ON NON-EXISTENCE OF NEGATIVE WEIGHT
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ABSTRACT. Let A = Flx1,--- ,xn]/(f1,---, fn) be a graded complete
intersection Artinian algebra where F is a field of characteristic zero. The
grading on A induces a natural grading on Derr(A). Halperin proposed
a famous conjecture: Derrp(A)<o = 0, which implies the collapsing of the
Serre spectral sequence for an orientable fibration with the fiber being an
elliptic space and having no cohomology in odd degrees. In the context
of singularity theory, the second author proposed the same conjecture
in the special case that f; = df/0z; for a single polynomial f. H. Chen,
the second author and Zuo ([CYZ]) proved Halperin conjecture assuming
that the degrees of f; are bounded below by a constant depending on
the number n of variables and the degrees of variables. In this paper,
in the special case that f; = 9f/0z; for a single polynomial f, we refine
their result by giving a better bound which is independent of n.

1. INTRODUCTION

Throughout this article, we work over a field F of characteristic zero.
Let P, = Flxy, - ,2,] be the polynomial ring of n weighted variables
x1,- - , Ty With positive integer weights wy, - - - , wy,. Suppose that f1,--- , fn
are weighted homogeneous polynomials such that A = P,/(f1, -, fn) is a
complete intersection Artinian algebra. The grading on A induces a natural
grading on Derp(A), where Derp(A) is the A-module of derivations on A.
In 1976, Halperin proposed a famous conjecture (see [FHT], p.516]):

Conjecture 1.1 (Halperin conjecture). There is no non-zero negative weight
derivation on a graded complete intersection Artinian algebra.

Halperin conjecture is one of the most important questions in rational
homotopy theory. Indeed, a positive answer of this conjecture implies the
collapsing of the Serre spectral sequence at Fs level for an orientable fibra-
tion F' — E — B such that the fiber F is an elliptic space with cohomology
vanishing in odd degrees (in this case the cohomology algebra of F' is a com-
plete intersection Artinian algebra). Recall that a 1-connected topological
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space X is called an elliptic space if its cohomology H*(X,F) and homotopy
group 7« (X) ® F are finite dimensional vector spaces.

In the context of singularity theory, the second author proposed the same
conjecture in the special case that f; = df/0x; for a single polynomial f.

Conjecture 1.2 (Yau conjecture). Suppose that f is a weighted homoge-
neous polynomial such that A = P,/(0f/0x1,---,0f/0xy) is a complete
intersection Artinian algebra. Then there is no non-zero negative weight
derivation on A.

In this case, A is the moduli algebra of the hypersurface singularity defined
by f = 0. Assuming this conjecture is true, Xu and the second author ([XY],
Theorem B]) gived a micro-local characterization of quasi-homogeneous hy-
persurface singularities, only using the Lie algebra of derivations on the
moduli algebra (which is called Yau algebra).

Halperin conjecture has remained unresolved for a long time except in
some special cases:

wy = -+ - =wy ([AM], Proposition 4.1]);

n =2 ([AM, Theorem 4.3] and [Tho, Theorem 3J);

n = 3 ([Che2, Theorem 3.1] and [Lup, Theorem 1]);

A is the cohomology algebra of a homogeneous space G /U, where

G is a connected compact Lie group and U is its closed subgroup of

maximal rank ([ST], Theorem A’]);

o Po/(fa, -+, fn) is reduced and deg f1 > deg f;, i = 1,--- ,n ([PP));

e all the polynomials fi,--- , f, are homogeneous in the grading given
by the length of monomials ([Ma, Theorem 3]);

e the formal dimension of A is at most 20 ([KW]);

e all the polynomials fi,---, f, have large enough degrees ([CYZ,

Main Theorem A)).

Yau conjecture has been confirmed in the cases that:

e n=23 ([CXY], Theorem 2.2 and 2.3));
e n=4 ([Chel|, Theorem 2.1});
e wy > wy- - > wy and wy, > wy/2 ([YZ, Main Theorem));

Let F' be a 1-connected topological space such that the graded vector
space H*(F,F) is finite dimensional and evenly graded (i.e. cohomology
vanishes in odd degrees). Then H*(F,TF) is a graded Artinian algebra. In
[Mei, Lemma 2.5], it was shown that if the cohomology algebra H*(F,F) has
no non-zero negative weight derivations, then the Serre spectral sequence
of any orientable fibration with fiber F' collapses at Es level. If the fiber
F satisfies an additional condition that dimm,.(F) ® F < oo, then F is
an elliptic space. According to [Hal], in this case the cohomology algebra
H*(F,F) is a complete intersection graded Artinian algebra and then the
Halperin conjecture implies the collapsing of the Serre spectral sequences.
However, if 7, (F') ®F is infinite dimensional, H*(F,F) may not be complete
intersection and the Halperin conjecture is not applicable. This is the reason
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why the study of the nonexistence of negative weight derivations on non-
complete intersection graded Artinian algebras is more important since we
can allow the fiber to be even non-elliptic space.

H. Chen, the second author and Zuo ([CYZ]) gave a positive result to
Halperin conjecture in the case that the degrees of f; are larger than some
lower bound, without the condition of being complete intersection, i.e. the
number of f; may be large than that of variables x;.

Theorem 1.3 (Main Theorem A in [CYZ]). Let P, = Flz1,---,z,] be
the polynomial ring of n weighted variables x1,--- ,x, with positive integer
weights wy > we >+ > wy (n > 2). Suppose that f1,--- , fm are weighted
homogeneous polynomials with degrees greater than (m — 1)(wiw2)" ! and
A= P,/(f1,- , fm) is an Artinian algebra. Then there are no non-zero
negative weight derivations on A.

Remark 1.4. Note that in the non-complete intersection case there are
some counter examples if the degrees of f; are small. Hence it is necessary
to assume that the degrees of f; are bounded below. However, the bound
in Theorem may not be sharp.

It is notable that the bound in Theorem E tends to infinity as n tends
to infinity. In this paper, in the special case that f; = df/0x; for a single
polynomial f, we refine Theorem by giving a better bound which is
independent of n (only depending on the degrees of variables).

Theorem 1.5. Let P, = Fz1,- -+ ,zy] be the weighted polynomial ring of n
weighted variables x1,--- ,x, with positive integer weights w1 > wy > --- >
wy. Let f be a weighted homogeneous polynomials with degrees greater than
w} —wy + 1 such that

A=P,/(0f )0z, ,0f/0xy)
is an Artinian algebra. Then there is no non-zero negative weight derivation
on A.

Remark 1.6. In the above theorem, A is a complete intersection algebra.
In this case we expect that A has no non-zero negative weight derivations
even when the degree of f is small. So the bound in the above theorem is
not sharp.

