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ABSTRACT. Many physical questions such as 4d N = 2 SCFTs, the Coulomb branch spectrum,
and the Seiberg—Witten solution are related with singularities. In this paper, we introduce
some new invariants £F(V), p% and d%(V) to isolated hypersurface singularities (V,0). We
give a new conjecture for the characterization of simple curve singularities using the k-th higher
Nash blow-up derivation Lie algebra L‘ﬁ(V), this conjecture is verified for small n and k. A
new inequality conjecture for p¥ and d¥ (V) are proposed, These two conjectures are verified for
binomial singularities.
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1. INTRODCTION

Many highly non-trivial physical questions such as the Coulomb branch spectrum and the
Seiberg—Witten solution can be easily found by studying the mini-versal deformation of the
isolated singularity [I, 2]. In [3], the authors classify threefold isolated quotient as Gorenstein
singularities. These singularities are rigid, i.e., there is no non-trivial deformation, and we
conjecture that they define 4d N = 2 SCFTs that do not have a Coulomb branch. In [4], the
authors classify three-dimensional isolated weighted homogeneous rational complete intersection
singularities, which define many new four-dimensional N = 2 superconformal field theories. In
this article, we will introduce a series of new invariants for isolated singularities. These new
invariants are very useful in the classification theory of isolated singularities.

This article has two purposes. On the one hand, we introduce a series of new local Artinian
algebras associated with singularities. These algebras and their dimensions are natural new
invariants of singularities. On the other hand, we investigate the derivation Lie algebras of these
new local Artinian algebras. Again, these Lie algebras and their dimensions are new invariants
of singularities. We propose some inequality conjecture and verify the conjecture in several
particular cases.

In the classification theory of isolated singularities, one always wants to find various invariants
associated to isolated singularities. Hopefully with enough invariants found, one can distinguish
between different isolated singularities up to contact equivalence. However, not many effective
invariants are known. Moreover, most known invariants, for example, the geometric genus,
monodromy are hard to compute in general. In [5], we introduced some new invariants to isolated
hypersurface singularities. i.e., the higher Nash blow-up local algebras. These invariants can
be calculated easily compared with other invariants of isolated singularities. In this article, we
introduce new invariants which are called k-th higher Nash blow-up local algebras. These new
invariants are a natural generalization of higher Nash blow-up local algebras. We investigate
some properties of these new invariants.

Zuo is supported by NSFC Grant 12271280 and BJNSF Grant 1252009. Yau is supported by Tsinghua
University Education Foundation fund (042202008).
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The algebra of germs of holomorphic functions at the origin of C" is denoted as O,. Clearly,
O,, can be naturally identified with the algebra of convergent power series in n indeterminates
with complex coefficients. As a ring O,, has a unique maximal ideal m, the set of germs of
holomorphic functions which vanish at the origin. Let (V,0) be an isolated hypersurface singu-
larity defined by a holomorphic function f : (C",0) — (C,0). The multiplicity mult(f) of the
singularity (V,0) is defined to be the order of the lowest nonvanishing term in the power series
expansion of f at 0.

For any isolated hypersurface singularity (V,0) C (C™,0) defined by f, the second author
considers the Lie algebra of derivations of moduli algebra

of of

A(V) = On/(f,alew- .

It is known that L(V') is a finite dimensional solvable Lie algebra (6], [7]). L(V) is called the

Yau algebra of V' in [§] and [9] in order to distinguish from Lie algebras of other types appearing

in singularity theory ([I0], [II]). The Yau algebra plays an important role in singularities [12].
In [5], we introduced a new derivation Lie algebra which is a generalization of Yau algebra.

), ie., L(V) = Der(A(V), A(V)).

Recall that the classical Nash blow-up of an algebraic variety can be viewed as the parameter
space of the tangent spaces of smooth points and their limits. There is natural question to ask
whether we can get a smooth variety by Nash blow-ups. There are lots of works on it, such as
Gonzdlez-Sprinberg [13], Hironaka [14], Nobile [I5], Rebassoo [16] and Spivakovsky [17], etc.

As we know, A. Noble has the following famous theorem.

Theorem 1.1 ([15]). Let X be a variety, then the Nash blow-up of X is an isomorphism if and
only if X is non-singular.

The conception Nash blow-up was generalized which was called higher Nash blow-up. We
just recall the basic definition and properties of higher Nash blow-ups, which can be found in
[18].

Definition 1.2 (Higher Nash blow-up [I8]). Let X be a variety of dimension d, z € X, z(") :=
Spec(Ox /m2T1) its n-th infinitesimal neighborhood and Hilb (4+m) (X) is the Hilbert scheme

of (dzn) points of X. If X is smooth at z, then (™ is an Artinian subscheme of X of length
(dJrn

" ) Therefore, it corresponds to a point

[z™] e Hilb a0y (X),

which induced the following morphism of schemes,
Op - Xsm — Hilb(d+n) (X)

The graph of o, is canonically isomorphic to Xg,, where X, denotes the smooth locus of
X. We define the n-th Nash blow-up of X (called the higher Nash blow-up of order n of X),
denoted by Nash, (X), to be the closure of the graph I',, with reduced scheme structure in
X Xg Hilb(d+n) (X), together with the projection

7 : Nash, (X) — X,
which is projective and birational. Moreover, it is an isomorphism over Xg,,.

Definition 1.3 (Nash Blow-up associated to a coherent sheaf [I8]). Let X be a reduced Noe-
therian scheme, M a coherent Ox-module locally free of constant rank r on an open dense
subscheme U C X, and Grass,(M) the Grassmaniann of M of rank r, which is a projective
X-scheme. Then the fiber product Grass, (M) x x U is isomorphic to U by the projection. We
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define the Nash blow-up of X associated to M, to be the closure of Grass, (M) x x U, (denoted
by Nash(X, M)) together with the natural morphism

mm : Nash(X, M) — X,
which is projective and birational.

Remark 1.4 ([I8]). When X is a variety and M = Qy/;, the Nash(X,Qx/;) is the classical
Nash blow-up of X. Moreover,

Nash,,(X) = Nash(X, Px) = Nash(X, P¥ ),

where Py := Oxx, x /IZ+1 (which is the structure sheaf of A and called the sheaf of principal
parts of order n of X) and Py, = Ia /IXJrl (Za is the ideal sheaf defining the diagonal
AC X x, X, A C X x;, X is the n-th infinitesimal neighborhood of the diagonal). When X
is a variety, these are coherent. For more details, see [19] and [20].

Higher Nash blow-ups have lots of general properties. We just recall the following two theo-
rems.

Theorem 1.5 (Compatibility with étale morphisms [18]). Let Y — X be an étale morphism
of varieties. Then for every n, there exists a canonical isomorphism

Nash, (Y) = Nash,(X) xx Y.

Theorem 1.6 (Stable under group actions [18]). Let X be a variety of dimension d and G an
algebraic group over k acting on X. The subscheme Nash, (X) C X xj Hilb(d+n) (X) is stable

under the induced natural action of G on X xj Hilb(d+n) (X),
G Xk X Xk Hllb(d+n) (X) — X Xk Hllb(d+n) (X)

(9,2,[2]) — (92, [92]).
Thus, the G-action on X naturally lifts to Nash, (X).

Similarly, the higher version of Noble’s result with some restrictions also holds.

Theorem 1.7 ([2I] Theorem 4.13). Let F' € Clz,...,25] be an irreducible polynomial and
X =V(F) C C*. Suppose X is normal. Let (Nash,(X),n,) be the n-th Nash blow-up of X.

Then m, is an isomorphism if and only if X is non-singular.

However, the n-th Nash blow-up is hard to compute in general. To deal with this problem,
especially in the hypersurface case, we recall the following definition which was given in [21],
where readers can find more details.

We recall the definition of a higher-order Jacobian matrix of a polynomial. First recall the
multi-index notation. Let o = (avq,...,a5),0 = (B1,...,0s) € N°:

). a<pea <p Vie{l,..., s}
2). ol =01+ +as.

3) al = al! . ag! o ‘055!.

0 (5)-(i ) (5)~(5) -mtm

5). 0% = 91992 ... 9.
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Using this notation, the general Leibniz rule states that

=Y ( p >6“5f869

{BlB<a}

for any f,g € Clzy,...,x,]. If we define 9% P f = 0 when a; < f; for some 1 < i < s then the
general Leibniz rule can also be written as:

g-H= D ( ;‘ )aa—ﬂfaﬁg. (1)
{Bl0<|8|<]al}

Let F € Clzy,...,xs] and p = (ai,...,as) € X = V(F) C C°. Let ap = (1 —ay,...,x5 —as) C

Clz1,...,zs). Fixn € N. Let N = ( n+s

5 > and consider the following linear map:

0:a,— CN!

fH<%|1§mK0.
ol Ip

We arrange this vector increasingly using graded lexicographical order, where a; < ag < -+ <
Q.

Let b = (F). Notice that b C a,,. Let g- F € b, where g € C[z1,...,z,]. Using the general
Leibniz rule and the fact F'(p) = 0, we can write 0(gF) as follows ( recall that we defined
0 PF =0 if a; < f3; for some i ):

o= Y ()T nslal<n)

{Blo<|B|<n—1}
Let 5 € N® be such that 0 < |8] <n — 1. We define

a—f
ot () S < alzn). )

—1
As before, we arrange rg using graded lexicographical order on «. There are M = ( ne :: )

Ip

such vectors.

Definition 1.8. [2I] Let Jac,(F) be the matrix whose rows are the M vectors rg defined in
. We arrange these rows using graded lexicographical order on £, where 51 < B2 < ... < ;.
In particular, Jac, (F') is a M x (N — 1)-matrix. We call Jac,,(F') the Jacobian matrix of order
n or the higher-order Jacobian matrix.

The following example gives an intuitional illustration of the above definition of higher-order
version of the Jacobian matrix of a polynomial. Since we only care about isolated hypersurface
singularities in this paper, it is important to show the computation for hypersurface case.

Example 1.9. [21] Let F(z,y) = 23 — y* € C[z,y]. Let p = (a,b) € X = V(F). The Jacobian
matrix of F' evaluated at p is defined as:
Jac(F), = ( 32® —2y )

p Ip’
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and the following Jacy(F') is the Jacobian matrix of order 2 of F.

322 -2y 3z 0 -1
Jacy(F):=| F 0 322 -2y 0
0 F 0 322 —2

Theorem 1.10 (Generalized Jacobian criterion [21I]). Let F' € C[z1,...,zs| be a reduced non-
constant polynomial. Let p € V(F) C C*. Forn €N, let M = (n+:_l). Then p is non-singular
if and only if rank(Jac,(F))|, = M.

The higher-order Jacobian matrix Jac,, (F') is useful to make explicit computations concerning
the higher Nash blow-up of hypersurfaces. The ideal whose blow-up is the higher Nash blow-
up of order n of a hypersurface, correspond to the ideal generated by the maximal minors of
Jacy, (F') [21]. From this fact, in [5], we have introduced the following higher Nash blow-up local
algebras for isolated hypersurface singularities.

Definition 1.11. With the notations as above. Let (V,0) be an isolated hypersurface singularity
defined by a polynomial F(z1,---,xzs). Let J,(F) C Oy be the ideal generated by the (M x
M )-minors of Jac,(F'). Then we define a new higher Nash blow-up local algebra of V' to be:
M (V) := Os/(F, TJn(F)). We use d,,(V) to denote the dimension of M, (V).

In this article, we introduce the following definition of k-th higher Nash blow-up local algebras
of order n which is generalization of higher Nash blow-up local algebras in Definition [I.11]

Definition 1.12. With the notations as above. Let (V, 0) be an isolated hypersurface singularity
defined by a polynomial F(z1,--- ,zs). Let J¥(F) C O, be the ideal generated by the (k x k)-
minors, 1 < k < M of Jac,(F). Then we define a new higher Nash blow-up local algebra of V'
to be: ME(V) := Og/(F, JE(F)). We use d¥(V) to denote the dimension of ME (V).

Remark 1.13. When k = M, then JM(F) = J,(F) and MM(V) = M, (V).

Remark 1.14. If (V,0) is an isolated hypersurface singularity, then it is easy to see that the
M (V) is exactly the moduli algebra A(V'), moreover, M, (V') is Artinian (cf. Corollary 2.2,
[21]). Thus MK (V) is also Artinian.

In [22], Fan-Yau-Zuo have proved the following highly nontrivial theorem.

Theorem 1.15. With the notations as above. Suppose
(‘/,0) = {($17"' axS) eC® : F(xla"' ,SL’S) = 0}
and (W,0) = {(x1, -+ ,x5) € C° : G(x1, -+ ,x5) = 0} are isolated hypersurface singularities.

If (V,0) is biholomorphically equivalent to (W,0), then My, (V) (resp. ME(V)) is isomorphic to
M, (W) (resp. ME(V)).

Based on Theorem [I.15] it is natural for us to introduce the following new derivation Lie
algebras.

