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ABSTRACT. We calculate Hodge ideals and Hodge moduli algebras for three types of isolated
quasi-homogeneous curve singularities. We show that Hodge ideals and Hodge moduli algebras
of the singularities can determine the weights of the polynomials defining the singularities.
We give some examples to explain why Hodge moduli algebras and Hodge moduli sequence
are better invariants than characteristic polynomial (a topological invariant of the singularity)
for non-degenerate quasi-homogeneous singularities, in the sense that characteristic polynomial
cannot determine the weight type of the singularity.

Keywords. Hodge ideals, Hodge moduli algebras, Hodge moduli sequence, weight type,
isolated quasi-homogeneous curve singularities

MSC(2020). 14B05, 32S05.

1. INTRODUCTION

In [17] and [[18], the authors ask whether the topology of the singularity determines the weights
of the polynomial defining the singularity. They showed that this is valid in the category of
isolated singularities of Brieskorn-Pham type and isolated quasi-homogeneous curve singularities.

Theorem 1.1 ([17]). The topology of a singularity of Brieskorn-Pham type determines the
exponents (weight) of the polynomial defining the singularity.

Theorem 1.2 ([18]). Let f;(z1,22),7 = 1,2, be non-degenerate quasi-homogeneous polynomials
of weight (r;1,7i2;1),0 < ryp < 1 < %, and let V; be the germ of f;(z1,22) = 0 at the origin of
C2. Then if (C2,V1,0) ~ (C?, V4, 0), homeomorphically, we have (r11,712) = (r21,722).

For quasi-homogeneous surface singularities, there are some relevant results. Arnold [1],
Orlik and Wagreich [13] showed that if h(zo, 21, 22) is a quasi-homogeneous polynomial in C3
and V = {h(z) = 0} has an isolated singularity at the origin, then V' can be deformed into
one of the following seven classes below while keeping the differentiable structure of the link
Ky = 81NV constant.

1. V(ag, a1, a2;1) = {z° + 21" + 252}, agp,ay,as > 1,

II. V(ag,a1,a2;2) = {z° + 21" + 21257}, ag,ay > 1,a9 > 0,
III1. V(ag, a1, a2;3) = {2(° + 21" 22 + 21257}, ap > 1,a1,a2 >0,
IV. V(ag, a1, a2;4) = {20 + 21" 22 + 20257}, ag > 1,a1,as > 0,
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V. V(ag,a1,a2;5) = {z( 21 + 21" 22 + 20252}, ag, a1, as > 0,
VI. V(ao,a1,a2;6) = {z5° + 202" + 20252 + 211’1232}

ag > 1,a1,a2,b1,by > 0 satisfies (ag — 1)(a1be + azby) = apaias,
VII. V(ag, a1, a9;7) = {23021 + 2028" + 29252 + 201202}

ap, a1, az, by, by > 0 satisfies (ag — 1)(a1b2 + agb1) = az(apa; — 1).

Xu and Yau [16] proved that the above deformation is actually a topological trivial deformation
as a pair (§?"*1 Ky). Therefore any isolated quasi-homogeneous surface singularity has the
same topological type of one of the seven classes above. Let Ay (z) denote the characteristic
polynomial of the Milnor fibration of (V,0).

Theorem 1.3 ([16]). If (V,0) and (W,0) are among the seven classes above, then (C3,V,0) is
biholomorphic to (C3, W,0) if and only if (C3,V,0) is homeomorphic to (C3, W,0) with some
exceptional cases. And (C3,V,0) is homeomorphic to (C3, W, 0) if and only if 71 (Ky) =~ 71 (Kw)
and Ay (2) = Aw(z).

The following are direct corollaries of the above theorem:

Corollary 1.4 ([16]). Let (V,0) and (W,0) be two isolated quasi-homogeneous surface singu-
larities in C3. Then (C3,V,0) is homeomorphic to (C3, W,0) if and only if m (Ky) ~ 71 (Kw)
and Ay (2) = Aw(2).

Corollary 1.5 ([16]). Let (V,0) be an isolated quasi-homogeneous surface singularity with
weights (wg, w1, ws). Then the topological type of (V,0) determines and is determined by its
weights (wp, w1, w2).

Corollary 1.6 ([16]). Let (V,0) be an isolated singularity defined by a quasi-homogeneous
polynomial in C? with weights (wg, w1, ws). Then the fundamental group of the link 71 (Ky ) and
the characteristic polynomial Ay (z) determine and are determined by the weights (wq, w1, w2).

And the original motivation of their paper is to prove the Zariski conjecture (cf. [19]) for
isolated quasi-homogeneous surface singularities in C? : multiplicity is an invariant of topological
type. As a corollary, they proved:

Corollary 1.7 ([L16]). Let (V,0) and (W, 0) be two isolated quasi-homogeneous surface singular-
ities in C3. If (C3, V,0) is homeomorphic to (C3, W,0), then V and W have the same multiplicity
at the origin.

Recall that in our former paper [J], we proved that a series new invariants Hodge moduli
algebras and Hodge moduli sequence of the singularity are complete contact invariants for simple
surface singularities. And our final aim is to extend this result to isolated quasi-homogeneous
surface singularities or even more general types of singularity. Note that in the proof of the
above theorems, characteristic polynomial of the singularity plays a fundamental role, since
characteristic polynomial is a topological invariant of the singularity. Motivated by these results
and our former results, it is natural to ask whether we can replace characteristic polynomial
by Hodge ideals and Hodge moduli algebras of the singularity to determine the weights of the
polynomials defining the singularities. That is, we want to prove if the ith Hodge moduli algebras
of two isolated quasi-homogeneous curve singularities are isomorphic, Vi > 0, then the weights
of these two singularities are the same.

If h(x,y) is a quasi-homogeneous polynomial in C? and V = {h(z,y) = 0} has an isolated
singularity at the origin, then V can be deformed into one of the following three classes below
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while keeping the differentiable structure of the link Ky = S?"*1 NV constant.
Fi(z,y)=a+y",  ab>2
Fo(z,y) =2 +ay’,  a>2,b>1,
F3(z,y) = 2% + 23/°, a,b>1.

After a tedious calculation for Hodge ideals and Hodge moduli algebras of isolated quasi-

homogeneous curve singularities of the above three types, we obtain the following main theorem
A.

Main Theorem A (0th and 1st Hodge moduli algebras determine weight type).

(1) For isolated quasi-homogeneous curve singularities
Dgal,bl) == {$a1 + yb1 = 0}7 2 S ai S blv

and
DY) = (02 4 ogybe — 0} 1< ay—1< by,

if their Oth and 1st Hodge moduli algebras (taking o = 1 in their Hodge ideals) are isomorphic,
ie.,

Mo(D{"™) = My(Dy™™)  My(DI™™) = My(Dy™"™),
then the weight types of Dgal’bl) and Déaz’(m) are the same, i.e.,
wt(F0)) = w(F{7202)),
(2) For isolated quasi-homogeneous curve singularities
DéaQ’bZ) = {z + zy”? = 0}, ap —1>by >1,

and
D:gaS,bS) — {l’a?’y + l‘be = 0}’ 1 S as é b37

if their Oth and 1st Hodge moduli algebras (taking o = 1 in their Hodge ideals) are isomorphic,
ie.,
Mo(D§™") = Mo(D§™™))  My(D§™")) = My (DS,

then the weight type of Dg@’b2) and D§a3’b3) are the same, i.e.,
wt(F ) = wi(F{%).
(3) For isolated quasi-homogeneous curve singularities
Dgal’bl) = {z™ + ybl = 0}, ai, by > 2,

and
DY) = (%% ay® =0}, as,bs > 1,

their ith Hodge moduli algebras (taking v = 1 in their Hodge ideals) are not isomorphic, for
i = 0, 1 respectively.