In the general case, we also expect that the bound in Theorem @ can be
i@proved. Indeed, we have the following conjecture, inspired by Example

Optimal Generalized Halperin Conjecture. Let P, = F[zq,--- ,z,] be

the weighted polynomial ring of n weighted variables x1, - - - , x,, with positive
integer weights wy; > wo > -+ > wy,. Suppose that fi, -, f, are weighted
homogeneous polynomials with degrees greater than (m — 1)(w; — 1) and
A = P,/(f1,--+, fm) is an Artinian algebra. Then there are no non-zero

negative weight derivations on A.
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Example 1.7. Let x,y be two weighted variables with positive integer
weights w1, ws such that aws = w1 — 1, where a is a positive integer. Con-
sider m weighted homogeneous polynomials

(fl; o 7fm) — (:L’m_l, :L‘m—an’ xm—3y2a, o 7l,y(m—2)a, y(m—l)a) .
Then A =F[z,y|/(f1, -, fm) is an Artinian algebra. We have
deg fn = (m — Daws = (m —1)(wy 1)

and
deg f; = (m — j)wi + (j — 1)aws
= (m—jJwr + (G —1)(wr1 —1)
> (m—1)(w; — 1)
forany j=1,--- ;m — 1. On A there exists a non-zero derivation

D =y*0/0,

of negative weight -1.

Sketch of the proof of Theorem @ The main tool we use is the new
weight type. which was first introduced by H. Chen [Che2] and further devel-
oped in [CYZ]. They associated any negative weight derivation D on P,, with
a new weight type ({1, --- ,¢,) controlled by parameters €1, --- , €, (see Def-
inition @ Let f be a weighted homogeneous polynomial in P, such that
A= P,/(f1, -+, fn) is an Artinian algebra, where f; = 0f/0xz;. Suppose
that there is a non-zero negative weight derivation on A. It induces a non-
zero negative weight derivation D on P, preserving the ideal (f1,---, fn)-
Let (¢1,---,¢y,) be the new weight type associated to D controlled by pa-
rameters €1, - ,€,. In [CYZ] the author showed that, after changing the
coordinate system and adjusting the parameters, the new weight type will
satisfy the following: there exists 79 € {1,--- ,n} such that
(1) 4i,/wi, > £;/w; for any i # ip, and
(2) Dmax = pd/0z;,, where p € P,, which is independent of the variable
xi, and Dpax is the part of D of highest degree with respect to the
new weight type.
Since P, /(f1,- -+, fn) is an Artinian algebra, there is f. such that x{ appears
in fe with non-zero coefficient. Let (fe)max be the part of f of highest degree
with respect to the new weight type. It follows from (1) that (fe)max = 7,
(omitting the coefficient) as f. is weighted homogeneous with respect to the
original weight type. Let ¢ = D%f. and gmax be the part of g of highest
degree with respect to the new weight type. Then we have

Imax = (Dmax)®(fe)max = p® (omitting the coefficient),

which implies that g # 0. Note that g € (f1,-- -, fn) as D preserves the ideal
(f1,-+, fn), there is fg such that deg fy < degg < deg f. — a (with respect
to the original weight type), where the second inequality follows from the
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fact that D is of negative weight and g = D*f.. As deg f; = deg f — w; for
any i, we have f.— fy = wqg — we, which implies that a < wg—w,. Therefore,

deg f = deg fe + we = aw;, + we < (W — We) Wiy + We.

It is not hard to check that the above formula is no more than w? —w; + 1
(assuming that w; > --- > w,). Therefore, if we assume that deg f >

w? —w; + 1, A has no no-zero negative weight derivations.

The paper is organized as follows. In Section 2 we recall some defini-
tions and properties related to derivations. In Section 3 we introduce the
main technical tool — the new weight type associated with a negative weight
derivation and controlled by a group of parameters. In Section 4 we adjust
parameters to obtain a new _weight type which meets our needs. We shall
give the proof of Theorem in Section 5.

Notation. (1) Let f € F[zy,---,xy] be a polynomial and g = [[z}* be a
monic monomial. We say g € f if [[«" appears in the expansion of f with
non-zero coefficient.

(2) Let S be a finite set. We denote the cardinality of S by #5S.

(3) Let a,b be two real numbers. We say a is divisible by b if a/b is an
integer.

2. DERIVATIONS

Let A be a commutative algebra over F. We say a linear endomorphism
D of A is a derivation on A if it satisfies the Leibniz rule:

(2.1) D(ab) = D(a)b+aD(b) Va,be A

We denote the A-module that consists of all the derivations on A by Derp(A).

We say a commutative algebra A is a graded algebra, if A = ®2)A4;,
where A; are linear subspaces of A and satisfy that A; - A; C A;y; for
any non-negative integers 7,j. Let D be a derivation on a graded algebra
A =®°,A;. We say D is of weight k if D(A;) C A4 for any non-negative
integer 7. In this case we denote the weight k of D by wt D.

Let P, = F[zy,---,z,] be the polynomial ring of weighted variables
ri, -+, Ty with weights wq,--- ,w,, where each w; is a positive integer.
We call (wy,---,w,) a weight type of variables zj,--- ,z,. For any mono-

mial [, ", we define its (weighted) degree with respect to the weight
type (w1, ,wy) by Yy a;w;. Then P, = ®2,(P,); is a graded algebra,
where (P, ); is the linear subspace spanned by monomials of degree i. For
any non-zero polynomial f € P,, if f € (P,); for some i, we say f is a
weighted homogeneous polynomial. We call i the (weighted) degree of f
and denote it by deg f.

Every derivation on the weighted polynomial ring P, can be written as

(2.2) D =p10/0y, + -+ pp0/0s,,
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where p; € P,. Then D is of weight k if and only if p; is either the zero
polynomial or a weighted homogeneous polynomial with deg p; — w; = k for
i=1,--,n.

Let I C P, be an ideal generated by weighted homogeneous polynomials
fi,--+, fm. Then P,/I = &,(P,/I); is a graded algebra, where the i-th
graded pieces (P, /I); is the image of (P,); under the projection P,, — P, /1.
The lemma below tells us that every derivation on P, /I is induced by a
derivation on P,,.

Lemma 2.1. Let D be a derivation on P, /I of weight d. Then there exists
a derivation D on P, of weight d such that

(1) D(g) = D(g) for any g € Py;

(2) D(I)CI.
Here we denote by g the image of g under the projection P, — P, /I for any
g€ P,.

Proof. Since ﬁ(xﬁ) € (Pn/I)w;+d, there exists g; € (Pp)w,+a such that
5(3:7) =yg; fori=1,--- ,n. Define

(2'3) D = gla/acm +eee gna/acvn'

Then D is a derivation on P, of weight d and D(z;) = E(:cﬁ) for any i.
Hence the first assertion holds since both D and D satisfy the Leibniz rule.
For any f € I, we have

(2.4) Df =D (f)=D(0)=0.