Definition 1.16. The derivation Lie algebras £, (V) (resp. £F(V)) which is defined to be the
Lie algebra of derivations of the local Artinian algebra M, (V) (resp. ME(V)), ie., L, (V) =
Der(Mp (V) (resp. LE(V) = Der(ME(V))). Tts dimension is denoted as p, (V) (resp. pk(V)).

Since L(V') can not distinguish the simple singularities completely [27], it is interesting to
ask whether these simple singularities (or which classes of more general singularities) can be
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distinguished completely by the Lie algebra £, (V) (resp. L£F(V))? We proposed the following
conjectures.

Among Arnold’s most famous results in the singularity theory is his classification of simple
singularities [23]. Simple singularities can be considered in arbitrary dimension. Recall that
simple curve singularities, consist of two series Ay : {zFT! 492 =0}, k > 1, Dy, : {2¥ 1 +2y? =
0},k > 4 and three exceptional singularities Eg, E7, Fs defined by polynomials a3 + y* 23 +
zy?, 2% + y° respectively. These singularities play an important role in algebraic geometry and
singularity theory (cf. [II], [24]). Simple surface singularities (i.e., rational double points)
can be characterized in many ways [25], all of which involve some form of finiteness. These
characterizations that build on the work of Artin, Brieskorn, Du Val, Arnold, Tjurina and many
others, form a very interesting subject in singularity theory. In this paper, we show that our
newly introduced invariants (i.e., k-th higher Nash blow-up derivation Lie algebras) can be
used to distinguish between different simple curve singularities. In a subsequence paper, we
will show that this result can be generalized to more general singularities including the simple
surface singularities. For recent progress in distinguishing between different simple singularities
by using several derivation Lie algebras, the interested readers can refer to [26], [27], [28], and
[29].

Conjecture 1.17. If X and Y are two simple curve singularities, then LF(X) = LF(Y) if and
only if X and Y are analytically isomorphic.

Theorem A. If X and Y are two simple curve singularities, then £5(X) = L5(Y),k = 2,3, as
Lie algebras, if and only if X and Y are analytically isomorphic.

Remark 1.18. It is easy to see that the Lie algebra £1(X) for simple curve singularities are
trivial.
For the estimation of the numerical invariant p% (V'), we proposed the following new conjecture.

Conjecture 1.19. Assume that pk({z{* + -+ + 2% = 0}) = hk(a1, -+ ,a5). Let (V,0) =
{(z1,22, - ,x5) € C* : f(x1,29, - ,25) = 0},(s > 2) be an isolated singularity defined by
the weighted homogeneous polynomial f(x1,x2,- - ,xs) of weight type (w1, ws, -+ ,ws;1). Then
Pe(V) < h(1jwy, - 1/ws).

The Theorem [B] verifies Conjecture partially.

Theorem B. Let (V,0) be a binomial singularity defined by the weighted homogeneous polyno-
mial f(z1,x2) (see corollary[2.6 ) with weight type (w1, w2;1). Then

3 1 1 . 1 1

2 5, 1 1 1%1wz_4(a+@)+87 wlS%,’wQS%
(V) <h(— —)=q u =5 wp = 3,w2 < 3
o 1 2; <1 1

wr wy S 5, w2 =5

Remark 1.20. Conjecture was proved in [5] for k = 3,n =2, and in [30] for k = 1,n = 2.

Conjecture 1.21. Assume that df({z{* + --- + 2% = 0}) = (a1, -+ ,as). Let (V,0) =
{(z1,22, - ,25) € C°: f(z1,22, - ,25) = 0}, (s > 2) be an isolated singularity defined by the
weighted homogeneous polynomial f(x1, 2, - ,zs) of weight type (w1, we, - ,ws; 1). Then

dE(V) <1 jwr, -1 ws).

Remark 1.22. Conjecture was verified in [31] for & = 1,n = 2. The following theorem
verify the Conjecture for k=2,3,n=2.
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Theorem C. Let (V,0) be a binomial singularity defined by the weighted homogeneous polyno-
mial f(z1,22) (see Corollary[2.6 ) with weight type (wy,w2;1). Then

2 1 1 1 1
11 s~ 3y Tug) 76w < gw <3,
BV)<B(—, ) =
o wr b wy < L 1
w1 Y 1S 2’w2_2
1 1 1 1
w13102 _3(w71+’w72)+6’ w1 §§7 wQSg and w1 = Wwa,
1 1 ; Wi = 2wy = 2
; 5 ; 1 s W2
dQ(V)§£2(777 = 3 . _, -
'lUl w2 wa ) wl_ ,w2_ 3
wl?;“2_3<wi1+wi2)+53 wlg%;“&ﬁ%andw1>w20rw1<w2_

Conjecture 1.23. With the above notations, let (V,0) be an isolated hypersurface singularity
defined by f € Og, s > 2. Then

PR (V) > pp(V),1 <k < M.

Theorem D. Let (V,0) be a binomial singularity defined by the weighted homogeneous polyno-
mial f(x1,xe) with weight type (w1, wq;1). Then

ps(V) > p5(V) > py(V).

2. DERIVATION LIE ALGEBRAS AND FEWNOMIAL SINGULARITIES

In this section we shall briefly introduce the basic definitions and important results which are
helpful to solve the problem. The following basic concepts and results will be used to compute
the derivation Lie algebras of isolated hypersurface singularities.

Recall that a derivation of commutative associative algebra A is defined as a linear endomor-
phism D of A satisfying the Leibniz rule: D(ab) = D(a)b+ aD(b). Thus for such an algebra
A one can consider the Lie algebra of its derivations Der(A, A) with the bracket defined by the
commutator of linear endomorphisms.

Definition 2.1. Let J be an ideal in an analytic algebra S. Then Der;S C DercS is Lie
subalgebra of all o € DercS for which o(J) C J.

We shall use the following well-known result to compute the derivations.

Theorem 2.2. (cf. [32]) Let J be an ideal in R = C{x1,--- ,xzn}. Then there is a natural
isomorphism of Lie algebras

(DeryR)/(J - DercR) = Derc(R/J).

Definition 2.3. A polynomial f € Clzy,z9,- - ,xy,] is called quasi-homogeneous (or weighted
homogeneous) if there exist positive rational numbers wy, ..., w, (called weights of indetermi-
nates x;) and d such that, for each monomial fo] appearing in f with non-zero coefficient,
one has ) wjk; = d. The number d is called the quasi-homogeneous degree (w-degree) of f
with respect to weights w; and is denoted by deg f. The collection (w;d) = (w1, - ,wp;d) is
called the quasi-homogeneity type (qh-type) of f.
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Definition 2.4. An isolated hypersurface singularity in C" is fewnomial if it can be defined by a
n-nomial in n variables and it is a weighted homogeneous fewnomial isolated singularity if it can
be defined by a weighted homogeneous fewnomial. 3-nomial isolated hypersurface singularity is
also called trinomial singularity.

Proposition 2.5. Let f be a weighted homogeneous fewnomial isolated singularity with mult(f) >
3. Then f analytically equivalent to a linear combination of the following three series:

Type A. 2§t + 23 + -+ 20" +2dn, n > 1,

n 7’
Type B. z{'xo + 25%x3 + -+ 2o @y + 200, 0 > 2,
Type C. 20 wo + x3%w3 + -+ + 20" ' + 20021, 1 > 2.

Proposition [2.5] has an immediate corollary.

Corollary 2.6. Each binomial isolated singularity is analytically equivalent to one from the
three series: A) z{' + x3%, B) a{'xy + 5%, C) x{'z9 + 2§71.

The following proposition will be use to prove main theorems.

Proposition 2.7. [30] Let (V,0) be a binomial isolated singularity of type A which is defined
by f = + 252 (a1 > 3,a2 > 3) with weight type (X, L;1). Then

a1’ az’

(V) = 2a1as — 5(ay + ag) + 12.

Proposition 2.8. [30] Let (V,0) be a binomial isolated singularity of type B which is defined by
f=al" +252x1 (a1 >3, ag > 2) with weight type (=, 2=1:1). Then

a1’ aiaz’

2a1az —5(a1 +az) +15; a1 > 4,a2 >3
py(V) =1 ay—2; a; =3,a2 >3
0; ay > 3,az = 2.

Proposition 2.9. [30] Let (V,0) be a binomial isolated singularity of type C which is defined by
[ =z + 25°x1 (a1 > 2,a9 > 2) with weight type ( ap—l_~_ai—1 ;1). Then

aras—1’ ajas—1"

2a1a9 — 5(a; +a2) +19; a1 >5,a2 > 5

as + 1; ar =3,a2 >3
p%(V) =< 3as —2; a1 =4,a9 >5
9; a1:4,a2:4
0; ap = 2,as > 2.

Proposition 2.10. [5] Let (V,0) be a binomial isolated singularity of type A which is defined
by f = + 252 (a1 > 2,as > 2) with weight type (X, L;1). Then

a1’ az’

daras —4(a1 +a2) +7; a1 >3, a3 >3 and a1 = as

6; ar =2,a2 =2
pg(V) =4 4az —3; a1 =2,a3 >3
4ay — 3; a1 > 3,a3 =2

daraz — 4(a1 +a2) +6; a1 >3, ay > 3 and a1 # as.
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Proposition 2.11. [5] Let (V,0) be a binomial isolated singularity of type B which is defined
by f=al'zo+ 257 (a1 > 1,a2 > 2) with weight type (‘ffl;;, é; 1). Then

darao —4ao +7; a1 >2,a3 >3 anda; =ag — 1
6; a1 =1,a9 > 2
3 ) 1 s U2
V) =
p2(V) 8ai — 3; ar > 2,a9 =2
daras —4as +6; a1 >2, a2 >3 and a1 # as — 1.

Pr0p051t10n 2.12. [5] Let (V,0) be a binomial isolated singularity of type C which is defined
by f=a"w2 + a5’z (a1 > 1,02 > 1) with weight type (12 g T 1-:1). Then

6ai; ap > laz =1
pg(V) =< 4daias+3; a1 >2,as>2 and a1 = a9
darao +2; a1 > 2, as > 2 and a1 # as.

3. PROOF OF THEOREMS
In order to prove the Theorems we need to use Lemma and propositions
Lemma 3.1. Let (V,0) be an isolated hypersurface singularity defined by a polynomial f(x1,22)

Then

2 of of\* of 9*f of of 0*f of of *f
M2(V) /<f’< > <> 77,77’8711%87@7287%61'181)27

61'1 81‘2 ’61'1 8:1/‘% 8x1 81‘2

Of O*f of *f of Pf of f
8x1 8%% 83;2 (3.% 8x1 890183:2 69@ 81‘18332

Proof. Note that
of of 19%f _9f
o1 Oxo 2 ax% 01012
Jac(f)=10 o L 2L 0
of of

0 0 0 Por =
After simple calculations, we get following 2 * 2 minors

of &*f of o of &*f

(LY (L), 2250000 2 of 0
7 Oxq 01103y 011 0x3’ Oxo O3’

871'1 87.%'2 ’ 81‘1 &%%7 Bxl 3332 ’ 8:13% 8902

of 1 of
8&?1 8I18$2’ 8x2 89518952

Hence , J2(f) is generated by above 9 generators. That implies that
G- L (20N (20N 0f P 0f op @ op |, 0 & of o
12 ’ 81‘1 8:62 ’ 81‘1 8x%’ al‘l 8332 ’ 8$% (91‘2 8$1 8I18$2’ 8561 (‘):c%’
of *f of 9*f of &f
81‘2 6;v% 8.1‘1 69@18@ 8.%'2 8x16$2

Thus the lemma is proved.
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Proposition 3.2. Let (V,0) be a binomial isolated singularity of type A which is defined by
f=a{" 4+ 25?7 (a1 > 2,a2 > 2) with weight type (%, é; 1). Then

Bajaz —4(a1 +a2)+8; a1 >4, a2 >4
p3(V) =< 5as —5; a1 = 3,a2 >3
a; — 2; ay > 2,ay = 2.