As a by-product, we obtain an inequality of the d-invariant, 0th Hodge moduli number and
multiplicity for isolated quasi-homogeneous curve singularities of the above three types:
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Main Theorem B.

(1) For isolated quasi-homogeneous curve singularities Dga’b) = {29 +y® = 0},a,b > 2, we
have an inequality

0 < 61(a,b) — mo(D'*) < mt(DI*?),

where 01(a,b) is the d-invariant of Dga’b),mg(Dga’b)) is the Oth Hodge moduli number of the

divisor Dga’b) for « =1 and mt(Dga’b)) is the multiplicity of Dga’b).

(2) For isolated quasi-homogeneous curve singularities Dga’b) ={z° +2y* =0},a > 2,b> 1,
we have an inequality

1< 83(a,0) = mo(Dy"") < me(D""),

where d2(a,b) is the d-invariant of Dga’b),mg(Déa’b)) is the Oth Hodge moduli number of the

divisor Déa’b) for « =1 and mt(Déa’b)) is the multiplicity of Déa’b).

3) For isolated quasi-homogeneous curve singularities DLt — % + xy® = 0},a,b > 1, we
3
have an inequality

2 < dy(a,b) = mo(Di"") < mt(DS),

where 03(a,b) is the d-invariant of Déa’b),mg(Déa’b)) is the Oth Hodge moduli number of the

divisor D:ga’b) for a =1 and mt(Déa’b)) is the multiplicity of Déa’b).

In the second section, we recall a number of classical results on the Hodge ideals of effective
Q-divisors and the J-invariants of curve singularities. We also collect some important lemmas
and theorems that will be used in the following parts. In the third section, we explicitly calcu-
late Hodge ideals and Hodge moduli algebras of isolated quasi-homogeneous curve singularities
of three types. In the fourth and fifth sections we prove our main theorems A and B by the
results in the third section. Finally, in the last section, we give some examples to explain Hodge
moduli algebras and Hodge moduli sequence are better invariants than characteristic polyno-
mial (topological invariant of singularity) for non-degenerate quasi-homogeneous singularities.
Furthermore, from the observation of some examples, we raise a conjecture that the Hodge
moduli numbers of isolated quasi-homogeneous curve singularities remain constant under semi-
quasihomogeneous deformation. That is, Hodge moduli numbers of isolated quasi-homogeneous
curve singularities only depend on the weights of the singularities.

2. PRELIMINARIES

2.1. Hodge ideals. In [[7] and [§], the authors extend the notion of Hodge ideals to the case
when D is an arbitrary effective Q-divisor on X, where X is a smooth complex variety. Hodge
ideals {1 (D)}, cn are defined in terms of the Hodge filtration Fy on some Zx-module associated
with D (cf. [[7], §2 — §4 for more details). When D is an integral and blackuced divisor, this
recovers the definition of Hodge ideals Ij(D) in [5].

Let X be a smooth complex variety, and Zx be the sheaf of differential operators on X. If
H is an integral and blackuced effective divisor on X, D = aH,a € QN (0,1], let Ox(xD) be
the sheaf of rational functions with poles along D. It is also a left Zx-module underlying the
mixed Hodge module j,Qf[n], where U = X\D and j : U < X is the inclusion map. Any
P x-module associated with a mixed Hodge module has a good filtration F,, the Hodge filtration
of the mixed Hodge module [14].
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To study the Hodge filtration of Ox (xD), it seems easier to consider a series of ideal sheaves,
defined by Mustatd and Popa [5], which can be consideblack to be a generalization of multiplier
ideals of divisors. The Hodge ideals {I} (D)}, of the divisor D are defined by:

Fkﬁx(*D):Ik(D)(X)ﬁX((k—Fl)D), for all £ € N.

These are coherent sheaves of ideals. See [5] for details and an extensive study of the ideals
I(D). Hodge ideals are indexed by the non-negative integers; at the 0-th step, they essentially
coincide with multiplier ideals. It turns out that Io(D) = _Z((1 — €)D), the multiplier ideal
of the divisor (1 —€)D, 0 < € < 1. The multiplier ideal sheaves are ubiquitous objects in
birational geometry, encoding local numerical invariants of singularities, and satisfying Kodaira-
type vanishing theorems in the global setting. The Hodge ideals are interesting invariants of the
singularities, they have similar properties as multiplier ideals.

We summarize the properties and results (cf. [] and[[7]) of Hodge ideals as follows:

Given a blackuced effective divisor H on a smooth complex variety X, D = aH,a € QN(0, 1],
we also denote by Z the support of D. The sequence of Hodge ideals I} (D), with k& > 0, satisfies:

e [y(D) is the multiplier ideal Z((1 — €) D), so in particular Io(D) = Ox if and only if the
pair(X, D) is log canonically.
e When Z has simple normal crossings, then
k(D) = Ix(Z) ® 0x(Z — [ DY),
where Ij(Z) can be computed explicitly as in [p]. If Z is smooth, then (D) = Ox(Z —

[D1).

e The Hodge filtration is generated at level n — 1, where n = dim X, i.e.,
Fi%x - (I4(D) @ Ox (kZ)h™) = Iy4e(D) @ Ox ((k + £) Z)h~™

forallk >n—1and ¢ > 0.

e There are non-triviality criteria for (D) at a point € D in terms of the multiplicity
of D at .

e If X is projective, I(D) satisfy a vanishing theorem analogous to Nadel Vanishing for
multiplier ideals.

e If Y is a smooth divisor in X such that Z|y is blackuced, then I;(D) satisfy

I (Dly) C Ix(D) - Oy,

with equality when Y is general.
o If X — T is a smooth family with a section s : T" — X, and D is a relative divisor on X
that satisfies a suitable condition then

{t €T |Ix(Dy) ¢ mZ(t)}

is an open subset of T, for each ¢ > 1.
e If Dy and D are Q-divisors with supports Z; and Zs, such that Z; + Z5 is also blackuced,
then the subadditivity property

Iy (D1 + Do) C I (D1) - I (D)
holds.

For comparison, the list of properties of Hodge ideals in the case when D is blackuced is
summarized in [11]. The setting of @-divisors is more intricate. For instance, the bounds for the
generation level of the Hodge filtration can become worse. Moreover, it is not known whether the
inclusions I (D) C Iy_1(D) continue to hold for arbitrary @-divisors. New phenomena appear
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as well: given two rational numbers a; < ag, usually the ideals I} (21 Z) and Iy (e Z) cannot
be compablack for k£ > 1, unlike in the case of multiplier ideals.