Hence Df € I and the second assertion holds. ([

3. NEW WEIGHT TYPE

In this section, we will introduce our main technical tool — new weight
type. It was first introduced in H. Chen’s paper [Che2]. Then it was devel-
oped in [CYZ] and played a crucial role in the proof of Theorem E Though
some definitions and properties in this section can been found in [CYZ], for
the convenience of readers we will give complete proofs here.

Let P, be the weighted polynomial ring of n weighted variables x1,- - , x,
with positive integer weights wy, - -+ ,w,. Suppose that

(3.1) wy > wg > e > Wy,
Fix a negative weight derivation D on P, and write
(3.2) D =p10/0y, + -+ ppd/0s,,

where p; is either a weighted homogeneous polynomial of degree w; + wt D
or the zero polynomial. Since wt D < 0, we have deg p; < w;, which by (B.1])
implies that p; is a polynomial of only variables z;11,--- ,x,. In particular,
P is a constant.
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Definition 3.1 (New weight type). Fix a non-zero negative weight deriva-

tion D on P, as in (B.2). Given n real parameters (€1, €, ..., €,), we define
a new weight type (¢1,--- ,¥¢,) of variables x1,--- ,x, as follows.

Set £, = €,. Suppose €y, ln_1,- -+ ,€441 have been defined. Note that the
coefficient p, of 0/0z, in D is a polynomial of 441, ,2,. Then

(1) if p, is the zero polynomial, we set
(3.3) b=

(2) if pq is a non-zero polynomial, we set
(3.4)

. . . [ +1 ) +2 )
by = eq + max{lyrrigr1 + lyyoigra + -+ boin |2l 25 o € pot

We call (41, 0a, ..., ¢,) the new weight type associated with D and controlled

by parameters €1, €2, ..., €.

Remark 3.2. If we set
—wt D, when p; is a non-zero polynomial,

w;, when p; is the zero polynomial,

the new weight type ({1,...,¢,) coincides with the original weight type
(wla e awn)-

Definition 3.3. Given a new weight type ({1, o, ..., ¢,), to distinguish with
the degree with respect to the original weight type (w1, --- ,wy,), we denote

the degree with respect to the new weight type by Q-deg. More precisely,
for any polynomial f € P,, we denote

(3.6) Q-deg f = max{—o00, {101 + - - + Lpin | IL‘illléQ Lain e f)

If f =0, then Q-deg f = —c0.

We denote by fmax the sum of terms in expansion of f with maximum
degrees with respect to the new weight type (¢1,%s,...,¢,). That is to say,
if we write f =) go where each g, is a monomial, then

(37) fmax = Z 9o
Q-deg ga=Q-deg f
If f =0, then fuax = 0.

By the definition of the new weight type, if p; is a non-zero polynomial,
then

(3.8) l; = ¢; + Q-deg p;.

Recall that D is a non-zero negative weight derivation on P, as in (@)
We denote

(3.9) Q-deg D = max{Q-deg p; — {; | i=1,--- ,n}
and
(3.10) Dnax = Y (0)max0/ 02},

jes
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where S={i=1,--- ,n| Q-deg p; — {; = Q-deg D}.
We denote

(3.11) €min = min{e; | i =1,--- ,n | p; is a non-zero polynomial}.

Proposition 3.4. With the above notations, we have

(312) Q'deg D = —emin
and
(313) Dpax = Z (pi)maxa/ﬁxi-

Proof. 1t follows from (@), (@), () and () directly. O

Proposition 3.5. With the above notations, for any non-zero polynomial
f € P, we have

(1) lf Dmaxfmax ?é 0, then Dpaxfmax = (Df)max and Q'deg Df =
Q'deg f — €min;

(2) Zf Dmaxfmax = 07 then Q'deg Df < Q'deg f — €min-

Proof. First we prove that

(3.14) Q-deg Dg < Q-deg D + Q-deg g
for any g € P,. Indeed, we have

g 9y 99
3.15 Dg=p1—— — 4 —
(3.15) =Py, Py e Py
and

Jg
-d i < Q-d i -d —4;
(3.16) Q-deg (p a:c,-) < Q-deg p; + Q-deg g
< Q-deg D + Q-deg g

for any ¢ = 1,--- ,n (the second inequality follows from (@)) Hence the

equality () holds.
For any f € P,, denote f' = f — fmax and D’ = D — Dy.c. Then
Q-deg f' < Q-deg f and Q-deg D’ < Q-deg D. We have

Df = (Dmax + D/)(fmax + fl)
- Dmaxfmax + Dmaxf/ + D/fmax + D/f/.

If Dinas fanax 7 0, by (B.10), we have

8frnax
1 Dmax max — i)max T o
(3.18) f ;(p) oo,

where § = {i = 1,--- ,n | Q-deg pi — 4 = Q-deg D}. Hence
(319) Q'deg (Dmaxfmax) = Q'deg D+ Q‘deg f

(3.17)



On the other hand, by () we have
maX{Q’deg (Dmaxf/)7 Q-deg (D/fmax)a Q-deg (D/fl)}
< Q-deg D + Q-deg f.

Hence Q-deg Df = Q-deg D + Q-deg f. By Proposition @, Q-deg D =
—€min, Which implies that Q-deg D f = Q-deg f — €min.

If Diax fmax = 0, then Df = Dyax f' + D’ fmax + D' f'. By the inequality
(B.20), we have Q-deg Df < Q-deg D + Q-deg f = Q-deg f — éuin. U

Corollary 3.6. If Df =0, then Dyaxfmax = 0.
Proof. It follows from Proposition @(1) directly. O

(3.20)

Proposition 3.7. Let (¢1,/0a,...,4,) be the new weight type associated with
D and controlled by parameters €1,€2,...,€,. Let € be a real number such
that all €; are divisible by €. Then

(1) all £; are divisible by €;

(2) for any i,j € {1,--- ,n}, if {;/w; — £;/w; > 0 then

(3.21) KZ/’LUz — Ej/wj Z 6/(’LU¢’LU]').

Proof. (1) We prove the first assertion by induction on . When i = n, by
the definition of the new weight type, we have ¢, = €,, which implies that
¢, is divisible by e.

Suppose that the first assertion holds for ¢ = k+1,...,n. When ¢ =k, if
Pk is the zero polynomial, then ¢ = ¢ is divisible by €. If p; # 0, since pg
is a polynomial of variables xgy1,--- , 2n, by inductive assumption Q-deg py,
is divisible by €, which implies that £, = Q-deg pr + € is divisible by e.

(2) By the first assertion we can write ¢; = ae and ¢; = be where a and b
are integers. Then

Ei Ej Eiwj — wiéj . (awj — bwi)e

(3.22) = 2=
w; w; w;wW; W;W;

Since ¢;/w; — £j/w; > 0, we have aw; — bw; > 0. It follows from aw; — bw;
is an integer that aw; — bw; > 1. Therefore ¢;/w; — £;/w; > €/(wiw;). O

The next proposition gives a upper bound for the ratio of the new weight
type and the original weight type.