Proof. Tt follows Lemma [3.1] that the local algebra
af \*> (of\*> of *f of of 9*f 0 of o
My =0y [ (g (2L (20N 9L 0 07 OF [Of OF ., 0F OF
8$1 8.%'2 8$1 83}1 81’1 8%2 a.xl 6%’2 8951 8$18$2

of 9%f Of 9*f of 9*f Of 9*f >

Oz ox3’ 014 o0x3’ Oy 011013 D19 01079

has a monomial basis of the form:

(1) lf al 2 3, as 2 35
{m’il 12 0 S 1:1 S aq _4’0 S 7:2 S 2@2 _4;1:1{41*31,%270 S 7:2 S as — 1;;[}?172"[,‘%2’0 S'LQ S a9 -2

1 %25
:13‘1”71:1352,0 <9 < ag— 3},
(2)ifay > 2,a9 = 2, {z}',0 <i; <ap —2}.
Case (1): When aj > 4, ag > 4, then we obtain following a basis of Lie algebra £3(V):
x’;@l,ag —3< 19 < 2a9 — 4;;U§13:;281, 1<ii <ap—4;0<iy <2a9 —4;
211 P0301,0 < iy < ag — L2 PaR01,0 < iy < ag — 2528 2R01,0 < iy < ag — 3;
ﬂ:?@g,az —2 <1y < 2ag — 4 x?:ﬁ;@, 1<i1<a1 —45a0 —2 <1y <2a9 — 4
P01 S ia < ay = L P00 S ia < ap - 20 0B 0,0 S ia S aa 3
Therefore we have the following formula
pa(V) = 3ajas — 4(a1 + az) + 8.
Case (2): when a; = 3, ag > 3, then we obtain following a basis of Lie algebra £3(V):
x’;@l,ag —2< iy < ag— 1;m1x§281,0 <49 < ag— 2;:1:%:@281,0 <iy <ag—3;
2209,1 <'ig < ag — 1;2125805,0 <ig < ag — 2; 232205,0 < iy < ag — 3.
Therefore we have the following formula
p5(V) = 5ag — 5.
Case (3): when a; > 2, as = 2, then we obtain following a basis of Lie algebra £3(V):
19,1 <idy <ap — 2.
Therefore we have the following formula

pr(V) = a1 — 2.
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Proposition 3.3. Let (V,0) be a binomial isolated singularity of type B which is defined by
[ =a{xs + 25 (a1 > 1,a9 > 2) with weight type (“T1 L.1). Then

aiaz ’ az’

3ajas —4as —2a1 +11; a1 >4,a9>5

10a1—6; aj 23,(12:4

2 as +7; a; =2,a2 > 3
V) =

p2( ) 7@1—4; al 23, a2:3

2a1 — 2; ar > 2, as =2

L 0 ar =1, a > 2

Furthermore, we need to show that

3a1a§_4(M+a2)+8; MZ4,@224

az—1 az—1 az—1

p3(V) <4 5az —5; g =3a223
aiaz __ 9. a1az _
aa—1 2, an—1 2 2,@2 = 2.

Proof. 1t follows Lemma that the local algebra M3(V) has a monomial basis of the form:
(1)ifa; > 3, ag > 4,
{J:if:v?,O <i1<ap—4;0 <ig < 2a9 — 4;x‘1‘1*3m§2,0 <y < a2;xﬁll1*2$;2;0 <iy<as—1;
xcl”flxlf,o <9 < ag— 2;x§1,a1 <1 < 2ay — 2},
(2)if a1 > 2,09 = 3, {2222,0 <iy <ap —2;0 <ip < 228 P g 2l 4y <y < 2a1 — 23,
(3)ifa; > 2, ap =2, {2¥'2?,0 <iy <a; —2;0 < iy < 1;2§' 1Y,
(4)if a1 = 2, ag > 3,{x2,0 < iy < ag — 1;21; x129; 3},
(5)ifa; =1, ag > 2,{1}.
Case (1): When aj > 4, ag > 5, then we obtain following a basis of Lie algebra £3(V):
2201, ag — 4 <ig < 2a9 — 4,20 2201,1 < iy <ap — 4,0 <idg < 2a9 — 4;
P3P 010 <y < ag; ' PaPon;0 <dp < ag — LiaP 200 < iy < ap — 2
:C’fal,al <11 <2a1 — 2;%182,@1 <i1 <2aq1 — 2;$§1x§282,0 <i1 <a; —4,
ap — 2 <y < 2ap — 427 P2l 00;2 < iy < ag;aft PaPoy;1 <y <ag — 1
m?lflx?@g;o <9 < ag — 2.
Therefore we have the following formula

pa(V) = 3ajas — 2a; — 4as + 11. (3)

Case (2): When a; > 3, ag = 4, then we obtain following a basis of Lie algebra £3(V):
:c’;(‘)l,O <19 < 4; xilx’;(‘)l, 1<i1<a1—3,0<14y <4 x‘l”_2x?81,0 < g9 < 3;:0‘1“_1962281,
0<iy< 2;x§181,a1 <11 <2a1 — 2;xilx§282,0 < <a;—3,2<iy<4; x‘l“_Q:r?ag, 1<y < 3;
2 2 95,0 <dg < 2,210, a1 < iy < 2a1 — 2.

Therefore we have the following formula
pa(V) = 10a; — 6.
Case (3): when a; = 2, as > 3, then we obtain following a basis of Lie algebra £3(V):

TR 01 as — 2 <y < ag — 1321015 212201 23013 28023 1 < dip < ag — 132109 1122003 27305
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Therefore we have the following formula
(V) =ay + 1.
Case (4): when a; > 3, az = 3, then we obtain following a basis of Lie algebra £3(V):

xgal;:n%@l;x?:z:?@l, 1<i1<a; —2,0<14 < 2;1361“711‘%281;0 < gy < 1;:3?81;&1 <11 <2a1 — 2
i1 o

] x202,0 <11 <a;—2,1<ip< 2;1‘(111711‘?62;0 <49 < 1;:L‘§102;a1 < i <2a1 — 2.

Therefore we have the following formula
pa(V) = Tay — 4.
Case (5): When a1 > 2, ag = 2, then we obtain following a basis of Lie algebra ﬁ%(V):
:c’fm’?al, 1<i1<a1—-2,0<4, < 1;x281;m‘1”_182.
we have the following formula
pa(V) = 2a; — 2.
Case (6): When ay = 1, ag > 2, then we have the following formula
p3(V) =0.
It is follows from Proposition we have
3araz —4(ar +az) +8; a1 >4, a2 >4

h%(al,ag) = das — 9; a1 =3,as >3
a; — 2; ar > 2,as = 2.

After putting the weight type (2=1, L:1) of binomial isolated singularity of type B we have

ajaz’ az

3111(1% o 4( ai1a 4 CLQ) + 87 aiaz 2 47 as 2 4

9 1 1 az—1 az2—1 az2—1
— . aiaz __
h‘2(w1’w2)_ 5@2_5, a21_21 —3,@223
aia2 _ 9. aiaz —
a9, 493 > 9 gy =2.

From Conjecture and proposition [3.3 we have

;

3ajag —4as —2a1+11; a3 >4,a2>5
10@1 —6; al 2 3,a2 =4

h%(i,i)z as + 7; ar =2,a2 >3 (4)
w1 wa 7&1 *4; ay > 3, ag = 3
2@1—2; a122,a2:2
0; a1:17a222

It is easy to see that the above inequality hold true.
O

Proposition 3.4. Let (V,0) be a binomial isolated singularity of type C which is defined by
f=a ey + 252w (a1 > 1,a9 > 1) with weight type (-2 -9=L. 1) Then

aras—1’ ajaz—1"

3araz —2(a1 +az) +12; a1 >5, a2 >5

10a9 + 3; a1 =4, a0 >4
ps(V) =< Tag+3; ay =3,a2 >3
2a9 + 6; a1 =2,a3 > 2

0; ap=1,a2>1
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Furthermore, we need to show that

3((11(12—1)2 —1 —1 . —1 -1
_4(a1a2 + a1a )+87 ajaz > 47 a(llil,g_l 2 4

) gc(blfl)(alg)fl) as—1 a;—1 (ag—l 1)— ( 5
aijaz— ajag— aijag—
)= ﬁ o ( 2”2_11) - 4(2”2_1 1)Z ’
aiaz— . a1a2— ai1a2— _
az—1 27 az—1 Z 2’ a;—1 = 2.

Proof. 1t follows Lemma that the local algebra M%(V) has a monomial basis of the form:
(1) ifa1 24, ag 24 5
{:U?x?,o <i1 <ap—3;0 <iy <2a9 —4; xé2,2a2 —3 <1y < 2a9 — Q;xlxgazf?’;xcl”ﬁx?,
0<ip <agsaf 2,0 <iy <ap— Lzl a < iy < 201 — 2},
(2)ifa; = 3, ag >3, {22,0 < iy < 2a9 — 2,128, 0 < iy < ag;at; af; w0 < iy < ap — 1},
(3)ifar =2, az > 2 7{1’?563270 <ip<2;0< i <ag — 1;3&'1»’632;1’?;%%;%?;@2 <iig < 2a9 — 2},
(4)ifa; =1,a2>1,{1}.
Case (1): when a; > 5, ag > 5, then we obtain following a basis of Lie algebra £3(V):
J:fo;zal, 1 S ’il S al — 3,0 S ig S 2@2 — 4; .%'?81,0@ —4 S ig S 2@2 — 2;$1$3a2_381;
2P 2010 <idp < agiaf T 'wF01,0 <y <ag—1;21'01, a1 < iy < 201-2520 2 05,0 < iy < a1 —3;
az — 1 <y < 2as — 422527205, 1 < iy < ag — 3325 2al20s,1 < ig < ap;
x‘fl_lx?%, 0<iy<as—1; xi1182; ap <41 < 2a1 — 25 9?1353@_362337%2827 2a3 =3 < iz < 2a2 — 25
x‘fl_?’x’;&g; 2 S iQ S ag — 3
Therefore we have the following formula
pa(V) = 3ajas — 2(ay + ag) + 12.

Case (2): when a; = 4, as > 4, then we obtain following a basis of Lie algebra £3(V):
201,033 < iy < 2a9—2 2127 01,0 < iy < 2a9—3; 27050130 < iy < ag; 2} 0150 < iy < ag—1;
2014 < iy < 6070502 — 1 < ip < 209 — 251105032 < iy < 2ag — By TwF 031 < g < ay;
2320050 < ig < ag — ;200034 < iy < 6.

Therefore we have the following formula
pa(V) = 10az + 3.

Case (3): When a; = 3, ag > 3, then we obtain following a basis of Lie algebra £3(V):
xR0y, a9 — 2 <ig < 2a9 — 2,2 2201, 1 <y < 2,0 < < ag — 1;5209,2 < iy < 2a9;x17520;;
xi’@l; 33%31; :Elx?@g, 1<y < ag;mfﬂcgzag, 0<is<as—1; :10‘?82; x%ag.

Therefore we have the following formula
pa(V) = Tag + 3.
Case (4): When a; = 2, ag > 2, then we obtain following a basis of Lie algebra £3(V):

. 92 . .
9 ) . 2
:E222+“2 01 — - 193?(%, 1 <ip <ag—2;2701,2a2 — 3 < iy < 2a9 — 2,270

101 + 1x282;$1:c281 +

ag — as —
Therefore we have the following formula

p3(V) = 2as + 6.

1$%32; 2301; 22095 a9 — 1 < iy < 2ag — 2;w100; 12205,
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Case (5): when a1 = 1, ag > 1, then we get
p(V)=0.
It is follows from Proposition [3.2] we have
3ajag —4(a1 +a2) +8; a1 >4, a2 >4

h%(al,ag) =< bag — b a1 =3,a3 >3
ay — 2; ay > 2,as = 2.

az2—1 a1—1
aras—1’ atas—1"

After putting the weight type ( 1) of binomial isolated singularity of type C we

have
3(araz—1)° 1 1 ) 1 -1
D[ e ammst sty by amsl > g, mel > g
h2(7 7) — 5(a1a2—1) — 5 (a1a2—1) -3 (a1a2—1) >3
P’ ws (@l o @22y e
1a2— . 1a2— 1a2— i
Tt T % w1 22 a1 =2
From Conjecture and Proposition we have
3ajag —2(a; +a2) +12; a3 >5,a2>5
10as + 3; a1 =4, a9 >4
, 11
hs(—,—) > < Tas + 3; ar =3,a2 >3 (5)
w2 2a9 + 6; a1 =2,a9 > 2
0; ar=1,a9>1
It is easy to see that the above inequality holds true. O

Proposition 3.5. Let (V,0) be a binomial isolated singularity of type A which is defined by
f=a{" + 25 (a1 > 2,a9 > 2) with weight type (X, L;1). Then

al’ag’

3ajaz — 3(a; +ag2) +6; a; >3, ag >3 and a1 = ay

9; ay =2,a3 =2

3&2—2; a1:2,a223

3ajaz — 3(a1 +a2) +5; a1 >3, az >3 and a1 < ag or a; > as.

