z,y3z}, mo = 26.

M3 = span{l,:z:,m2,:1:3,x4,m5,y,my,x2y,x3y,a}4y, x5y, y2,:1:y2,:n2y2, x3y2,:174y2,
y3, :L‘y3, x2y3,:n3y3, :L‘4y3,y4,xy4,3:2y4,:133y4,y5, :L‘y5,x2y5,x3y5, y67xy6’$2y6’ y7,
:Uy7, :1:2y7,y8,:vy8,y9, a:yg, ylo,yll, z,a:z,:nQZ,:U?’z,yz,xyz, :1:2yz, x3yz,

sz,msz,m2y2z, ygz,xygz,x2y3z,y4z,$y4z,y5z,xy5z,y6,z,y7z,

zQ,xZQ,yzz,xyzz,yQ,zQ, yng},mg = 68.

(8) For o € (%, %],

MO == O,mo =0.
Ml = Span{laxaya xy,y2,xy2,y3},m1 =1.
M, = span{l,z, 2%, 2%y, vy, 2%y, 2%y, y*, xy?, 2%y, 2392, 3, 2y®, 227, vt oyt o0 2P,

YO, 2y0 Y7, 2z, 12, y2, wyz, YR, wyP 2, P2}, mo = 29.
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3.4 .5 2, .3, .4 .5 2 92 22 392 4.2 5 2
7x7$7y7$y7$y7my7$y7‘ry’y’xy7$y7xy7$y7xy7
3 .3 .23 .33 43 4 4 24 34 5 5 25 35 6 .6 26 36 7
Yyo,xy,ry Ty ,ry,y ,ry ,ry ,ryY Y ,ryY Y Y Y ,rY Y ,ry,y,

7 2,7 .8 8 .9 9 .10 10 11 2 3 2 3
xy ,xYy Yy ,rYy Yy ,ryY Yy XY Y ,2,TZT 2T 2, Yz, TYZ, T Yz,T Yz,

M3 = span{l,z,z°, z

2 2 2,2 3,2 3 3 2,3 4 4 5 5 6 6 7
Y 2,2y 2,0 Y 2,T°Y 2,4 2,0Y 2, Y 2,Y 2, XY 2,Y 2, LY 2,Y 2, LY 2, Y Z,

2 2 9 2 2.2 22 32 _
2% m2® Yzt xyzt Ytz my 2ty 2t me = T4.

(9) For a € (%, I,

My = 0,mg = 0.
M, = span{1,z,y, zy, v*, x>, 9>, 2>}, my = 8.
My = span{1,z,2° 2%, y, vy, z°y, 2y, o, 2y®, 2°y%, 2°y%, o°, 2y’ 0%yt oy,
v xyd xSy ayT s, 2wz yz, ayz, v e,y e, Pz, wyB 2}, me = 32
Ms = span{1l, z, 22, 23, z* 25 y, zy, 2%y, 23y, 2y, 25y, v*, 292, 222,
P2 w2 PP ad, a2y, e, eyt eyt ey,
B a1y, 18Py, 22y, 2P,y T wyT 22yt o a2y
v, 2y?, yt0, aytl, ytt aytt yt2, 2 az, 2?2, 132, yz, ayz, 2ty z, 2Py,
vz, aytz, oyt Byt R e ayt e, 22y e, vt wyt e, v 2, a2, yB e, ayB
2

7 7 8 2 2 2,22 2.2 3.2 3.2
Y =2,y 2y 22,2 ,Yz XYz Yy 2, 7Y 2,y 2 ,xY 2 }7m3:80-

The following main result answers the Question [I.6] and verify Conjecture [I.§ for isolated two
dimensional rational hypersurface singularities respectively.

For question although the authors in [14] showed that one dimensional ADFE singularities
have finite Hodge properties. We obtain that in the case of two dimensional hypersurface
singularities, Vo € (0, 1], ADE singularities don’t have finite Hodge property. This follows from
the following proposition Since by tables and different types of singularities
have the same Hodge sequences. For example, if we observe Ag singularity of o € (%, 1], Dg
singularity of o € (1%, 1] and Ejg singularity of o € (%, ]. Then we can see their m; sequence
are all the same: mg = 0,m; = 6, mo = 24, m3 = 60,.... Hence the two different families of

singularities can not be distinguished by their Hodge sequences.

Main Theorem. Let f,g: (C*,0) — (C,0) be two singularities with py = 0. Let Hy = {f = 0}
( resp. Hy = {g = 0}) be integral and reduced effective divisor defined by f ( resp. g) and
D§ = aHy (resp. Dy = aHgy), where oo € QN (0,1]. Then f is contact equivalent to g if and
only if Ma(D§) = Mo(Dg). That is to say, let Fp = {fa : (C3,0) — (C,0) | a € A} be
the family of isolated two dimensional rational hypersurface singularities, then the Hodge moduli
threshold of Fy is two.
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2. PRELIMINARY

We first recall the following definition.
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Definition 2.1. A polynomial f € C[zy, -+ ,zy] is called weighted homogeneous if there exists
positive rational numbers wy, - - ,w, (i.e., weights of x1, -+ ,x,) and d such that, Y a;w; = d
for each monomial [] ;" appearing in f with a non-zero coefficient. The number d is called
the weighted homogeneous degree (w-deg) of f for weights wj,1 < j < n. These wj,1 < j <n
called the weight type of f.

The Hodge filtration Fy of Ox (D) is usually hard to describe. However, it does have an
explicit formula in the case when D is defined by a reduced weighted homogeneous polynomial
f which has an isolated singularity at the origin, which is proved by M. Saito [21I]. To state
Saito’s result, we first clarify the notations as follows. We denote

= C{x1,...,zn} the ring of germs of holomorphic function for local coordinates
Lly-+eyLp.

e f:(C" 0)— (C,0) a germ of holomorphic function that is quasihomogeneous, i.e., f €

J(f) = (%7 ce %), and with an isolated singularity at the origin. Kyoji Saito [22]

showed that after a biholomorphic coordinate change, we can assume f is a weighted
homogeneous polynomial with an isolated singularity at the origin. We will keep this
assumption for f unless otherwise stated.

o w=w(f)=(wi,...,wy,) the weights of the weighted homogeneous polynomial f.

e g:(C"0)— (C,0) a germ of a holomorphic function, and we write

9=y gaz’,
AeNn

where A = (a1,...,a,),94 € Cand 24 = 2{* - -
e p(g) the weight of an element g € O defined by

— <Zwl> + inf {(w, A) : ga # 0}.

i=1

The weight function p defines a filtration on O as
F={ucO:pu) >k},
F={ueO:pu) >k}

Since we consider Zx-modules locally around the isolated singularity, so we can assume
X = C" and identify the stalk at the singularity to be that of Zx-modules on C™. For example,
we replace Fi,Ox o(*D) with F,Ox (D). Now we can state the formula proved by M. Saito (see
[21], Theorem 0.7]):

0> 1
FkOX *D ZFk DX < fzj—l—i_ ) ,Vk € N. (1)

Since the Hodge filtration can be constructed on analogous Zx-modules associated with any
effective Q-divisor D, so it satisfies a similar formula in the case when D is supported on a
hypersurface defined by such a polynomial f.

Assume that the divisor is D = aZ, where 0 < @ < 1 and Z = (f = 0) is an integral
and reduced effective divisor defined by f, a weighted homogeneous polynomial with an isolated
singularity at the origin. In this case, the associated Zx-module is the well-known twisted local-
ization Zx-module M (f17%) := Ox(*Z) 1~ (see more details in [I7] about how to construct
the Hodge filtration Fy M (fl_a)). With new ingredients from Mustata and Popa’s [MP18 b,
where this Hodge filtration is compared to the V-filtration on M ( f 1_0‘), M. Zhang generalized
Saito’s formula and proved the following theorem:
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Theorem 2.2. (Zhang, [23]) If D = aZ, where 0 < a < 1 and Z = {f = 0} is an integral
and reduced effective divisor defined by f, a weighted homogeneous polynomial with an isolated
singularity at the origin, then we have

FM(fi7) = Z FiPx <

where the action - of Px on the right hand side is the action on the left Px-module M (fl_o‘)
defined by

—)D(f)

D. (wfl_o‘) = <D(w) + w(l 7 ) =2, for any D € Derc Ox.

Notice that if we set o = 1, Theorem recovers Saito’s formula mentioned above. For
any polynomial f with an isolated singularity at the origin, it is well-known that the Milnor
algebra

A i =C{lzr,..., 20}/ (Oif,...,0nf)

is a finite-dimensional C-vector space. Fix a monomial basis {vy,...,v,} for this vector space,
where 1 is the dimension of A (i.e., Milnor number). The following theorem follows from
Theorem [2.2]

Theorem 2.3. (Zhang, [23]) If D = aZ, where 0 < a < 1 and Z = {f = 0} is an integral
and reduced effective divisor defined by f, a weighted homogeneous polynomial with an isolated
singularity at the origin, then we have

FM(f' %) = f71 0o

and

FM(F) = (71 Y Ox o)+ By - B M(F),

v;€OZk+1+a

Alternatively, in terms of Hodge ideals, these formulas say that

Iy(D) = 0=
and
LpiD)= > Ox-vj+ > Ox(foa—(a+k)adf).
v; €Ok +1ta 1<i<n,a€l (D)

3. PROOF OF THE PROPOSITION 1.10

The Proposition is divided into the following Proposition [3.1}Proposition And we
only give proof for Ay type of a € (0, ﬁ}, Dy, type of a € (0, Tl—z] and FE type for simplicity,
since technique and methods used in other cases are similar. The calculation can be summarized
in two steps, that is, first we use formula in theorem[2.3]to calculate all the Hodge ideals I, I, I2,
then use our computer program singular to calculate the corresponding Hodge modular algebras
My, My, My and Hodge numbers mg, my, ms.
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3.1. A Type.

Proposition 3.1. Let f(z,y,2) = 2" + 42 + 22 be Ay type singularity, where k > 1. Let
H = {f = 0} be an integral and reduced effective divisor defined by f. And D* = oH where
a € QN (0,1]. Then the first four Hodge moduli algebras and Hodge moduli numbers are given
as follows.

(1) For o € (0, ﬁ_l],

MO :M1 :O,mozm1 = 0.

My =span{l,z,--- ,xk_l},mg =k.

k

k -1 k—1_ .2 .2 k=2 2
Ms =span{l,z,--- ,a" y,xy, - ,&" ‘y,z,xz, - ,x" "z, 2% w2 - 2" 2%} mg = 4k.

(2) For a € (k%rl,,ifl] with 1 <i<k—1,

Mo :O, mo = 0.
My =span{l,--- , 2" '} my =i.
My =span{l,z,--- af oy ay, 2y, 2w, 2t e 22 w2 27222} my = k + 3.
M3 =span{l,z,... ,l‘2k+i_1, Y, LY, ... ,xk+i_1y, y2, xy2, e ,xi_lyz, 2 X2y ,xk+i_lz,
Yz, xyz, ... o tyz, 22 a2 ,xifle}, msz = 4k + 6i.

(8) For a € (k—_’il, 1],

MO :0, moy = 0.

M, =span{l,--- 2" 1}, m; = k.

k

k -1 k=1_ .2 .2 k=2 2
My =span{l,z,--- ,a% y,xy, -, x" ‘y,z,xz, -, x" "z, 2% w2 - 225} mg = 4k.

M3 =span{l,z,... LRy, g wy? TR s s, PR
YZ, TYZ, ... ,xkilyz, z2, a;zz, .. ,xkile}, mg = 10k.
Proof. If a € (0, ﬁ], we obtain
Iy =0x,
L= Y Oxvj+ Y Ox(fosa—cad.f)+ Ox(f0ya — aadyf) + Ox(f0.a — aad.f)
v;€EOZ1ta a€ly(D)
=0x(1) + (¢*,y,2)
=0x(1),
L= Y Oxvj+ Y Ox(fowa—(a+1)ad.f)
v, €022+ a€li (D)

+ OX(faya/ - (04 + 1)aayf) + OX(faza — (Ck + 1)Gazf)

:(J;k? y? Z)?
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;= Y Oxvi+ Y Ox(fosa—(o+2)ad,f)
Uj6023+a GGIQ(D)

+ Ox(foya — (a +2)ady f) + Ox(f0.a — (o + 2)a0. f)
=((-1—-a-— ak) 2k R 4 ka2 (20 + 2) 2Ry, —(2 4 2a)2F 2,

(=1 —a—k —ak)z®y, 21F — (20 + 1)¢y? + 2%, —(2 + 2a)yz,

(-1—a—k— ak:)xkz —(2 + 2a)yz, AR y? — (1+ QG)ZQ)
=(— (1+a+ak) 2 ka2 4 ka2 by, ah

27— (204 1)y + 2%, yz, 2P 4+ % — (14 20)2?)
=(—(1+ a + ak)z®* + ka*! 2+k$k L2 aby, bz, yz, L g2 — 22)
=(xF 1y 2122 oy o gz, 2P 2 — 22,

Hence, it is clear that My, M7 have the forms on the above. For the other M;, we just need to
find a basis for them. For My, since z¥,y and z € I, we obtain 1,z,--- ,2*"! form a basis.
For M3, we use computer program Singular to obtain this modular algebra from Hodge ideal I3.
since z*t1 € I3, we add 1,z,-- - , 2" into a basis of M3. Similarly since z¥y, z*z and 2¥=12% € I3,
we can add vy, zy,--- , 2" Yy, 2,22, --- 21z and 22,222, -, 2" 222 into this basis. Finally,
we note that y? — 22 € I, which means y? equals to 22 in Ms. So those 22 on the above can also
be changed into 7?.

O

Here is a table with related to {mg, m1, ma, ms} for some specific k.

Type o mo my mo ms
Ag (0, ] 0 0 6 24
Ag (1, 2] 0 1 9 30
Ag (2,2] 0 2 12 36
Ag (2,1] 0 3 15 42
Ag (7, 2] 0 4 18 48
Ag (2,%] 0 5 21 54
Ag (8,1] 0 6 24 60
Ar (0, &) 0 0 7 28
Az (3, 3] 0 1 10 34
Az (%, 3] 0 2 13 40
Az (2, 3] 0 3 16 46
Az (3, 3] 0 4 19 52
Az (5,9] 0 5 22 58
Az (5, 4] 0 6 25 64
Az (£,1] 0 7 28 70
Ag (0, §] 0 0 8 32
Ag (3, 3] 0 1 11 38
Ag (2,3] 0 2 14 44
Asg (3, 4] 0 3 17 50
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As (5. 2] 0 4 20 56
Ag (%, g] 0 5 23 62
Ag (?, g] 0 6 26 68
Ag (> o 0 7 29 74
Ag (8,1] 0 8 32 80

3.2. D Type.

Proposition 3.2. Let f(z,y) = 21 + zy® + 22 be Dy, type singularity, where k > 4. Let
H = {f = 0} be an integral and reduced effective divisor defined by f. And D® = oH where
a € QN (0,1]. Then the first four Hodge moduli algebras and Hodge moduli numbers are given
as follows. For Dk, when k is even,
(1) For o € (0, 55— 2]

M() :M1 :0,m0 =mi =0.

My :Span{lv'x’ T 7xk_27y}7m2 = k.

M3 :span{l,x, T 755]{71,,%37% T 7xk71y7y27xy27 e 7xk72y27y37 Zy, T2y 7xk7227yz}7

mg = 4k.

(2) Fora e (33,21 2<i< &,
My = 0,mg = 0.
My, =span{l,z--, 22}, m; =i—1.

My = span{l,z,--- Ty ay, Ty R 2 222}, my = k4 3i — 3.
_ 2k+i—6 k+i—3 2 2 i,2 .3 3,4
M3_Span{1ax7"'7x Y, Y, -+, T v,y ,xYy Y Y ,TY Y,
Ry L2y 7$k+1_4z7 Yz, xyz, - ,x’_lyz,y2z, Z27 U 7$Z_2z2}7m3 =4k + 6i — 6.

(3) Fora € (33, 28], E+1<i<k—1,

My =0,mp = 0.
My =span{l,z---, 22y}, my = i.
My =span{l,x,--- , 2"y zy, - 2ty 02wy P w222, 2],
mo = k + 3i.
Ms = span{1,z, - - 2R gy kB 02 g i 08 a8 28,
y4, a:y4, y5, Z, L2, ,a:k”%z, YZ, TYZ, " ,xiflyz, yzz, :cyzz, y3z,
22 2222 g2t ma = 4k + 6i.
(4) For a € (2k 2,1],
My =0,mg = 0.
M, =span{1,---, 2" 2 y},m; = k.
My = span{1l,z,--- ,ka_4,y,:Cy, e ,;rk_ly,yQ,ny,y?’
zoxz, a2z, yz}, mo = 4k.
Ms = span{l,z, - - RO g gy 2Ry g2 g kg2 0B B 208
y4,xy4,y5,z,xz, e ,x2k_4z,yz,xyz, e ,xk_lyz,yzz,xyzz,y?’z,

22 ab 222 y2?) mg = 10k.
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When k s odd,
(1) For a € (0, %%2],

My =My =0,mg=mq1 =0.
My = span{1,z,--- ,xkfz,y},mg =k.