Proposition 3.8. If {;,/w;, = max{{;/w; | i = 1,---,n} and p;, is a
non-zero polynomial, then

(3.23) Ez/wz < 6i0/<—wt D)
foranyi=1,--- n.
Proof. 1t suffices to prove that £;, /w;, < €;,/(—wt D). Indeed, we have

(324) E& — Q_deg p’iO + e’iO )
w;, degp;, —wt D
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Since ¢;/w; < 4;,/w;, for any i = 1,--- ,n and p;, is weighted homogeneous
with respect to the original weight type, we have

-deg pi, _ Ui
(3.25) Q-deg piy < Jio
deg pi wi,

It follows from (M) and (M) that

€ip gio
3.26 > .
(3:26) —wt D 7wy,

4. ADJUSTING PARAMETERS

The main result of this section (Theorem @) can be found in the proof
of [CYZ, Main Theorem A]. For the convenience of readers, we will give a
complete proof below.

Let P, = Flzy,--- ,x,] be the polynomial ring of n weighted variables
1, -,y with positive integer weights w; > wo > --- > w,. Fix a non-
zero negative weight derivation D on P, as in (@), the new weight type
(€1, ,€,) is controlled by parameters €1, - - - , €,. By adjusting parameters,
we can make the new weight type suit our needs.

4.1. Preparation. In this subsection, we will explain how the new weight
type changes as the parameters change.

Proposition 4.1. Take two groups of parameters (€1, -+ , €,) and (€}, -+ ,€)).
Suppose that there exist ig € {1,--- ,n} and a real number A > 0 such that
(4.1) ¢ = €+ A, Zfz = Z:07

€, if i #ig.

Let (01, ,£y) and (¢},---,0)) be the new weight types controlled by the
e; and the €, respectively. We denote the degree with respect to the new
weight types (b1 ,€n) and (£}, - L)) by Q-deg and Q-deg respectively
(cf. Definition ]@) Then we have

(1) ¢; =4; for any i€ {ig+ 1,90+ 2,--- ,n};

2) £, — by = A;

(3) 0 <l —t; <wA foranyiec{l,--- ,n}.

Proof. (1) When ig_= n, there is nothing further to prove, so we may suppose
that ig < n. By ?@), we have €, = ¢; for any ¢ = i9+ 1,--- ,n. We will
show the first assertion by decreasing induction on ¢. When i =n > iy, we
have ¢,, = €, and ¢, = €/, which implies that ¢/, = /,.

Suppose that the assertion (1) holds for i = k + 1,...,n where k > 1.
When i = k, since k > iy, we have e = €. If p; is the zero polynomial,
then ¢, = €, and ¢} = €, which implies that ¢ = ;. If p; # 0, since py
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is a polynomial of variables xy1,--- ,x,, by inductive assumption we have
Q-deg pr. = Q'-deg p. Therefore
(4.2) ke — e = (Q'-deg p + €;) — (Q-deg px + €x) = €, — e, = 0.

(2) If py, is the zero polynomial, then £;, = €;, and £} =€, = €, + A,
which implies that Eéo = t;, + A. If p;, # 0, since p;, is a polynomial of
variables i 41, ,Tp, it follows from the assertion (1) that Q-deg p;, =
Q'-deg pi,. Therefore
(4.3) Gy — liy = (Q-deg pi, + €;,) — (Q-deg pi, + €iy) = €, — €y = A.

(3) We will show the assertion (3) by decreasing induction on i. When
i = n, we have ¢, = €, and £}, = ¢, which implies that 0 < ¢, — ¢, < A <
wpA.

Suppose the assertion (3) holds for i = k+1,...,n. Wheni =k, if p =0
then we have ¢ = ¢, and ¢}, = €}, which implies that 0 < ¢} — ¢, < A <
wiA. So we may suppose that pp # 0. Note that pg is a polynomial of

variables zpi1, k42, -+ ,Tn. By inductive assumption, for any monomial

g=mz 4 ain € pp we have

n

0<Q-degg—Qdegg= > ai(tj— 1)
i=k+1

< i a; w; A\

i=k+1
= Adegg = Adegps.

Hence 0 < Q'-deg pp — Q-deg pr < Adegpy. Therefore
0 < 0 — bx = (Q'-deg px + €;) — (Q-deg py, + ex)
= (Q-deg p, — Q-deg pi) + (€}, — €x)

(4.4)

(4.5) < Adegpr + A
< (degpr — wt D)A
= wiA.

O

Corollary 4.2. Under the assumptions in Proposition B, we suppose ad-
ditionally that there exists € > 0 such that each €; is divisible by € and that
A in (@) satisfies wiwaA < €. Then for any i,j € {1,--- ,n}, we have

(4.6) CiJwi > L fwj = L w; > € ]w;.

Pmo@Take i,j € {1,---,n} with ¢;/w; > ¢;/w;. It follows from Proposi-
tion B.7(2) and wy > - -+ > w, that

(4.7) UiJwi — U ]wj > € (wiw;) > €/ (wrwa).

On the other hand, by Proposition @(3) we have

(4.8) U fws — € w; < (wiA)Jwj = A < e/ (wiwy).
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Therefore
(4.9) K;-/wj <£i/wi ng/wz,
where the second inequality follows from ¢, > ¢; (the third assertion in

Proposition @) O

Corollary 4.3. Under the assumptions in Proposition B, we suppose ad-
ditionally that there exists € > 0 such that each €; is divisible by € and that
A in (@) satisfies MA < e, where M is a positive real number. Let g1, go
be two monomials such that deg gy < M. Then

(4.10) Q-deg g1 < Q-deg go = Q'-deg g1 < /-deg go.
Proof. We claim that for any monomial g we have
(4.11) 0 < Q-deg g — Q-deg g < Adegg.

Indeed, if we write g = ;%' -+ %" (omitting the coefficient), by Proposi-

tion @(3) we have

n

0<Q-deg g— Q-deg g = a;(t; — b)
i=1

n
< Z a; w; A
i=1

= Adegg.

(4.12)

Hence the inequality () holds.
Let g1, g2 be two monomials with degg; < M and Q-deg g1 < Q-deg go.