Proof. It follows that the local algebra

i) =o. <f7(§i> () () s (35)

OfN O (OFN O, 0f of O
Oz ) 023 O 83; 0x1 Ox9 021029 |

has a monomial basis of the form:

(1)if a1 >3, a2 > 3 and a1 = ag,

{x§1x122,0<21<a1—1 0 <ig <2a9 — 3;2{"" 3x2,2a2—2<12<2a2—1 't -2 ;‘” 2,
xllla:ZQQ,Ogil§a1—4,2a2—2§m§3a2—4},

(2) ifa; = 2,a0 = 2, {1,21, 29,23, 2129},

(3)if a; = 2, a223,{x’1133122,0§i1§1;O§z’2§a2—1;x§2,a2§i2§2ag—3},

(4)if a1 >3, a3 > 3 and a1 < ag or aj > ag,

{2220 <iy <ap — 10 <ig < 2a9 — 3325 P2, 209 — 2 < iy < 2a9 — 1;
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$ZIISUZ22,O S ’il S ajy — 4, 2a2 -2 S i2 S 3&2 - 4}
g

Proposition 3.6. Let (V,0) be a binomial isolated singularity of type B which is defined by
[ =a{z + 25 (a1 > 1,a9 > 2) with weight type (6‘2*1 L:1). Then

aiaz ’ ay’

3aias —3as+6; a1 >2,a9 >3 anda; =ag — 1

9; a1 =1,a2 > 2,

6&1—2; a122,a2:2

3ai1ao —3a2 +5; a1 >3,a2 >3 anda; =ag oray <az—1ora; >as—1

Furthermore, we need to show that

9; a1 =1,a0 =2
3as — 2; ;““2 =2,a0 >3
d%(V) > 3a1a3 :

_ aiaz .
az—1 3(a2 Tt a2) + 6;
3a1a%
as—1

a1a2 ajaz __
an— >3 a2>3anda2_1—ag

—3(2% +az) +5 % >3, a2 >3 and

az— agfl

Proof. Tt follows that the local algebra
af \* of \" of of (of
3 _ 95 It =
M2(V) - O2/<f’ <8x1> (81’2) <8CE1> 81:2 8371 8:62 ’

OFN' O (OF\' O, 0f 0 &F
(9&72 81‘% 8:1/‘1 83: a$1 6$2 a$18$2 '

has a monomial basis of the form:

(1)ifa; > 2, a2 >3 and a1 = ag — 1,

{xlll:zgz,1<zl<a1—1 0 <ig <2ag —2;2*" 3:6222,2a2—1<22<2a2, a1—2 2a2 L.
1:2,O§i2§2a272;x111x;2,0§i1§a174,2a271§i2§3a273;x1,a1§i1§3a171},
(2)ifa; = 1,a0 > 2, {1,21, 22, 23,23},

(3)ifay > 2, ap =2, {a 2?1 <iy <ap —1;0 <idg < 2;,22,0 <ig < 228230 <idy < ay — 3;
2, ay < iy < 3ay — 1},

(4)ifay = 2, ag > 4, {x2 22,0 <iy < 1;0 <ip < ag + 1; 22, a9 + 2 <'ip < 2a9 — 2; 24,2 < iy < 5},
(5)if a1 >3,a2 >3 and a; =azora; <az—1lora; >az—1,

{a;zllx?,l <ip <ayp —1;0 <ig < 2ap — 2527 33;?,2(12—1 < 19 < 2a9;

xz 20 <19 §2a2—2;:c111x222,0§i1 <ap—4,2a9 —1 <149 < 3@2—3;x31,a1 <y <3a; —1}.

It is follows from proposition [3.5] we have

3ajas — 3(a; +az) +6; a1 >3,a2 >3 and a; = as

; ar =2,a9 =2

3as — 2; ar =2, a9 >3

3ajas — 3(a1 +az) +5; a1 >3, a2 >3 and a1 < as or a; > as.

63(a1,a2) =
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After putting the weight type (ala;, (112 1) of binomial isolated singularity of type B we have
9; a1 =1,ay =2
1 1 3az — 2; 492 — 2,49 > 3
03—, —) = 3a1a3 -

—3(22 +a2) +6; 2 >3,a2 >3 and 1% =a

as—1 as— 1
3aia3 a1a2 . ai1a2 a1a2 a1a2
aa—1 _3(112—1 +a2)+57 ﬁzg’ a223andﬁ<a2 Ora27_1>a2.

From conjecture and proposition we have
3a1as —3a2+6; a1 >2,a3>3and a; =ag —1
1 i < 5; a1:1,a222,
w1’w2 - 6a; — 2; ay > 2, a9 =2
3aias —3as+5; a3 >3,a3 >3 anda; =asora; <as—lora; >ag—1
(6)

It is easy to see that the above inequality @ hold true.
O

Proposition 3.7. Let (V,0) be a binomial isolated singularity of type C which is defined by
[ =a{"xe + 25221 (a1 > 1,a2 > 1) with weight type ( a1l a1l 1) Then

aras—1’ ajaz—1"

3a1as +3; a1 > 2, a0 > 2 and a; = as
dg(V) =< 3a1a2+2; a1>2,a2>2 anda; < as or ai > as
day; ap > 1, a2 =1

Furthermore, we need to show that

. ajaz—1 aiag—1 __
52 ) as—1 2’ ai—1 2
3(araz2—1 9. ajas—1 ajas—1
Car—1 2; az—1 =2, a;—1 >3

3(a1a2—1)? _3(a1a2—1 + a1a2—1)+6; ajaz—1 - 3, a1a2 1 >3

3 a1—1)(az2—1 az—1 a;—1 az—1 =
dQ(V) > ( ) ) and 4192= 1 _ alag 1
) as—1 = ai1—1
3(ala2—1) _ a1a2 1 ajas—1 . ajaz—1 a1a2 1
(=T as—T) 3(% + H2T) + 5 A >3, >3
ajas—1 a1a2 1 ajaz—1 ajaz—1
and PP < T O T > AT

Proof. Tt follows that the local algebra
of of \" of of (of
3 i -
M2(V) /<f7 <al‘1> <a$2> <8$1> 8952 6m1 <8$2) ’

AN PF (OFNOPf ,0F Of &f
8:62 81‘% 8.%'1 a.r 8.2131 8952 8m18x2

has a monomial basis of the form:

(1)ifa; > 3, ag >3 and a; = ag

{2D22,0 <ip < a; — 150 <dg < 2a9;2 a1 < iy < 3a; — ;25,20 + 1 < g < 4dag — 4
a;l 1:2 1< <a; —2,2a9+1 <19 < 3ag —3;3711’3“2_2},

(2)ifa; =2,a2 =2,

{$111$z22,0<“<1 O<12<4x 2 <ip <55},

3)ifa; > 1, ap = 1,{z% 22,0 <iy <ay —1;0 <idg < 228 ay <y < 3ap — 1},
129 1



(4)ifa; > 2, a2 > 3 and a1 < ag or a1 > ag,
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{a'2%,0 <y < a1 — 1,0 < g < 2a9;2% a1 <41 < 3ag — 1527,

Qa9 + 1 <'ig < dag — 4; 2221 < iy < ay —2,2a0 + 1 < iy < 3ap — 3}
(5) ifa1 Z 3, ay = 2,

{ajilx’;,ogil <a;—1;0<1i9 §3;$Zil7al <41 < 3aq —1;$§2,4§i2 <5}

It is follows from proposition [3.5] we have

63(ar, az) =

3ajaz — 3(a1 + az) + 6;
9;

3a2 — 2;

3ajaz — 3(a1 + az) + 5;

a1 > 3,as >3 and a1 = a9
a1:2,a2:2
a1:2,a223

a1 > 3, a3 > 3 and a1 < as or a1 > as.

After putting the weight type (%, a‘fé;ll,
have
5;
3(a1a2—1) .
5111,2 )2_ 2a
3(araz—1 —1 1 .
63(i i) = (a1711)2(a271) o 3(“;‘212_1 + alll[llil )+ 6;
2wy ws
3(a1a2—1)? -1 1 .
(a1—11)2(a2—1) - 3((121(212*1 + aé?i ) +5;

\

From conjecture [1.21] and proposition we have

11 3aias + 3;

6B(—,—) << 3ajas +2;

2 ) = 142 )
w1 w2 5&1‘

It is easy to see that the above inequality holds true.

ajaz—1 __ 2 aras—1 __ 2
as—1 — 7 a1—1
aras—1 __ 2 ajazs—1 >3
as—1 ~— 0 a1—-1 =
el > 3, gl > 3

ajaz—1 _ ajas—1
az2—1 a1—1
ajas—1 ajazs—1
as—1 2 3’ a1—1 Z 3

and

and ajas—1 < ajas—1 or ajas—1

17

; 1) of binomial isolated singularity of type C we

ajas—1

as—1 a1—1

a1 > 2,as > 2and a1 = as
a1 > 2,a3 > 2and a; < as or a; > a
alzl,CLQ:l.

a1—1

]

Proposition 3.8. Let V = {(z1,22) € C?: 2¥ 423 = 0} be the Ay, singularity, k > 1 and
L3(V) be a derivation Lie algebra. Then

Proof. Tt follows that the local algebra M3(V') has a monomial basis of the form:

p(V)=k—1.

2 0<i; <k-1

The Lie algebra £3(V) has following basis:

el = :c181 + 2%%82,

€9 = :1:%81 + 21‘?82,

e3 = :z:‘ll(?l + 23:??62, e

k
,Ch—1 = xlal.

It is easy to check that for k = 1 the Lie algebra dimension are zero and for £ = 2 the dimension
of nilradical g(V') are zero. It is also note that for k > 3 the nilradical g(V') of Lie algebra £3(V)

generated by < eg,e3,eq,- -

following multiplication table [eg, e3] = 0.

,ex—1 >. For Ay singularity, the nilradical g(V) =< ey, e3 > have
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Case 1. When k is odd and k > 5, then nilradical g(V') =< e, e3,€4, -+ ,e_1 > have following
multiplication table:
le2,e3] = —eaq, [e2,e4] = —2e5, [e2,e5] = —3e6, -+, [e2,ex_2] = —(k —4)ep_1,
le3,e4] = —eg, [e3,e5] = —2e7, [e3,e6] = —3es, -+, [e3,ex—3] = —(k —6)ep_1,
lea,e5] = —es, [ea,e6] = —2e9, [es,e7] = —3e10,- -, [es,epa] = —(k — 8)ex_1,
[6%76%4_1] = —C€k—1-
Case 2. When £k is even and k > 6, then nilradical (V) =< eg, e3, €4, -+ ,ex_1 > have following
multiplication table:
le2,e3] = —esq, [e2,e4] = —2e5, [e2,e5] = —3eq,- -, [e2,ep2] = —(k —4)ex_1,
le3,eq] = —eg, [e3,e5] = —2e7, [e3,e6] = —3es, -, [e3,ex—3] = —(k —6)ex_1,
[ea,e5] = —es,  [eq,e6] = —2e9, [es,e7] = —3er0, -, [e4, e5-a] = —(k — 8)ep—1,
[6%,6%+1] = —eg_2, [e%,e¥+2] = —2ep_1.

U
Proposition 3.9. Let V = {(x1,22) € C?: a3z + 2571 = 0} be the Dy singularity, k > 4 and
L3(V) be a derivation Lie algebra. Then
pa(V) =k +6.
Proof. Tt follows that the local algebra M2(V) has a monomial basis of the form:
{3332,0 <y < k— 2;x1;x1x2;w%}.

When k = 4, then we obtain following bases of Lie algebra £3(V):

€1 = —.%'181 + .fUQaQ, €9 = —56'281, €3 — —1'162, €4 = —1'262, €5 — —l"%ag,
€ — —33133232, e7 = —37%62, €g — —Q?%al, €9 — —1‘11‘281, €10 — —.%%81.
For Dy, singularity, the nilradical g(V') =< e, e5, eg, €7, -+ , €190 > have following multiplication
table:
[e2,e5] = 2e¢ — es, [ea,e6] = €7 —eg, [ea,e7] = —e1p, [e2,es] = 2e9, [e2,e9] = e10.

Case 2: When k > 5, then we obtain following bases of Lie algebra £3(V):
k—3 2
e1 =x101 — w202, ez =m102, e3=m202, eq4=umy “0O1, e5=1x500,
3 4 k—3 2 k—2
eg = T300, €7 =1x300, - € =Ty “Oa, epp1 =x702, epr2 = T1X202, epi3 =Ty 0o,

2 k—2
€k+4 = 1‘161, €k+5 = 1'12122(91, €k+6 = $2 (91.