1 1. 92 2 —2 9 2
M3:Span{17$7"'7xk 7yaxya"'>1:k y,y,xy,---,xk y,y3,Z,l‘Z,"',$k z,yz},
ms = 4k.
23 2i—1 C k=1
(2) For a € (55=5, 35=5), 2 <1 < %57,
My = 0,mo = 0.
M, =span{l,z-- 22}, m; =i—1.
My = span{1,z,--- ,xk+i_4,y,xy, e ,xi_ly,yQ, 2, T2, ,xi_zz},mg =k+3¢— 3.

_ 2k+i—6 k+i—3 2 2 i, 2 .3 3,4
Mg—span{l,x,---,:c ! s Ys XYy o0, T ! y,y,xy,-'-,x’y,y,xy,y,
2y Xz a$k+i_4zay2,$?/2’,' T 7$i_1yz7y2z7227' o 7xi_222}7m3 = 4k + 67 — 6.
k—2 k-1
(3) For o € (555 35-5);
M():O,m():
k=1 kE+1
M, =span{l,z--- ,x 2 },mlzT.
3k—5 ktl 9 k=1 5k + 3
MQZSpan{an'“ s T2 LY, XY, X 2 Y, Y, 2,2, 00, 2 z}7m2: 2 .
5k—9 3k—3 k43
== 2 2 === 2 3 3 .4
M3:Span{1,.’lf,"' y T2 Y, Y, T 2 Y,y ,2Y , -, T 2 y,y,ry,y,
3k—5 k+1 k=1
2, X2 T2 2, YR TYZ, X 2 yz,sz,ZQ,...7(L- 2 32},m3:7k—|—3.

(4) For o € (35=5, 315),

Mo = 0, mg = 0.
- k+3
My =span{l,z--- 2" % y},m = —
M2 = span{l,x, e 7$%7y>xy’ tee 733%9,3/2,1’92:93
5k +9
2, Lz, y T2 Zayz}’mZZ 9
5k—9 3k—3 k+3 2

Mgzspan{l,x,---,m 2 ,Y,2y, -, T 2 y,y2,$y2,---,l‘ 2y,

3k—5 k+1

3 3,2 3 4 4 5
yL,xy Y L,y ,xY Y , 2,2, , T 2 Z,Yz, Yz, - ,T 2 Yz,

k-1
sz, :Uy2z, y3z, 22, cee ,x722, yz2}, ms =Tk +9.



HODGE MODULI ALGEBRAS AND COMPLETE INVARIANTS OF SINGULARITIES 21

(5) Fora e (323,22 B8 < <k —1,
My =0,mg =0.
My =span{l,z--- 2% y},my = i.
My =span{l,z,--- 2" gy zy, - 2y 2wyt Bz xn, - 222 y2),
mo = k + 3i.
M; = span{l,z, - a2 gy gy o gF T3y 2 g2 L g2 08 B 228,
y4, :Cy4, y5, Z, L2y ,xk+i_4z7 YZ, TYZ, - - ,xi_lyz, y2z, xyzz, y?’z,
22, 2222 2} mg = 4k + 6i.
(6) For o € (3=3,1],
My = 0, mo = 0.
M, =span{l,--- , 2" 2y}, m; = k.
My =span{l,x,--- , 224y, zy, - 2F Ly 2 2?22z, 2R 22 y2),
mo = 4k.
My = span{1,z, -, a6 y oy, - 2253y o2 2y xRy R ay?, 2ty
y4, xy4, y5, Z, T2y ,:L'Qk_4z, Y2, TYZ, -+ ,mk_lyz, y2z, xy2z, ygz,
22 ab 222 y2?), mg = 10k.

Proof. If a € (0, 571], we obtain

Iy =1, = Oy,
I = Z Oxvj + Z Ox(fora — (a+ 1)ady, f)
v; €022+ acli(D)

+ Ox(f8,a - (a+1)ad,f) + Ox(fd.a — (a + 1)ad. f)
=((k = 1)a"? + 4%, 2y, 2),
I3 = Z Oxvj + Z Ox(fOra — (v +2)ady, f)

vj €Oz3+a a€lz(D)

+ Ox(foya — (a +2)ady f) + Ox(f0.a — (o + 2)a0. f)

=(((1 + o — ak?)z= 42 4 (4 + 20 — 5k — 20k + k222 Ry — (a4 Dyt 4+ (2 — 3k + k) 3TR) 2,
(44 2a -2k — 2ak:) thy —2axy® + 2922, (2 + 200 — 2k — 2ak)2 T — (2004 2)y?) 2,

(2+a —k—ak)z Wy — azy® + 22 28 — Qo+ 1)ay? + 222, (-2 — 20)zyz,

(14 a—k—ak)z 2™ — (o +1)y?)z, (=2 — 2a)zyz, 2 T + 2% — (1 + 2a)2%)

=((14+a- ak:2) 2R (44 200 — Bk — 20k + K2 a2 Ry? — (a4 Dyt + (2 = 3k + B3R 2
(2+a —k—ak)e Wy — axy® + y22 2F — Qo+ 1)ay? + 222, (1 — k)b 22 — 22,

xyz, x_1+k +2y? — (14 20)22).

Hence, it is clear that My, M; is the form on the above. For the other M;, we just need to find
a basis for them. For Moy, since (k — 1)z*=2 +y? 2y and z € I, we obtain that 1,z,--- 22 y

form a basis. For M3, we obtain the results by program SINGULAR.
O
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Here is a table with related to {mg, m1, ma, ms} for some specific k.

Type « mo my mso ms3
Dg (0, 751 0 0 6 24
Ds (75, 5] 0 1 9 30
Dg (%, 5] 0 2 12 36
Ds (35 15) 0 4 18 48
Dg (15 16 0 5 21 54
Dg (35,1] 0 6 24 60
Dy (0, 75] 0 0 7 28
D (35, 5] 0 1 10 34
D (35, 5] 0 2 13 40
D (3, ] 0 4 19 52
Dy (5, 5] 0 5 22 58
Dy (5, 5] 0 5 22 58
Dy (3, L] 0 6 25 64
Dy (13,1] 0 7 28 70
Dg (0, 4] 0 0 8 32
Dg (&, ] 0 1 11 38
Dg (<, 3] 0 2 14 44
Dy (2, 4] 0 4 17 50
Dy (i 71 0 5 23 62
Ds (2, L] 0 6 26 68
Dy (11, 2] 0 7 29 74
Dg (12,1] 0 8 32 80

3.3. E Type.

Proposition 3.3. Let f(x,y,2) = 2% + y* + 22 be Eg type singularity. Let H = {f = 0} be an
integral and reduced effective divisor defined by f. And D* = aH where o € QN (0,1]. Then the
first four Hodge moduli algebras and Hodge moduli numbers are given as follows.
1

(1) For a € (0, 15,

My = M, =0,mg=mq1 =0.

M2 = Span{la Y, 927 z,xyY, 1’?/2}7 mo = 6.

Ms = span{1,z, 2% 2°,y,xy, 2%y, 2%y, o, xy®, 2°y°, %, 2y,

y4’xy47y5’ $y57y67 Z’ $Z’ yz7 xyz7 y227 xy2Z}7m3 - 24’
1 4
(2) For a € (13, 15,

My =0,mg=0.

M; = span{l},m; = 1.

Moy = span{1,z, 22, y, zy, y*, zy*,v°, 2}, my = 9.

Ms = span{1,z, 22, 23, 2%, y, zy, 2%y, 23y, y?, xy?, 22y%, 2392, 2, 2y, %9,

4 4 .5 5,6 2 2 2 3 2
Yy,xy Yy ,xY Y ,2,T2,T 2, Yz, XY=, Y 2, TY 2, Y 2,2 }am?’ = 30.
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(3) For a € (% %]

My =0,mg =0.

M, = span{1,y},m; = 2.

Moy = span{1,z, 22, y, zy, y*, xy*, v°, 2}, my = 12.

M5 = span{1, z, 22,2 2ty xy, 22y, 2By, oty 2, xy?, 22y, 3y,
y2 oy, 2,y eyt 22yt o, wy® L YT 2w, 222, yz, wy 2, 2Py,
vz aytz, Rz, yte, 22 yz2},m3 = 36.

(4) For a € (% 12]

My = 0,mg = 0.

My = span{l,z,y},m; = 3.

My = span{1, z, 22, 23y, zy, 2%y, %, 232, o3, 2y, y*, 2, 22, y2}, mo = 15.

Mz = span{l,x,xZ,x3,x4,a:5,y,a:y,a:2y,m3y,x y,y%, xy?, 22y?, 3y?,
oy, 223, 35,y w22yt o8 a8, ey 2wz, a2z, 1,

2. .2 .92 3 3 4 2 2 2
yz’xyz7"1:yz7y27$yz7yz’xyz’yz’z’Iz7yz}’m3:42'

(5) For o € (12 %]

Moy = 0,mp = 0.
M, = Span{l,x,y,yQ},ml = 4.

M, = span{l,z,2% 2%y, 2y, 2%y, v, zy?, 222, v*, 2y, v* 97, 2, 22, y2, Y22}, mo = 18.

Mj = span{l,z,2% 2%, 2,25, y, vy, 2%y, 23y, 'y, 2, 2y?, 2%y%, 2%y?, 2y,

v ayd 22y 2PyR yt eyt 22yt 00wyt 2ty Ly B 2 e, P 2P

2 .2 9 29 3 3 45 2 2 2 922
yz7xyz7xyz7yz7xyz7xyz7y27xyz7yz7yz7z7xz7yz7yz}7m3:48'

(6) For a € (12, ié]

My =0,mg=0.

M, = span{l,z,y,y%, zy}, m; = 5.

My = span{l,:1:,:cz,x3,y,xy,x2y,a:3y,y2,xy2, x2y27y3,33y3,
vt zyt, 0, z,:vz,yz,:vyz,yzz},mg = 21.

Mz = span{l, z, 22,23, 2%, 2°, y, zy, 22y, 23y, 'y, 22y, 92, 22, 2292, 232, zty?,
AR T TR TR e T T T T TR T VAN VLR CY LB T
2wz, 002, 832, yz, vyz, oty z, Byz, Pz, wyP e, 22yP 2,

3 3 4 4 5 2 2 2 2,22 _
Yy =22y =Y 2,2y 2y 22,02 ,Yz,TYz Y < }’m3_54'

23
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(7) For a € (13, 1],

My = 0,mo = 0.
Ml — span{l,y,y2,w,xy,xy2},m1 = 6.
2 2 2 2 2 2
M, = span{1,z, 2%, 2%y, vy, 2%y, 2%y, y*, 2y?, 22y°, v°, 2y,
4 4 5 5 6 2 2 _ 24
y’xy7y 7xy ?y?z7$z7yz7$yz?y Z7$y Z}’m2_ .
4 4 4
Mj = span{1,z, 2%, 23 2 2° y, zy, 2%y, 2%y, 2ty, 25y, y*, wy?, 2%y?, 23y, 2ty
TR RN T i VR VA R o VA v VA YR N T TR TR TR S T
y77xy77y87xy87y97z7 xz’ wzz’ x3z7 yz7 xyz7 x2y27 x3yz7 y227 $y2z’ $2y227

3 3, 4 4, .5 5, ,6, .2 .2 .2 2,22 2.2
y Z?'%.y Z7y Z7xy z?:g z7xy z?:g Z,Z 7xz 7yz 7'Tyz 7y z 71'3/ z }7m3:60'

Proof. (1) If o € (0, 15], we obtain

Iy =1, = Ox,
L= Y Oxvi+ Y Ox(fowa—(a+1)ady.f)
v;€EOQ22ta acli(D)

+ Ox(foya — (a+1)ady f) + Ox(f0.a — (a+ 1)a0. f)
=((=3a — 3)2?, —4ay® — 49>, —22 — 2a2),
= Y Oxvi+ Y Ox(fowa—(a+2)ad,f)

vjEOZ3+a a€l(D)
+ Ox(foya — (v +2)ady f) + Ox(f0.a — (o + 2)a0. f)
=((902 + 21la + 12)z + (—6ay® — 6az? — 6y* — 627)z,
(12a%y> + 360> + 245°) 22,
(—12ay® — 129?23 + 1602y° + 36ay°® — 1209222 + 20y° — 129222,
(6202 + 18z + 122)22,
8za2y> + 24zay® + 16213,
(—2a — 2)z® + 4022 — 2ay* + 1002? — 2y* + 627).

Hence, we can obtain the results by definition.

(2) If a € (35, 73], we obtain

Iy =0x,
L= Y Oxvi+ Y  Ox(fosa—aadf)+ Ox(foya— cadyf) + Ox(fd.a — aad.f)
v;€EO21+ta a€ly(D)
=Ox(x,y) + Ox (22,43, 2)
=(z,y,2),

I, = Z OXUj"‘ Z OX(faxa_ (a+1)aaxf)

v;e0>2+0 a€ly(D)
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+ Ox(f0,a — (a+1)ad, f) + Ox(fda — (a + 1)ad. f)
=((=3a — 2)2® + y* + 22, (—day® — 4y®)z, (=22 — 202)z,
(=3y — 3ay)z?, 2> + 22 — 3y* — day?, —2yz — 202,
(=32 — 3az)x?, —4y3z — 4oz, 23 + yt — 2027 — 2?),
Is= Y Oxvi+ > Ox(fowa—(a+2)ad,f)

v;€EOQZ3+a a€lz(D)

+ Ox(foya — (o +2)ady, f) + Ox(f0.a — (o + 2)a0. f)

=((9a2 + 150 + 6)2° 4+ (—12ay* — 12a2% — 12y* — 122?)2?
(12023 + 3203 + 20923 — 4932 — 4oy — 49" — day32?,
(—120% — 12¢%) 2 + (16a2y° 4 360y° — 12022 + 2045 — 129227,
(6202 + 16za 4 102)2® — 2023 — 29tz — 223 — 20?2,

(820> + 24zay® + 1621z,

(—2a — 2)a + (4022 — 20y 4 10a2? — 2y* + 622z,

(9ya® 4 21ya + 12y)z* + (—60ay® — 6y2% — 6y° — 6ayz?)z,

(=3a — 3)2® + (12%y* + 33ay® — 302% 4 21y" — 322)2?

(—200y® — 209°) 23 + 1602y" + 28ay” — 20ay2% + 12y7 — 204322
(6yza® 4 18yza + 12y2)x?

(—2z — 2a2)z> + 8a?y*z + 22ay4z —2a2° + 14ytz — 223,

(—2y — 2ay) x> + 40’y2? — 2005 + 10ay2* — 2° + 6122,

(920% 4 21za + 122):13 + (=6az® — 6y*z — 62° — 6ay'2)z,
(=3 — 3)2° + (60222 — 3ay? + 15a2% — 3yt + 92%)2?

(12z02y> + 36zay> + 242y3)2?

(—12¢%2 — 120%2)2> + 16a2y z 4 36ay°z — 12ay%2® + 20452 — 12¢223
(—day® — 4923 + 8(Jz2 322 — doy” 4 2002 — 4y" + 124322

(=62 — 6az)z> + 40223 — 6ay’z + 6a2® — 6ytz +223).

Hence, we can obtain the results by definition.