By Proposition B.7(1) we have each ¢; is divisible by €, which implies that
Q-deg g1 and Q-deg go are divisible by €. Therefore

(4.13) Q-deg ga — Q-deg g1 > e.
It follows from the inequality () that
(4.14) Q-deg g1 — Q-deg g1 < Adegg; < MA <.
Therefore
(4.15) Q-deg g1 < Q-deg g2 < Q'-deg go.
O
Proposition 4.4. Fiz a positive real number M, an integer ig € {1,--- ,n}
and n real numbers (e1,--- ,ey). Let b : i+ b; be a one to one mapping

from {1,2,...,n} to itself. We set ¢; = e; +1/MY for anyi=1,--- ,n and
let (1,--- ,€y) be the new weight type controlled by the €;. If g, h are two
monic monomials such that deg g,degh < M, then

(4.16) Q-deg g = Q-deg h < g = h.
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Proof. Let d be the inverse mapping of b : @ — b;. That is to say, bg;) = @ for

any 7 = 1,2,...,n. We will define by induction a sequences of parameters
0 M ™. First we set
SN N
(4'17) (650))"' 767(10)) = (61’”' 76’”)‘
Suppose the (j — 1)-th group of parameters (egJ 1),... 7(1 ) has been
defined. We define the j-th group of parameters as follows (j > 0):
1)

118 o _ [Ty i=d(),
(4.18) & = =1

€ i #d(j).
It is easy to see that the n-th group of parameters (egn), cee e,&”)) = (€1, ,€n)-
Let (Egj), e E( )) be the new weight type controlled by the j-th group of
parameters (egj ), - ,eg )) and we denote the degree with respect to this

new weight type by QU)-deg (cf. Definition @) Note that Q™-deg f =
Q-deg f for any polynomial f.

Let g, h be two monic monomials with degg,degh < M and Q-deg g =
Q-deg h. Then Q™-deg g = Q™-deg h. We claim that

(4.19) QY-deg g =QYW-degh Vj=0,---,n

Indeed, if this is not the case, there exists j such that Q)-deg g # QU)-deg h.
Without loss of generality, we may suppose that QW-deg ¢ < QW-deg h.
It follows from Corollary (take ¢ = 1/M7 and A = 1/M7*1) that
QU*V-deg g < QU*V-deg h. Applying Corollary again (taking ¢ =
1/M7+t and A = 1/M712), we obtain QUt?-deg g < QUt?-deg h. Repeat
the above process and ﬁn%we obtain Q™-deg g < Q(™-deg h. This is a

contradiction and hence (4.19) holds
Write g = 27! -2 and h = xl .-~ ap. We will prove by induction
that a; = a for any ¢ = 1,--- ,n. Suppose that a; = a} fori =1,---k — 1.

When ¢ = k, let j = by, then we have d(j) = k. It follows from Proposition
that

() _ G- _ j
(4.20) f,{) E,(CA) 1/M7 >0,
67— =0 Yi=k+1,---,n
Therefore
(4.21)

QU)-deg g = QU D-deg g+ ar () — 67 "V) + -+ ap () — 677Y),
QU-deg h = QU V-deg b+ af (6 — 097 + -4 af () — £77Y).
By ([1.1) we have QU)-deg g = QW)-deg h and QU~V-deg g = QU~-deg h.
Note that a; = a} for any ¢ < k by inductive assumption. Therefore

(4.22) ag (ﬁ( 7) E(j 1)) (ﬁ(j) K(J 1))

Since E(J) E,(ijl) > 0, we have aj = aj, and the proof is completed. O
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4.2. Perfect parameters. In this subsection, we will adjust parameters
and take a coordinate transformation to obtain a new weight type meeting
our needs, which is crucial in the proof of Main Theorem @

We say a coordinate transformation

(423) 1’;:¢1($1, 7x71)7 Z:17 y 1,y

preserves the weight type (wq,--- ,wy,) if each ¢; is a weighted homogeneous
polynomial of degree w; with respect to the weight type (w1, - ,wy,). The
weight of the new variable x is still w;.

Theorem 4.5. Let P, be the polynomial ring of n variables x1,- - ,x, with
positive integer weights w1 > wy > ---w, (n > 2). Fiz a positive real

number M_> wjws. Let D be a non-zero negative weight derivation on
P, as in (B.2). Then after a coordinate transformation which preserves the
weight type (wy, - - - ,wy), in the new coordinate system there exist parameters
€1,€2,...,€, such that the new weight type (¢1,0o,...,¢,) associated with D
and controlled by these parameters has the following properties:
(1) there exists igp € {1,--- ,n} such that
(la) €, <€ foranyi=1,---,n such that p; # 0 and i # iy;
(1b) iy /wiy > Li/w; for any i =1,--- ,n such that i # ig;
(1c) pi, is a non-zero polynomial;
(2) for any two monic monomials g,h such that degg,degh < M, we
have

(4.24) Q-deg g = Q-deg h < g = h.

sition {.6) that can be proved by induction. We will prove Proposition
first and use it to prove Theorem W.5.

To prove this theorem, we rewrite it into a more complicated form (ProE

Proposition 4.6. Fiz a positive real number M > wyws and a non-zero
negative weight derivation D on P, as in (B.2). Let I be non-empty subset of
{1,2,...,n} with k elements and let b : i — b; be a one to one mapping from
{1,2,...,n}\ I to {1,2,...,n—k}. Set parameters €1, -+ ,€, as follows:

1 1 €1 and p; # 0,

0 €1 and p; =0,
(4.25) € = , oo e

14+1/M% i¢1 andp; #0,

1/MPb: i¢ I and p; =0.
Let (01,--- ,0y) be the new weight type associated with D and controlled by
parameters €1, -+ ,€,. Denote Inax = {e | be/we > 4i/wii=1,...,n} and
J ={e|pe #0}. Suppose Iyax C I and Ijnax C J. Then after a coordinate
transformation which preserves the original weight type (wq,--- ,wy,) (we
denote the new coordinate system by x!,--- ,xl ), one of the following two

assertions holds.
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(a) In the new coordinate system, there exists another group of parameter
(€, ,€,) such that the new weight type (¢}, - ,¢)) controlled by these
parameters satisfies Theorem @(1) and (2).

(b) In the new coordinate system, if we write

0 0 0
42 D=p, -2 1p,- L gy

and denote J' = {e | p, # 0}, then #J' < #J.

Remark 4.7. When #J = 1, the assertion (b) can not hold because J' can
not be the empty set (since D # 0).

Proof. We prove the proposition by induction on the cardinality of I. When
#I = 1, denote the unique element in I by ig. Since Iax € I, Imax = {i0}-
Hence

(4.27) &O/wio > Ei/wi
for any i = 1,--- ,n with i # iy. Since ig € Inax C J We have p;, is a
non-zero polynomlal which implies that €;, = 1 (see ( ?or any ¢ such
that p; # 0 and i # 4o (so i ¢ I), we have ¢; > 1+ M"~! (s ee (1.25)). Define
a new group of parameters (€}, - ,¢€,) as follows:
(4.28) ¢ =1 i# o,

€+ 1/M™ i=ig.

Then e;O =1+ 1/M™. For any i such that p; # 0 and i # iy, we have
(4.29) d=>1+1/M"1 > € -

Let (£1.---,¢) be the new weight type controlled by parameters €/, --- ,€/,.
By () and Corollary @ (take e = 1/M™" "} A = 1/M", note that M >
wiws), we have

(4.30) fgo/wio > E;/wl

for any ¢ = 1,--- .n with ¢ # 9. Hence_the new weight type (¢},---.¢)
satisfies Theorem {1.5(1). By Proposition 1.4 it also satisfies Theorem {.5(2).
Therefore the assertion (a) holds in the case that #1 = 1.