We recall the following definition.

Definition 2.1. Let f,g € R = C{z1,...,z,} which is the convergent power series ring. We
say f and g are contact equivalent if the local C-algebras R/(f) and R/(g) are isomorphic.

Definition 2.2. Let f : (C",0) — (C,0),n > 2, be an isolated hypersurface singularity. Let
H = {f = 0} be an integral and blackuced effective divisor defined by f, D* = aH,a € QN (0, 1].
We define the i-th Hodge moduli algebra of D® to be the moduli algebra of the ideal J;(D?) :=
(f) + L(D%) (or J; for short)

Mi(Da) = (C{:cl, e ,a:n}/Ji(Da)

for i > 0 (or M; for short), where I;(D®) be the i-th Hodge ideal (or I; for short). The i-th
Hodge moduli number of D% is defined to be

mi(DO‘) = dim(c(Mi(Da))
for i > 0 (or m; for short). We define the Hodge moduli sequence of D to be the sequence
{mz} = {mo,ml,mg, e }

Definition 2.3. A polynomial f € C[zy, -+ ,xz,] is called weighted homogeneous if there exists
positive rational numbers wy, -+, wy, (i.e., weights of x1,--- ,x,) and d such that, > a,w; = d
for each monomial [[ ] appearing in f with a non-zero coefficient. The number d is called
the weighted homogeneous degree (w-deg) of f for weights w;,1 < j < n. These w;,1 < j <n
called the weight type of f.

The Hodge filtration Fe of Ox(xD) is usually hard to describe. However, it does have an
explicit formula in the case when D is defined by a blackuced weighted homogeneous polynomial
f which has an isolated singularity at the origin, which is proved by M. Saito [15]. To state
Saito’s result, we first clarify the notations as follows. We denote

e O = C{x1,...,z,} the ring of germs of holomorphic function for local coordinates
LlyeeeyIp.

e f:(C" 0)— (C,0) a germ of holomorphic function that is quasi-homogeneous, i.e., f €
J(f) = %, ey %), and with an isolated singularity at the origin. Kyoji Saito [12]
showed that after a biholomorphic coordinate change, we can assume f is a weighted
homogeneous polynomial with an isolated singularity at the origin. We will keep this
assumption for f unless otherwise stated.

o w=w(f)=(wiy,...,wy,) the weights of the weighted homogeneous polynomial f.

e g:(C"0)— (C,0) a germ of a holomorphic function, and we write

9=y gax’,

AeNn

where A = (ay,...,a,),g4 € C and 24 = 2* ... 0.

e p(g) the weight of an element g € O defined by

plg) = <Z wz’) +inf {{w, A) : g4 # 0}.

=1
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The weight function p defines a filtration on O as

={uecO:pu) >k},
OzF ={u e O:plu) > k}.

Since we consider Zx-modules locally around the isolated singularity, so we can assume
X = C" and identify the stalk at the singularity to be that of Zx-modules on C". For example,
we replace Fi,Ox o(x¥D) with FpOx (D). Now we can state the formula proved by M. Saito (see
[15], Theorem 0.7):

O>z+1
FkOX *D ZFk iDx ( f”rl ) ,Vk € N. (1)

Since the Hodge filtration can be constructed on analogous Zx-modules associated with any
effective Q-divisor D, so it satisfies a similar formula in the case when D is supported on a
hypersurface defined by such a polynomial f.

Assume that the divisor is D = aZ, where 0 < a < 1 and Z = {f = 0} is an integral and
blackuced effective divisor defined by f, a weighted homogeneous polynomial with an isolated
singularity at the origin. In this case, the associated Zx-module is the well-known twisted
localization Zx-module M (f'~%) := Ox(*Z)f1~* (see more details in [7] about how to con-
struct the Hodge filtration Fq M ( f 1_0‘)). With new ingblackients from Mustata and Popa’s [§],
where this Hodge filtration is compablack to the V-filtration on M ( f 1_0‘), M. Zhang generalized
Saito’s formula and proved the following theorem:

Theorem 2.4. (Zhang, [20]) If D = aZ, where 0 < a <1 and Z = {f = 0} is an integral and
blackuced effective divisor defined by f, a weighted homogeneous polynomial with an isolated
singularity at the origin, then we have

1— a O>a+z 11—«
FkM f ZFk 29X< fl+1 f >

where the action - of Zx on the right hand side is the action on the left Zx-module M (fl_o‘)
defined by

(1 - a)D(f)
f

Notice that if we set o = 1, Theorem @ recovers Saito’s formula @) mentioned above. For
any polynomial f with an isolated singularity at the origin, it is well-known that the Milnor
algebra

D. (wfl_a) = <D(w) +w > =2, for any D € Derc Oy.

Ap i =C{lzr,..., 20}/ (O1f,. .., 0nf)

is a finite-dimensional C-vector space. Fix a monomial basis {v1,...,v,} for this vector space,
where £ is the dimension of Ay (i.e., Milnor number). The following theorem follows from
Theorem

Theorem 2.5. (Zhang, [20]) If D = oZ, where 0 < a <1 and Z = {f = 0} is an integral and
blackuced effective divisor defined by f, a weighted homogeneous polynomial with an isolated
singularity at the origin, then we have

RM(f' =) = f71-0zof1e

and

M) =(f- Z Ox -0 f' "+ FiDyx - Fyo g M(f179).

v cO2k+1l+a
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Alternatively, in terms of Hodge ideals, these formulas say that
Iy(D) = 0=~

and

I 1(D) = Z Ox -vj + Z Ox(foia — (o + k)a0; f).

v;€EOZk+1ta 1<i<n,ael (D)
2.2. Delta invariant of curve singularities.
Definition 2.6 (6-invariant). Let f € C{z,y} be a blackuced convergent power series, and let
O =C{z,y}/(f) = O
denote the normalization. Then we call
5(f) := dimec O/O
the d-invariant of f.
Although We can explicitly calculate the d-invariants of isolated quasi-homogeneous singular-
ities of three types F1, F», F3, by blowing up singularities and using the above theorem. We use
lemma P.7, which a very useful equality of the Milnor number,the §-invariant and the number

of irblackucible factors of a curve singularity = 0}, to show the following lemmas @, ,
and R.10. And we only give proof for lemma

for simplicity, since the proof for lemmas P.9,

and P.10 are similar.
Lemma 2.7 ([2], proposition 3.35). Let f € m C C{z,y} be blackuced. Then

u(f) =26(f) —r(f)+1,

where p(f) is the Milnor number of f,d(f) is the d-invariant of f and r(f) is the number of
irblackucible factors of f.

Lemma 2.8. For isolated quasi-homogeneous curve singularities Dga’b) = {2% 45" = 0}, defined
by Fl(a’b) = 2%+ 9’ a,b > 2, its d-invariant is
(a—1)(b—1)+ ged(a,b) — 1

51(a7b) = 2

In particular, d1(a,b) = %, if ged(a, b) = 1.