(3) If

5

o€ (127 12

=], we obtain

Iy =0x,

I =

Y Oxvit+ Y Ox(fowa— aad,f) + Ox(foya — cadyf) + Ox(fd.a — aad.f)

v;EOZ1te a€lp(D)

:OX(:U,ZJQ) =+ OX(an y3’ Z)
:(:Ev y27 Z),

Iy =

Z Oxvj + Z Ox(foza — (a+1)ady f)

vj6(922+0‘ CLGIl(D)

+Ox(fdya— (a+ 1)ad, f) + Ox(foa — (a +1)ad. f)

=((=3a — 2)2® + y* + 22, (—4ay® — 4y3)z, (22 — 2a2)z,
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(=3ay? — 3y°)2?, 2y2® + 292 — 4ay® — 2y°, —29°2 — 209° 2,
(=32 — 3az)z?, —4y3z — dayz, 23 + 4t — 2022 — 2?),
Ii= Y Oxvi+ Y Ox(fosa—(a+2)ad,f)

v;E023+a a€ly(D)
+ Ox(f0ya — (a +2)adyf) + Ox(f0.a — (o + 2)ad: f)
=((90” 4 150 + 6)x° + (—12ay® — 12022 — 12y — 122?)2?
(120292 + 3203 + 20y3) 2% — 4322 — day” — 4y" — day®22,
(—12ay? — 12?2 + (160%9° + 3605 — 120122 4 209° — 129227z,
(6za% + 16200 + 102)z3 — 2023 — 29tz — 223 — 20922,
(8za%y® + 24zay® + 16zy )z,
(=20 — 2)zt 4+ (40222 — 209t + 1002? — 2yt + 622,
(9a2y? + 21ay? + 1292 )x + (—6y%22 — 6ay® — 65 — 6ay?2?),
(— 6y 6ay)z® + (1202y° 4 30ay® — 6ayz? + 18y° — 6yz?)z?
229 + (4z — 24yt — 28ay4)x3 + 16028 + 200® — 28ay*2? + 68 — 24y* 22 + 224,
6202y + 18zay? + 12212) 2>
dyz — 4ayz)x + 8a/? v’z + 20ay5z — 4ayz3 +12y°z — 4yz3,
2ay% — 2y?) 2> + 40y 2% — 2ay° + 10ay®2? — 2¢° + 622>
9202 + 21za + 122)a + (=602 — 6yz — 62° — 6ay’2)r,

(

(=

(=

(

(12z02y> + 36201 + 242y%)2>
(—12¢%2 — 120%2) 2> + 16a2y 2 4 36ay°z — 12ay%2® + 2052 — 12y%23
(—day® — 49) 2> + 8a2 322 —day” 4 200>2% — 4yT + 124322

(=3 — 3)2° 4 (6022 — 3ay + 15022 — 3yt + 92%)2?

(—

62 — 6az)z> + 4a%2% — 6aytz 4+ 602 — 6ytz + 22°).

Hence, we can obtain the results by definition.
(4) If a € (3, 5], we obtain

IO :OXa
L= Y Oxvi+ Y Ox(fosa—adf)+ Ox(foya— aadyf) + Ox(fd.a — aad.f)

v; €021+ a€ly(D)
=0x(zy,y°) + Ox (2%, 4", 2)
=(a*, 2y, %, 2),
L= Y Oxvj+ Y Ox(fosa—(a+1)ad,f)

v;€EO22ta ael, (D)
+ Ox(f0ya — (a +1)ady f) + Ox(f0.a — (a + 1)ad; )
=((=3a — )2t + (2y* + 22H)z, (—day® — 4y°)2?, (—22 — 202)2?,
(—2y — 3ag) x> +9° + y22, 2t + (2% — 3y — dayt)z, (—2y2 — 2ay2)x,
(—3ay? — 3y?)z?, 2yx® + 2y2° — 4ay® — 2y°, =292 — 203°2,
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(=32 — 3az)z?, —4y3z — dayz, 23 + 4t — 2022 — 2?),
L= Y Oxvi+ Y Ox(foa—(a+2)ad,f)

vjEOZSJrO‘ aEIQ(D)
+ Ox(foya — (a+2)ad, f) + Ox(f0.a — (a+ 2)ad, f)

=((90® 4 9a + 2)2° 4 (—18ay? — 18a2? — 14y* — 142%)23 + 20 + 4y*2% + 227,
(120292 + 280> + 16y3)z* + (—8y°2? — 8ay” — 8y" — 8ay®2?)x,
(—12ay? — 129?25 + (160%y° + 3605 — 1201222 4 209° — 12922%)2?,
(6za% + 14za + 82)zt + (—daz® — dytz — 423 — day2)z,
(8za%y? + 24zay® + 16zy )2
(=20 — 2)2® 4 (40222 — 209t + 1002? — 2y* + 62%)2?
(9ya? + 15ya + 6y)z° + (—1200° — 12y2% — 12¢° — 12ay2?)z>
(=3a — 2)2° + (12a2y* + 29ay* — 3a2% + 19y* — 22)23
+ 24 —day® — 398 — 2y*2? — dayt?
—20ay® — 20y3)2t + (160%y" + 28ay” — 20ay>2% + 12y" — 204322z,
6yza + 16yza + 10yz) 2yz3 — 20z — 2ayz3 — 20z,

(
(
(=22 — 2az2)zt + (8a2ytz + 22ay 2 — 2023 + 14yt2 — 223z,
(—2y —2ay zt + (402y2® — 2005 + 10ayz? — 2y° + 6y2°)z,
(9a%y? + 21ay? + 12y2)z* + (=622 — 608 — 65 — 60?22z,
(— 6y 6ay)z’® + (12a2y + 30a” — 6ayz? + 18y° — 6y2?)z?,
225 + (422 — 24y* — 28ay™)2® + 1602y + 20ay® — 28022 + 6y° — 24y% 22 + 224,
620’y + 18zay® + 122°) x>
dyz — 4ayz)x3 +8a%y°z + 200’z — dayz® + 12y° 2 — 4yz3,

222

20y% — 2y?) 23 + 40”y?2% — 2a9% + 10ay®2? — 2¢° + 61222

9202 + 21za + 122)2* + (=602 — 6yt — 62° — 6ay*2)z,

(

(—

(—

(

(12z02y> + 36201 + 242y3)2?
(—12¢%2 — 120%2) 23 + 160252 + 3602 — 1201223 + 20952 — 124223,
(=3a — 3)2® + (60222 — 3ay? + 1502% — 3yt + 92%)a?

(—day® — 432) 23 + 802y 2% — day” + 20032 — 4y" + 12922

(—

6z — 6az)z® + 4022% — 6aytz 4+ 6a2® — 6ytz +223).

Hence, we can obtain the results by definition.
(5) If a € (5, 5], we obtain

Iy =0x,
I = Z Oxv; + Z Ox(foza — cady f) + Ox(fOya — aady f) + Ox(f0.a — cad, f)

v;€OQZ1+ta a€lo(D)
=0x(zy) + Ox (2,9, 2)
:($27 xry, y37 Z)a
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> Oxvi+ Y Ox(foea—(a+1)ad,f)
v;€EO22+a acli (D)
+ Ox(foya — (a+ 1)ady f) + Ox(f0.a — (o + 1)a0. f)
=((=3a — 1)zt + 2y + 22H)z, (—day® — 49°)2?, (22 — 202)2?,
(—2y — 3ay)93 + 97 +y2? 2t + (22 = 3yt — day)z, (—2y2 — 2ay2)z,
(— 3ay® — )x 323 + 3y22% — 4oy’ — 4%, —2032 — 2002,
(—=3z — 3az) APz — Aoz, 2 4yt — 2022 — 2,
> Oxvi+ > Ox(foea—(a+2)ad,f)
v;EO23+a a€lz (D)

+ Ox(f9ya — (a+2)ady f) + Ox (f0.a — (o + 2)ad. f)

=((902 + 9 + 2)2° + (—18ay? — 18az? — 14y — 142%)23 + 2% + 4yt2? + 224,

(6202 + 14za + 82)x + (—4az® — dy'z — 423 — day'2)z,
(120292 + 280> + 16y3)z* + (—8y°2? — 8ay” — 8y” — Say32?)x,
(—12ay? — 129?25 + (160%y° + 36055 — 1201222 4 20y° — 12922%)2?,
(8za%y® + 24zay® + 1629222, (—2a — 2)2° + (40222 — 209t + 1002? — 2y* + 622) 22
(9ya? + 15ya + 6y)z° + (—1200° — 12y2% — 12¢° — 12ay2?)z?
(—3a — 2)z% + (12a%y* + 29ay* — 3a2? + 19y* — 22)2?
+ 2% — day® — 3y8 — 2% 22 — day?2?
(—200y® — 209z + (16a%y™ + 28ay™ — 20032 + 12y7 — 20y 2%,
(6yza? + 16yza + 10yz)z® — 2923 — 2352 — 2ay23 — 202,
(=22 — 202)x + (8a®ytz + 220y 2 — 2023 + 14yt 2 — 223z,
(—2y — 2ay)zt + (4a’y2? — 2ay° + 10ay2? — 295 + 6y2?)z,
9%y + 21ay® + 12y3) 2t 4+ (—6132% — 60y — 6y — 60322z,
(6za%y® 4 18zay® + 1229222, (—9ay? — 9y?) "
+ (120%y°® + 27ay® — 9ay?2? + 15y — 9y?22)2?, 6yx® + (12y2° — 360° — 243°)2>
+ 1602y” + 1200° — 36ay°22 + 2¢° — 241°2% + 6yz2,
6%z — 6ay’2)x> + 8ayz + 18ay’z — 6ay®2> + 10y52 — 61223
20y — 2°%) 23 + 402?22 — 209" + 100322 — 297 + 69322
9202 + 21za + 122)33 + (—6az® — 6y*z — 62° — 6ay*2)z,
3a — 3)z° + (60222 — 3ay® + 15a2% — 3y + 922)2?
122093 + 36zay® + 24213) 2>
12y z— 12ay z)x + 16a 6z + 36ay6z — 12ay223 + 20y62 - 12y223,
4o — 4y3 )x +802y322 — day” + 200y32% — dy” + 12322,

(=
(=
(
(=
(
(=
(=
(=

6z — 6az)z® + 40223 — 6ay4z + 6az2® — 6ytz +22%).
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Hence, we can obtain the results by definition.

6) If o € (&

Iy =0x,

I

I

I3

Yo Oxvit+ > Ox(fowa— aad,f) + Ox(fOya — cadyf) + Ox(fd.a — aad.f)

120 12

111 we obtain

v €014 a€ly(D)
=Ox(zy?) + Ox(2*,3°, 2)
(2%, 2y, 9%, 2),

Z Oxv; + Z Ox(f0za — (o + 1)adz )

v; €022t a€l1(D)
+ Ox(foya — (o +1)ady, f) + Ox(f0.a — (o + 1)a0. f)

Dat + (24" + 227z, (—day® — 49°)2?, (—22 — 202)2?,

3ay? — 2y?) 23 + 4% + 222, 2yt + (2922 — day® — 207z, (— 292 — 2002 2)x,

=(
(=
(=
(=

=(
(
(=
(
(=
(
(
(=

(=
(
(=
(
(=
(

(—3a —

3ay

)xQ, 3y2x3 + 3sz2 — 4ay6 — y6, —2y3z — 2ay3z,

3z — 3az) =43z — dayPz, a3 oyt — 2022 — 22,
Y Oxvit+ > Ox(fowa— (o +2)ad,f)

v;EO23+a a€lz(D)
+ Ox(foya — (v +2)ady, f) + Ox(f0.a — (o + 2)a0. f)

(9a + 9a + 2)2% + (—18ay*

12«
12ay
6202 +

— 18az? — 14y* — 142723 + 208 + 4y*2? + 224,

34 28ay® 4+ 16y°)xt + (—8y32% — 8ay” — 8y” — 8ay2?)x,
—12y%)2° + (16025 + 3605 — 120922 + 20y — 12¢%22)2?,

14z + 82)at + (—4az® — 4ytz — 423
20 — 2)z° + (407>

—doyt2)z, (82023 + 24zay® + 162y%)2?

—2ay* + 10022 — 2y* + 62%)2?

902y + 15ay® + 6y%)xd + (—12y22% — 12ay° — 1295 — 12ay°2%)2?,

6z0y>

+ 16zay® + 102y%)a> — 2% — 2°

2z — 20052 — 200° 23,

29

4y 6ay)x’ + (1202y° 4 260y° — 6ayz? + 18y° — 2y22)2® + 2y2* — day® — 27 — 4ay® 2>

dyz —

(42% — 24y — 28ayt)z* + (16a%y® + 20ay® — 28ay® 22 + 69° — 249222 + 224z,

dayz)z* + (8a2y°z + 200y’ z — day2® + 12y°2 — dy23)z,

6za’y* 4 16zay® + 102y2)x3 — 2223 — 2%z — 20982 — 20%23
—2p%) 2t + (402y222% — 2005 + 100?22 — 2% + 64222z,

20°

902y + 21ay® + 1293)2* + (—6y32>
904y2 —9yH)2® 4 (120%y° + 27ay® — 9ay?2?

62a

3+ 18zay® + 1229°%)2?

6yx’ + (12y2? — 360y° — 24y°)2® + 16a%y°

(f

(=
(
(=

6y22
2ay3

920”4 21za + 122)2t 4 (—6a2® — 6ytz — 62° — 6ay’2)z, (1220°%y> + 362013 + 242y%)2?

12y z

) + 40’y 2% — 200" + 1003 2>

— 120%2)22 4+ 1602y52 + 36ay®z —

—6ay’ — 6y" — 6ay>2?)x,

+ 159 — 9y%22) 22,

+ 12ay” — 360522 + 2¢° — 241522 + 6y2?,

— 6ay2,z)x3 + 8a2y02 + 18ay%2 — 6ay?2® + 10y°2 — 6223

— 2y + 6322

12ay2z3 + 20y6z — 12y223
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(—3a — 3)2° + (6022 — 3ay? + 15022 — 3yt + 92%)a?,
(—day® — 43) 23 + 8a2y32% — day” + 20ay32? — 4y" + 12922,
(=62 — 6z)z® + 4022% — 6aytz 4+ 6a2° — 6ytz 4+ 223).

Hence, we can obtain the results by definition.

(7) If a € (13, 1], we obtain

Iy =0x,
L= Y Oxvi+ Y Ox(fosa—adyf)+ Ox(foya— cadyf) + Ox(fd.a — aad.f)
Uj6021+a aEI()(D)
=(2*,9°,2),
L= Y Oxvj+ Y Ox(fosa—(a+1)ad,f)
'U]'6022+D‘ aGIl(D)

+ Ox(f0ya — (a+ 1)ad,f) + Ox(f.a — (a+1)ad. f)
=((=3a — )2t + (2y* + 22H)z, (—4ay® — 4y°)2?, (—22 — 202)2?,
(—3ay® — 3y)22, 31223 + 3y%2% — 4ay® — 9%, —232 — 20932,

(=32 — 3az)z?, —4y3z — dayz, 23 + 4t — 2022 — 22),

I3 = Z Oxv; + Z Ox(fora — (a4 2)ady f)

v;€EOZ3ta aelz(D)

+ Ox(f0,— (a+2)a0,f) + Ox (fo.a — (0 + 2)ad. )

(902 + 9 + 2)25 + (—18ay? — 18az? — 14y* — 142723 + 2% + 4y*2? + 224,
6za% + 14za + 82)zt + (—daz® — dytz — 423 — day2)z,

120213 + 28ay® + 16y°)z* + (—8y32% — 8ay” — 8y" — 8ay®2?)z,

—120% — 12y%)2° + (1602y° + 36ay°® — 120?22 + 2095 — 12¢/%22) 22,

8za’y? + 24zay® + 1621°) 22,

—20 — 2)2° + (40222 — 20y* + 1002 — 2y* + 62%)2?,

9%y + 21ay® 4 12y3)2t + (—6y322 — 6ay” — 6y" — 6ay>2?)z,

—9ay? — 9y?)2® 4+ (1205 + 27ay® — 9oy 2% + 155 — 9y222) 2?2,

6yxS + (12y2° — 36ay°® — 243°)2° 4 1602y° + 1207 — 3603522 4 2¢° — 24352 + 6y,

~ o~ o~ o~ o~ o~ o~ o~

6202y> + 18zay® 4 122¢°%) 22,

—6y°z — 6ay22)a:3 + 82282 + 18ay°z — 6ay?2® + 10y 2 — 6223,
—203 — 2y3) 2 + 40y32% — 20" + 10ay®2? — 297 + 61322,
9202 + 21za 4 122)z + (=602 — 6y'z — 62° — 6ay’2)z,

12¢%2 — 12ay2z)x3 +1602y%z + 360152 — 12ay%23 + 20y°2 — 124223,
3a — 3)z° + (60222 — 3ay® 4+ 15a2% — 3y* + 92%) 22,

(

(

(

(

(122023 + 36z + 242y%)2?,
(

(

(—day® — 43) 23 + 802y 2% — day” + 20ay32? — 4y" + 12922,
(

—62 — 6az)x> + 40’2 — 6aytz + 6023 — 6ytz + 223).

Hence, we can obtain the results by definition. Il
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Proposition 3.4. Let f(x,y,2) = 23 + xy3 + 22 be B type singularity. Let H = {f = 0} be
an integral and reduced effective divisor defined by f. And D* = aH where « € QN (0,1]. Then

the first four Hodge moduli algebras and Hodge moduli numbers are given as follows.
(1) For o € (0, %],

)18

My = My =0,mg =my = 0.