For Ds singularity, the nilradical g(V)) =< eg, eq4,€5,¢€6, -+ ,e11 > have following multiplica-
tion table:
[e2, 4] = —2e10 + €5, [ea,e5] = —2e7, [ez,e7] = —es, [ea,e9] = €6, [e4, 5] = 2e11,

[64767] = —E€s, [647610] = —€11.
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For Dg singularity, the nilradical (V') =< eg, eq4,€5,¢€6, -+ ,e12 > have following multiplica-
tion table:
[e2,e4] = €5, [e2,e5] = —2es, [e2,e8] = —er, ez, e10] = e7, [ea,en1] = —e1o + e,
[e2,e12] = €9, [eq,e5] = 3e12, [eq,es] = —eg, [es,e11] = —e12, [es,e6] = —e9.
For D7 singularity, the nilradical g(V') =< eg, e4, €5, €6, - - , €13 > have following multiplication
table:
le2,ea] = €7, [ez,e5] = —2e9, [e2,e9] = —es, [e2,e11] =es, [ea,e12] = —e11 + ey,
[e2,€13] = €10, [e4,e5] = de13, [eq,e9] = —e10, [es,e12] = —e13, [es,e6] = —er,
les, e7] = —2eqp.
Case 1. When £k is even and k > 8, then nilradical g(V) =< es, eq4,€5,€6, - ,ex16 > have
following multiplication table:
[ea,eq] = ek, [e2,e5] = —2epi2, [e2,ekta] = —€py1, [e2,epta] = ent1, [e2, exys]
= €ht2 — Chkid, [€2,€k16)] = €ky3, [ea,e5] = (kK —3)erte, [e4;epy2] = —€ry3, e, ehys]
= —eki6, |€5,66] = —er, [es,er] = —2es, [es,es] = —3eg, -, [e5,ex-1] = —(k — 6)ex,
les,ex] = —(k —5)ex+s,  [es,e7] = —eg, [eq, €] = —2e10,  [eg,€0] = —3err, -+,
le6, ex—2] = —(k — 8)ex, [es, ex—1] = —(k — T)exys,
[e7,e8] = —e11, [er,e9] = —2e12, [er,e10] = —3e1s, -+, [er, ex—3] = —(k — 10)e,
le7, ex—2] = —(k — 9)exy3,
[e%,e%ﬂ] = —€p_1, [e%,e%ﬁ] = —2ey, [e%,e%%] = —3ek+3,
[6}@#,6%_’_1] = —€k+3.
Case 2. When k is odd and k£ > 9, then nilradical g(V) =< eg,eq4,€5,¢€6, - , €16 > have
following multiplication table:
le2,e4] = ek, [e2,e5] = —2ep42, [e2,err2] = —€kt1,  [€2,eppa] = epy1, €2, k15 = €2
— €ktd, €2, epy6] = €kr3, [ea,e5] = (K —3)exre,  [ed, erta] = —epy3, [eq,erhis] = —ekis,
[es,e6] = —er, les,er] = —2es, [es,es] = —3eg, -, [es,ex—1] = —(k — 6)eg,
les,ex] = —(k —5)exrs, [es,e7] = —eg, [es, €8] = —2€10, €6, €9] = —3e11, -+,
e, ex—2] = —(k — 8)ex, [eq, ex—1] = —(k — T)exys,
le7,es] = —e11, [er,eq] = —2e12, [er,e10] = —3eis, -, [er, ex—3] = —(k — 10)ey,
le7, ex—2] = —(k — 9)exs,
[e%,e%ﬂ] = —ep_2, [e%,e%ﬂ] = —2ep_1, [e%,e%%] = —3ey,
[e%,e%ﬂ] = —degts, [e%,e%ﬂ] = —eyg, [e%,e#ﬁ] = —2¢k43.
O

Proposition 3.10. Let V = {(z1,72) € C?: a3 + x5 = 0} be the Eg singularity and L3(V) be
a derivation Lie algebra. Then
p3(V) = 15.
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Proof. Tt follows that the local algebra M3(V) has a monomial basis of the form:
{1, 1'1,.7}2,.7}%,.1':3,.%11[)2,%‘1.7}%,37%,.1‘%1‘2}.

We obtain following bases of Lie algebra £3(V):

e1 = w202; ez = 117201 — 1/‘%32, e3 = 1101 — 21200, €4 = 90%31, es = 1100, €= 33%31,
2 2 2 2 2 3
er = 1302, eg=x102, eg= —x101 + 12202, e10=270202, e11 = T17302, e12 = x50,

2 2 3
e13 = 10201, eq = 12501, €15 = T504.

The nilradical g(V) =< eg, e4, €5, €6, -+ , €15 > have following multiplication table:

[e2, ea] = 3e15, [e2,e5] = —2e6 — 3eg, [e2,e6] = —e13, [ea,e7] = e1q, [e2, e8] = —4eno,
[e2,e9] = —2e11 + 2e13, [eq,e5] = 2e2 +e7, [eq,e6] = —2e14, [eq, €7] = 2e15,

leq, e8] = —2e11 + 2e13, [eq,e9] = —e12 +4ers, [es,e6] = es, [es,e7] = —2e — 2ey,
[e5,e9] = —2es, [es5,e11] = —2e10, [es,e12] = —3e11, [es,e13] = e, [es, e14] = €11 — 2eus,
[es,e15] = e12 — 3e1s,  [es,e0] = —e10, [er, e8] = 2e10, [e7,e9] = e11.

O

Proposition 3.11. Let V = {(x1,22) € C? : 23 + 23z1 = 0} be the E; singularity and L3(V)
be a derivation Lie algebra. Then

p3(V) =17.
Proof. Tt follows that the local algebra M3(V) has a monomial basis of the form:
{1,xl,xg,x%,xg,xg,xlxg,xlx%,x%,x%xl}.
We obtain following bases of Lie algebra £3(V):

2 2 2

e1 = 2202, ez = 217201 — x50, e3 = 2101 — 22202, eq4 =301, e5=2x102, es= 2101,
P 3 2 2 3 2

er = 2302, eg =501, eg=x102, eip=—2101+ 12202, e11 =502, e12 = T1T200,

2 4 2 p 4
e13 = 212302, €14 = To02, e15 = 212201, e16 = 17301, ei7 = T04.

The nilradical g(V) =< eg, e4, €5, €6, - - , €17 > have following multiplication table:
le2,e5] = —3e10 — 2e6, [e2,e6] = —e15, [e2,e7] = e16, [ea, e8] =4e1r, [en, e9] = —dei,
[e2, e10] = —2e13 + 2e15, [ea,e11] = €14, [ea,e5] = 2ea + 2e7, [eq, €] = —2e16,
[ea, e7] = 2eg, [ea,e9] = —2e13 + 2e15, [ea, e10] = —e11 +4deis, [ea,e11] = 2eq7,
lea,e13] = —e14, [eq,e16] = —e17, [es,e6] = €9, [es,er] = —2e10 — 2eq, [e5, e8] = e11 — 3eis,
[e5,€10] = —2e9, [es,e11] = —3e13, [es,e13] = —2e12, [e5,e15] = e12, [es,e16] = €13 — 2e1s,
[es,e17] = e1s  [eg,e10] = —e12, [er,es] = —3eir, [er,e9] = 2e12, [e7,e10] = €13,
[e7,e11] = —e1q, [es, e10] = —e1a.

O

Proposition 3.12. Let V = {(z1,72) € C?: a3 + x5 = 0} be the Eg singularity and L3(V) be
a derivation Lie algebra. Then

p3(V) = 20.
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Proof. Tt follows that the local algebra M3(V) has a monomial basis of the form:
2 .3 4 2 3.2 2 2,2
{L L1, X2,T9, Lo, Lo, L1X2, L1y, XL1L9, L1, T1T2, 33‘1132}.

We obtain following basis of Lie algebra £3(V):

e1 = 2101 — 21900, €9 = —:L‘%@g, e3 = —x101 + 1202, €4 = azlxgﬁl + .7}%82, e5 = r12201
+ 23:%82, eg = —33231, er = —1109, eg= x%@l — x1x202, €9 = —x%m@l,
el = —2x%81 4+ x12202, €11 = —:ngag, €19 = —1‘%82, e13 = —.%'%.1‘2(92,
€14 = x%xgﬁl - xlwgag, e1s = —x%xgag, e16 = —:Jclxg’é?g, el = —.%'%82, e18 = —x%x%@l,
€19 = —mw%@l, €90 = —x%@l.
The nilradical g(V) =< eg, e4, €5, €6, -+ , €20 > have following multiplication table:
[e2, e4] = —e17 + 2e19, [ea,e5] = €11 +eq, [e2,e6] = 3ean, [e2,e7] = —2e10 — des,
[e2,e8] = —e14 —eg, [e2,e9] = €13, [e2,e10] = €14+ €9, [e2,e11] =e1r, [ea, e12] = —2e13,
[e2,e13] = —e15, [e2,e14] = —e1s, [eq,e5] = —2e17 + 3e1g,  [eq, e7] = 4e1q + 2e9,
le4, e8] = 3e1s — 3eis,  [e4,e10) = —3eis + 4ers, [es, e12] = Sers, [es, 6] = —Teap,
le5,e7] = de1g + 9es,  [es,es] = 3e1s +eg, [e5,e9] = —e1s,  [e5, e10] = —3e1q,
les,e11] = —2e17 —e19, [e5,e12] = 6e1s, [es, e13] = de1s, [es,e1a] = €16, [e6,€7] = —2e11
—3e4, [eg,es] = e17 — Berg, [es, €10] = —e17 + Teig,  [es, €12] = 2e16 — 3e1s,  [er, eg] = 2e12,
le7,e9] = —e13, [er,e10] = —3e12, [er,enn] = 3e1s +3eg, [er,e1s] = 3e1s, [er, e16] = 3eus,
[e7,e17] = ders, [er,e18] = —e1s, [er,e19] = —e16 + 3e1s,  [er, ea0] = —e17 + 4en,
[es,e0] = —e15, [es,e10] = —e13, [es,e11] = 2e16, [es, e14] = €15, [eg, €10] = —eis,
[e10,e11] = —2e16, [e11,e12] = —3es.
U

Proposition 3.13. Let V = {(z1,22) € C?: 2™ + 23 = 0} be the Ay singularity, k > 1 and
L2(V) be a derivation Lie algebra. Then

6; k=1
3 _ )
pQ(V)_{ Ak+1; k>2.

Proof. Tt follows that the local algebra
or \’ f\*of of (of
3 _ 2 Y9I g7 It
My(V) =0 /<f’ <8x1> (8@) <(9 ) Oxy’ Ox1 \ Ozs

AN L, (DS PS 08 Of
6:@ 8.%% 81‘1 81‘ 6:1:1 81‘2 61’13:1)2 '

has a monomial basis of the form:

(1) if k =1, {1, 21, 29, 25, 2122},
(2)if k> 2,{z%22,0 <iy <k —2,0<iy <2;aia? k—1<i; <k,0<iy <1}
Case 1: When k = 1, then we obtain following bases of Lie algebra £3(V):

2 2
eg = 2101 + 1202, €1 = w201, ez =301, e3=x12201, e4=ax302, e5=x12202.
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For A; singularity, the nilradical g(V') =< ey, e2, e3, e4, €5 > have following multiplication table:
le1,e3] = ea, le1,eq] = —e2, [e1,e5] = —e3+ eq.
When k = 2, then we obtain following bases of Lie algebra £3(V):
eg = 101 + %82, e1 = 1201, €9 = 33%81, e3 = T1x207 €4 = x%@l, e5 = x%:@@l,

2 2
€ — $2(92, e7 = .’L‘lxgag, €g — 1‘1.%'282.

For As singularity, the nilradical g(V) =< ej,eq,e3, -+ ,es > have following multiplication
table:
le1,e3] = €2, [e1,e4] = 2e3, le1,e6] = —e2, le1,e7] = —e3+e5, [e1,es] = —es,
les,ea] = e5, [es,er] = —e5, [es,e7] = es.

When k = 3, then we obtain following bases of Lie algebra £3(V):
2 2 2
eo = 101 + 22205, €1 =201, ex =301, e3=ux12201, e4=m:12501, e5=x70h,
2 3 3 2 2 2
e = x1w201, er =701, es=x1x201, €9 =302, e10=x12302, €11 = x1T200,

3
€12 = IL‘1{E2(92.

For Ajs singularity, the nilradical g(V) =< ej,eg,€3,---,e12 > have following multiplication
table:

le1,e3] = ea, le1,e5] =2es3, [e1,e] =2eq, [e1,e7] =3es, [e1,e9] = —ea, [e1,e10] = —eq,
le1,e11] = —eg + 2e10, [e1,e12] = —es, [e2,e5] = 2eq, [es,e5] =eq, [e3,er] = 2es,

[e3,e9] = —e4, [e3,e11] = —es, [es,e7] = —ea, [es,e11] = 2e12.

Case 2: When k > 4, then we obtain following bases of Lie algebra £3(V):

(k+1)x2
2
2 2 2 3 3 3,2 4
e6 = rix201, ey =2x1r501, es=x01, eg9=x]r201, ej9=x]r501, e11 = $181,

P P 2
ep = 101 + o, e =x201, ez =301, e3=2x12201, e4=2x12301, e5=x701,

4 49 fe—2
e12 = 12201, e13 = 12301, ezp_7 = xh 201, esp_g =Th ‘w20, esp_5=xr 2a30,
-1 -1 k
esk_a =T 101, esp_z = laedr, esp_o =501, esp1 = a¥a201, e3p, = 300,
2 2 9 3 9 k-2 2 k-1
esk+1 = L1502,  €3hy2 = 1302,  €3ky3 = T7X500, - ,€ap—2 = T X302, eqp—1 =T, X209,

k
eqr, = x{x20s.