Proof. Since u(f) = (a—1)(b—1) and r(f) = ged(a, b). We have

d1(a,b) = %(u(f) () —1)= ezl 1)2+g0d(a,b) -1

O
(

Lemma 2.9. For isolated quasi-homogeneous curve singularities Dga’b) = {2% + zy® = 0},
defined by F2(a7b) = 2%+ 2y, a > 2,b > 1, its d-invariant is
a(b—1)+ged(a—1,0) +1

2
In particular, da(a, b) = a(b_21)+2, if ged(a — 1,0) = 1.

52 (a, b) =

Lemma 2.10. For isolated quasi-homogeneous curve singularities Déa’b) = {2% + zy® = 0},

defined by Féa’b) = 2% + zy®, a,b > 1, its d-invariant is

ab+ged(a—1,0—1)+1
5a(a, b) = 22T &ed( 5 )+1

In particular, d3(a,b) = “b;“Q, if ged(a —1,b—1) = 1.
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3. THE FIRST TWO HODGE IDEALS OF THREE TYPES ISOLATED QUASI-HOMOGENEOUS CURVE
SINGULARITIES

In this section, we compute Hodge ideals of three types isolated quasi-homogeneous curve
singularities for @ = 1 in theorem R.5. And Ox = C{z,y} in the following computation. The
following lemma is used in the computation of dimensions of Hodge moduli algebras.

Lemma 3.1. Fornom e Nyn.m > 1,

n—1

mi,  (m—1)(n—1)4ged(m,n) —1

i=1

For isolated quasi- homogeneous curve singularities D( ab) = {z® +y = 0}, defined by F} (@) _
2+ Ifa < b, let r = Cd(a,b), then 1 < r < a. Since H‘Z L4 b > 1, we have 27! € IO(Dl).
And We have

b(a—k)

2F 1yl e Iy(Dy), Vi<k<a-1,r1k,

and _
x"*lyb*%rfl € Iy(Dy), V1 <i<gecd(a,b) — 1.
So the Oth Hodge ideal for D; is

b(r— 1)]

Jo(D1) = Ip(Dy) =(z2 1, 20 2ylal . 2077yl

ir—1 b_ibr_q ir—9 bla—ir+1) i1 bla—(i—1)r—1)
" Yy @ 756"' y[ @ ]7"‘733(1 )TZ/[ @ ]a

x

r—1 b—btr_1 p_g [ba—rtl)
oy Ty

where 1 < i < ged(a,b) — 1. It’s multiplicity mt(Jy(D1)) = a — 1. Using lemma @, we obtain
the dimension of the Oth Hodge moduli algebra My(D1) = Ox/Jo(D1)

[b(a—l)]

b
o(D1) :Z— (ged(a,b) — 1)
=1
_ (a— 1)(b—1) 4 ged(a,b) —1
2
_(a—1)(b—1) —gcd(a,b) +1
2

@

— (ged(a,b) — 1)

And the 1st Hodge ideal of D, is
Ji(D1) =(f) + Io(D1) - (Jf)

=(z* + ¢,
-2, b — LANRA 1 b(r—1)
7% y ’xa 3y[a]+ 7.”"Ta r y[ - 1+ ’
ir—2, 2b—%r _1 i—1)p—1 [bla=G=Dr=1)) p
T a ,...,LE(Z )r y[ a ] ,

_9 9op_br_4q bla=2)14y _1 qbla=1)
T e }
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where 2 < ¢ < ged(a, b). It’s multiplicity mt(J1(D;)) = a. And by lemma @, the dimension of
the 1st Hodge moduli algebra M;(D;) = Ox/Ji(Dy) is

3 bi b(a — 1)
D) = —]+b) — (ged(a,b) —1) +b
m(D0) = (140~ (eedand) =)o+ U
& bi
= 1%+ (o~ 1~ (aed(a,) 1)
=1
—1b-1 d(a,b) — 1
N G );gc @9 =1 (0 1)b— (ged(a,b) - 1)
(a—1)(3b—1) — ged(a,b) + 1
= 5 :
Ifa>b,let r= m, then 1 <r < b. By symmetry of a, b, we obtain the 0th Hodge ideal for
D,
JO(Dl) — IO(Dl) :(yb—l7 yb—Qx[%}’ e yb—rx[a(rb—l)]v

. _dar . a(b—ir+1) - a(b—(i—1)r—1)
ir—1,a—%5—1 ir 2$[7b ]’”"y(z 1)r$[7b ]

Y Y

)

a(bb—l)}

a(b—r+1)
rflxaf%:flj 7"72‘,6[?]’ .

y y '7"E[ )7

where 1 < ¢ < ged(a,b) — 1. It’s multiplicity mt(Jo(D1)) = b — 1. And by lemma @, the
dimension of the 1st Hodge moduli algebra My(D;1) = Ox/Jo(D1) is

oL ai
mo(D1) = [z] — (ged(a, b) — 1)
i=1
_ (a— 1)(b— 1)2—i—gcd(a,b) -1 (ecd(a,b) — 1)
_ (a—1)(b—1) —ged(a,b) +1
5 )

And the 1st Hodge ideal for Dy is
Ji(D1) =(f) + Lo(D1) - (Jf)
:(CCCL +yb’

-1
b-2ga b3 lf]+a b—r—lx[%]ﬂ’

Y

. a(b—(i—1)r—1)
“1)p—1 Jeb=C=Dr=1)
Lyl D [+,

a(b—2)

- }+a a(b—l)}

b-1,1%%

r—2_2a—%"—1
y x b 7"'7'r[ 7y

where 2 < i < ged(a, b). It’s multiplicity mt(.J;(D1)) = b. And by lemma @, the dimension of
the 1st Hodge moduli algebra M;(D;) = Ox/J1(Dy) is
b—2 .
ai a(b—1)
(D) = (%) + ) — (ged(a,0) ~ 1) +at (20D

=1

)
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b1
= >[5+ (b= Da— (ged(a,b) = 1)

=1
_ (a—=1)(b—1)+ged(a,b) — 1 + (b —1)a — (ged(a,b) — 1)

_ (3a—1)(b—1) — ged(a,b) +1
2

For isolated quasi-homogeneous curve singularities D(a b — {x%+2y® = 0}, defined by FQ(a’b) =
2+t Ifa—1<b, let r = m then 1 <r < g — 1. Since Ha L +“a—7)1 > 1, we have
2271 € Iy(D3). And We have

a—k—1)

FY T € [(Dy),  Vi<k<a—1lrik,

and .
2Ty e In(Dy), V1 <i < ged(a—1,b) — 1.