M2 - Span{l)x7y7y27y3>y471“y}7m2 =T.

M; = span{l,z,2%, 2%y, vy, 2%y, 2%y, v*, xy?, 2%y, v°, 2y°, 2%y,

vt oyt Pt ey ol ey T, 2 e yz, wyz, yP e, 32, yte ), ms = 28.

(2) For a € (4, &,

My = 0,mg = 0.

M; = span{l},m; = 1.
2 sparn s L, T Y, Y, Y Y Y ,Y 25,2 .

M; = span{l,z,2%, 2% 2%, y, zy, 2%y, 2%y, y?, 2y, 292, 2%y, o, oy, 2%y,
yh oyt 22yt v oyt 0wyl YT 2 vz, 202y, yz, P e, wyP e,

vz, ytz, 2%}, my = 34.

(8) For a € (%, 118]7

Moy = 0,mqg = 0.

M, = span{1,y},m; = 2.

My = span{1, z, 22, y, zy, 2%y, 2, 2y, >, x>y, 2, y2}, mo = 13.

Ms = span{1, z, 22, 23, 2%y, xy, 2%y, 23y, 2y, 2, 2y, %92, 239,
a2 Byt w22yt B a8, a7 o,

2 2 2 2 3 3 4 2 2
2, X2, 2,Yz,TYZ, T Yz, Y 2, Y 2,Y 2, XY 2,Y z,2,Yz }7m3 = 40.

(4) For a € (35, 15,

M() = O,mo =0.
M = span{l,z,y},m; = 3.

M2 = Span{l,x,x2,x3,y,xy,ﬂzZy,gf,J:y2,y3,:cy3,y4,y5, vazayz}amQ = 16.

2 .3 .4 .5 2 3 4 2 2 .22 3,2
MSZSpan{anx Yy LT Y, XY, LY, XY, Y, Y Y XY, T Y,

TR T TR e Ve Y Ve R VL T o YL VR VRO VL L Vi

3 2

2 2 2 2,3 3, .4, .5 2,2 _
2, X2, 72,872, Y2, xYz, x Yz, Yy 2, xy 2,y z, vy 2,y 2,y 0z, 2%, w2 yz© b, ma = 46.
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(5) For a € (1%, %],

My = 0,mg = 0.
Ml — Span{17$7y>y2}’m1 =4.
M, = span{l,z,2% 2%y, vy, 2%y, v*, vy?, 2%y%, o, oy, v, oyt o,

2,2,z 4% 2}, mo = 19.

_ 2 .3 .4 .5 2 3 4 2 2 .22 3,2 .4 2
Mg—span{l,x,x Yy LT LT, Y, XY, Y, Y, LY, Y ,TY Y Y ,T Y,

3 .3 .23 .33 4 _ 4 24 34 5 5 25 6 6 7 _ 7. 8 9
YL,y L,y L,y LY Ty L, TTY LY LYY, TY LY L,y LY Y Y Y,
z,xz,xQz,x?’z,yz,xyz,wzyz,y22,xy2z,x2y22,y3z,:cygz,

2

4 4 5 2 2,22
Y zZ,xY 2,y 2,2,z ,Yz Y 2 }7m3:52~

(6) For a € (%,}—S],

My = 0,mg = 0.
M = span{1,z,y,y* zy},mi = 5.
My = span{1,z, 2% 23y, vy, 2%y, 2%y, v*, 2y?, 229°, v°, vy, v 2yt y°, o,

2,22, Y%, xyz, Y22}, my = 22.

2 3 4 5 2 3 4 5 2 2 2 2 3 2 4 2
M3z = span{l,z,z* 2°, 2%, 2°, y, xy, 27y, x°y, 2"y, 2°y, y*, xy”, 7y~ °y*, Yy~
3 .3 23 33 .4 .4 24 34 5 5 25 6 .6 .26
yo xyt ety Yyt Yty aty ety vy 2ty Yy, ety

3

7 7.8 8 .9 2 2 3 2 2 2,2
Yy,xry Yy ,xryY ,Y ,2,T2,T 2, T 2, Y=, TYZ, T Yz, T Y=,y 2,TY 2, TY %,

3 3 4 4 5 6 2 2 2 2,22
Yy z,xYy =Y 2,2y 2,Y =Y <2 ,r2,Yyz , Yz Yy = })m3:58‘

(7) For a € (%, %],

Mo = O,mo =0.
Ml - Span{17$7y7y27y37$y},m1 = 6.
My = span{l,z, 2% 2% y, 2y, %y, 2%y, v*, 2y, 222, o°, 2, 2297,

3/4, xy4a y57 $y57 y6’ 2, Xz, Yz, XYz, yZZ’ y32’}, ma = 25.

2 3 4 5 2 3 4 5 2 2 2 2 3.2 4 2
M3 = span{l,z,z°, 2%, 2%, 2°, y, xy, x°y, x°y, "y, 2y, y*, vy, x7y", a2y, 2y,

3 3 .,2,3 .33 ,43 4 4 .2 4 3.4 5 5 .,.2,5 .35 ,6 6 .2 6
Yy,ry Ty ,ryY ,ry,y Yy ,ry ,ryY Y,y Ty, rY,Yy,ryY Ty,
2 3 2 3 2 2 2,2
Ry X 2, Yz, XYZ, X Y=, Yz, Y 2, XY 2, LY 2,

2

7 7,8 g8 .9 .10
Yy,xy Yy ,xy Yy .,y ,z,ITz,T
3 3 2,3 4 4 5 5 6 2 2 2
Y 2,2y 2, LY 2,y 2,2Y 2,y 2,2TY z2,Y 2z ,Tz,Yz ,TYz,

v,y 2"}, ms = 64.
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(8) For a € (%, 1],

Mo == O,mo = 0.
Ml - Span{17xayay27y3vy4’$y}7ml =T.
M, = span{1,z, 2%, 2%y, vy, 2%y, 2%y, y*, 2y?, 22y, v°, vy, 2%y, vt oyt 0P, 2y,

YO, 20y, 2 2z, 2, 2y, yP e, v 2, yt 2} me = 28,

— 2 .3 .4 .5 2 3 4 5 2 2 2,2 .3 2 4 2
M3_Span{17$7$ YL X XY, XY, Y, LY, LY, LY, Y XY LY , LY , XY,

3 ,..3,23 .33 43 4 4 24 34 5 5 25 35 6 6 26
Yo,XY XY LY LY LY XY XY XY LY LY Y T Y LYY Y,

3 2 3
2, Yz, XYz, T Yz, T Y=z,

7 7 2,7 8 8,9 9 ,10 , 11 2
Yy,ry ,ry Yy ,ry Yy ,ry Yy Yy ,2,TZ,T 2T
2 2 2,2 3 3 2,3 4 4 5 5 6 6 7
Y2, 0Y 2, Y 2,Y 2, Y 2, Y 2, Y 2, XY 2,Y 2, LY 2, Y 2, LY 2, Y Z,

2 2 2 2,22 3.2 4.2
Z7$Z,Z/Z,$Z/Zayzayzayz}amszm-

Proof. (1) If a € (0, 5], we have

Iy =I, = Ox,
L= Y Oxvj+ Y Ox(fosa—(a+1)adsf)
v;€EO022ta acli (D)

+ Ox(foya — (a+ 1)ady f) + Ox(f0.a — (a+ 1)ad. f)
=((=3a —3)2% — ay® — 9*, (=3ay® — 3y*)z, 22 — 202),
Is= Y Oxvj+ Y Ox(fowa—(a+2)ad.f)

v; €023+ a€lz(D)
+ Ox(foya — (o +2)ady f) + Ox(f0.a — (o + 2)ad, f)
=((902 + 21a + 12)2 + (602y® + 12ay® + 6y°)2? + (—602® — 622)z + oy + 3ay® + 245,
(9a2y? + 24ay® 4 15¢%) 2> + (3a2y® + 60y® + 3y°)x — 3y°2* — 3ay?2?,
(—6y — 6ay)zt + (9a%y* + 21ay® + 12y1)2? + (—6y2? — 6ay2?)z,
(6202 + 18z + 122)2° + 2202y + 62ay® + 4297,
(6zay? + 18zay® + 122°)z,
(—2a — 2)2® 4+ (—2ay® — 2u)x + 4022% + 1002® + 627).

Hence, we can obtain the results by definition.
(2) If o € (&, =], we obtain

1818
IOZOXa
I = Z Oxv; + Z Ox(fora — cady f) + Ox(fOya — aady f) + Ox(f0.a — cad, f)

v;EOZ1ta a€ly(D)
=0x(z,y) + Ox(32% + y°, 2, 2)
:(:'U’ y’ Z)’
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L= Y Oxvi+ Y Ox(fosa—(a+1)ad,f)

v;€0=2+a acly (D)
+ Ox(foya — (a+1)ady f) + Ox(f0.a — (a+ 1)ad, f)

=((=3a — 2)2® — axy® + 22, (=3ay® — 3y*)2?, (—22 — 2a2)z,
(=3y — 3ay)z? — ay® — vt 23 + (=3ay® — 2u%)z + 22, —2y2 — 2ayz,
(=32 — 3az)z? — P2 — a2, (—3y%2 — 3ay’2)x, 23 + iz — 2022 — 22,

I3 = Z Oxvj + Z Ox(fOza — (a+2)ad,f)

v;EO23+a a€lz (D)
+ Ox(foya — (a+2)ady f) + Ox(f0.a — (a+ 2)ad, f)
=((9a2 + 15a + 6)2° + (6a*y® + day® — 2y)2>+
—12022 — 122H)2” + (a*y® + )z — 2222 — 209322,
902y? + 21ay? + 12y%)z* + (3a2y® + 3ay®)z? + (—6y%2? — 6ay’2?)z,
620> + 16za + 102)z3 + (22029 + 4zay® + 22y3)z — 202% — 223,

(
(
(
(—6y — 6ay)x® + (9a2y* + 21ay* + 12y1) 23 + (—6y2% — 6ay2?)a?,
(62a%y? + 18zay? + 1229°) 22,
(=20 — 2)zt + (=20 — 24%)2? + (40222 + 10a2% + 627z,
(9ya? + 21ya + 12y)z* + (602y* + 12ay* + 6y) 2>
+ (—6y2? — 6ayzt)x + o*y" + 3ay” + 247,
(=3 — 3)2° + (9a%y® + 20ay® + 11y*)2® + (—3az? — 32%)2?
+ (3029’ 4 5ay® + 29%)x — 49322 — 40y,
(6yza? + 18yza + 12yz)z? 4 2z02y* + 6zay® + 42y?,
(—120% — 12¢%)z* + (902y° + 150 + 61°)2% + (—12y°2% — 120%2°) 1,
(=22 — 2a2)x® + (6za*y® + 16zay® + 1029°)z — 2a2° — 223,
(—2y — 2ay)z> + (—2ay* — 2y + dya®2? + 10yaz? + 6y2°,
(920% + 21za + 122)2* + (62a%y> + 122a9° + 629°)2?
+ (—6az® — 62%)x + 2a®y® + 3za9° + 2295,
(92a%y? 4 24zay® + 1529%) 23 + (320%y° + 62a9° + 329°)x — 3y°2° — 3oy 23,
(=3a — 3)z° + (—day® — 4y)2® + (6022 + 15a2° + 922)2?
+ (—ay® — Oz 4 202322 + bay®2? + 31322,
(—6yz — 6ayz)zt + (9za2y* + 21zay® + 12292 + (—6y2> — 6ay2®)z,
(=3ay? — 3y%)z* + (=3ay® — 3y°)z? + (6a%y*2? + 150y22% + 9y?2?)x,
(=62 — 6az)x> + (=612 — 6ay®2)r + 40223 + 602® 4 22°).
Hence, we can obtain the results by definition.
(3) If o € (5, 15, We obtain Iy = Ox,
Iy =0yx,

I = Z Oxvj + Z Ox (f0ra — aad, f) + Ox (foya — aady f) + Ox(f0.a — aa0. f)

v;EO21ta a€lp(D)
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=0x(2,y%) + Ox (32% + 3, 29?, 2)

:(x7y27z)7
= > Oxvj+ > Ox(fosa—(a+1)ad,f)
vjEOZZJrO‘ (lEIl(D)

+ Ox(foya — (o + 1)adyf) + Ox(f0.a — (o + 1)ad. f)
=(—3a — 2)z% — azy® + 2%, (—3a® — 3y?)2?, (=22 — 202)z,

(—3ay® — 3y*)a” — ay® — 3, 2y2° + (—3ay® — yh)z + 2y2°, —2¢%z — 20y,

(=32 — 3az)z? — P2 — a2, (—3y%2 — 3ay’2)x, 23 + 3z — 2022 — 2P,

= Z Oxvj + Z Ox(fO0za — (a+2)ady f)

v;EO23+a a€lz (D)
+ Ox (0,0 — (a+2)ad, f) + Ox(f0.0— (0 + 2)ad. f)

=((9a® + 15a + 6)2° + (6a°y® + 4ay® — 2y*)2?
+ (12022 — 122922 + (@®y® 4+ ay¥)z — 29222 — 20322,
(9a2y® + 21ay? + 129%)z* + (3a2y® + 3ay®)z? + (—6y%2? — 6ay®2?)z,
(—6y — 6ay)x® + (9a2y* + 21ay* + 12y 23 + (—6y2% — 6ay2?)a?,
(62a%y? + 18zay® + 1221°) 22,
(62a% + 1620 + 102) 2> + (22029 + 4zay® + 223z — 202% — 223,
(—2a — 2)z* + (=203 — 2y3)2? + (40222 + 10a2? + 622z,
(9a%y? + 21ay? 4 12y2)z* + (6a2y® 4 120 + 6y°) 22
+ (=622 — 60?2%)x + o®y® + 3ay® + 248,
(—6y — 6ay)z® + (9a%y* + 16ay* + Tyt 2> + (—6y2% — 6ayz?)z?
+ (3a2y" 4 day” + y")x — yt2? — say?2?,
(6za2y2 + 18zay® + 122y2)x2 +2202y° + 6zay” + 429°,
225 + (—18ay® — 1433)2* + 42223 + (9a%y® + 9ayS + 295)2?
+ (—14y32? — 18ay®2?)x 4 224,
(—4yz — dayz)z® + (6202y* + 14zay® + 8zyt)x — 4y2® — day2®,
(—2ay? — 292) 23 + (—2ay° — 2y°)z + 402y 2% + 100y 2% + 69222,
(9202 + 21za + 122)2? + (620%y> + 12209 + 629°)2?
+ (—6az® — 62%)x + 2a®y® 4 3za9° + 2295,

(92a%y? 4 24zay? + 152923 + (32a%y° + 62a9° + 329°)x — 3y°2° — 3oy 23,

(=3a — 3)z° + (—day® — 4y)2® + (6022 + 15a2” + 922)2?