Suppose that Proposition @ holds when #I =1,--- ,k—1. Now consider
that case that #I = k (k > 2). There are two sub-cases: Inax = I or Ipax
is a proper subset of I.

(1) Suppose that Iy is a proper subset of I. Take jo € I\ Ijax. Define
another group of parameters as follows:

(4.31) € = {

€i + 1/ (wywg)" K+ i = jo,

€ i # Jo-

Let (¢},...,¢)) be the new weight type controlled by parameters €/, - ,¢€/,.
Denote I}, = {e | £, /we > U} /w;,i =1,...,n}.

max
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We claim that I}, C Inax. Indeed, take ko € Inax, then £;/w; < £y, /wy,
for any i ¢ Iyax. By Corollary .2 (take e = 1/M™ % and A = 1/M"*+1,
note that M > wyws), we have £;/w; < €} /wy,, which implies that i ¢ I},
Therefore the claim that 1),
1\ {jo}.

For any i € I} ., we have i € I,ax C J, 80 p; is a non-zero polynomial.
Let I' = I'\ {jo}, then #I' = k—1 and I ., C I'. By inductive assumption,
Proposition holds.

(2) Suppose that Ijmax = I. Write I = Ipax = {i1,...,i;} and suppose
that i1 < i < -+ < 4g. For any j € I = Inax € J, since p; is a non-
zero polynomial, by () we have €; = 1. That is to say, ¢, = 1 for any
e=1,--- k.

We claim that

ax:*

C Imax holds, which implies that I/, C

(432> (pikfl)max = C:L'?k (pik)maxa

where ¢ is a non-zero coefficient and ¢_is a non-negative integer. We will
give the proof of this claim in Lemma below since it is too long.

Note that deg(pi, ,)max = wi,_, + wt D and deg(p;, Jmax = wi), + wt D,
we have w;, |, +wt D = aw;, + w;, +wt D, which implies that

(4.33) wi, , = (a+ Dw;,.

Since i1,k € Imax, we have €, | /w;, , = ¥;, /w;, . Hence

Next we will apply a coordinate transformation which preserves the orig-

inal weight type (w1, -+ ,wy,). The coordinate change is of the following
form:

r1 = $1
(435) xikfl - w{ik_l + C(x;k)a+1/(a + 1)

Tp =2,
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Then we have

o _ o
oxl  Oxy
o 0
oz’ N 8:@
4.36 e o
( ) 0 0 () ) 0
= c(x;
oz Oz, T Oxy,
o _ o
oz, Oz,
In the new coordinate system, we write
0 0 0
4. D = p\— +pl sl .
(4.37) P oz} e oz, Tt Ox!,
It follows from () that
¢ i A iy,
(438) p.,] p] 1 ] # Zk’ ,1 . .
pik—l =DPiy_1 — C(xzk) Diy, = Dip_1 — Cxlkplk

Denote J' = {e | p, # 0}. If pj  is the zero polynomial, then #.J’ =
#J — 1, which implies that assertion (b) holds. So we may suppose that
P, # 0. In this case we have

(4.39) J =
Let (¢},...,¢,) be the new weight type of the new coordinate system
(x},--- ,x) associated with D and controlled by the same group of param-

eters (e1,...,€,). We denote by Q'-deg_the degree with respect to the new
weight type (¢},...,¢,) (cf. Deﬁnitiong@).

We claim that 69 = {; if 7 > d3_1. Indeed, for any j > iz we have
p;- = pj. Since p; is independent of the variable z;, ,, the expansion of p;
in the original coordinate system is the same of that of p;- in the original
coordinate system (because x; = a; for any I # ix_1). Therefore 6} = {; for
any j > tg—1.

We claim that E;;k—l < ¥;,_,. Indeed, by () and the second equality
in (), we have Q-deg p}, < Q-deg pj,_,. Since p]  is a polynomial
of only variables a:; (j > ik—1), it has the same expansion in the original
and new coordinate system (because x; = z; for any j > i;_1). Note that

é; = Ej for any j > ix_1, we have

(4.40) Q'-deg p;, | = Q-deg p; | < Q-deg p;,_,,

which implies that £, < £;,_,.
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We claim that f;- </{jforany j=1,---,n. Indeed, by the above argument
we know that this claim holds for j > ;1. Suppose that the claim holds
for 54+ 1,74+ 2,...,n, we will prove it holds for j (here j < ix_1). Take a
monomial g = azjfll ...x% in the expansion of p; in the original coordinate
system. Then in the new coordinate system

. c ;
(4.41) g= (2 )+ (2 + P (:U;k)aﬂ)a k=1 ()
Note that
(4.42) Q'-deg (z} )" = (a+ 1)}, = (a+ 1)l;, = b;,_,

(The last equality follows from ()) By inductive assumption and ()
we have Q'-de < Q-deg g. Hence Q'-deg p; < Q-deg p;. Note that
P = pj (see (@), here j < ix_1), we have Q'-deg p; < Q-deg p;, which
implies that E} < /; and the claim holds.

Denote I}, = {e | tL/we > Ci/w;,i = 1,...,n}. For any ¢ ¢ Iyax, we
have

(4.43) E;/wz < El/wz < &k/wzk = E;k/wik,
which implies that ¢ ¢ I} ... Therefore I}, C Iyax-

Note that
(4.44) f;k_l/wikﬂ <Aliy_y Wiy = iy Jwiy, = f;k [ Wiy,
we have I’

tax © Imax \ {ix—1}. Hence I} .. is a proper subset of I.x = I.
Since I} .. C Imax € J and J = J' (see (@)), the condition that

max
I .« € J' in Proposition is still satisfied. Thus we successfully reduce
the case that I = I to case that I} . is a proper subset of I, which has
been solved.

O

Lemma 4.8. Under the assumptions of Proposition B, we additionally
suppose that k = #I > 2 and I = Iax. Write I = {iy,i2, - ,ir}, where
i <ig < ---<1ig. Then

_ a
(4.45) (Pig_1 Jmax = Ty, (Piy, ) max;
where ¢ is a non-zero coefficient and a is a non-negative integer.