Since é + (‘1_1)51%_1) > 1, we have y*~1 € Iy(D2). So the 0th Hodge ideal for Dy is
Jo(D2) =Io(D2)

b . qbr=1)
:(1‘“_1,x“_2y[a—1],...,aza Tyl"a=1 ]7
b ibr 1 1 b(a z’r) i—1)r+1 bla—((i—1)r+1)—1)
m“ny a—1 x“ﬂ [ ] . fU(Z )T y[ a—1 }7
_br _ B T> b(a=2)
ngyb a—1 1’_/17 1 [ ] ’:I;y[ a—1 ]
b—1
¥,

where 1 < i < ged(a — 1,b) — 1. It’s multiplicity mt(Jo(D2)) = a — 1. And by lemma @, the
dimension of the 0th Hodge moduli algebra My(D2) = Ox /Jo(D2) is

a—2 .
mo(Ds) = 3 [~ ] — (ged(a— 1,b) = 1) + b1

= a—1
_ (a—2)(b—1)—|—2gcd(a—1,b)—1 ~ (ged(a,b) — 1) +b—1
a(b—1) —ged(a —1,b) + 1

2
And the 1st Hodge ideal of Ds is

J1(D2) =(f) + Io(D2) - (J f)

:(:L,a + myb’a$a—lyb—1 + be—l

b(r—1)

b
xaflybjxa72y[ﬁ}+b’ e ry T ]+b’
. _dbr - bla—((i—1)r+1)—1)
wzrbe =n 1’ o 7$(z 1)r+1y[—a71 ]+b7
br b(a—2)
ry a-t 7'”73::9[ a=t ]+b)7
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where 1 < i < ged(a — 1,b) — 1. It’s multiplicity mt(J;(D2)) = a. And by lemma @, the
dimension of the 1st Hodge moduli algebra M;(D32) = Ox/J1(D2) is

mq(D3)
a—2 .
_2b—1+z a—l ] +b) — (ged(a —1,0) — 1) + b

(a- )(b—1)+g0d(a—1vb)_1 +(a—2)b+3b—1— (ged(a—1,b) — 1)

2
_a(3b—1) —ged(a—1,b) +1
B 2
Ifa—12>0, letr—m,then1<r<b Since = +M>l we have y~! € Iy(Ds).

And we have

;v[%b(bik)}ﬂyk_1 € Iy(Do), Vi<k<brtk,
and

2T [0(Dy), V1< <ged(a—1,b).
So the Oth Hodge ideal for Ds is

Jo(D2) =Io(D2)

(a—1)(b—1) (a—1)(b—2) _ 7(0,71)7‘ .
:(x[ b ]+17x[ b ]+1y7“' 7xa 1 b yr 17

(a—1)(b—(i—1)r—1) . (a—1)(b—(i—1)r—2) . i(a—D)r .
x[f]—l—ly(z—l)r’ l_[f]—‘rly(z—l)r—i—l’ e xa—l—fyzr—l’

(a=1)(r-1) . fla=De-2) _
PR oo SR bt

? "7yb_1)

i

where 1 < ¢ < ged(a — 1,b). It’s multiplicity mt(Jy(D2)) = b — 1. And by lemma @, the
dimension of the Oth Hodge moduli algebra My(D2) = Ox/Jo(D2) is
b—1

o(D2) :Z
=1

(a—2)(b— 1)+ ged(a—1,0) — 1

+1) — (ged(a —1,0) — 1)

+b—1—(ged(a—1,b) —1)

2
_a(b—1)—gcd(a—1,b) +1
- 2
And the 1st Hodge ideal of D5 is
J1(D2) =(f) + Io(D2) - (Jf)
:(xa + wyb,aazaflybfl + y2b71’

(a—1)(b—(i—1)r—1) . (a—1)(b—(i—1)r—2) . i(a—1)r .
w[f]ﬁybﬂz—mfl’ x[f]wybﬂz—l)r o anyb+lr72
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e 2, 2b—r—1 x[7<“*1)b<“2>}+2y2b—r 2-2)
Y ’

CTY

where 1 < ¢ < ged(a — 1,b). It’s multiplicity mt(J;(D2)) = b+ 1. And by lemma @, the
dimension of the 1st Hodge moduli algebra M;(D32) = Ox/J1(D2) is

9

= (a—1)i
mi(Da) =a(b—1)+ > (| 7 1+2) = (ged(a—1,b) — 1) + 1

i=1

—(a+2)b-1)+ 22O +2ng(“ —1b) -1

(B3a+2)(b—1) —ged(a—1,b) —1—3.

—(ged(a—1,0) — 1) + 1

2
For isolated quasi-homogeneous curve singularities Déa’b) = {2% + 2y®* = 0}, defined by
F?Ea:b) = 2% +ayb. Ifa < b, letr = Wllb—l)’ then 1 <r < a—1. Since (b71215)1j1a71) + 51;11 >1,

we have 1%~! € Iy(D3). And we have

)(a—1—k

(b—1 )
oyl e [(Ds),  Vi<k<a-—2r1k,

and o)
gy e e Ig(Ds),  V1<i<ged(a—1,b—1)—1.
So the 0th Hodge ideal for Dj is

Jo(D3) =Ip(Ds3)

(b—1)(r—1)
:([E y L Yy a=l 7“.,.%.(1*7“:[/[ a=l ]+17

. 4 i(b=Dr . (b—1)(a—1ir) - (b—1)(a—1—(i—1)r—1)
.Twyb 1-== ,.’E" ly[7a71 ]—H’ o ,:L‘(Z 1)r+1y[ 1 ]+1’

r b_l_(b—l)r r—1 [(b—lll)_(i—'r)]_‘_l
) -

(b=1)(a—2)
€ y a—1 ’x [ a—1 ]+17

LTy

where 1 < i < ged(a — 1,b — 1). It’s multiplicity mt(Jo(D3)) = a — 1. And by lemma @, the
dimension of the Oth Hodge moduli algebra My(D3) = Ox/Jo(Ds3) is

mo(Dg)
a—2 .

_ ;([(1__11”] +1)— (ged(a—1,b—1) —1) +b—1
ab—ged(a—1,0—1)—1

2
And the 1st Hodge ideal of Dj is

J1(D3) =(f) + Io(D3) - (Jf)

2a—1 -1

2b
Y

(b—1)(r—1)
x2a—2y7 o xza—r—1y[7a_l 1+2

=(z"y + 2y’ @

)

) i(b—1)r ) (b—1)(a—1—(i—1)r—1)
a—1+ir, b———— a+(i—1)r — +2
x y a—1 e 71- ( ) y[ a—1 ] ,
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a—1+4r, b— (b Dr a [7(6_?_((;_2)]4-2

x y a1 a% ),

where 1 < i < ged(a — 1,b — 1). It’s multiplicity mt(J;(D3)) = a + 1. And by lemma @, the
dimension of the 1st Hodge moduli algebra M;(D3) = Ox/J1(D3) is
ml(Dg)

__11)i] +2)— (ged(a—1,b—1) = 1) + 1

a—2
=(20—1)+ (a—2)b+b+2([(
"

a(3b+2) —ged(a—1,b—1) -3
5 .