+ (—ay® — %z + 202322 + bay®2? + 31322,

(—6yz — 6ayz)zt + (9za2y* + 21zay® + 1229")2? + (—6y2> — 602>z,
(=3ay? — 3%z + (=3ay® — 3y°)z? + (6a%y%2? + 15ay22% + 9y*2?)x,
(=62 — 6az)z> + (6132 — 6ay®2)x + 40223 + 6023 + 223).
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Hence, we can obtain the results by definition.
(4) If o € (3%, ], we obtain

187 181
Iy =0x,
L= Y Oxvi+ Y  Ox(fosa—aadyf)+ Ox(foya— cadyf) + Ox(fd.a — aad.f)
v;€EO21+ta a€ly(D)

=0x (zy,9%) + Ox (322 + 1, xy?, 2)

=(a®, 2y, 2),
I = Z Oxv; + Z Ox(fora — (a4 1)ady f)
v;€EOZ2ta a€li(D)

+ Ox(f0y0— (a+ 1)adyf) + Ox (0.0 — (o + 1)ad.f)
=((=3a — Dzt + (4 — ay®)2? + 222z, (—3ay® — 3y%)23, (=22 — 202) 22,

(—2y — 3ag) x> + (—ay)x + y22, 2 + (=3ay® — 2y3)2? + 222, (—2yz — 2ay2)z,
(—3ay® = 3y")a? — ay® — ¢, 2y2” + (=3ay" — yh)z + 2927, —2y°2 — 2092,
(=32 — 3az)z? — y*2 — a2, (—3y°%2 — 3o 2)z, 23 + Pz — 2022 — 22),

Is3= Y Oxvi+ Y Ox(fo.a—(a+2)ad.f)

vjEOZ3ta a€lz(D)

+ Ox(f0,a— (a+2)ad, f) + Ox(f0.a — (a +2)ad. f)
=((9a% + 9 + 2)2% + (6a%y® — 4ay® — 61°)z* + (=182 — 142%)23

+ (%y° — ay®)a® + (—day’2?)z + 22,

(9a%y? + 18ay? + 9y*)2° + (30y® — 3y°)2® + (—9y%2 — 9ay?2?) 22,
(6202 + 14z + 82)zt + (2202 + 2za0®)2? + (—4a2® — 423z,
(—6y — 6ay)z’ + (9a%y* + 21ay? + 12y")2? + (—6y2? — 6ay2?)a’
(6z02y? + 18zay® + 122y%)23
(—2a — 2)2° 4 (—2a® — 2y%)2® + (40”2% + 10a2? + 62%)2?
(9ya® + 15ya + 6y)z° + (6a’y* + 4oy — 2yt 4+ (—12y2% — 1202?22
+ (%" + ay")x — 2y*2% — 20922
(=3 — 2)2% + (9029 + 17ay® + 10y3)2? + (=30a2? — 2%)a3

+ (3a%y% + 2ay%)2? + (—=5y®2? — Tay %)z + 24,
(6yza® 4 16yza + 10y2)x> + (2za%y* 4 4zay? + 229"z — 223 — 2023,
(=120 — 129%)2° + (9a%y® + 15ay® 4 6y°)2® 4+ (—12y%2% — 1209 2%)2?
(=22 — 2az)z* + (6za%y® + 16205 + 102y°)2* 4 (—2a2° — 227z,
(—2y — 209)z + (—2ay* — 2y1)2? + (4ya’2? + 10yaz? + 6y2?)z,
(9a2y? + 21ay® 4+ 129z + (6a2y® + 12ay” + 6y°)2>
+ (=6y%2% — 60y 2%z + ®9® + 3ay® + 248,
(—6y — 6ay)x® + (9a2y* + 16ay® + Tyh)z® + (—6y2? — 6ayz?)z
+ (302y" + day” + 9"z — 5yt2? — 5ayts?
(62a%y? + 18zay? + 1229°) 2% + 2202y° + 6zay® + 421°,

2
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220 4+ (—18ay?® — 14y%)z? + 42223 + (9%9° + 9ay® + 2¢5)2?
+ (—14y32% — 18ay®2?)x + 224,
(—dyz — dayz)z® + (6za2y* + 14zay* + 82yt x — 4y23 — day 23,
(—2a? — 292) 23 + (—2ay® — 2y°)z + 402y 2% + 100?22 + 612 2>
(92a% + 21z 4 122) 2 + (620%y° + 12zay® + 6213)2?
+ (=6a2® — 623)z + 202y’ + 32095 + 2295,
(9202y? + 24zay® + 152y%)2> + (3202y° + 62a9° + 32°)z — 3223 — 3ay?23,
(=3a — 3)z° + (—day® — 4y3)2® + (6022 + 15a2% 4 92°) 2>
+ (—a — %)z + 202322 + 5ay32? + 3y 22
(—6yz — 6ayz)zt + (9202y* + 21zay® + 122422 + (—6y23 — 6ay2>)z,
(=3ay?® — 3y°)xt + (—3a1® — 39°)2% + (602y%22 + 1509222 + 9222z,
(=62 — 6a2)z> + (=632 — 6ay®2)x + 40°23 + 602> + 22°).

Hence, we can obtain the results by definition.

(5) If a € (%, 1], we obtain

IO :OXa
I = Z Oxvj + Z Ox (f0za — cady f) + Ox (foya — cadyf) + Ox(f0.a — aad. f)

Uj6021+a a€lp(D)

=0x(zy,9%) + Ox (322 + v, 2y?, 2)

=(2%, 2y,y°, 2),
L= Y Oxvj+ Y Ox(fosa—(a+1)ad.f)
v;€EO22ta acl; (D)

+ Ox(foya — (a+1)ad, f) + Ox(f0.a — (a + 1)ad, f)
=((—=3a — 1)zt + (v° — ay®)2? + 22%x, (—3ay® — 3y?)23, (—22 — 2a2)z?,

(—2y — 3ay)2® + (—ay®)z + y22, 2* + (=3ay® — 2¢y°)2* + 2%, (—2yz — 2ay2)z,
(=3ay® — 3y%)z? — ay® — 4%, 323y? — 3axy® + 39222, —232 — 20?2,

(=32 — 3az)z? — P2 — a2, (—3y%2 — 3oy 2)x, 23 + Pz — 2022 — 2?),

Is= Y Oxvj+ Y Ox(fosa—(a+2)ad.f)

v;E0Z3+a aclz(D)
+ Ox(foya — (a+2)ad, f) + Ox(f0.a — (o + 2)ad, f)
=((9a% + 9 + 2)2% + (6a%y® — 4ay® — 6y3)z? + (=182 — 142%)2?
+ (0?9 — ay®)2? 4 (—day®2)x + 224,
9a2y% + 18ay® 4+ )z’ + (30y° — 3y°)x> + (—9y22% — 9ay?2?) 2,
6202 + 14za + 82)x* + (22029 + 2za9®)2® + (—4az® — 42%)z,
6y — 6ay)x® + (9a2y* + 21ay? + 1201zt + (—6y2% — 6ay2?)a?
6za’y? + 18zay? + 1221%)z3
2a — 2)2° 4+ (—2ay® — 2y3)23 + (40%2? + 10a2? + 622)2?
9ya’® + 15ya + 6y)z° + (6a%y* + 4ay® — 2yh)2® + (—12y2% — 12ay2?)2?

(
(
(=
(
(=
(
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+ (a?y" + ay")x — 2y* 2% — 209122,
(=3 — 2)2° + (909> + 17ay® + 10y3)z* + (—3a2? — 22)23
+ (302y5 + 2a9%)2? + (=5y32% — Tay32%)x + 24,
6yza? 4+ 16yza + 10y2)z® + (2za%y* + 4zay® 4+ 2291z — 223 — 2023,

12a% — 12y%)2° 4 (9095 + 150° + 63°) 23 + (—12¢%22 — 12022222,

(
(_
(=22 — 2az2)zt + (6202 + 1620 + 10293) 2% + (—202° — 2231,
(—2y — 2ay)zt + (—2ay? — 2y 2? + (4ya?2® + 10yaz? + 6y2%)z,
9%y + 21ay® + 12y3)2* + (602y°® 4 12a9° + 6y%)22

+ (61322 — 60132%)x + o®y° + 3a® + 2¢/°,

(—9ay? — 9y*)x® + (902y° + 12a° + 3y°)2> + (—9y22% — 9ay?2?)a?
+ (3a2y® 4 3ay®)z — 6y°22 — 60ay® 22,

(6za2y3 + 18zay® + 12zy3)x2 + 22029° + 620y + 4295,

6y’ + (—24ay? — 12y 4 1292223 + (902y™ + 3ay™) 2>

+ (—12y%2% — 240yt 2%z + 6y2*,

(—6y?z — 6ay?2)x> + (62a%y® + 12z09° + 62y°)z — 632> — 60?23,
(=20 — 29) 23 + (—2a9% — 299z + 402y32% + 10ay>2? + 69> 22,
(9202 + 21za + 122)2 + (62a%y> + 12zay® + 629°)2?

+ (=602 — 62)x + 2%y + 3za9° + 2295,

(9za%y? 4 24zay? + 1529%) 23 + (32a%y° + 6za9° + 329°)x — 3y°2° — 3oy 23,
(=3a — 3)z° + (—4ay® — 4y®)2® + (6022 + 15a2% 4 92°) x>

+ (—ay® — )z + 202322 + 5ay2? + 31322,

(—6yz — 6ayz)zt + (9za2y* + 21zay® + 1229")2? + (—6y2> — 6ay2®)z,
(=3ay? — 3y%)xt + (=3ay® — 3y°)2? + (6a%y%2? + 150222 + 9y?2%)x,

(=62 — 6az)z> + (6132 — 6ay®2)x + 40223 + 6023 + 22°).

Hence, we can obtain the results by definition.
(6) If a € (1%, 23], we obtain
Iy =0x,
I, = Z Oxv; + Z Ox(fora — cady f) + Ox(fOya — aady f) + Ox(f0.a — cad, f)

v;e0>1+0 a€lo(D)

=0x(y*) + Ox(32° + y°, 2y, 2)

=(2%,2y%, °, 2),
L= Y Oxvj+ Y Ox(fosa—(a+1)ad,f)
1)j€022+0‘ aGIl(D)

+ Ox(foya — (a+1)ady f) + Ox(f0.a — (a + 1)ad. f)
=((=3a — D2t + (v® — ay®)a? + 2222, (=3ay® — 3y?)23, (—22 — 202)2?,
(—3ay® — 2y°)a” + (—a®)z + y°2°, 2ya’ + (=3ay® — y*)2® + 2y22®, (—29°2 — 200°2) 1,
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(—3ay3 - 3y3)x2 —ay® — 9%, 323y — 3axy® + 3y222, 232 — 20032,
(=32 — 3az)z? — P2 — a2, (—3y%2 — 3ay?2)x, 23 + 3z — 2022 — 22,

= Z Oxvj + Z Ox(foza — (o +2)ads f)

v;€023+a a€ls(D)
+ Ox(f0ya — (a +2)ady f) + Ox (f0.a — (o + 2)ad: f)
=((9a2 + 9 + 2)z% + (6a%y® — 4ay® — 6y3)z* + (=182 — 142%)2?
+ (%9 — ay®)2? + (—dayP2®)x + 224,
(9a2y® + 18ay? + 9y?)z® + (30%y° — 3y°)2® + (=99 2% — 9ay?2?)a?,
(6za% + 14za + 82)zt + (220243 + 2za1®)2? + (—4az® — 423z,
(—6y — 6a) x5 + (9a2y* + 21ay* + 129z + (—6y2% — 6ay2?)x?,
(62a%y? + 18zay? + 1229°) 23,
(—2a — 2)2° + (=203 — 2y3)23 + (40222 + 10a2? + 622)2?,
(9a%y? + 15ay? 4 6y%)25 + (60%y° + day® — 2y°)a®
+ (—12922% — 120022222 + (®y® + ay®)z — 20722 — 2022,
(—4y — 6ay)z’ + (9a%y* + 13ay® + 8yt)zt + (—2y2% — 6ayz?)2®
+ (3a2y" 4+ ayM)a? + (—4y*2? — Say*2?)x + 2y24,
(6za%y?* 4 16zay® + 102y%) 2> + (220%y° + 4za® + 229°)x — 2% 25 — 20° 23,
227 + (—18ay® — 1433)2® 4 4222 + (9a%y® + 9ayS + 295)2®
+ (—14y322 — 18ay®2?)2? + 22z,
(—4yz — dayz)zt + (6202y* + 14zay® + 82yt z? + (—4y2® — 4ay2®)z,
(—2ay? — 2072 + (—200° — 29°)2% + (4a2y?22 + 100?22 + 64222z,
9%y + 21ay® 4 12y3)2* + (6029 + 12a/° + 64°)22
+ (=6y%22 — 602z + ®y° + 3ay® + 207,
(—9ay? — 99%)2° + (9a%y® + 12a9” + 3y°)2® + (—9y°2% — 9oy 2?)2?
+ (30%9® + 3ay®)x — 6y°22 — 6y’ 22,
(62a2y3 + 18za® + 122y3)$2 + 220245 + 6200 + 4295,
6yxS + (—24ay® — 12912t + 1292223 + (9a%y™ + 3ay")2?
+ (—12y%2% — 24ay*2?)z + 6y,
(=622 — 6ay’2)x> + (62a%y° + 12za1° + 62°)z — 6y°2° — 6ay>2>,
(=203 — 292) 23 + (—2a9° — 2y5%)z + 402322 + 10022 + 69322,
(920 + 21za 4 122) 2 + (620> + 12zay + 62¢%)2?
+ (—6az® — 62%)x + 2a’y® + 3209 + 2295,
(92a%y? 4 24zay? + 1529223 + (32a%y° + 62a9° + 329°)x — 3y°23 — 3o 23,
(=3 — 3)2® + (—day® — 4y3)2® + (60222 + 15022 + 922)2?
+ (—ay® — )z + 202322 + bayB2? 4 3322,
(—6yz — 6ayz)zt + (9202y* + 21zay® + 122922 + (—6y23 — 6ay2>)z,
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(=3ay? — 3y%)xt + (=3ay® — 3y°)2? + (6a%y%2? + 1509222 + 99?2,
(=62 — 6az)z> + (6132 — 6ay®2)x + 40%23 + 602> + 223).

Hence, we can obtain the results by definition.

(7) If o € (12, 1], we obtain

Iy =0y,
I = Z Oxvj + Z Ox(fOra — cady f)

v;EOZ1ta a€ly(D)
+ Ox(foya — aadyf) + Ox(f0.a — aad, f)
=Ox(y") + Ox (32 + v, 2%, 2)
=(32% 4 3, x%, 2, 2),
L= Y  Oxvi+ Y Ox(fosa—(a+1)ad,f)

v; €022t a€li(D)
+ Ox(fdya— (a+ 1)ad, f) + Ox(fo.a — (a +1)ad. )
=((=9a — 3)zt 4+ (—6ay®)2? + 622z — ay® — b, (—9ay® — 6y?)2® + (—3ay®)x + 3y222,

—62 — 6a2)x? — 2%z — 201z, (—3ay? — 2%) 23 + (—a®)x + Y222

( Y y 2, (=3ay” — 2y y Y27,

2yzt + (—3ay? — yMa? + 2yx2?, (—29%2 — 2ay°2)x,

(—3ay® = 3y")z” —ay” — oy, 4% + (1° — 3ay®)x + 4°2%, -2z — 20y,

(=32 — 3az)z? — ¥z — ay®z, (—3y%2 — 3ay’2)z, 23 + yir — 2027 — 27,

13 = Z OXUj + Z OX(faza - (Oé + 2)&633]0)

v;€O023+a a€lz(D)
T Ox(fOya — (@ +2)ad,f) + Ox(f0.a — (o + 2)ad.f)
=((2702 + 27a + 6)2° 4 (270y> + 9ay® — 6y3)2? + (—5daz? — 4222)2°
+ (902y® 4+ 9ay® + 6y%) 2% + (—612% — 18ay32%)z + ®y® + 3a® + 2% + 62%,
(270%y? + 4505? + 18y*)z° + (18a2y° + 12ay° — 6y°)z>
+ (—36y%2% — 360y 2%)2* + (30%y® + 3ay®)x — 6y°2% — 6y’ 22,
18202 + 42z + 242)z* + (122023 + 24z + 12293)2?
( y y y
+ (—1202% — 122%)x + 22025 + 62095 + 4295,
(—12y — 18ay)z’ + (27a2y* + 39ay® + 24y*)a? + (—6yz? — 18ay2?)a?
+ (9a2y™ 4 3ay")z? + (—12y*2% — 24ay*2?)x + 6y2*,
(18z02y? + 48zay® 4 30zy?)z® + (6202y° + 12209 + 629°)x — 6y° 2> — 623,
(—6a — 6)z° + (—8ay® — 8y3)2® + (12022% + 30az® + 1822) 2% + (—2ay® — 252
+ 402y32% + 100322 + 6122,
(902y? + 150y + 6y2)z° + (6a%y° + 4ay® — 2y°)2>
+ (—12y%2% — 12092 2% 2% + (0*y® + ay®)x — 29722 — 209722,
(—4y — 6ay)z’ + (9a2y* + 13ay® + 8yh)z* + (—2y2° — 6ay2?)z>
+ (302y” + ay")a? + (—4y*2? — 8ay?2H)x + 2y2*,
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(62a%y? 4+ 16zay? + 102923 + (22a%y° + 4zay® + 229°)x — 2% 23 — 20?23,
227 + (—18ay® — 14y%)2° + 422" + (9a%y°® + 9ay® + 2¢5)23
+ (—14y32% — 18ay®2?)2? + 22z,

(—dyz — dayz)zt + (6za2y* + 14zay® + 82yh)z? + (—4y2® — 4ay2®)z,
(—20? — 2%)a + (—2a0® — 29°) 22 + (402?22 + 100?22 + 6222z,
(902y* + 21ay* + 1201zt + (602y" + 12ay" + 6y )z? + (—6y*2? — 6ay*2?)z
+ 0?10 4 3ay10 4 2410

(=120 — 12¢)2° + (9025 + 8ay® — 35)2® 4+ (—12¢°2% — 120332?) 2

+ (302y? + 20 — 32 — Ty®2% — TayS22,

(62a2y4 + 182ay4 =+ 122y4)x2 + 2z042y7 + 6zo¢y7 + 4zy7,

120225 + (=30ay® — 6y°)z* + 24922223 + (902y® — 3ay®)a?

