RESEARCH ARTICLE | FEBRUARY 20 2026
Variation of complex structures and variation of derivation

Lie algebras lll: Yau algebras arising from singularities @ @3
Zhiwen Liu © ; Stephen S.-T. Yau &

’ '.) Check for updates ‘

J. Math. Phys. 67, 021702 (2026)
https://doi.org/10.1063/5.0311234

@ B

View Export
Online  Citation

Articles You May Be Interested In

Spectral data for parabolic projective symplectic/orthogonal Higgs bundles

J. Math. Phys. (December 2022)

Divergences in the moduli space integral and accumulating handles in the infinite-genus limit

Mathematical Physics

Y
o
©
c
p -
-
o
ﬂ

J. Math. Phys. (February 1995)

Toledo invariant of lattices in SU(2,1) via symmetric square

J. Math. Phys. (November 2020)

AIP Advances

Why Publish With Us?

average time
to 1stdecision L

E 21DAYS " | ' OVER4MILLION i_", INCLUSIVE

views in the last year scope

4. AP

" L AP
~Z=. Publishing Learn More Z=. Publishing

9%:25:20 9202 Ateniged Lz


https://pubs.aip.org/aip/jmp/article/67/2/021702/3380552/Variation-of-complex-structures-and-variation-of
https://pubs.aip.org/aip/jmp/article/67/2/021702/3380552/Variation-of-complex-structures-and-variation-of?pdfCoverIconEvent=cite
javascript:;
https://orcid.org/0009-0005-4157-2923
javascript:;
https://orcid.org/0000-0001-7634-7981
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0311234&domain=pdf&date_stamp=2026-02-20
https://doi.org/10.1063/5.0311234
https://pubs.aip.org/aip/jmp/article/63/12/121702/2846063/Spectral-data-for-parabolic-projective-symplectic
https://pubs.aip.org/aip/jmp/article/36/2/648/462930/Divergences-in-the-moduli-space-integral-and
https://pubs.aip.org/aip/jmp/article/61/11/111702/234717/Toledo-invariant-of-lattices-in-SU-2-1-via
https://servedbyadbutler.com/redirect.spark?MID=188841&plid=3470637&setID=1044477&channelID=0&CID=1678023&banID=524321803&PID=0&textadID=0&tc=1&rnd=4758486796&scheduleID=3650750&adSize=1640x440&data_keys=%7B%22%22%3A%22%22%7D&mt=1771642366708437&spr=1&referrer=http%3A%2F%2Fpubs.aip.org%2Faip%2Fjmp%2Farticle-pdf%2Fdoi%2F10.1063%2F5.0311234%2F20912267%2F021702_1_5.0311234.pdf&request_uuid=a30f25da-ae1d-4f4e-8a4f-01e9d41bf421&hc=a7de8d6d7f1075d225716718a78973eb17ae7c1c&location=

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

Variation of complex structures and variation
of derivation Lie algebras lll: Yau algebras arising
from singularities @

Cite as: J. Math. Phys. 67, 021702 (2026); doi: 10.1063/5.0311234 A i @
Submitted: 8 November 2025 « Accepted: 26 January 2026 * -
Published Online: 20 February 2026

Zhiwen Liu"? ' and Stephen S.-T. Yau™”’

AFFILIATIONS
TBeijing Institute of Mathematical Sciences and Applications, Beijing 100084, China
2Department of Mathematical Sciences, Tsinghua University, Beijing 100084, China

aljuzhiwen@bimsa.cn
) Author to whom correspondence should be addressed: yau@uic.edu

ABSTRACT

Let O, = C{x1,...,xs} be the ring of convergent power series. An isolated hypersurface singularity (V,0) is defined by f € O,. Its moduli
algebra A(V) := O,/(f,0f/0x1,...,0f[0xy) is a finite-dimensional algebra that determines the complex analytic structure of (V,0). The
Yau algebra L(V) := Derc(A(V),A(V)) is a solvable Lie algebra associated with the singularity. As the singularity deforms, the structure
of L(V) also varies, leading to a Torelli-type problem: can the Yau algebra distinguish the different analytic structures within a deformation
family? This paper investigates a crucial subalgebra, the liftable Yau subalgebra L(V'), which consists of derivations that can be lifted along
the deformation. We focus on a one-parameter (y, 7)-invariant deformation family V, generated by fy = x* + y* + z* (whose projectiviza-
tion in CP? defines a smooth plane quartic curve of genus 3). We compute the 37-dimensional liftable Yau subalgebra family L(V;) for this
deformation. A key technical breakthrough of this paper is the development of new computational tools and algorithms to calculate a series
of Lie algebra isomorphism invariants (namely, cross-ratios) for its high-dimensional (36-dim) nilradical N; = [L(V;), L(V:)]. This extends
the invariant-based method, previously used for lower-dimensional algebras, to a significantly more complex case. By applying this new com-
putational framework, we prove that L(V;) = L(V;) implies t* = s* or t* = —324(s” — 36)/(1015s> + 324). Comparing these two results, we
demonstrate that although the liftable Yau subalgebra L( V) is itself a well-behaved family of solvable Lie algebras constructed geometrically,
it fails to be a complete invariant for the singularity isomorphism. Indeed, it fails to be even a basic invariant, as there exist cases where V; = V
(isomorphic singularities) but L(V;) ¢ L(V;) (non-isomorphic Lie algebras). This contrasts sharply with the known cases of E; and Es singu-
larities. An important part of this work is the development of computational algorithms that make the analysis of these high-dimensional Lie
algebras feasible on a computer.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0311234