Ifa>b, letr= m, then 1 <r < b— 1. By symmetry of a, b, we obtain the Oth Hodge
ideal

Jo(D3) =Ip(D3)

(a=1)—1)
b—1 , b—2 T
="y Lyl .
. i(a—1)r . (a—1)(b—ir) . (a—1)(b—1—(i—1)r—1)
T e w7 e R GO e b1 M
(a—1)r _ (a—1)(b—7) (a—1)(b—2)
yrxa B ’yr 1$[ b=t ]+1a"'7yx[ o1 I ’
xa—1)7

where 1 < i < ged(a — 1,b — 1). It’s multiplicity mt(Jo(D3)) = b — 1. And by lemma @, the
dimension of the Oth Hodge moduli algebra My(D3) = Ox/Jo(D3) is

mO(D3)
&2 (a— 1)

=> (I ;1D (gedle—1b-1)~1)+a—-1
i=1
ab—ged(a—1,b—1)—1

2
And the 1st Hodge ideal of Dj is

Ji(D3) =(f) + Io(Ds) - (J f)
=(x “y+xy anG’_l’y2b—1
2yt [w} |

i(a—1)r

b—l-‘,—’iTxa* . [(a 1)(b—1—(i—1)r—1)

b—1

b+(i—=1r . 1+2

) Y

b*lJrT‘:I/,a— (ab:ll)r [(a 1)(b 2)]
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where 1 < i < ged(a — 1,b — 1). It’s multiplicity mt(J;(D3)) = b+ 1. And by lemma @, the
dimension of the 1st Hodge moduli algebra My(D3) = Ox/J1(D3) is

ma (Dg)

b—2 .
=(2a—1)+ (b—2)a+a+Z([(CZ:11)Z] +2) = (ged(a—1,b—1) —1) +1
=1

(3a+2)b—ged(a—1,b—1) —3
5 .

4. PROOF OF THE MAIN THEOREM A

I. Compare singularities of types F; and F :

(1) Suppose for singularities

Dlz{xal"i'ybl :O}v 2§CL1 Sbla

Dgz{xa2—|—xyb220}, 1<as—1<by,

their Oth and 1st Hodge moduli algebras are isomorphic, i.e.,
Mo(Dl) ~ M()(DQ), Ml(Dl) ~ Ml(DQ)

By our computation in the third section, we have

mt(Jo(Dl)) = a1 — 1, mt(Jl(Dl)) = ai,

mo(D1) = (a1 = 1)(bs = 1)2_ ged(ar, by) + 1,
my(D1) = (a1 = 1)(3b1 1)2_ ged(ar, b1) + L

And

mt(Jo(DQ)) = as — 1, mt(Jl(Dz)) = ay,
by — 1) —ged(ag — 1,0 1
(D) = az(be — 1) gcz(@ ,b2) + ’
a2(3by — 1) —ged(as — 1,b9) + 1
my(Dy) = 22822 = 1) g2( 2 2) +1

Hence we obtain the following equations

alflzagfl

a1 = as

(CL]_71)(b171)7gcd(a1,b1)+1 _ a2 (bgfl)fgcd(agfl,b2)+1
- 2

2
(a1—1)(3b1—1)—ged(a1,b1)+1 _ a2(3ba—1)—ged(az—1,b2)+1
2 - 2
that is,

a1 = az
(a1 — 1)b1 = agbg
ged(ag, by) —ged(ag — 1,b2) = ag — (ap — 1)
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Its solutions are (a1,b1) = (az,aam), (ag, ba) = (a2, (ag — 1)m), where az,m € N,ay > 2,m > 1.
And we have

Wh(F) = {2} = (0, —

CL727CL2m}’

1 as—1 1 1
t(Fy) ={— ={—,—1%
W( 2) {a27 aobs a27a2m}

It follows that wt(F;) = wt(F3). Under these conditions, we obtain
Jo(D1) = (z%27 @7 2ym=t L ylazmlml

JO(DQ) _ (l,a2717 xa272ym71’ e y(agfl)mfl)

ie., Jo(D1) = Jo(D2), which shows My(D1) =~ My(D2) directly.
(2) Suppose for singularities

9

)

Dy = {z% +¢” =0}, 2 <a; < by,

Dgz{xa2+xyb2:()}, as —1>by > 1,

their Oth and 1st Hodge moduli algebras are isomorphic, i.e.,

Mo(Dl) ~ MQ(DQ),

By our computation in the third section, we have

mt(J()(Dl)) = al — 1,

Ml(Dl) ~ Ml(DQ).

mt(Jl(Dl)) = ai,
mo(Dy) = (ag — 1)(by — 1) — ged(aq,b1) + 1

2 )
a1 —1)(3by — 1) — ged(a1,b1) + 1
m1(D1)=(1 )(3b1 )2 ged(ar,by) +1

And

mt(Jo(Dz)) =by—1, mt(Jl(Dg)) =bg+ 1,

a b — — Cd as — b +
mo(Dg) = 2( 2 ) & ( 2 ’ 2) y
:;(1 +2 b - 1 —_ ((] ag — 1 0 +:;

Hence we obtain the following equations

ay — 1= b2 -1

ar =by+1

(a1—1)(by—1)—ged(a1,b1)+1
2

o a2(b2—1)—gcd(a2—1,b2)+l

- 2

(a1—1)(3b1—1)—ged(a1,b1)+1 _ (3a2+2)(ba—1)—ged(az—1,b2)+3
5 =

2
It has no solution.

II. Compare singularities of types Fo and F3 :
(1) Suppose for singularities

Dgz{xa2+azyb220}, ag —1>by > 1,
D3 = {2%y + zy = 0}, 1 <as < bs,
their Oth and 1st Hodge moduli algebras are isomorphic, i.e.,

MQ(DQ) ~ M@(Dg), Ml(_DQ) ~ Ml(Dg)
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By our computation in the third section, we have

mt(Jo(DQ)) = by — 1, mt(Jl(Dg)) = by + 1,
CLQ(bQ — 1) — ng(CLQ —1, bg) +1
2 )
(3ag +2)(bg — 1) — ged(ag — 1,b9) + 3
5 .

mo(Dg) =

mi (Dg) =

And

mt(Jo(Dg)) =az—1, mt(Jl(D3)) =az+1,
a3b3 — ng(CLg — 1, b3 - 1) —1
2 )
a3(3bs +2) —ged(ag — 1,03 — 1) — 3
9 .

mo (Dg) =

ma (Dg) =

Hence we obtain the following equations

b2—1:a3—1

bo+1=a3+1
az(ba—1)—ged(ag—1,b2)+1 _ azbs3—ged(az—1,bs—1)—1 ’

2 2
(3a2+2)(b2—l)—gcd(ag—l,bg)—i—S o a3(3b3+2)—gcd(a3—l,b3—l)—3
2 - 2

that is,
b2 = das

agby + by —az = azbz +az —1
ged(ag — 1,bg) — ged(az — 1,bs — 1) = a3 — (ba — 1)

17

Its solutions are (ag,b2) = (mba + 1,b2), (a3, bz) = (b2, m(by — 1) + 1), where by,m € N, by >

2,m > 1. And we have

1 as—1 1 m
t(Fy) ={— =
wt(F3) {ag’ asbo } {mb2+1’mb2+1}’

b3—1 az3—1 m 1
t(Fy) = _ .
wt(F5) {a3b3—1’a3b3—1 mbg—i—l’mbg—i—l}

It follows that wt(F) = wt(F3). Under these conditions, we obtain

JO(DQ) — (xm(bgfl),xm(bng)y7 o 7ybgfl)
JO(D3) (ym(bQ_l))ym(b2_2)$a'-'>$b2_1)a

ie., Jo(D32) =~ Jo(Ds3),x — y, which shows My(D1) ~ My(D2) directly.