+ (—=6y°22 — 30ay’ )z + 12224,

(=8y3z — 8ay®2)a + (62a%y°® + 10208 + 42y5)x — 8y32% — 8ay®2?,

(—2ay® — 20123 + (20" — 2y )z + 4a%y*2% + 10ay*2? + 63122,

(9202 + 21za + 122)2 + (62a%y> + 12zay® + 629°)2* + (—6az® — 62°)z

+ za2y8 + 3zay® + 2245,

(9za%y* 4 24zay? + 1529%) 2> + (32a%y° + 62a9° + 329°)x — 3y°2° — 3ay? 23,
(=3a — 3)z° + (—day® — 4y®)2® + (6022 + 15a2* 4 92°) x>

+ (—ay® — )z + 20232 + bay®2? + 3y 22,

(—6yz — 6ayz)zt + (9za2y* + 21zay® + 12292 + (—6y2> — 6ay2®)z,
(=3ay? — 3%zt + (=3ay® — 3y°)2? + (6a%y%2? + 1509222 + 9y?2%)x,

(=62 — 6az)z® + (—6y>2 — 6ay®2)x + 40223 + 602> + 22°).

Hence, we can obtain the results by definition.
(8) If a € (1L, 1], we obtain

Iy
I

Iy

18>

:OXa
= Z Oxv;j + Z Ox(fora — cady f) + Ox(fOya — aady f) + Ox(f0.a — cad, f)

v;EOZ1ta a€ly(D)
=(32% + 3%, 2°, 2),
= > Oxvj+ Y Ox(fdsa—(a+1)ad,f)

v;€EO22ta a€l1 (D)
+ Ox(f0ya — (a + 1)ady f) + Ox(f0.a — (a + 1)ad; )
=((=9a — 3)zt 4+ (—60a3>)z? + 622z — ay® — 5, (—9ay? — 6y?)z® + (—3ay®)x + 3y%22,
(=62 — 6az)z? — 2y32 — 20032, (—3ay? — 2y + (—ay®)z + y?22,
2yzt + (=3ay* — yM)a? + 2yz2?, (2% 2 — 20922z,

(=32 — 3az)z? — ¥z — a2, (=312 — 3o 2)z, 23 + Pz — 2022 — 22),



42 GUORUI MA, YANG WANG, STEPHEN S.-T. YAU, AND HUAIQING ZUO

I3 = Z Oxvj + Z Ox(foza — (o + 2)ad, f)

v;€0=3+a aclz(D)
+ Ox (0,0 — (@ +2)ad, ) + Ox (-0 — (o +2)ad )
=((270® + 27a + 6)2°® 4 (27a%y> + 9ay® — 6y3)2? + (—5daz? — 4222)2% + (9a2y°
+ 9ay® + 6y5)z% + (—6y32% — 18ay>2H)x + y® + 301 + 2¢° + 62,
(270%y? + 450? + 18y?)z° + (18a2y° + 12ay° — 61°)z3 + (—361°2% — 36ay*2?)z>
+ (30y® + 3ay®)x — 6y°2% — 6y’ 22,
(—12y — 18ay)z® + (27a%y* + 39ay? + 24y*)z* + (—6y2? — 18ay2?)z?
+ (902y" + 3ay")x? + (—12y*2? — 24y 2%z + 6y22,
(18202 + 42za + 242)2* 4+ (122029 + 24zay® + 1229°)2? + (—1202° — 1223z
+ 220295 + 62018 + 4295,
(18z02y? + 48zay? + 30zy2)z® + (6202y° + 12zay” + 629°)x — 6y%2° — 6ay? 23,
(=6 — 6)2° + (—8ay® — 8y)2® + (120222 + 30az* + 1822)z?
+ (=20 — 202 + 402222 + 100322 + 61322,
9%y + 15ay® + 6y%)x® + (6a%y° + day® — 2y°)2 + (—12y%2% — 120%2°) 2
+ (@®y® + ay®)x — 29527 — 209522,
(—4y — 6ay)z’ + (9a%y* + 13ay* + 8y*)zt + (—2y2% — 6ay2?)a®
+ (3a2y" 4+ ayM)a? + (—4y* 22 — Say*2?)z + 224,
(6za%y* 4 16zay® + 102y%) 2> + (22%y° + 4zay® + 229°)x — 2% 23 — 20923,
227 + (—18ay® — 149°)2® + 4222 + (9a2y°® + 9ay® + 29%)2% + (—14y°22 — 18y 2%)x? + 2241,
(—4yz — dayz)zt + 6202y + 14zay® + 82yt z? + (—4y2® — day23)z,
(—2ay? — 2072 + (—200° — 29°)2% 4 (4a2y?22 + 100?22 + 64222z,
(9202 + 21za + 122)2 + (62a%y> + 12zay® + 629°)2? + (—6az® — 62°)z
+ za2y% + 3zay® + 2245,
(92a%y? 4 24zay? + 1529%) 23 + (32a%y° + 6za° + 329°)x — 3y°23 — 32?23,
(=3a — 3)z° + (—4ay® — 4y®)2® + (6022 + 15a2% 4 92°) x>
+ (—ay® — )z + 202322 + 5ay2? + 3y 22,
(—6yz — 6ayz)zt + (9za2y* + 21zay® + 1229")2? + (—6y2> — 6ay2®)z,
(=3ay? — 3%zt + (=3ay® — 3y°)2? + (6a%y%2? + 1509222 + 9y*2%)x,
(=62 — 6az)z> + (6132 — 6ay®2)x + 40223 + 6023 + 22°)

Hence, we can obtain the results by definition. O

Proposition 3.5. Let f(x,y,2) = 23 + y° + 22 be Eg type singularity. Let H = {f = 0} be an
integral and reduced effective divisor defined by f. And D* = aH where o € QN (0,1]. Then the
first four Hodge moduli algebras and Hodge moduli numbers are given as follows.
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1
(1) For a € (0, 53],

MO:M1:O,m0:m1:O.
M, = span{1, z,y, vy, %, 2y%, v°, 2y*}, me = 8.
Mj = span{l,z, 2%, 2%y, vy, 2%y, 2%y, v*, 2y?, 2°y%, 2392, 3 2y®, 2%y, o, oyt

y5’ xy57 y67 xy67 y77 xy’?? y87 z? :UZ, yz7 xyz7 y227 xy2z7 y3z7 xysz}7 m3 = 32'

(2) For o € (4, %)

My = 0,mg = 0.

M; = span{1},m; = 1.

My = span{1,z, 22, y, zy, yv*, xy*, v°, z®, 9y, 2}, mo = 11.

Ms = span{1, z, 22, 23, 2%y, zy, 2%y, 23y, 92, xy?, 22, 2292, o2, wy®, 223, 23,
yt ooyt 2yt 0 ay® S ST a8, 2 ws, 222 gz, ayz, v, Pz,

y3Z, l‘y3Z, y4Z7 Z2}7 m3 = 38.

(8) For a € (%, %],

My = 0,mg = 0.

M; = span{l,y},m; = 2.

My = span{1, z, 22, y, zy, 2%y, v*, v°, 3, 2y, y*, 0P, 2, 2}, mo = 14.

Ms = span{1, z, 22, 23, %y, xy, 2%y, 23y, 'y, 2, xy?, %92, 2392, 3, 2y, 223, 233,
vt oyt 2yt 0 wyd 22yt 00, Sy ey R 0 2wz, e gz, wyz, 2Py, v, 1y 2,

y327 xy3’27 y4Z, 3/52, 227 yZQ}a m3 = 44.

(4) For a € (%,%],

My = 0,mg = 0.

M, = span{l,z,y,zy},m = 4.

My = span{l,z,2%, 2%y, xy, 2%y, y%, ay?, o wy® ' oyt 0%, 2y, 0,
z,x2,yz, xyz}, ma = 20.

3

2 4 5 2 3 4 2 2 2 2 3.2 3 3 2. 3 3. 3
M3z = span{l,z, 2", 2%, 2%, 2°, y, xy, a7y, x°y, 2"y, y°, xy”, o7y", °y*, y°, 2y, vy”, 20y°,

4 4 .2 4 3.4 5 5 2,5 6 6 2,6 7 7,8 8 ,9 9 .10
Yy,2y .Yy Y,y ,ryY ,xY Y,y Yy Ty Y, TY Y ,TY Y

2 3 2 2 2 3 3 4 4 5 5 6
By L2y X2, X 2, Yz, XYZ, X Y=, Y 2, XY 2, Y 2, TY =2,Y 2, XY 2,Y 2, TY =,Y %,

22 y2%, w22, 1y}, my = 56.
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(5) For o € (55, 551

My =0,mg=0.

My = span{1, z,y,y*},m; = 4.

My = span{l,z, 2%, 2%, y, vy, 2%y, y*, 2y®, 9%, v°, wy® y' ey 00, 0P,
z,x2,y2,y° 2}, mg = 20.

My = span{1, z,z°, 2%, 2%, 2%y, zy, 22y, 23y, 2y, 2, 292, %92, 2392, xty?,

BB a2, B3Ryt a2yt Pyt P P, 12 S a2y

zy” 8, 2B, 0 10, 2 e, 222, 32, yz, myz, 2y z, Pz, gt e, 2ty 2,

2

3 3 4 4 5 6 2 2,22 _
Yz, TY 2,y 2,XY =2,Y 2,y 2,2, T2, Yz, Y 2 }7m3_56'

(6) For o € (%, %],

M() == 0, moy = 0.
M, = Span{la'xaya y2a$y}aml =5.
M, = span{l,z, 2%, 2%y, vy, 2%y, 2%y, v*, 2y*, 2°y*, v, o°, v, oyt o0 2y, o,

2,2, Yz, TYz, Y22}, mo = 23.
3.4 .5 2 3. A 5 .2 92 29 39 4 2
,.'L',ZE,y,lﬂy,l'y,l'y,l'y,xy,y,x'y,ZL‘y,l’y,.’L‘y,
3,.3.23 .33 4 4 24 34 5 5 25 35 6 6 26 7
y,ry,ry,ry,y,ry ,rYy ,rY Yy ,ry ,ry,ry.,y,ry,ry.,y,
3

M3 = span{l,z,z°, z

7,8 8,9 9 .10 2 2 3 2 2 2,2
Yy Y ,xY Y Y Y 2, X2, T 2, T 2, Yz, XY=, " Yz, L Yz, Yy 2,TY 2,T°Y %,

2

3 3 4 4 5 5 6 2 2 2 2.2 o
Yo, xy 2y, ay 2,y ayt e,y 2, 20 et y2t eyt YT 2T ms = 62.

(7) For o € (%, %],

Mo == O,mo =0.
Ml = span{l,:c,y,xy, yQayg}vml = 6.
M, = span{1,z, 2% 2%y, vy, 2%y, 2%y, y*, 2y?, 22y, v°, vy, 2%y, vt oyt 0P, 2P, 0, o

2 3
2,T2,Yyz, TYz, Yy z,y° 2}, mg = 26.
3 .4 .5 2, .3 .4 .5 .2 92 292 39 492
7'1:7$?y7$y7$y7l'y7xy’xy’y7xy7$y’xy7'1"y7
3 .3 ,2,3 ,33 .43 4 .4 2.4 3 4 5 .5 .25 35, 6,6 .26 7
YL,xy L,y LTy, Y,y L,y Y Y LY LTy L, TTY Y LY,y Y Y,
2

M3 = span{l,z,z°, z
7.2 7.8 8.9 .9 10 11 3 2 3
xy ’a’: y 7y 7xy 7y ’xy 7y 7y 727 a’:z?m Z7$ Z’ yz7 xyz’x yz’x yZ’
2 2, 2.2 3 3. .23 4 4, .5 5, .6, .7
Y z,TYy 2,0Y 2,Y 2,2Y 2,TY 2,Y 2,2Y =2Y 2ITY 2YzY =z,

2 2.2 2 .22 3.2
2% w2t Yzt xyz, y 2%,y 27, my = 68.

(8) For o € (%, %],

MO == O,mo =0.
Ml = Span{laxaya xy,y2,xy2,y3},m1 =1.
M, = span{l,z, 2%, 2%y, vy, 2%y, 2%y, y*, xy?, 2%y, 2392, 3, 2y®, 227, vt oyt o0 2P,

YO, 2y0 Y7, 2z, 12, y2, wyz, YR, wyP 2, P2}, mo = 29.
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3.4 .5 2, .3, .4 .5 .2 92 22 32 4.2 5 2
7x7$7y7$y7xy7my7xy7xy’y’xy7$y7xy7$y7xy7

3 .3 .23 .33 43 4 4 24 34 5 5 25 35 6 6 26 36 7
YLxy ,ry Ty ,ry,y ,ry ,ryY ,xY Y ,rY Y T Y YTy ,rY Yy,

7 2,7 .8 8 .9 9 .10 10 11 2 3 2 3
xy ,xYy Yy ,rYy Yy ,ryY Yy XY Y ,2,TZT 2T 2, Yz, TYZ, T Yz,T Yz,

M3 = span{l,z,z°, z

2 2 2,2 3,2 3 3 2,3 4 4 5 5 6 6 7
Y 2,0y 2,0 Y 2,0°Y 2,Y 2, LY 2, Y 2,Y 2, XY 2,Y 2, LY 2,Y 2, LY 2, Y Z,

2 2 2 2 2.2 22 32 _
2% w2® Yzt xyzt Ytz wy 2t Y2t me = T4.

(9) For a € (2,1],

My =0,mg=0.
M = span{l,x,y,xy,yQ,xy2,y3,$y3},m1 =38.
My = span{1, z, 22, 23y, vy, 2%y, 23y, 9y?, xy?, 22y%, 2392, o3, 2y, 223, v, 2yt
v xS,y xSy ayT S, 2wz yz, ayz, v eyt P2, wyB 2}, me = 32
Ms = span{1, z, 22, 23, 2%, 25 y, zy, 2%y, 23y, 2y, 25y, v, 292, 229,
P2 a2 B R a2, iy, w oyt iyt a2y
B a1y, 18Py w22y, P,y myT 22yt o a2
v, 2y?, yt0, ayt, gt aytt y'2, 2 az, 2?2, 132, yz, ayz, 2ty z, 2Py,
vz, aytz, iyt Byt R, wyt e, 22yR 2, vt wyt e, v 2, a2, B 2, ayBz,
2

7 7 8 2 2 2,22 2.2 3.2 3.2
Yy e,y 2y 22,2 ,Yz XYz Yy 2, TY 2 Y 2,xY 2 }7m3:80-

Proof. (1) If a € (0, 2], we obtain

) 30
Iy =I, = Ox,
L= Y Oxvi+ Y Ox(fowa—(a+1)ad,f)
v; €022+« a€l (D)

+ Ox(fOya — (a +1)ady f) + Ox(f0.a — (a + 1)ad; )
=((=3a — 3)2?, —5ay? — 5y, =22 — 202)
I3 = Z Oxvj + Z Ox(foza — (a+2)ad, f)

v €0>3+a a€lx(D)
+ Ox(f9,a— (a+2)ad, ) + Ox(fo.a — (0 + 2)ad. f)
=((90? 4 21 + 12)2t 4 (—6ay® — 6a2? — 6y° — 622z,
(1502y* + 450y + 30y 22, (6202 + 182ar + 122) 22,
(—20ay® — 2053) 23 + 2502y® + 55ay® — 200> 2% + 30y° — 204322,
10z02y* + 30zay® + 202y, (—20 — 2)2® + 40222 — 2ay” + 10a2? — 2y° + 622).

Hence, we can obtain the results by definition.
(2) fae (%, %], we obtain
Iy =0x,
L= Y Oxvi+ Y Ox(fosa—0adf)+ Ox(foya— cadyf) + Ox(fd.a — aad.f)

v;EO21ta a€lo(D)
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:OX(x’ y) + OX(‘T2a y4a Z)

:OX(x’y>Z)>
L= Y Oxvi+ > Ox(fowa—(a+1)ad,f)
v;EO22ta a€l (D)

+ Ox(f0,0— (@ + 1)ad, ) + Ox (0.0 — (a + 1)adsf)
=((=3a —2)z® +9° + 22, (=5ay* — 5yh)z, (=22 — 202)z,
(=3y — 3ay)z?, 2> + 22 — 49° — 5ay®, —2yz — 20z,
(=32 — 3az)x?, —5y'z — bayz, 23 + 9 — 202% — 2?),
Is= Y Oxvi+ > Ox(fowa—(a+2)ad,f)

v;€0Z e a€lx(D)

+ Ox(foya — (o +2)ady, f) + Ox(f0.a — (o + 2)a0. f)
(15a%y* 4+ 40ay* + 25yH) 23 — 5y*2? — 5ay® — 59 — 5ay* 22,

(—20ay® — 201%)x* + (250%9® + 5501° — 200322 + 30y° — 204222z,
(62a% + 1620 4 102) 23 — 2023 — 22 — 223 — 209”2,

(10za%y* + 30zay? + 202yh)z,

(—2a — 2)a + (4022 — 209° 4 10a2? — 2y° + 622)z,

(9ya® 4 21ya + 12y)z* + (=60’ — 6y2% — 6y° — 6ayz?)z,

(=3 — 3)z® + (1502y° + 42ay5 —3az? +27y° — 32%)a?