Proof. Let d be the inverse mapping of b : i — b;. That is to say, by;) =1

forany i = 1,2,...,n— k. We define by induction a sequence of parameters
650), egl), ... ,egnfk). First we set (ego), ... ,6%0)) as follow:

o _J 1 p#0,
(4.46) e = { 0 moo

Suppose that the (j —1)-th group of parameters (egj_l), .. ,e%j_l)) has been
defined. We define the j-th group of parameters (j > 0) as follows:
o _ [Ty i=ag),
(4.47) =19 (-1 : .
€ i #d(j).
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It is easy to see that the (n—k)-th group of parameters (egn_k), - ,e,(ln_k)) =

(€1, ,€n). Let (ﬁgj), e ,e,({)) be the new weight type controlled by the j-th

group parameters egj). Then (Egn_k), e ,E%n_k)) = (1, ,4,). We denote
the degree with respect to the new weight type (Egj), e ,f,(f)) by QU)-deg

(cf. Definition @) Note that Q™% -deg h = Q-deg h for any polynomial
h.
For convenience we denote i;_1 = s and 4, = ¢t. Then s < t. Since s,t €

Inax, we have {g/ws = ¢;/w;, which implies that zﬁ""“)/ws = Kgn_k)/wt. We
claim

(4.48) 09 fwg = 09wy, W5 =0, n—k

Indeed, if this is not the case, then there exists j such that Egj)/ws # Egj)/wt.

Without loss of generality we may suppose that Egj ) Jws < ng ) Jwi. By
Corollary @ (take € = 1/M7and A = 1/M7*! note that M > wjws), we
have Egjﬂ)/ws < ngﬂ)/wt. Apply Corollary @ again (Take e = 1/MJ+!
and A = 1/MJ*2) we obtain ¢Y jw, < Egj”)/wt. Repeat the above
process and finally we obtain 62”*’“) Jws < E,En*k) Jwq. This is a contradiction
and hence (@) holds.

Since s,t € I = I.x, by the assumption that I,,x € J in Proposition
, we have pg and p; are non-zero polynomials. We claim that

(x) For any monic monomial gs € (Ps)max and g: € (Pt)max, there exists a
non-negative integer a such that g; = x¢g;.

Here (ps)max (resp. (pt)max) is the sum of terms in the expansion of ps (resp.
p¢) with maximum degrees with respect to the new weight type (¢1,- -, £y).
We will prove Claim (x) in five steps.

Step 1. First we prove that
{62” = QU)-deg g, + 1,

4.49 4 A
(4.49) 09 = QU)-deg g, + 1,

for any 7 = 0,---,n — k. We will only show the first equality since the
same argument can be used to prove the second equality. For any monomial
h € ps, since g5 € (Ps)max, we have Q-deg h < Q-deg gs. So Q" F)-deg h <
Q= k)_deg g,. We claim that

(4.50) QYW-deg h < QU)-deg gs Vj=0,---,n—k.

Indeed, if this is not the case, then QUW-deg h > QUW-deg g5 for some j.
Since degps < ws < wiwy < M, by Corollary (take € = 1/M7 and
A = 1/M*1), we have QUtD-deg h > QU*D-deg g,. Apply Corollary

again (Take ¢ = 1/MJ*! and A = 1/M7%2) we obtain QU*?)-deg h >
QU*2)_deg gs. Repeat this process and finally we obtain Q" %-deg h >
Q(™=*)_deg g,. This is a contradiction and hence the inequality () holds.
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Therefore
(4.51) QV)-deg ps = Q¥)-deg gs Vj=0,--- ,n—k.

Since s € I = Iax C J, we have ps # 0 and egj) =1forany j=0,--- ,n—k.
It follows from (@) that ¢ = QY)-deg g, + 1.

Step 2. Since gs € (Ps)max, gs 1S a monomial of variables xsy1, -, Ty.
We will show that g, is independent of variables xsy1,--- ,x¢—1, that is to
say, gs is a monomial of variables x4, 41, -+, x,. Indeed, if this is not the
case, there exists e € {s+1,...,t — 1} such that the exponent of x, in g; is
positive. Denote j = b, then d(j) = e. By Proposition we have

(4.52) (W < V),
D <9 i<
Note that ¢; is a monomial of variables x¢41,...,2, and t + 1 > e, we have
(4.53) QU™ -deg g; = Q¥-deg g;.
Since the exponent of z. in g is positive, we have
(4.54) QU™ V-deg g, < QV)-deg g,.

By () and () we have

QU=Y-deg g, + 1) /ws = (QU~Y-deg g; + 1) /wy,
QU)-deg gs + 1)/ ws = (Q(J)_deg gt + 1) /wy.

The equations (@) and (M) are in contradiction with () Therefore
gs is a monomial of only variables xy, 1, -+, xn.

Step 3. Write g5 = x{¢’, here ¢/ is a monomial of variables zy1,- -+ ,x,
and a is a non-negative integer. By (m%( .49), the fact that ws = deg gs —
wt D and wy = deg g, — wt D, we have

(4.55)

¢ 09 QU-deg g, +1
E ws deg g —wt D
_ Q(j)'deg gs + 1
~ deggs —wt D
B aéﬁj) +QUW-deg ¢/ + 1
~ aw; +deggl —wt D

(4.56)

for any j =0,1,...,n — k. Hence
¢ 9 QU-deg g, +1

Wt ws deggs — wt D
_ QUY)-deg ¢/ + 1
~ degg, —wt D

(4.57)
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for any j =0,1,...,n — k. Therefore
(4.58) QYW-deg g — QU~V-deg g QY)-deg g, — QU~V-deg g,

deg g — wt D deg g, —wt D

forany j=1,...,n — k.
Step 4. Write g, = x; {1 ... 25" and g; = wtﬁfﬁl ...zb". In this step we

n
will prove
Q; Bi

4.59 =
( ) deggl. —wt D  deggi —wt D

Vi=t+1,...,n

by induction_on i.

Suppose () holds for t + 1,t 4+ 2,...,7 — 1 and we will show it holds
for i. Denote j = b;, then d(j) = i. By Proposition @(1) and (2), we have
EZ(J) — Kl(j_l) > 0 and Egi)l - Egi_ll) = =09 — 97D = 0. Hence
(4.60)

{Q(”—deg g5 — QU V-deg g} = apsr (0 — 95) + -+ i) — 077V,

Q-deg g; — QU™Y-deg g; = Bm(éﬁi) - fgi_ll)) +et ﬁi(fl(-j) — él(.j_l)).

By (), () and the inductive assumption for t +1,¢+2.--- ;i —1, we
have «;/(deg g, — wt D) = 3;/(deg g — wt D). Therefore () holds.
Step 5. In this step we will prove deg ¢, —wt D = deg g, —wt D. Suppose

deg g, —wt D > deg g — wt D, then by () we have a; > f8; for any i =
t+1,...,n (it is possible that a; = §; = 0). Let h = :c?ﬁl_ﬁt“ gl hn
then ¢, = hg;. If h = 1, then g, = ¢ and the claim degg., — wt D =
deg g+ — wt D holds. So we may suppose that h is not a constant, i.e. there
exists ¢ € {t +1,---  n} such that a; > ;. Note that (Egnik), e ,E%nfk)) =
(01,...,4,), by (L.57) (take j = n — k) we have
by ly Q-deg gy +1

wy  ws deg g — wt D

_ Qedeg g, +1

~ degg, —wt D

~ Q-deg h+ Q-deg g; + 1

~ degh+deggi —wt D’

(4.61)

It follows that

4y Q-deg h
4.62 —_ =
(4.62) Wy deg h

Since t € Inyax and t + 1, -+ ,n ¢ Iax, we have

(4.63) max{&i,&i,-" ’el}<ﬁ.