(2) Suppose for singularities

Dy = {29 + xy™ = 0}, 1<as—1< b,
Dy ={z®y+zy™ =0},  1<az<bs,

their Oth and 1st Hodge moduli algebras are isomorphic, i.e.,

MQ(DQ) ~ M@(Dg), Ml(_DQ) ~ Ml(Dg)
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By our computation in the third section, we have

mt(Jo(DQ)) = ag — 1, mt(Jl(D2)> = ay,
az(ba — 1) —ged(ag — 1,b9) + 1

mo(D2) = > ;
3by — 1) — ged —1.b 1
mq(D3) = a2(3by = 1) g(:2 (a2 = 1,b2) + )

And

mt(Jo(Dg)) =az—1, mt(Jl(Dg)) =az+1,
asbs — ged(az —1,b3 — 1) — 1

mO(D3) = 2 )
3bs +2) —ged(ag — 1,03 —1) — 3
ml(Dg):a?)( 3+2) —ge (2a3 b3 —1) -3
Hence we obtain the following equations
as—1=a3—1
as =a3z+1
ag(bgfl)fgcd(azfl,b2)+l — agbgfgcd(agfl,bg,fl)fl

2 2
ag(Sbg—l)—gcd(ag—l,bﬂ—&—l _ a3(3b3+2)—gcd(a3—1,b3—1)—3
2 - 2

It has no solution.
III. Compare singularities of types F; and Fs :

(1) Suppose for singularities

Dy = {z™ + " =0}, 2 <ay <oy,
Dy = {z®y+zy" =0},  1<az<bs,

their Oth and 1st Hodge moduli algebras are isomorphic, i.e.,
MQ(D]_) >~ MO(D;),), Ml(Dl) ~ Ml(Dg)
By our computation in the third section, we have

mt(Jo(Dl)) = a1 — 1, mt(Jl(Dl)) = ai,
(a1 — 1)(b1 — 1) — gcd(al,bl) +1

mo(D1) = . 7
mi(Dy) = (a1 —1)(3by — 1)2— ged(ay, by) + 1'

And

mt(Jo(Dg)) =az—1, mt(Jl(Dg)) =az+1,
asbs — ged(az —1,b5 — 1) — 1
2 )
3bs + 2) — ged(az — 1,b5 — 1) — 3
5 .

mo(Ds3) =

my(Ds) = s

Hence we obtain the following equations
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ai—1=a3—1

a1:a3+1

(a171)(b171)7gcd(a1,b1)+1 . a3b37gcd(a371,b371)71
2 - 2
(a1—1)(3b1—1)—gcd(a1,bl)+1 _ a3(3b3+2)—gcd(a3—1,b3—1)—3
2 - 2

It has no solutions.
(2) Suppose for singularities
Dy = {z% + " =0}, 2 <a; < by,
Dy ={a®y+ay” =0},  az>b3>1,

their Oth and 1st Hodge moduli algebras are isomorphic, i.e.,
Mo (Dy) ~= Mo(Ds), M (Dy) ~= M (Ds)
By our computation in the third section, we have
mt(Jy(D1)) = a1 — 1, mt(J1(D1)) = aq,
(a7 — 1)(by — 1) — ged(ag,b1) + 1

mo(Dl) = 5 7
my(Dy) = (a1 —1)(3by — 1)2— ged(ag,br) + 1‘

And
mt(Jo(D3)) =by—1, mt(Jl(Dg)) =b3+1,
a3b3 — ng(CLg — 1, b3 — 1) —1
2 )
(3&3 + 2)()3 — ng(CLg — 1, b3 — 1) -3
5 .

mo (Dg) =

ma (Dg) =
Hence we obtain the following equations

al—lzbg—l

a; =bsg+1
(a171)(b171)7gcd(a1,b1)+1 . agbgfgcd(agfl,b[gfl)fl
2

2
(a1—1)(3b1—1)—gcd(a1,bl)+1 _ (3a3+2)b3—gcd(a3—1,b3—1)—3
2 - 2
It has no solution.

5. PROOF OF THE MAIN THEOREM B

(1) For isolated quasi-homogeneous curve singularity
DI = {a®+y" =0},  ab>2,
since the Oth Hodge moduli number is
by _ L
mo(DY"") = S ((a = 1)(b— 1) — ged(a,b) + 1),

we have
01(a,b) — mo(Dga’b)) = ged(a,b) —1 > 0.

And we also have

01(a,b) — mg(Dga’b)) = gcd(a,b) — 1 < minf{a,b} — 1= mt(Dia’b)) -1

19
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The equality holds iff min{a,b} = ged(a,b), i.e., (a,b) = (a,am) or (a,b) = (bm’,b) for some
m,m’ € N.
(2) For isolated quasi-homogeneous curve singularity
Déa’b) = {z% + zy® = 0}, a>2,b>1,

since the Oth Hodge moduli number is

a 1
mo(DY™") = S(a(b — 1) - ged(a — 1,b) + 1),

we have
d2(a,b) — mo(Déa’b)) =ged(a —1,b) > 1.
And we also have
62(a,b) — mo(DS"") = ged(a — 1,0) < minfa — 1,b} = mt(DY™") — 1.
The equality holds iff min{a—1,b} = ged(a—1,b), i.e., (a,b) = (a, (a—1)m) or (a,b) = (bm’+1,b)

for some m,m’ € N.

(3) For isolated quasi-homogeneous curve singularity
DY = {a%y +ayb =0}, ab>1,

since the Oth Hodge moduli number is
mo (D) = %(ab —ged(a—1,b—1)+1),
we have
d3(a,b) — mo(Déa’b)) =gedla—1,0—1)+1>2.
And we also have

03(a,b) —mo(D:(f’b)) =ged(a—1,b—1)+1 <min{a—1,b—1}+1 = min{a, b} = mt(D:(,)a’b)) —1.

The equality holds iff min{a — 1,b — 1} = ged(a — 1,b — 1), i.e., (a,b) = (a,(a — 1)m + 1) or
(a,b) = ((b—1)m’ 4+ 1,b) for some m,m’ € N.

6. SOME EXAMPLES AND CONJECTURES

Example 6.1. Let curve singularities H; = {2%y + 2y% = 0} defined by a polynomial f(z,y) =
2%y + xyb, and Hy = {23y + xy* = 0} defined by a polynomial g(z,y) = 2>y + 2y*. Then

f is quasi-homogeneous of weight type (2, i;

3 2.
(ﬁ’ﬁ’

17> 1) and g is quasi-homogeneous of weight type

). In [18], the characteristic polynomials of f and g coincide:
Ap(t) = (¢t =D = 1) = Ay(1).