For A4 singularity, the nilradical g(V') =< ey, ea,e3, - ,e16 > have following multiplication
table:
[e1,e3] = ea, [e1,e5] =2e3, [e1,es] =2eq, le1,es] =3es, [e1,e9] =3er, [e1,e10] = 4dey,
[e1,e12] = —ea, [e1,e13] = —eq, [e1,e14] = —e7, e, e15] = —eg +3e14, [e1, e16] = —enn,
[e2,e5] = 2eq, [ea,e8] =3er, [es,es] =eq, les,es] =e7, [es,es] =2ey, [es,e10] = 3ei,
[e3,e12] = —e4, [es,e13] = —e7, [e3,e15] = —e11, [es,e5] =e7, [es, e8] = e,
[es,e0] = e11, [es,e10] = —2e2, [es,e13] = e1s, [es,e15] = es, [eq, e8] = e,
le6, e12] = —e7,  [es, e10] = —eq.
For Ajs singularity, the nilradical g(V') =< e, ea,e3, - ,ea9 > have following multiplication
table:

le1,e3] = €2, [e1,e5] =2e3, [e1,e6] = 2e4, [e1,e8] =3es, [e1,e9] = 3e7, [e1,e11] = 4eg,
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eq,e5] = e7, |es,es] =2e10, [es,es] =e11, [es,e9] =e12, [es, e11] =2e13, [es,e12] = 2e1q,

[e1,e12] = 4e10, [e1,e13] = Berz, [e1,e15] = —ea, [e1,e16] = —eq, [e1,e17] = —e,

le1,e18] = —e10, [e1,e10] = —e12 +4e1s, [e1,e20] = —e14, [ea,e5] = 2e4, [e2, e8] = 3er,
[e2,e11] = de1o, [es,es] =e6, [e3,eq] =er, [e3,es] =2e9, [e3,e9] = 2e10, [e3,e11] = 3enz,
[e3,e13] = 4e1s, [es,e15] = —eq, [e3,e16] = —e7, [e3,e17] = —e10, [e3,e19] = —euy,

[ ] =

[e5,e13] = —3e2, [es,e16] = €17, [es,e17] = 2e18, [e5,e10] = 4e20, [eq, €8] = €12, [eq, €11]
=2e14, [es,e15] = —e7, [es,e16] = —€10, [es,e11] = —ea, [es,e13] = —2e4, [es,e16] = e1s,
[eg, e15] = —e10, [e11,e13] = —er.

For Ay (k > 6) singularity, the nilradical g(V) =< ey, ea,es3, -, eqr > have following multipli-

cation table:

le1,e3] = €2, [e1,es5] =2e3, [e1,es] =2e4, [e1,es] =3es, [e1,e9] =3er, [e1,e11] = 4dey,

1, €12] = de1g, -+, [e1, e36—a] = (K — )esp—q, [e1,esp-3] = (K — 1)esk—s, [e1, e3x—2] = kegi—3,
le1,e30] = —ea,  [e1,e3pq1] = —€a, [e1,e3p42] = —e7, [e1,e3p13] = —e10, -, [€1, €ar—2]

= —e3k—5, [e1,eak-1] = —e3p—3+ (K —1)eqg—2, [e1,eqx] = —e3r—1, [ea,e5] = 2eq, [e2,e8] =
3e7, lea,e11] =4ei, -, [e2, e3p-4] = (K — 1)esr—5, [es,es] =es, [es,e6] =e7, [es, es] = 2e,
[e3,e9] = 2e10, [e3,e11] = 3e1a, [e3,e12] = 3ews, -+, [e3,e3p—a] = (k — 2)e3r_3, [e3,e312] =
(k—1)esk—1, [es,e3u] = —es, [es,espy1] = —er, [e3, eanra] = —e10, -, [e3,ear-3] = —esp—s,
3, eak—1] = —ezp—1, [ea,e5] =e7, [es,es] =2e10, [es,e11] = 3e1s, -, [eq, e3r7] = (k — 3)ezx—s,
les,es] = e11, [es,e9] = e12, [e5,e10] = €13, [es,e11] = 2e14, [es,e12] = 2e15, [es, €13] = 2e16,
e5, e14] = 3e17,  [es, e1s] = 3e1s, [es,e16] = 3ero, -+, [e5,e3r-7] = (b —4)esp—a, [e5,e306] =
(k—4)esr—3, [es,e3r-a] = (k—3)esk—2, les,esp-3] = (k—3)esr_1, [e5, €312 = —(k—2)eq,
€5, e3k41] = e3kr2,  [e5,eanr2] = 2e3x43, [e5, €3643] = 3espta, -, [e5, ean—3] = (k — 3)ear 2,

les, ean—1] = (b — 1)ear, [es, e8] = e12, [es,e9] = €13, [es,e11] = 2e15, [eq, e12] = 2e6,

le6, e14) = 3e1s, [es, e15] = 3e1g, -, [es, e3k—7] = (kK — 4)esp—3, [eq, esr—a] = (K — 3)esp—1,
[66763k] —er, [66,€3k+ﬂ = —€10, [66’e3k+2] = —€13, 7[66;€4k74] = —€3k-5, [67768] = €13,
[e7,e11] = 2e16, [er,e14] = 3e1g, -+, [er,e3p—10] = (k — 5)esp—s5, [es,e11] = e17, [es,e12] = eus,
[es, e13] = e19, [es,e14] = 2e20, [es, e15] = 2e21, [es, e16] = 2e22, [es,e17] = 3eas, [es, e18] =
e, [es, e19] = 3eas, -+, [es, ezp—10] = (k — 6)esp—a, [es, e35-9] = (k — 6)esp—3, les, ezp—7] =
(k—5)esr—2, [es,e3x—6] = (k —5)esp—1, [es,esk—a] = —(k —4)ez [es,esp—2] = —(k — 3)eq,

les, €3k41] = €3k43,  [€8, €3k+2] = 2€3k44, [€8,€3013] = 3e3pys, -, [es, ean—a] = (b — 4)eqp—2,

leg, e11] = e1, [eg,e12] = €19 [eg,e14] = 2ea1, [eg,e15] = 292, [eg,e17] = 3eas, [eg,e18] =

3ezs, -+, [eg, e3r—10] = (k — 6)esp—3, [eo,esr—7] = (K —5)esk—1, [eg,e3r] = —e10, [eg, e3p11] =
—e13, [eg,e3pt2] = —ei, -, [€9, €ak—5] = —esp—5, [€10,€11] = €19, [e10,€14] = 2e22, [e10,e€17]
= 3eas, - 7[510763k—13] = (k‘ - 7)63k—5, [6117614] = €22, [6117615] = €23, [611,616] = €24,

le11, e17] = 2e25,  [e11,e18] = 2e26, [e11, €19] = 2e27, [e11,e20] = 3eas, [e11,€21] = 3eay,
le11, e22] = 3eso, -, [e11, esk—13] = (k — 8)esp—a, [e11,e36—12] = (k — 8)esp—3, [e11,€36—10] =
(k—T)esk—2, [e11,e3n—9] = (k—T)esr—1, [e11,e3p—7] = —(k—6)ea, [e11,esr—a] = —(k —5)ey,

le11, esk—2) = —(k —4)er, [e11,€3k+1] = €3k+a, [€11, €3k+2] = 2€3k+5, [€11, €3k+3] = 3€3%16,- - »
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le11, eak—5) = (k — B)ear—2, [e12,e14] = €23, [e12,€15] = €24, [e12,€17] = 2e26, [e12, €18] = 2e27,

le12, e20] = Beag,  [e12,€21] = 3es0, -+ , [e12, e3p—13] = (k — 8)esn—3, [e12,€3k—10] = (kK — T)esgk—1,
[e12, €3] = —e13  [e12, esp+1] = —e€16,  [€12, €3k+2] = —€19, -+, [€12, €ak—6] = —€3k—5,
lesk—7, e3k—a] = —€3k—14, [e3k—7,€36—2] = —2e3p—11, [€3k—7, €3k t1] = €ak—2,
lesk—6, €3] = —e3p—5, [€3k—a,€3k—2] = —e€34—s8.
O

Proposition 3.14. Let V = {(z1,72) € C?: 22z +a:]2“_1 = 0} be the Dy, singularity, k > 4 and
L3(V) be a derivation Lie algebra. Then

19, k=4
3 _ )
pQ(V)_{ ak+2 k>5.

Proof. It follows that the local algebra

v -0 [(5 ()" (7). (72) 3% 5 (22)

of \?*f (0f\?0*f _of of ©&%f
<8:l72> 8730% + (8:61> 83: 283:1 0x9 8x18w2>

has a monomial basis of the form:

(1) if k=4, {2022,0 <i; <4,0 <iy < ;252223 21, 23},

(2)if k> 5, {z 2,0 <iy <k,0<iy < L;a? k+1 <ig <2k — 4;2%; 23 2]; 23 ).
Case 1: When k = 4, then we obtain following bases of Lie algebra £3(V):

e0 = 1101 + 120y, €] = 1201, eo=x301, e3 =301, e4=x301,e5=11120),

eg = xlxgal, er = xlﬂzg@l, eg = xlscé@l, eg = x%({)l, e10 = 50‘1’81611 = x%({)l, e19 = x?@l,

4 5 3 4 4 5
e13 = To02, e1q4 =302, e15 =2T1T502, €16 = T1T302, e17 = 102, €18 = T10s.

For D, singularity, the nilradical g(V) =< ey,ea,e3, - ,e13 > have following multiplication
table:

le1,e5] = ea, le1,e6) =es3, [e1,e7] =eq, [e1,e9] =2es, [e1,e10] = —3es, [e1,e11] = —des,
[e1,e13] = —2e4, [e1,e15] = —2eg +e1s, [e1,e17] = —ders, [e2,e5] =e3, [e2,e6] = €4,

[ea, e9] = 2e7, [ea2,e10] = —3eq, les,e5] =eq, [es,e9] =2eg, [es,e9] = —ea, es,e10] = —2e7,
[e5,e13] = —es, [es,e15] = ea +e16,  [es,€17] = —e1a,  [es, €9l = —e3,  [es, €10] = —2es,
[e7,e9] = —ea, [eg,e10] = €11, [eg, e11] = 2e12, [eg,e15] = —e1q, [eg, e17] = dess.

Case 2: When k > 5, then we obtain following bases of Lie algebra £3(V):

L2 k—1 k 2k—4
k—202’ 61—1‘2 61, 62:1‘2 81, 63:33‘281,"' ,ek_1:x2 81,

2 3 k 2 3
er = 112201, Ck+1 = $1$281, €kt+2 = 9311?2817 T, 62k—1 = 9011“231, €2k = 90131, €2k+1 = 33131,

eg = 101 +

4 5 k
Coptra = 101, eapis =501, ek = Th 1Do,  eonys =502,  eopre = a5 10ay -,

2k—4 4 k
esks1 = T3 102, e3rio = 117309, e3ki3 = 117302, e3pia = V10500, -, eqp_1 = T17509,
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4 5
eqr, = r102,  egp41 = x102.

For Dj singularity, the nilradical g(V) =< ey, e, €3, -+ ,e21 > have following multiplication
table:
[e1,e5] = €2, [er,e6] =e3, [er,er] =eq, [er,e10] =2e7, [er,e11] = —3es, [e1,e14] = —3eq,
le1,e17) = —3eg +e16, [ea,e5] = €3, [e2,e6] = €4, [e2,e10] = 2e5, [e3,e5] = ey,
[e3,€10] = 2e9, [e5,€10] = —€2, [e5,e11] = —2es, [e5,e14] = —es, [es,e15] = —eg,
[e5,e17] = ea + €13, [es5,e18] = €19, [e5,e20] = —e13, [es,e10] = —e3,  [eq, e11] = —2ey,
[e6, €14] = —2e9, [e6,e€17] = €19, [e7,e10] = —e4, [e10,€11] = €12, [e1o, e12] = 2e3,
[e10,e17] = —e16,  [e10, €20] = dea1.
For Dg singularity, the nilradical g(V) =< e, e, €3, -+ ,ea5 > have following multiplication
table:
le1,e6] = €2, [er,e7] =e3, [er,es] =eq, [e1,e9] =e5, [e1,e12] =2e9, [e1,e13] = —3es,
[e1,e16] = —4es, [e1,e20] = —4derr +e1s, [e1,e21] =e19, [ea,e6] = €3, [e2,e7] = ey,
[e2,e8] = e5, [e2,e12] = 2e10, [e2,e20] = €19, [e3,e6] = €4, [e3,e7] = e,
[e3, e12] = 2e11, [ed,e6] = €5, [es, e12] = —e2, [eg,e13] = —2e10,  [es, €16] = —e10,
le6, e17] = —e11, [es,e20] = ea + €21, [eg,€21] = €5 + €22, [e,€22] = €23, [eq, €24] = —e15,
le7,e12] = —e3, [e7,e13] = —2e11  [er,e16] = —2e11, [er,e20] = 2e5 + €22, [e7,e21] = eas,
[es, e12] = —eq, [es,e20] = €23, [eg,e12] = —e5, [e12,e13] = e1s, [e12,e14] = 2e15,
[e12,€20] = —e1s,  [e12,ea1] = —e1g,  [e12, e24] = deas.
For Dy (k > 7) singularity, the nilradical g(V) =< ej,e2,e3, -+ ,eqr+1 > have following
multiplication table:
ler,ex] = €2, [er,enp1] =e3, [er,epqa] =eq, - [e1, 03] = ex—1, [e1,e0x] = 2eap_3,
le1, eapp1] = —3ex—1, [e1,eanra] = —(k —2)ex—1, [e1,e3p42] = —(k — 2)eap—1 + €2k,
[e1, est3] = eant7,  [€1, €3k44] = eanys,  [€1, €3k45] = eapyo, -, [e1, ean—3] = espr1,  [e2, €]
=e3,[e2,ep41] = €q, [e2,€p42] = €5, -, [ea, o] = €1, [e2,e2k] = 2e2-0, [e2, 3542
= eopi7,  [€2,€3643] = €apts,  [€2,€3k44] = €219, [€2, €ar—a] = €3k41,  [e3,ex] = eq,
le3,exy1] = €5, [e3,enta] = €6, - ,[e3,ean5] = erp—1, [e3,ean] = 2ea—1, [e3,€3042] = €2n1s8,
3, e3k43] = €akro,  [€3,€3644] = €2k410, ;s [€3, €an—5] = e3kt1, [ea,ex] =e5, [eq, ext1] = es,
lea, epy2] = €7, [es, k6] = €x—1, [e4,e3k12] = €apyo, [e4, €3k 43] = €2kt10,  [e4; €3844]
= e2k+11," ", €4, €ak—6] = esp+1  [es,ex] = €6, [es,ent1] = e, [es,enia] =es, -, [es, eap—7]
= ek_1,[e5, e3k12] = €ary10, [€5,€3k43] = €arr11, [€5,€3k44] = €2k112, -, [€5, €an—7] = e3p 1
[e6,ex] = €7, [es,exr1] = es, [e6,erta] = €9, -, [e6, €2k8] = ex—1,
6, e3kr2] = earnr11, [€6;€3k43] = €2ry12,  [€6, €3k 14] = €2k113,7 ;€6 Cak—s] = €311