We+1 Wi42 Wn, wt
Since h is a monomial of variables x¢i1,...,x,, we have Q-deg h/degh <
4 /wy, which contradicts (@) Hence the assumption that deg g, —wt D >
deg g; — wt D does not hold. By the same argument, it is impossible that
degg. — wt D < deg g, — wt D. Hence degg., — wt D = degg, — wt D. By
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(), we have o; = f; for any i =t + 1,...,n, which implies that ¢, = g;.
Therefore g5 = 2 g; and Claim () holds.

Fix a monic monomial A € (p;)max. For any two monic monomials g1, g2 €
(Ps)max, by Claim (x), there exist non-negative integers a; and ay such that
g1 =z h and g2 = x{*h. Since p; is weighted homogeneous with respect to
(wi,- -+ ,wy), we have deg g; = deg ga. So

(4.64) a1wt + deg h = asw; + deg h,

Since w; > 0, we have a; = ag. Hence g; = g2, which implies that (ps)max
is a monomial.

Fix a monic monomial g € (ps)max- For any two monic monomials hy, hy €
(Pt)max, by Claim (x), there exist non-negative integers a; and ag such that
g = z{"hy and g = z{*he. Hence z{'hy = x{*hy. Since p; is a polynomial
of variables z;41,- - , 2y, we have hj, hy are independent of the variable x,
which implies that h; = hg. Therefore (p;)max iS @ monomial.

Since (Ps)max and (Pt)max are monomials, by Claim (x), we have (ps)max =
cx$(pt)max, Where ¢ is a non-zero coefficient and a is a non-negative integer.
Therefore Lemma @ holds. O

Now we return to the proof of Theorem @

Proof of Theorem E Denote J = {e | p. # 0}. We prove the theorem by
induction on the cardinality of J. Suppose the theorem holds for #J =
1,---,r — 1. Consider the case that #.J = r. Set parameters €1, - , €, as
follows:

(4.65)

1 ifp; #0,
€; =
’ 0 if p; =0.

Let (¢1,...,4,) be the new weight type associated with D and controlled by
the ¢;. Then

;>0 ifp#£0
(466) 7 > 1 p’L # Y
fz' =0 if pi = 0.
Hence p; is a non-zero polynomial for any i € Iyax. Let [ = {1,2,--- n},

then Inax € I. All conditions in Proposition B8 are satisfied. Hence either
the assertion (a) or the assertion (b) in Proposition B8 holds. If the assertion
(a) in Proposition B8 holds, then Theorem {1.5 is proved. If the assertion (b)
holds, then by inductive assumption the proof of Theorem is completed
(note that the assertion (b) can not hold when #J = 1, see Remark 1.7). O

5. PROOF OF THEOREM

Lemma 5.1. Let m be the mazimal ideal of P, generated by i, - ,Tp.
Let fi, fo,..., fm € m such that P,/(f1, f2,-.., fm) s an Artinian algebra.
Then for any i € {1,2,...,n}, there exists j € {1,2,...,m} and a positive
integer a such that z$ € f;.
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Proof. Assume there exists i € {1,2,...,n} such that z{ ¢ f; for any posi-
tive integer @ and any j € {1,2,...,m}. Then

(51) (flv'” 7fm) g (1'171'27. oy Li—1y L4l e - 71.71)'

Since P, /(x1,...,%i—1,%it1,...,%y) is & vector space of infinite dimension,
we have P, /(f1,- -+, fm) is also of infinite dimension as a vector space, which
is in contradiction with that it is an Artinian algebra. O

Proof of Theorem . When n = 1, the theorem holds obviously. So we
may suppose that n > 2. For convenience, we denote f; = df/0z; for any
i=1,---,n. Suppose that P,/(f1,---,f,) has a non-zero negative weight
derivation. By Lemma P.1|, there exists a non-zero negative weight derivation
D on P, as in ( such that Df; € (f1, fa,..., fn) forany j =1,--- ,n.

By Theorem .5, after a coordinate transformation which preserves the
weight type (w1, - ,wy,), there exists a group of parameters (e1,--- ,€,)
such that the assertions in Theorem hold. Let (¢1,---,4,) be the new
weight type associated with D and controlled by the ¢;. By Theorem @(1b),
there exists a unique ig € {1,--- ,n} such that ¢;, /w;, > ¢;/w; for any i # i.
By Lemma p.1|, there exist e € {1,--- ,n} and a positive integer a such that
zj € fe. Note that f. is weighted homogeneous with respect to the original
weight type, we have

(5.2) (fe)max = C"E?m

where ¢ is a non-zero coefficient. Hence

(5.3) deg fe = aw;,.

By Proposition @ and Theorem @(la)(lc), we have
(5.4) Dinax = (Pig )max0/ Ox, -

We define polynomials gg, g1, - , g, as follows:

(55) {Z?: Degi—1 z1 S%S a.

Then g; € (f1, fo, -+, fn) for any i =0,--- ,a. We claim that
ot Wi=0,1,-- ,a.

c(a!))! (Pio ) maxTi,

(56) (gi)max = ((LT

Indeed, when i = 0, (g0)max = (fe)max = czf and the claim holds. Suppose
the claim holds for i = k — 1 (1 < k < a), then

c(al) 8((1’1’0)&33@?0%“)

Dmax(gk—l)max = (pio)max(

= (:(_a!]z)!(pio)fnaxxgok 7é 0.

(5.7)
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Here the second equality follows from the fact that p;, is independent of the
variable x;,. By Proposition B.5(1),
(gk)rnax = (ngfl)max = Dmax(gkfl)max
and hence the claim (@) holds. In particular, when ¢ = a we have
(58) (ga)max = C(CL!) : (pio)(rlnax 75 0.
Hence g, # 0. Since g, € (f1,--+ , fn), there exists d € {1,--- ,n} such that

deg fqg < degg, = adegp;,

(5:9) < a(w;, —1).

By (@) and (@) we have
(5.10) deg f. — deg fq > a.

On the other hand, we have
deg fe — deg fa = (deg f — we) — (deg f — wa)

= Wy — We.
Hence a < wy — we. It follows from (@) that
(5.11) deg fe < (wq — we)wiov

which implies that
deg f = deg fo + w, < (wd - we)wio + we

< (wd - we)wl + we
(5.12)
= wqwi — (w1 — 1)we

<w%—w1+1.

This is a contradiction. Therefore P, /(f1,- - , fn) has no non-zero negative
weight derivations. O
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