So this tells us that the characteristic polynomial does not determine the weights of the non-
degenerate quasi-homogeneous polynomial defining the singularity.
However, their ith Hodge moduli algebras M;(D®) are not isomorphic for i > ig(a), for a
enough big ig(«). Precisely speaking,
M;(DY) # M;(Dy), — Vix1,

where D} = aHj,j = 1,2, for a = 1. In fact, we just simply observe this result by their Hodge
moduli numbers are different for ¢ > 1 as follows:
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TABLE 1. Comparison of Hodge moduli sequences

singularity weight type mo(D) mi(D) ma(D) mg(D) my(D) ms(D)

Py+ay® (& 431) 5 18 32 46 60 74
By+ayt (&,5:1) 5 19 39 49 64 79
Example 6.2. Let f(z1,---,2n, w1, wa) = zf + ---—|—z,21—|—w£f’ + w%p, be a quasi-homogeneous
polynomial of weight type ( %, e ,%, %, ﬁ; 1) with an isolated singularity at the origin for any
p € N. Let n > 0, even and ged(3,p) = 1. Then we know their characteristic polynomials are
e |
Af(t) = m, Vn Z O,even.

Hence A¢(1) = 1. By Theorem 8.5 in [4], each of their links Ky = Sc N {f(z,w) = 0} is a
topological sphere. Thus all K for all p, (3,p) = 1, are homeomorphic each other though
f(z1,-++, zn, w1, wy) are of the different quasi-homogeneous types for all p.

However, their ith Hodge moduli algebras M;(D®) are not isomorphic for i > 1,Vn > 2, where
*={f(z1, -, 2n, w1, ws) = 0} for « = 1. In fact, we have their Oth Hodge ideal

(D) = (1), n>2orn=0p=1,2
0 (w17w30)7 n:O7pZ4

where ig = (%p} — 1, is the smallest integer bigger than or equal to %p — 1. Then we compute
their 1st Hodge ideal as follows. For example, if n = 2, we have

1(2) Z OX 2}] Z OX(faia—aaaif)

v;€EO22 1<i<4,a€lo(D)
= (wy wiwl!) + (21, 20,08, w3 ™)
= (21 Z27w17w1w%17w2 )
1) = () +117 (D)
(zl,zg,wl,wlwél,wQ ),
where i; = (%p} —1land j; = [{] — 1. And if n = 4, we have
oy=Y Ox-vu+ Y Ox(foa—aadf)
v, €022 1<i<6,a€lo(D)
:(2’1722,2’3,24,10%,?1}517 1),
1(D) = (1 + 17 (D)
= (21, 22, 23, 22, w3, w1,
So we obtain their corresponding Hodge moduli algebras
M{? (D) = Clar, 22, wr, w2} (1P (D) = Clur, wa} (w], wiw)' wf),
MY (D) = Czr, 22, 23, 20w, w2} /1Y (D) = Clun, wa}/(wh, wy? ™),

which are not isomorphic obviously, since one can verify

dime MP(D) =iy + j1 < 2(2p — 1) = dime MY (D).
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Thus these examples imply that Hodge moduli algebras and Hodge moduli numbers (or Hodge
moduli sequence) are better invariants than characteristic polynomial (a topological invariant
of the singularity) for non-degenerate quasi-homogeneous singularities.

It is interesting that whether Hodge ideals and Hodge moduli algebras of singularities remain
constant or isomorphic under some deformations, like quasi-homogeneous deformation or semi-
quasihomogeneous (or p-constant deformation more generally). Unfortunately, it is false since
even in the case of quasi-homogeneous deformations we can find some counterexamples:

Example 6.3. For quasi-homogeneous polynomial f = 22 + y* of weight wt(f) = (%, i; 1), let
divisor D¢ = {f = 0}, where a = 1. Then its 1st Hodge ideal and Hodge moduli algebra are
Ji(D1) = (2*,zy, ")
Ml(Dl) = C{l‘, y}/(xQ, ry, y4)'
And for quasi-homogeneous polynomial g = 22 + y* 4 xy? of weight wt(g) = (%, %; 1), which is
a quasi-homogeneous deformation of f. Let divisor D$ = {g = 0}, where o = 1. Then its 1st
Hodge ideal and Hodge moduli algebra are
Ji(D2) = (%, 2y”, 22y + v°, y)
My(D2) = Clz, y}/(2*, ay?, 22y + 4, y").
Although as C-vector spaces the C-basis of M;(D;) and M;(D3) are the same, both are

Lz, y,y%, 9"

But as C-algebras, the structures of M;(D1) and M;(D2) are different, since in M;(D;),zy = 0,
but in My(Ds),zy = —%y3 # 0. However, the Hodge moduli numbers of Dy and Ds are the
same.

So we raise a conjecture from the above example.

Conjecture 6.4. Suppose F; is one of the three typesE of quasi-homogeneous polynomial in
C?,1 < i < 3. Let H;; = F; + tG; be a semi-quasihomogeneous deformation of F;,t € C,
1 <4 < 3. Then the kth Hodge moduli algebras of the divisors D$; = {H;; = 0} for o = 1, and
D¢ = {F; = 0} for o = 1, have the same basis over C,Vk > 0. Hence, their dimensions, i.e.,
their kth Hodge moduli numbers are the same,

my(D%) = my(D%), Vk>0,V1<i<3VteC.

And we can also ask whether the inequalities in our main theorem B can be extended to
more general singularities. Suppose F; is one of the three types of quasi-homogeneous curve
singularities, 1 < ¢ < 3. Consider a p-constant deformation H;; = F; + tG; of F;, t € C.
If we furthermore assume H;; is blackuced, i.e., all distinct irblackucible factors of H;; have
multiplicity 1, we have

w(Hi) = p(Fy),
r(Hit) < r(F;).
By lemma @, we have
6(Hix) < 6(F),
where p,d and r are the same notations as in lemma @ So we have a corollary:

Lsee pages 2-3 in introduction
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Corollary 6.5. Suppose the above Conjecture @ is true. For a semi-quasihomogeneous defor-
mation H;;,t € C, of Fj;, we have the following inequalities

(D) —mo(Diy) < mt(Djy),

for any t € C s.t. H;; is a blackuced polynomial, 1 < ¢ < 3, where D;; = {H;; = 0} is the
corresponding singularity, 6(D;;) is the é-invariant of D;;, mo(D;,) is the Oth Hodge moduli
number of D; ¢, and mt(D; ;) is the multiplicity of D; ;.

Proof. In fact, one can verify the multiplicity of F; is not decreasing under the above semi-
quasihomogeneous deformation V1 < i < 3, i.e.,

mt(Dm) Z mt(Dip)
for any t € C s.t. H;; is a blackuced polynomial, 1 <4 < 3. And by Conjecture @, we have
mo(Dit) = mo(Di)

for any t € C s.t. H;; is a blackuced polynomial, 1 < ¢ < 3. Finally, by the discussion after
Conjecture 6.4, we have

6(Dit) < (Dip)
for any t € C s.t. H;; is a blackuced polynomial, 1 <7 < 3. So we have
6(Dit) —mo(Dir) < 0(Dip) —mo(Dip) < mt(D;p) < mt(D;y),

for any t € C s.t. H;; is a blackuced polynomial, 1 <7 < 3. O
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