lek—3,er] = ex—2, [ex—3,€pt1] =e€r—1, [er—2,€k] = €K1,

lek, ear] = —€2,  [er, €a41] = —2e2—2, [ek,€2kta] = —€2k—2, [€k,€2k+5] = —€2%_1,
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ek, eskr2] = ea + e3py3, ek, espr3] = €5+ esppa, [k €3k14] = €6 + €345, [k, Car—3] = ex—1
+eap—2, [er, ean—2] = ear—1, [er,ear] = —€am43, [ent1,e2k] = —e€3, [ery1,eon11] = —2e01-1,
[ert1,€onpa] = —2€26-1,  [€rt1,€3k42] = 265 + €3p44,  [€ry1; €3643] = 2€6 + €345,

[ekt1; €3k4a] = 267 + €3k 46, s [€ha1, Cap—a] = 2€5-1 + €42, [exyi1,€ak-3] = €ar—1, [ekt2, €2k

= —e4, [ext2, €3k+2] = 3€6 + €345,  [€rht2, €3k+3] = 3€7 + €346,  [€rt2, €3k+4] = 3es + 3547, ¢,

lek+2, €ah—a] = €ak—1, [€rt3,€26] = —€5, [€ki3,€3kt2) = 4e7 + €3k46,  [€h+3, €3k13] = desg + espyr,
[6k+3, €3k+4] =4deg + €348, ", [6k+3, €4k75] = €4k—1, [€k+4, €2k] = —€g, [€k+47 €3k+2} = deg

+ €347, [€ktd, €3k+3] = D€9 + €3k48,  [€kta, €3kta] = D€10 + €349, , [€ht4, €ak—6] = €4k—1,

[€2k737 62k] = —€k—1, [ezk, €2k+1] = €2k+2, [€2k, 62k+2] = 2€94+3, [€2k, €3k+2] = —€2k+6,

leak, esk+3] = —€2k47, [€2k,€3k+4] = —€2k18, -+, €2k, €ak—3] = —€3k+1, [€2k, €ar] = deapt1

[€3k+2, €3k+3] =

—€9k+9,  [€3k+2, €3kra] =

—2€95+10, [€3k+2, €3k+5] = —3€2k+11

o €3k, eak—s) = —(k — T)espt1.

O

Proposition 3.15. Let V = {(z1,22) € C?: 23 + 23 = 0} be the Eg singularity and L3(V) be
a derivation Lie algebra. Then
p>(V) = 26.

Proof. 1t follows that the local algebra

3017Y — (2 of af Of\" of of (of
My(V) =0 I (axl) <ax2> <a > dxy’ Oxq <8x2>
of \* o%f of \? 9%f _,0f of 9% f
<a$2> (91'1 <8x1> 8$2 8733187.%28:(}18332

has a monomial basis of the form:

2 .3 7 2 5,2 2 2,2 2.5
{]-7 X2y Ly, Loy Loy, L1, L1X2, X1Lg, "+ , X1Lg, L1, L1L2,LT1Lg, """ 7x1x2}'

We obtain following bases of Lie algebra £3(V):

eo = 1101 + %82, el = x%@l, €9 = x%@l, e3 = acgal, €4 = a:gﬁl, e5 = :1:;81,
€ — $1$281, €7 = xlxgal, €8 — .CEliL‘%al, €g — xlxéal, €10 — .’L’ll‘gal, €11 = x%@l,
€12 = $%l’231, €13 — $%l’%@1, €14 = $%l’§al, €15 = LE%l'gal, €16 = LE%:L'gal, €17 = SL‘gaQ,
€18 — :1:362, €19 — 1‘562, €20 — l’ll‘%ag, €91 = l’ll‘%ag, €99 = l’ll‘gag, €23 — l’%l‘%@g,

2 4 2.5
€4 — :1:1:@62, €95 — x1x282.

The nilradical g(V) =< ey, ez, €3, -+ , €25 > have following multiplication table:

le1,e6) = €2, [e1,e7] =e3, [e1,es) =eq, [e1,e9] =e5, [e1,e11] =2es, [e1,e12] = 2ey,
le1,e13] = 2e10, [e1,e17] = —3es, [e1,ex0] = —3e10 +e1s, [e1,€21] = e19, [e1, 23] = —3eqg,
le2,e6] = €3, [e2,er] =es, lea, e8] =e5, [ea,e11] =2e9, [e2,e12] =2e10, [e2,e20] = ey,
les,e6] = eq, [e3,er] =es, [e3,e11] = 2e10, [es,e6] =e5, [es,e11] = e12, [eq,e12] = €13,
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€6, 613] €14, [667 614] = €15, [667 615] = €16, [667 617] = —e€10, [667 620] = —ey4 + €21,
e6,e21] = —e15 + €22, [eg, €22] = —€16, [e6,€23] = €5+ 2ea1, [es, €24] = 2e95,
er,e11] = e13, |er,e1] = e, [er,e13] =eis, [er,era] = e, [er,e2] = —2e15 + €2,

—2e16, le7,e23] = 2e5, [es,e11] = e, [es,e12] =eis, [es,e13] = eiq,

€16, [es,e20] = —3eis, |eg,e11] =eis, [eg,e12] =eis, [e10,€11] = e,

€g 613]

e11,e20] = e23, [e11,e21] = €21, [e11,e22] = €25, [e11,€23] = —2e19, [e12,€17] = —eis,

[
[
[
le7, €21]
[
[
[

e12,€20] = €5 + €2, [e12,€21] = €25, [e13, €20] = €25.

O

Proposition 3.16. Let V = {(x1,22) € C? : 3 + 2321 = 0} be the E; singularity and L3(V)
be a derivation Lie algebra. Then
p(V) = 30.

Proof. 1t follows that the local algebra

af f 6f of (9f
(8f>282f <f>262 00 O 0
0r;) 922 "\ 0w ) 922 T 0w, Ows 01022

has a monomial basis of the form:

2 .3 9 2 6 .2 .2 2.2 2.5
{]-a X2y, Xy, Loy Lo, L1, L1X2, X1Lg,y "+ , X1L, L1, TL1T2, L1, """ 71‘1392}-
We obtain following bases of Lie algebra £3(V):
— o+ 22 = 280 = 279 = 250 = 290 = 71290
ep = T 1+T 2, €1 =901, €2 =1T901, €3=T901, €4 =301, €5 = T12201,
2 3 4 5 6 2
eg = v17301, er =1T1x501, eg=x1x501, e9=x17501, e1p= 117501, e11 = x10h,
2 2.2 2.3 2 4 2.5 3
€12 = 131552317 €13 = 5131332317 €14 = $1$2517 €15 = $1552817 €16 = $1552617 €17 = $282,
4 5 6 7 8 9
e1g = Tolh, e19 = x50, ez = T30z, €21 =302, €23 = T30, €23 = T500,

5 6 2,2 2.3 2,4 2.5
€4 — $1$2(92, €95 — .T1$262, €26 — .’E1$282, €97 — $1$262, €98 — .’E1$282, €99 — IE1$282.

The nilradical g(V) =< e1, ez, €3, -+ , €29 > have following multiplication table:
le1,e5] = e, [e1,e6] = e3, [e1,er] =eq, [e1,e11] = 2e10, [e1,e17] = —6e3, [e1, e18] = —6ey
[e2,e5] = e3, [e2,e6] = €4, [ea,e17] = —Teq, [e3,e5] =e4, [e5,e11] = e12, [e5,e12] = e,
le5,e13] = €11, [es,e1a] = e15, [es,e15] = e1s, [e5,e16] = —eq, [e5,e17] = —er, [es, e1s]
= —es, [e5,e19] = —€g, [e5,€20] = —e10, [e5, e24] = —e16 + €25, [€5, €25] = €4, [e5, €a6] = €9 + 2ea7,
e5,e27] = €10 + 2e2s,  [e5, 28] = 229, [e5,€20] = 2e23, [e6,€11] = €13, [es, €12] = ey,
[e6,€13] = €15, [es,€14] = €16, [e6,€15] = —eq, [eq, e17] = —2es, [eq, €18] = —2ey,
[e6, €10] = —2e10, [eq, e24] = 2e4, [eq, e26] = 2€10 + 228, [e6, €27] = 2€29, [e6, €28] = —2€23,
le7,e11] = e1a, [er,e12] = e15, [er,e13] =e1s, [er,e14] = —eq, [e7,e17] = —3ey,
le7,e18] = —3e10, [e7,e26] = 2e29, [er,ea7] = —2e23, [es,e11] = e15, [es, e12] = eis,
[es, e13] = —eq, [es,e17] = —4dero, [es,ea6] = —2e23, [eg,e11] = €16, [e9, €12] = —eq,
[

el0,e11] = —eq, [e11,e24] = €29, [e11,€25) = —e€23, [e11,€26] = —2e24, [e11, €27] = —2e95,
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[e12,e17] = —e14,  [e12,e18] = —e15,  [e12,e10] = —e16, [e12,e20] = €a,  [e12, e24] = —eas,
[e12, €26] = €16 — 2e25, [e13,e17] = —2e15, [e13,e18] = —2e16, [€13,€10] = 2e4,  [e14, €17]
= —3e16, [e14, €18] = 3eq, [e15,e17] = deq, [e1r,e18] = €20, [e17, e19] = 2e21, [e17, €20] = eaz,
[e17,e21] = dea3, [e17,e26] = —e2s, [e17,e28] = —e23, [e1s,e19] = €22, [e1s, €20] = 2e23,
[e18, €26] = —2e29, [e1s, €27] = €23, [e19, €26] = 3eas.

[l

Proposition 3.17. Let V = {(z1,72) € C? : 23 + x5 = 0} be the Ey singularity and L3(V) be
a derivation Lie algebra. Then
p3(V) = 34.

Proof. 1t follows that the local algebra
of f\ of of (of
3 2 .
Ma(V) = /<f (8;1:1) <8x2> <a > Oy’ Dy <8x2>

2 2 2
Of\"f (O0F\ O _,0f Of &f
(9(172 axl 8:61 81’% 8%1 6112 (9:171&%2
has a monomial basis of the form:
2 .3 9 2 7.2 2 2,2 2.7
{17 X2,To, Lo, " L9, L1, T1L2, XL1Tg, " ,T1Lg, L1, L X2, T1Xg, " 7‘%.1'7:2}'
We obtain following bases of Lie algebra £3(V):
3I2 4
5 6 7 8
eo = r101 + ?327 e1 = xy01, ex =301, e3=x301, e4=x301, e5=1x501,
=290 = 0 = 20 = 30 = 20 = 250
€6 = To901, €7 = T1X201, €8 = T1Ty01, €9 = T1X90], €10 = T1T901, €11 = T1T901,
6 7 2 2 2.2 2.3
e12 = r12301, e13 = 17501, e14 =701, e15 =x72201, €16 =x1x301, e17 = x1xR01,
2 4 2.5 2.6 2.7 6 7
e1g = T1T301, e1g9 = x1w301, €20 = T1w301, €21 = w1wy01, e = w302, €23 = w50s,
8 9 4 5 6 7
€24 = 1502, €25 = 1502, €26 = T1T302, €27 = T1T302, €28 = T1T302, €29 = T1T50a,

2,4 2.5 2,6 2.7
€30 = .1‘11'282, €31 = .1‘156282, €32 — x1$282, €33 — x1$282.