(—30ay® — 30y 23 + 2502%y° + 4509° — 30ay? 22 + 20y° — 304422,
(6yza® 4 18yza + 12y2)x?

(=22 — 2a2)x® + 10a2y° 2 + 28ay5z —202% + 18y°2 — 223,

(—2y — 2a) x> + 4a’y2? — 205 + 10ay2* — 25 + 6922,

(9202 + 21z + 122)2* + (=602 — 6y°2 — 62° — 6ay’2)z,

(15z0y* + 45zay™ + 302yt) 2>

(—20y32z — 200> 2) 2> + 250°y%2 + 55ay®z — 20032 4 30452 — 204323,
(—3a — 3)3: + (60222 — 3ay® + 1502 — 3y° + 92%)2?

(=5ay? — 5yH) a3 + 10a2 422 — 5ay® + 25aytz? — 5yY + 15422

(-

6z — 6a2)x + 40%2% — 6ay’z + 60z — 6y°z + 22°).

Hence, we can obtain the results by definition.

(3) If a € (55, 53], we obtain

Iy =0x,
I = Z Oxv; + Z Ox(fora — cadyf) + Ox(fOya — aady f) + Ox(f0.a — cad, f)

v;€OQZ1+ta a€lo(D)
:OX(CU, y2) + OX(an y4a Z)
:OX(:L" 3/27 Z),
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L= Y Oxvi+ Y Ox(fosa—(a+1)ad,f)

v;€EO22ta acl; (D)
+ Ox(foya — (a+1)ady f) + Ox(f0.a — (o + 1)a0. f)
=((=3a — 2)2® +9° + 22, (=bay* — 5yh)z, (=22 — 202)z,
(=3ay? — 3y°)2?, 2yx® + 2y2% — 5ay® — 3y°, —2%2 — 209° 2,
(=32 — 3az)z?, —5ytz — baytz, 23 + ° — 2022 — 2?),
Ii= Y Oxvi+ Y Ox(fosa—(a+2)ad,f)

v;EOZ3+a a€lz (D)
+ Ox(foya — (o +2)ady f) + Ox(f0.a — (o + 2)a0. f)
(9% + 150 + 6)2° + (—1209° — 1202 — 12y — 122%)2?
1502y* + 40ay® + 25y 23 — 5yt2? — 5ay® — 5y° — Sayt2?,

200> — 2053)z* + (2502y° + 55018 — 20ay®2? + 30y° — 20327z,
6202 + 16za + 10z)a: — 2023 2y52 — 223 — 2ay5z,
10za2y* + 30zay® + ZOZy )z,

20 — 2)zt + (40222 — 200 + 1002? — 25 + 622,

2 1 21ay? 4 129°) 2t + (6222 — 6ay” — 63" — 6ay’2?)z,

6y 6ay)z® 4+ (15a2y° + 39ay® — 6ayz? + 2415 — 6y2?)z?

229 + (4z — 3655 — 400°)2® + 2502910 + 350910 — 400y° 2% + 12910 — 363522 + 224,

=(
(
(=
(
(
(=
(9
(=

6202y + 18zay? + 12212) >
dyz — 4ayz)w3 + 10042y6,z + 26ay6,z — 4ay23 + 16y6z — 4yz3,
209° — 2°) 23 + 402?22 — 2ay" 4 100%2? — 297 + 622>
9202 4 21za 4 122)2t + (—6a2® — 6y°2 — 62° — 6ay’2)z,

(

(=

(=

(

(15za%y* + 45zay* + 302y*)2?
(—20y%2z — 200> 2) 2> + 2502y%2 + 55ay®z — 20ay32 4 3042 — 209323
(=3 — 3)2° 4 (60%2% — 3a® + 1502 — 3y° + 92%)2?

(=5ay* — 5y a3 + 100%y*2% — 5ay® + 25ay? 22 — 5y° + 15y 22

(—

62 — 6az)r® + 4022 — 60’z + 602 — 6y°z + 22°).

Hence, we can obtain the results by definition.
(4) If a € (&, 13]) we obtain

307 30
Iy =0y,
L= Y Oxvi+ Y Ox(fosa—0aad,f)+ Ox(foya— cadyf) + Ox(fd.a — aad.f)
v;EO21ta a€lp(D)
=0x(2*,9%) + Ox (2*,y*, 2)
:OX ($2? y27 Z)?
L= Y Oxvj+ Y Ox(fosa—(a+1)ad,f)
v;€EO22ta a€li(D)

+ Ox(fdya— (a+ 1)ad, f) + Ox(foa — (a + 1)ad. f)
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=((=3a — 1)zt + (2y° + 22Dz, (=5ay® — 5y)2?, (=22 — 2a2)2?,
(=3ay? — 3y)2?, 2yx® + 2y2% — 5ay® — 3y5, —2%2 — 2022,
(=32 — 3az)z?, —5ytz — baytz, 23 + ° — 2022 — 2?),
Ii= Y Oxvi+ Y Ox(fosa—(a+2)ad,f)

v; €023+ a€lz(D)
+ Ox(foya — (v +2)ady, f) + Ox(f0.a — (o + 2)a0. f)
(902 + 9 4 2)28 + (=180 — 18az? — 14y° — 142%) 23 + 2" + 4922 + 224,
1502y* + 35ay® 4+ 20y zt + (—10y*2? — 10ay® — 10y° — 10ay*2?)z,

200> — 205)z° + (2502y® + 55018 — 20ay®2? + 30y° — 20y32%)2?,
10za%y* + 30zay® + 202y*) 2>

=(
(
(-
(
(62a% + 14za + 82)2t 4+ (—daz® — 42 — 423 — 4ay®2)x,
(—2a — 2)z° + (4022% — 2a9° 4 1002% — 2¢° + 62°) 22
(9a%y? + 21ay? + 12y)2t 4 (—6y22% — 60y — 6y — 60?22z,
(—6y — 6ay)z® + (1502y° + 39ay5 — 6ayz? + 24y° — 6y2?)z?
225 + (42% — 36y° — 400°)2® + 25020 + 35090 — 400y°2? + 12910 — 361722 + 224,
6202y + 18zay? + 12212) x>

dyz — 4ayz)x +1002y%z + 26ay6z — 4ayz3 + 16452 — 4y23,

209° — 2y°) 2> + 402?22 — 2ay" 4 100?22 — 297 + 69222
9202 + 21za + 122)2t + (—6a2® — 6y°2 — 62° — 6ay’2),

(

(=

(=

(

(15za%y* + 45zay* + 302y*)2?
(—20y%2z — 200y32) 2> + 25a2y 2 4 55ay®z — 20ay32® + 30482 — 204323
(=3a — 3)2° + (6a%2% — 3ay® + 15a2% — 3y° + 927)2?

(=5ay? — 5y a3 + 10a2 422 — 5ay® + 25ay?2? — 5y + 159122

(-

6z — 60z)z® + 4022% — 6ay®z + 6az2® — 6y°2 + 223).

Hence, we can obtain the results by definition.
(5) If @ € (13, L7 we obtain

307 30
IO :OXa
L= Z Oxv; + Z Ox(fora — cadyf) + Ox(fOya — aady f) + Ox(f0.a — cad, f)
v;EOZ1ta a€ly(D)

:OX(:L‘Qv xry, y3) + OX(:EQa y4a Z)

I, = Z Oxvj + Z Ox(f0za — (o +1)ady f)

v;€EO22ta ael, (D)
+ Ox(f0ya — (a + 1)ady f) + Ox(f0.a — (a + 1)ad; )
=((=3a — )2t + (24° + 22H)x, (=5ay® — 5y)2?, (22 — 202)2?,
(—2y — 3ag) x> + 5 + y22, 2t + (2% — 4y° — 5ay®)z, (—2y2 — 2ay2)x,
(—3ay® — 3y°)22, 31223 + 3y%2% — 5ay” — 2y", 22 — 20132,



HODGE MODULI ALGEBRAS AND COMPLETE INVARIANTS OF SINGULARITIES 49
(=32 — 3az)z?, —5ytz — baylz, 23 + ° — 2022 — 2?),
L= Y Oxvi+ Y Ox(fosa—(a+2)ad,f)

v;€023+a a€lz(D)
+ Ox(foya — (o +2)ady f) + Ox(f0.a — (a + 2)a0. f)
(9% + 9a + 2)2% + (—18ay® — 18a2® — 14y° — 1422)2® 4 29" + 49°2% + 227,
15a2y* + 35ay® 4+ 20y)zt + (—10y*2? — 10ay® — 10y° — 10ay*2?)z,
200> — 20)z° + (2502y® + 55ay® — 20ay®2? + 30y° — 20y32%)2?,
620> + 14za + 82)2t 4+ (—daz® — 42 — 423 — 4ay®2)x,
10za%y* + 30zay* + 202y*) 2>
20 — 2)z° + (4022% — 2a° + 102 — 2y° + 622)2?
9ya’ + 15y + 6y)z’ + (1208 — 1222 — 129° — 120y2%)2?

=(
(
(-
(
(
(—
(
(6yza? 4+ 16yza + 10y2)z® — 2y — 2%z — 2ay23 — 209% 2,
(—3a —2)z% + (15a%y° + 37ay® — 3a2? + 24y° — 22)2® + 2* — 5ay'® — 4y'® — 3y°2% — 5ay°22,
(—30ay® — 30y z? + (25a%y° + 45a1° — 30y 2? + 207 — 30y*2%)z,
(=22 — 2az2)z + (10022 + 28ay° 2z — 202 + 18y°2 — 223z,
(—2y — 2ay)z* + (4a’y2? — 2ay° + 10ay2? — 245 + 6y2?)z,
9%y + 21ay® + 12y3) 2t 4+ (—6y32% — 6a® — 69° — 60322z,
(—9ay? — 9y*)x® + (15a2y™ + 36ay” — 9ay?2? + 21y" — 9y?2%)a?,
6yzS + (12y22 — 50ay® — 38y5)2® + 2502y + 250yt — 500522
+ 6yt — 38y°2% + 6y2?, (62023 + 18zay® + 122y%)2?
6y2z — 6ay? z)x + 1002y 2 + 240y z — 6ay?23 + 14y7 2 — 6y223
20% — 2y) 23 + 402y32% — 2098 + 10ay®2? — 2¢° + 6332
9z0” + 21za + 122)2* + (—6a2® — 6y°2 — 62° — 6ay’2)z,
15za%y* + 45zay™ + 302y) 2>
20132 — 20ay3z)az3 + 250282 + 55ay®z — 200323 + 30y° 2 — 204323,
3a — 3)z° + (60222 — 3ay® + 15a2% — 3y° + 922)2?
5ay4 — 5y4)x3 + 10a2y422 — 5ay9 + 25ay4z2 — 5y9 + 15y4z2

(=
(=
(
(
(=
(=
(=
(=

6z — 6az)z® + 4022% — 6ay®z + 6a2® — 6y°2 + 223).

Hence, we can obtain the results by definition.
(6) If o € (5%, 23], we obtain

307 301
Iy =0x,
I = Z Oxv; + Z Ox(foza — cady f) + Ox(fOya — aady f) + Ox(f0.a — cad, f)

v;€OQZ1+ta a€lo(D)
:OX(:UQv ny, y3) + OX(I27 y47 Z)
:OX(ZL'Q, l’yQ, y37 Z)7
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L= Y Oxvi+ Y Ox(fosa—(a+1)ad,f)

v;€022+a acl1 (D)
+ Ox(foya — (a+ 1)ady f) + Ox(f0.a — (o + 1)a0. f)
=((=3a — 1)zt + (2y° + 22H)z, (=5ay® — 5y*)a?, (=22 — 2a2)2?,

(=3ay? — 2223 +y" + %22, 2yt + (292 — 5ay® — 3y%)z, (—2¢%2 — 2ay°2)z,
(— 3ay ):1:2, 3y2x3 + 3y222 — 5ay7 — 2y7, —2y3z — 2ay3z,

(=32 — 3az) ,—bytz — baytz, 23 + P — 2022 — 22,

;= Y Oxvi+ Y  Ox(fosa—(o+2)ad,f)

v;E0Z3+a acla(D)
+ Ox(foya — (a +2)ady f) + Ox(f0.a — (o + 2)a0., f)
(9% + 9a + 2)2% + (—18ay® — 18a2® — 14y° — 1422)2 4 29" + 492 + 224,
1502y* + 35ay® + 20y zt + (—10y*2? — 10ay® — 10y° — 10ay*2?)z,

200® — 20)2° + (2502y® + 55ay® — 20ay°2? + 30y° — 20y32%)2?,
6202 4+ 14z + 82)xt + (—daz® — 4P — 423 — day®2)z,

=(
(
(-
(
(10za%y* 4 30zay* + 2()23,/4)3L‘2
(—2a — 2)z° + (4022% — 2ay® 4 1002% — 2¢° + 62°) 22
(902y? + 150y + 6y2)2° + (—12y22% — 12ay” — 1297 — 1209°2%)2?

(620°y> + 16zay> + 102y2)x3 — 2223 — 272 — 209" 2 — 2023,

(—4y — 6ay)z’ + (1502y° + 340y’ — 6ay2? + 23y° — 2y2?)2>

+2yz — 5ay*t —y 22 -3 11—5ay6 2
227 + (42° — 36y° — 400°) 2zt 4 (2502y1° 4 350910 — 400y 2% + 12910 — 369522 + 22%) 1,
(—4yz — dayz)zt + (1002y52 + 26ay°2 — day2® 4 1652 — 4y23)z,

(—2ay? — 2072 + (40%y22% — 20" + 10ay?2? — 2y" + 6222z,

9%y + 21ay® + 1293) 2t + (—6132% — 6a3® — 69° — 60322z,

(—9ay? — 9y?)x® + (15a2y™ 4 36ay” — 9ay?2? + 21y" — 9y?2%)a?,
6yx’ + (12y22 — 5005 — 38y%)2® + 250y + 250y — 500102 4 6y — 384022 + 6124,
620’y + 18zay® + 12293) x>

6y2z — 6ay z)$ + 1Oa2y z 4 24ay”z — 6ay?2® + 14y 2 — 6y2z3
201% — 2y3) 23 + 402y32% — 2098 + 10ay®2? — 2° + 6132
9202 + 21za + 122)3: + (—6az® — 6y°z — 62° — 6ay’2)z,

(
(-
(-
(
(=3 — 3)2° + (60222 — 3ay® + 15022 — 3y° + 92%)2?
(15z02y* + 45zay* + 302y*)2?

(=201 — 2003 2) 2> + 250°y%2 + 55ay®z — 200323 4 30452 — 204323,
(=5ay? — 5y 23 + 1002y 2? — 5ay® + 25ay?2? — 59° + 159122

(-

62 — 6az)z> + 4022 — 6ay5z + 60z — 652 4 223).
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Hence, we can obtain the results by definition.
(7) If o € (19, 23] we obtain

30° 30
:OXa
I = Z Oxvj + Z Ox(fO0ra — aad, f) + Ox(foya — aady f) + Ox(f0.a — aa0. f)
v;EO21+a aclo(D

)
:OX(Z'Q,l’yQ,y )+0X( 2>y472)
:OX($2,1'y2,y ,Z),

L= > Oxv+ Y Ox(fowa—(a+1)ad.f)

v; €022t ac€l1(D)
+ Ox(foya — (o + 1)ady, f) + Ox(f0.a — (o + 1)a0. f)
(=3 — D)zt + (20 + 22H)z, (—5ay? — 5y*)a?, (=22 — 2az2) 22,
3ay? — 2y?) 23 + 47 + %22, 2yt + (2922 — bay® — 3y%)z, (202 — 2092 2)x,

8

3ozy4 — 3y4)x2, 4y3$3 + 4y322 —day” — y8, —2y4z — 2ay4z,

=(
(—
(—
(=32 — 3az)z?, —5y'z — baylz, 2® 4+ i — 2027 — 2?),
I3 = Z Oxwv; + Z Ox(fora — (a4 2)ady, f)

v;€073+0 ac1>(D)
+ Ox(foya — (o +2)ady, f) + Ox(f0.a — (o + 2)ad. f)
((9a +9a + 2)2° + (—18ay® — 18az2? — 143° — 1422)z3 + 2910 + 45522 + 224,
(1502y* + 35ay* + 20y)z* + (—10y*2% — 10ay® — 10y° — 10ay*2?)z,
(— 20ay —20%)25 + (2502y° + 5508 — 2003 2% 4 30y° — 20y°2%)a2?,
6202 4+ 14za + 82)z* + (—4az® — 492 — 423 — day®z x,
( y y
(10za’y* + 30zay® + 202y*)2?
(=2 — 2)2° + (40?22 — 2ay® + 1002? — 2¢° + 62%)2?
(9292 + 15ay? + 6y%) x5 + (—12y%2% — 12ay” — 12y — 12a°2%)2?
(—4y — 60ay) x5 + (150%y° + 34ay® — 6ayz? + 23y° — 2y2%)2®
+ 2y2* — 5ay't — 822 — 3yt — 5ayC2?,
227 + (42% — 36y° — 4001°) 2t 4 (250%y10 4 350910 — 400y 22 + 12910 — 369522 + 22%) 1,
6za%y? + 16zay? + 102y?) 2> — 24%2% — 272 — 2ay"2 — 20223,
Yy Yy y Yy Yy Yy y

(—dyz — 4ozyz)x + (10a2y 24 26052 — day2® + 16y°2 — 4y23)z,
(— 2ay —2%)z* + (40?2 — 20" + 100222 — 247 + 64%22)x,
902y + 21ay® + 12y 2t + (—6y*2% — 6ay® — 69° — 6ay?2?)z,
(— 12ay —129)2° + (150%y® + 33ay® — 120132 4 18y° — 12932%)2?
12225 + (249222 — 60ay” — 36y" )z + 25a%y'? + 15ay*?