The nilradical g(V) =< ey, ea,e€3, -+ , €33 > have following multiplication table:
e1,e7] = ez, [e1,es] =e3,ler,eg] =esq, [e1,e10] =e5, [e1,e11] = es, [e1,e14] = 2eq0,
e1, e15] = 2e11, [e1, e16] = 2e12, [e1, e17] = 2eq3, [e1, e22] = —4eg, [e1, €26] = —4e13 + €24,
e1,e27) = ea5, [ea,er] =e3, [ea,es] =es, [ea,e9] =e€5, [ea,e10] = eg,

e, e14] = 2e11, [e2,e16] = 2e13, [e2,e26] = €25, [e3,er] =es, [e3,es] = es,

e3,e9] = e, [e3,e14] = 2e12, [e3,e15] =2e13, [eq,e7] =e€5, [es,es] = eq,
= €18, [677 618] = €19, [677 619] = €20, [677 620] = €21, [677 622] = —€12,

[

[

[

[

[

lea,e14] = 2e13, [es,e7] =e6, ler,e14] = €15, [er,e15] = €16, [e7,e16] = €17,

[

[

[ = —e21, [er,e30] = e6 +2e31, [er,e31] =2e32, [er,e32] = 2e33, [es, e14] = e,
[

]
]
er,e3] = —e13, ler,ea6] = —e1g +ea7, [er,ear] = —e19 +eag, [er, eas] = —ea0 + €29,
]
]

err, |es,eis) =e1s, [es,e17] = e, [es,e18] = e, [es,e19] = €21, [es, €22

= —2e13, [es,e26] = —2e19 + e, [es, ea7] = —2e20 + €29, [es, e2g] = —2ea1, [eg, €30] = 2e32,
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€8, 631] = 2e33, [697 614] = e, [€9> 615] = €18, [697 616] = €19, [69, 617] = €20, [697 618] = €21,

[

leg, €26] = —3e20 + €29, [e9, ea7] = —3ea1, [eo, e30] = 2e33, [e10, €14] = €18,  [e10, €15] = €10,
[e10, €16] = €20, [e10,€17] = ea1, [e11,e14] = €19, [e11,€15] = €20, [e11,e16] = e,
[e12,e14] = €20, [e12,€15] = ea1, [e13,e14] = €21, [e14,e26] = €30, [e14, €27] = €31,

[e14, €8] = €32, [e14,e20] = €33, [e14,€30] = —2e25, [e15,€22] = —e20, [e15,€23] = —ea,
le1s,e26] = €6 + €31, [e15,ea7] = €32, [e15,€28] = €33, [e16,€22] = —2€21, [e16, €26] = €32,
le16, €27] = €33, [e17, ea6] = e33.

Proof of Theorem [A]

Proof. From Propositions (3.843.12) we get following table:

Table 1.

Type | p2(V) | dim g(V) | dim %
Aq 0 not exist not exist
Ay 1 0 0
As 2 1 1
Ay 3 2 2

A, k>5 | k-1 k—2 2
Dy 10 7 3
D5 11 9 3
Dg 12 10 4

Dy, k>T7| k+6 k+4 5
Eg 15 13 4
E; 17 15 3
Eg 20 18 4

Since dimension of Lie algebra is invariant of singularity. From above table, we get following
pairs which have same dimension of Lie algebra.

(1)£35(Da) 2 L3(An1),  (2)L3(Ds) 2 L3(A12),  (3)L5(Ds) # L3(A13)

(4)£3(Be) 2 L3(Ase),  (5)£3(Fe) % L3(D),  (6)L3(Er) # £3(Ars)

(1)L3(E7) 2 L3(D11), (8)L3(Es) 2 L3(A21), (9)L3(Es) 2 L£3(D1y). It is follows from above
table the above 9 pairs have different dim %

It is follows from propositions [3.13] - [3.17] the singularities Ax(k > 1) and Dy(k > 4) have
different number of dimensions of Lie algebra £3(V). Next we need to distinguish the remaining
pairs which have same dimensions of Lie algebra £3(V). It is noted from propositions to
3.17] we only need to treat three cases:

(1)L3(Es) # L3(Ds)
(2)L3(Er)  L3(Dr)
(3)L3(Es) 2 L3(Dg).
Case 1: It is follows from proposition the minimal number of generators of nilradical of Lie
algebra L£3(Dg) are g(V)/[g(V),g(V)] =< e1, e, €7, €8, €12, €13, €16, €17, €20, €24 > . It is follows
from proposition the minimal number of generators of nilradical of Lie algebra £3(Eg) are
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g(V)/1g(V),g(V)] =< e1,es, €7, €11, €17, e20 > . Therefore singularities Eg and Dg have different
minimal number of generators of nilradical of Lie algebra £3(V).
Similarly, we can prove cases 2 and 3. U

Proof of Theorem B,

Proof. Let f € C{x1,z2} be a weighted homogeneous fewnomial isolated singularity. Then f
can be divided into the following three types:

Type A. x7* + z52,

Type B. z{'zy + 252,

Type C. z{'z + z5%x;.

The Theorem [B]is an immediate corollary of Propositions [3.2] [3.3] and [3.4} O

Proof of Theorem [C

Proof. From Propositions and it is easy to check that the inequality

2 1 1 . 1 1

2 211 way ~ 3y T ) H6 w1 g we <3,
dy(V) < l(—,—) =

w1 w2 1 1: <1 1

w0 w1_§7w2—§

hold true.
It is also note from Propositions and it is easy to check that the inequality

( w13w2—3(w%+w%)+6; w1 < 3, wy < % and wy = wo,
1 1 5; w] = 2,wy = 2
(V) <6(—,—) =3 3 P
Wy we b 2 wy =2,wy < 3
S _3(L 4+ L)y45 w <1 wy<iandw > <
W wa w1 wa N 173,w273an w1 w9 O W1 w9.

hold true. |

Proof of Theorem [D|

Proof. From Propositions and [2.10], 2.11] 2.12] and it is easy to check
that the inequality

hold true. (Il
Acknowledgement.

Conflict of Interest: The authors of this work declare that they have no conflicts of interest.

REFERENCES

[1] N. Seiberg and E.Witten, Electric-magnetic duality, monopole condensation, and confinement in N = 2
supersymmetric Yang-Mills theory, Nucl. Phys. B 426(1) (1994), 19-52.

[2] N. Seiberg and E.Witten, Monopoles, duality and chiral symmetry breaking in N = 2 supersymmetric QCD,
Nucl. Phys. B 431(3) (1994), 484-550.

[3] B. Chen, D. Xie, S. S.-T. Yau, S.-T. Yau, and H. Zuo, 4D N = 2 SCFT and singularity theory Part III: Rigid
singularity, Adv. Theor. Math. Phys. 22(8) (2018), 1885-1905.



[4]

NON-EXISTENCE OF NEGATIVE WEIGHT DERIVATIONS 31

B. Chen, D. Xie, S.-T. Yau, S. S.-T. Yau, and H. Zuo, 4D N = 2 SCFT and singularity theory Part II:
Complete intersection, Adv. Theor. Math. Phys. 21(1) (2017), 121-145.

N. Hussain, G. Ma, S. S.-T. Yau, and H. Zuo, higher Nash blow-up local algebras of singularities and its
derivation Lie algebras , J. Algebra 618 (2023), 165-194.

S. S.-T.Yau, Solvable Lie algebras and generalized Cartan matrices arising from isolated singularities, Math.
Z. 191 (1986), 489-506.

S. S.-T.Yau, Solvability of Lie algebras arising from isolated singularities and nonisolatedness of singularities
defined by sl(2,C) invariant polynomials, Amer. J. Math. 113 (1991), 773-778.

G. Khimshiashvili, Yau algebras of fewnomial singularities, Universiteit Utrecht Preprints (1352), 2006, http:
//www.math.uu.nl/publications/preprints/1352.pdf.

Y. Yu, On Jacobian ideals invariant by reducible si(2;C) action, Trans. Amer. Math. Soc. 348 (1996), 2759-
2791.

A. G. Aleksandrov and B. Martin, Derivations and deformations of Artin algebras, Beitrage Zur Algebra und
Geometrie 33 (1992), 115-130.

V. Arnold, A. Varchenko, and S. Gusein-Zade, Singularities of differentiable mappings, 2nd ed. (Russian)
MCNMO, Moskva, 2004.

C. Seeley and S. S.-T.Yau, Variation of complex structure and variation of Lie algebras, Invent. Math. 99
(1990), 545-565.

G. Gonzalez-Sprinberg, Résolution de Nash des points doubles rationnels, Ann. Inst. Fourier (Grenoble) 32
(1982), 111-178.

H. Hironaka, On Nash blowing-up, in Arithmetic and Geometry II (Birkhduser, Basel, 1983), 103-111.

A. Nobile, Some properties of the Nash blowing-up, Pacific J. Math. 60 (1975), 297-305.

V. Rebassoo, Desingularization properties of the Nash blowing-up process, PhD thesis, University of Wash-
ington (1977).

M. Spivakovsky, Sandwiched singularities and desingularization of surfaces by normalized Nash transforma-
tions, Ann. of Math. 131(2) (1990), 411-491.

T. Yasuda, Higher Nash blowups, Compositio Math. 143(6) (2007), 1493-1510.

A. Grothendieck, Elément de géométrie algébrique IV, in Etude locale des schémas etdes morphismes de
schémas, Quatriéme partie, Publ. Math. Inst. Hautes Etudes Sci., vol. 32 (Springer, “Heidelberg, 1967)

A. Oneto and E. Zatini, Remarks on Nash blowing-up, Rend. Sem. Mat. Univ. Politec. Torino 49 (1991),
71-82, Commutative algebra and algebraic geometry, II (Italian) (Turin 1990).

D. Duarte, Computational aspects of the higher Nash blowup of hypersurfaces, J. Algebra 477 (2017), 211-230.
S. Fan, S. S.-T. Yau, and H. Zuo, Higher order Jacobian matriz theory and invariants of singularities, 30pp.,
submitted.

V. 1. Arnold, Local normal forms of functions, Invent. Math. 35, (1976), 87-109.

S. Ishii, Introduction to singularities, Second edition, Springer, Tokyo, 2018. x+236 pp. ISBN: 978-4-431-
56836-0; 978-4-431-56837-7.

A.H. Durfee, Fifteen characterizations of rational double points and simple critical points, Enseign. Math.
25(2) (1979), no. 1-2, 131-163.

B. Chen, N, Hussain, S. S.-T. Yau, and H. Zuo, Variation of complex structures and variation of Lie algebras
II: New Lie algebras arising from singularities, J. Differential Geom. 115(3) (2020), 437-473.

A. Elashvili and G. Khimshiashvili, Lie algebras of simple hypersurface singularities, J. Lie Theory 16(4)
(2006), 621-649.

N. Hussain, S. S.-T. Yau, and H. Zuo, Generalized Cartan matrices arising from new derivation Lie algebras
of isolated hypersurface singularities, Pacific J. Math. 305(1) (2020), 189-217.

N. Hussain, S. S.-T. Yau, and H. Zuo, On the generalized Cartan matrices arising from k-th Yau algebras of
solated hypersurface singularities, Algebr. Represent. Theory 24(4) (2021), 1101-1124.

N. Hussain, S. S.-T. Yau, and H. Zuo, Inequality conjectures on derivations of local k-th Hessian algebras
associated to isolated hypersurface singularities, Math. Z. 298 (2021), 1813-1829.

N. Hussain, S. S.-T. Yau, and H. Zuo, Derivations of local k-th Hessian algebras of singularities, Rocky
Mount. J. Math. 53(1) (2023), 65-87.

S. S.-T. Yau and H. Zuo, A Sharp upper estimate conjecture for the Yau number of weighted homogeneous
isolated hypersurface singularity, Pure Appl. Math. Q. 12(1) (2016), 165-181.


http://www.math.uu.nl/publications/preprints/1352.pdf
http://www.math.uu.nl/publications/preprints/1352.pdf

32 NAVEED HUSSAIN, STEPHEN S.-T. YAU, AND HUAIQING ZUO

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF AGRICULTURE, FAISALABAD PAKISTAN

Email address: dr.nhussain@uaf.edu.pk

BELJING INSTITUTE OF MATHEMATICAL SCIENCES AND APPLICATIONS, BELJING, 101400, P.R. CHINA., DE-
PARTMENT OF MATHEMATICAL SCIENCES, TSINGHUA UNIVERSITY, BEIJING, 100084, P. R. CHINA

Email address: yauQuic.edu

DEPARTMENT OF MATHEMATICAL SCIENCES, TSINGHUA UNIVERSITY, BEIJING, 100084, P. R. CHINA.

Email address: hqzuo@mail.tsinghua. edu.cn



	1. introdction
	2. Derivation Lie algebras and fewnomial singularities
	3. Proof of theorems
	References