— 600y 2% + 2y1% — 36y7 22 + 12422, (6202y* + 18zay? + 122y%)2?
(=832 — 8ay32)x® + 1002y82 4+ 220 2 — 8?23 + 12¢82 — 8y323

242

(—2ay* — 2y 23 + 402y2? — 2ay° + 10ay*2? — 21° + 612

(9202 4 21z + 122)z + (—6a2® — 6y°2 — 62° — 6ay°2)x,
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15za%y* 4+ 45zay* + 302y) 2>
20y z— 20ay3z)x3 + 25a2y8z + 55ay8z — 20ay3z3 + 30y8z — 20y323

242

—5ay” + 25ay*2% — 5y? + 15y% 22

(

(—

(—3a — 3)z° + (60222 — 3ay® + 15a2% — 3y° + 922) 22
(=5ay* — 5yt + 10a%y

(—

62 — 6az)z® + 40223 — 60z + 6a2® — 652 + 223).

Hence, we can obtain the results by definition.

8) f v € (%, 3—8], we obtain

Iy =0x,
L= Y Oxvj+ Y Ox(fosa—0ad.f)+ Ox(f0ya — aadyf) + Ox(f0.a — aad.f)

v;€EOZ1ta a€lp(D)
:OX<3727$Z/37?J4) + OX($2,:I/4, Z)
:OX<3727$Z/3’3/47Z)7
I = Z Oxvj + Z Ox(fora — (a4 1)ad, f)

v;€022+ta acl (D)
+ Ox(foya — (o +1)ady f) + Ox(f0.a — (o + 1)ad. f)
=((=3a — D)2t + (24° + 22Dz, (=5ay® — 5yt)a?, (=22 — 202)2?,
(=3ay® — 20°) 23 + 4 + 322, 322t + (39222 — bay” — 2y )z, (—232 — 2032,
(=3ay® — 3y 22, 4y3a3 + 4322 — 5ay® — o8, =212 — 202,
(=32 — 3az)z?, —5ytz — baytz, 2® 4+ 47 — 2a2° — 2?),
I3 = Z Oxvj + Z Ox(fora — (a+2)ad, f)
v;€023+a a€lz(D)
+ Ox(foya — (a +2)ady f) + Ox(f0:a — (o + 2)ad: f)
=((9a? + 9o + 2)25 + (—18ay® — 18az? — 14y° — 142%)2% + 29" + 44°2% 4 222,
(6202 + 14z + 82)z* + (—daz® — 4y°2 — 423 — day®2)z,
(1502y* + 350y + 20y 2 + (—10y%2% — 10ay® — 10y° — 10ay?2?)z,
(—20ay® — 201)2° + (250%y® + 55ay® — 20ay32% 4 30y° — 20y 2%)2?
(10za%y* + 30zay® + 202y*)2?
(—2a — 2)2° + (4a?2% — 2ay” + 10a2* — 2y° + 622) 2>
(9a2y® + 15ay® 4 6y%)2° 4+ (—12°2% — 1209 — 129° — 1203272,
(—9ay? — 6y%)25 + (150%™ + 31ay” — 9ay?2? + 22y" — 3y22%) a3
+3y%2* + 4722 — say'? — 2912 — 5ay” 22
6yx’ + (12y2? — 5005 — 38y%) 2+
(250%y™t + 250yt — 500152 4 6y — 384022 + 6y2%)z,
(6za’y> + 16zay® + 1029°) 23 — 20223 — 202 — 20082 — 20323,
(=622 — 6ay’2)zt + (10%y 2 + 24ay "z — 6ay’23 + 14y 2 — 622z,
(—2ay® — 29) 2 + (402322 — 209 + 100322 — 29° + 6y°22)z,



HODGE MODULI ALGEBRAS AND COMPLETE INVARIANTS OF SINGULARITIES 53
(9a2y* + 21ay* + 12y 2t + (—6y*2% — 6ay® — 69° — 6ay?2?)z,
(=120 — 129%)2° + (1502y® + 33ay® — 1201322 + 18y° — 123222,
12228 + (249222 — 60ay” — 36y" )z + 250%y'? + 15ay*?
— 600y 2% + 2y1% — 36y7 22 + 12422, (6202y* + 18zay? + 122y%)2?
8y3z — 8ay3z)x + 1002 y z+ 22ay8z — 8ay3z3 + 12y8z — 83/3,23

20y* — 2y 23 + 402y 2% — 200° + 10ay*2? — 29° + 61422
9202 + 21z + 122)2t + (—6a2® — 6y°2 — 62° — 6ay’2)z,

15za%y* 4+ 45zay* + 302y*) >

(-
(-
(
(
(— 20y z— 20ay32)$3 + 25a2y82 =+ 55ay82 — 20ay3z3 + 30y82 — 20y3z3,
(=3 — 3)2° + (60222 — 3ay® + 15022 — 3y° + 922)2?

(=5ay? — 5y 23 + 1002y 2% — 5ay® + 25ay?2? — 5y” + 159122,

(=

62 — 6az2)r® +4a22® — 6ay’z + 602 — 6y°z + 22°).

Hence, we can obtain the results by definition.

(9) If o € (23,1], we obtain

IO :OXa
I = Z Oxv; + Z Ox(fora — cady f) + Ox(fOya — aady f) + Ox(f0.a — cad, f)

'Uj6021+0‘ CLEI()(D)
:OX(.’EZ, $y3, y4) + OX(.T2, y47 Z)
:OX(x27 y4) Z))
L= Y Oxvj+ Y Ox(fosa—(a+1)ad.f)

v;€EO22ta a€l, (D)
+ Ox(foya — (a+1)ad, f) + Ox(f0.a — (a+ 1)ad, f)
=((—=3a — 1)zt + (20° + 22%)z, (—5ay” — 5y")2?, (—22 — 2a2)z?,
(—3ay4 — 3y4)x2, Ay3x3 + 4222 — 5a® — o®, =212 — 202,
(=32 — 3az)z?, —by'z — bay'z, 2® 4+ y° — 2027 — 2?),
Is= Y Oxvj+ Y Ox(fosa—(a+2)ad.f)

v;E0Z3+a acla(D)
+ Ox(foya — (a+2)ad, f) + Ox(f0.a — (o + 2)ad, f)
=((902 4+ 9o + 2)2% + (—18ay® — 18a2? — 14y — 1422)2> + 2910 + 49522 + 224,
1502y + 35ay® + 20yM) 2zt + (—10y%2% — 10a® — 10y° — 10ay?2?)z,
6202 + 14za + 82)x? + (—4az® — 4y°2 — 42 — 4oy ),
—200® — 20y%)2° + (2502y® + 55ay® — 200 2% + 30y° — 20y322) 22
10za%y* 4 30zay* + 202yt)2?
—2a — 2)2° + (40%2? — 209° + 1002® — 2° + 62%)2?,
9a2y* + 21ay* + 129zt + (—6y*2% — 60y® — 69° — 6ay*2?)z,
—1203 — 12y3)2° + (1502y® + 33ay® — 120922 + 18y8 — 124322) 22,

AAAAAA,_\,_\
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(62a2y4 + 18zay* + 122y%) 22

8y z—
2ay

2()y z—
5ay

62 — 6az)a® + 4a’z

(—
(—
(
(
(—3a — 3)z° + (6a22% —
(—
(—
(—

— 36y 2% + 1292

+ (24122% — 60ay” — 36y7) x> + 2502y*? + 15ay'? — 60ay” 22 + 212
8ay z)a: + 10« ysz + 22ay82 — Say 23+ 12y z— 8y 23
Yy + 4a’y?2? — 200° + 100y 2% — 27 + 6122
9za% + 21za + 122)z* + (—6a2® — 6y°2 — 62° — 6ay°2)x,
15za%y* + 45zay* + 302y*) 2>
— 3ay® + 15ozz2 — 3y° + 92?)2?
20y z):p + 250282 + 55ay®z — 200323 + 30y° 2 — 204323,
— 5yHa® 4+ 1002y 22 — 5ay® + 25ay2? — 5y + 155122,
— 6ay5z + 6a2® — 6%z +22%).
Hence, we can obtain the results by definition.
Here is a table with related to {mg, m1,ma, ms}.

Type « mo mi mso ms3
FEs (0, 5] 0 0 6 24
FEg (5, 15 0 1 9 30
Eg (5 1 0 2 12 36
Eg (313 0 3 15 42
Eg (3> 3] 0 4 18 48
Es (3, 5] 0 5 21 54
Ee (131] 0 6 24 60
E; (0, 75] 0 0 7 28
Er (15, 15) 0 1 10 34
Er (%, 1) 0 2 13 40
E; (1% %] 0 3 16 46
Er (%> 1%) 0 4 19 52
Er (1> 13) 0 5 22 58
E; (12, 2] 0 6 25 64
E; (1£,1] 0 7 28 70
Fx (0, 55] 0 0 8 32
Eg (35 35 0 1 11 38
Eg (35, %) 0 2 14 44
Eg (%, 5] 0 4 20 56
Eg (3, 5] 0 4 20 56
Eg (35, 1] 0 5 23 62
Eg (3, 2] 0 6 26 68
Eg (22,23 0 7 29 74
Es (23,1] 0 8 32 80

Proof of the Main Theorem. In fact, we only give complete proof about Ay type v.s. Dy type

4. PROOF OF THE MAIN THEOREM

and Ay type v.s. Eg type, since other pairs are similar to these two.

(1) f =21 442+ 22 be Ay type with k > 1 (a €

(0, %4_1])7 g =21+ xy? + 2% be Dy type
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with &' > 4 (o € (0, z7—] ). By Proposition we obtain that
M(D$) = span{l, z, - -- ,xk_l},
Ms(Dy) = span{l,z,- - ,xk/_Q,y}.

It is obvious that M>(D§) % Ma(Dg).
(2) f = bt 492422 be Ay type with k > 1 (a € (5, HL] 1 <i < k—1), g = aF 1 ay?+ 22

k+1° k+1
be Dy type with ¥’ >4 («a € (%%%,%—:12], 2<¢ < % for k even or 2 <3¢ < % for k odd).
By Proposition [1.10] we obtain that
M2(D?) = Span{l)x7 T 7xk)y7$y7 T al‘i_ly) By L2y e )xi_lza 22756227 T )xi_222}7

-/

oy _ k' +i'—4 -1 2 i —2
MQ(DQ)—span{l,aj,---,x ’ 7y>xy7"'a$z y,y,Z,CL’Z,"',IL’Z Z}'

It is obvious that Ma(D§) % Ma(Dg).

(3) f=aM 442+ 22 be A type with k > 1 (a € (kLH, 1]), g = 2¥ =1 + 2y 4+ 22 be Dy type
with ¥ >4 («a € (gllztg, 1]. By Proposition we obtain that

k—1 k—1 2 2 .’L'k_QZQ},

k —
M2(D?):Span{1a$;“'a$71/;513117"‘,35 Y, 2, X2y, T Ry Z L2y

K K

MQ(D!?) = Span{17$7'” a$2k/747y7373/7"‘ » L 713/7?42:333127,"9372':3727“‘ y L 72Z7y2}-

It is obvious that My(D}) # Ma(Dy).
(4) f = 2" 4 y2 + 22 be Ay type with k > 1 («a € (O,k%rl]), g =23+ y* + 2% be Eg type (
a € (0, 1—12]) By Proposition we obtain that

M2<D?) = Spa‘n{17 Ly 71"1671})

My(D§) = span{1,y,y*, z, zy, vy°}.

It is obvious that My(D$) # M2 (Dy).
(5) f=aF1 442 + 22 be A type with k> 1 (a € (kil,,%rll], 1<i<k—1),g=a3+y*+ 22
be Eg type (o € (35, 45]). By Proposition we obtain that

oy _ k i1 -1, 2 .2 i—2 2
My(D$) = span{l,z, - ,x", y,xy, - , 2"y, z,x2, -, 2" 2,27, 327, -+ 2727,

M2<D(;) - Span{17 €T, $27 Y, LY, y27 xyz? yS’ Z}'

It is obvious that M>(D§) % Ma(Dg).

(6) f=aF 442+ 22 be Ay type with k> 1 (a € (ﬁv%ﬁ]v 1<i<k—1),g=a3+y*+ 22
be Eg type (€ (%, %]) By Proposition we obtain that

i i1, 22 02 a2,

M2(D?) :span{l,x,'-- 7xk)y7$y7"' al‘_ly)zvxza'” , L

MZ(DE;) = span{l,x,xQ,y,a:y,yz,xyZ,y3, Z}'
It is obvious that My(D$) # Ma(Dy).
(7) f=aF ' 4 y? + 22 be Ap type with k > 1 (a € (i, L] 1 <i<k—1), g =2 +y* + 22

10 k1
be Eg type ( a € (3, 15]). By Proposition we obtain that

o k i1 -1, 2 .2 i—2 2
My(D$) = span{l,z,- - ,x",y,xy, - , 2"y, 2,22, , 2" 2,275,327, -+ 2727,

My(D) = span{l,z, 2% 2%, y, xy, 2%y, o, 2y®, o, 2y° y", 2, 22, y2}.
It is obvious that M>(D§) % Ma(Dg).

(8) f = x**!1 4 y2 + 22 be Ay, type with k > 1(a€(ki1,,ij_ll], 1<i<k-1),g=a3+y*+ 22
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be Eg type (« € (%, 1%]) By Proposition we obtain that

MZ(D?) = Span{l,a?, T 7$k7y7‘ry7 T 7xiily) 2y TZy - )xiilzv 2271"227 T )$i72z2}7
My(Dg) = span{1,z, 2%, 2%, y,zy, 2%y, v*, 2%, 2°y°, 5, 20°,

yh P, 2 ey, y7 2

It is obvious that My (D$) # Ma(Dy).

9)

be Eg type (a € (

f =21 492 + 22 be Ay typewitthl(aE(kil,]ifl], 1<i<k—1),g=a3+y*+2°

£, 13]). By Proposition we obtain that

i

Ly zoxz, 2tz 22 w2 ,:L‘Z_2z2},

My(D§) = span{l,z, - ,a¥,y, 2y, .- @
MQ(D(;) = Span{L xz, $2) $37 Y, xy, $2y7 l‘3y, y27 xyzv .7}2]./2, y37 $y3, y47 .%'y4, ys’

2
2, T2,Y2, LYz, Y-z }.

It is obvious that M>(D§) % Ma(Dg).

0) f=a"1+ 42+ 22 be Aj, type with k> 1 (a € (kiﬂ,l]),g:x3+y4+z2 be Eg type (

(1
o € (3.1]). By Proposition we obtain that

MQ(D?) = Span{17$7 U 7xk7y7xy7 U 7$i71y7 By LZy: - 7xi7127 Zzuxzza e 7xi7222}7
My(D$) = span{l,z, 2%, 2°,y, zy, 2%y, 2%y, v*, ay”, 2%y, o, 2y’ oyt oyt 00, 2P, o0,

2 2
2, X2, Yz, XYz, Y 2, xYy°z}.

It is obvious that My (D$) # Ma(Dy).
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