. INTRODUCTION

Let O, = C{x1,...,xs} be the ring of convergent complex power series in n variables. An isolated hypersurface singularity (V,0) c
(C",0) is defined by the zero set V(f) of a function germ f € O,. A fundamental algebraic structure associated with (V,0) is its Tjurina
algebra (or moduli algebra), defined as A(V) := O,/J(f), where J(f) = (f,0f/Ox1,...,0f [Oxy) is the Tjurina ideal of f. A(V) is a finite-
dimensional complex local algebra. By the classical theorem of Mather and Yau,' two isolated hypersurface singularities (V1,0) and (V,0)
are complex analytically isomorphic (i.e., biholomorphically equivalent) if and only if their moduli algebras A(V1) and A(V>) are isomorphic
as C-algebras.

The Mather-Yau theorem establishes A(V) as a complete algebraic invariant for the singularity. A key object of study is the derivation
Lie algebra of A(V'), L(V) := Derc(A(V),A(V)), which is a finite-dimensional Lie algebra. Yau proved that for any isolated hypersurface
singularity, L(V) is a solvable Lie algebra.”” This profound result led to L( V') being named the Yau algebra (cf. Refs. 3-5). This establishes a
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profound connection between singularity theory and solvable Lie algebras. Notably, the finite-dimensionality and solvability of L(V) make it
amore computationally tractable invariant than the infinite-dimensional Lie algebra D(V) := Derc( On/(f)). Since the 1980s,” “*"" Yau and
his collaborators have systematically studied the Lie algebras of isolated hypersurface singularities. In Ref. 5, L(V') is called the Yau algebra,
and in Ref. 16, dim L(V) is called the Yau number.

As L(V) is an invariant of A(V), it is also an analytic invariant of (V,0). A central question, known as the Torelli-type problem, arises:
is L(V') (or a related subalgebra) a complete invariant within a deformation family of singularities? That is, can it distinguish different analytic
structures in the family, just as A(V) does?

The deformations we study are those that preserve certain topological invariants, specifically (#, T)-constant deformations, where the
Milnor number y and the Tjurina number 7 = dimcA(V) remain constant. The y-constancy ensures the invariance of the topological type,
following the work of Trang and Ramanujam.'” This line of inquiry is closely related to the foundational work of Saito'* on the period map for
simple elliptic singularities and the subsequent development of Torelli-type theorems by Hertling ,'**” which works on classifying singularity
deformations via algebraic-geometric invariants.

In their study of (y, 7)-constant deformations of E; and Es simple elliptic singularities, Seeley and Yau’ introduced a key subalgebra,
the liftable Yau subalgebra L(V;) € L(V;). This subalgebra consists of those derivations in L(V;) that can be lifted to derivations on the
parameter space S (see Definition II1.8). They proved that for the E; and Es deformation families, L(V;) is a complete invariant: L(V},) =
L(Vy,) ifand only if Vi, = V.

The success of Seeley and Yau’ raises a natural question: does this completeness of L(V;) hold for more complex singularity types?
This paper investigates a crucial case beyond E; and Es: the singularity defined by the homogeneous quartic polynomial fo = x* + y* + 2*.
Note that the zero set (Vo,0) = V(fo) ¢ C* is an isolated singularity; its projectivization V(fy) ¢ CP* is a smooth plane quartic curve, which,
by the genus formula g = (d - 1)(d - 2)/2, is a Riemann surface of genus 3 (cf. Ref. 21). We examine the one-parameter (y, 7)-invariant
deformation family V; defined by f; := x* + y* + z* + tx%* = 0.

For this deformation family V, (where t ¢ {+2,+6}), we compute its 37-dimensional liftable Yau subalgebra L(V;) and its 36-
dimensional nilradical N; = [L( V), L(V;)]. While our work is founded on the method of Seeley-Yau,” a primary contribution of this paper
is the development of new computational tools and a systematic algorithm to identify the required invariant subspaces in this significantly
higher-dimensional (36-dim) case. By applying these new methods, we successfully compute the isomorphism invariants (cross-ratios) of N;.

A. Main results

Let O, = C{x1,...,x,} be the ring of all power series converging near the origin. We have mainly achieved the following results:

Theorem L1 (A). For the isolated hypersurface singularity (V,0) defined by fo := x* + y* + 2* (whose projectivization in P* is a smooth
plane quartic curve of genus 3, cf. Ref. 21), we consider its (u, T)-invariant one-parameter deformation family (where t ¢ {£2,£6}):

Vii={(x02) e Clfi i=x* +y* + 2" + tx’y* = 0}

This family induces a 37-dimensional deformation family of liftable Yau subalgebras, denoted by L(V,) < L(V}). By computing the numerical
invariants (cross-ratios) of its 36-dimensional nilradical Ny := [L(V), L(V})], we obtain the following results concerning the isomorphism class

Of i( Vt).'
1. If L(V}) and L(V5) are isomorphic as Lie algebras, then t* = s> or t* = — ?g‘fgi:zgi
2. If t* =% then the singularities V(f;) and V(f;) are analytically isomorphic. This implies their Yau algebras L(V:) and L(V;) are
isomorphic, and their liftable subalgebras L(V;) and L(V;) are also isomorphic.
3. Iftt= _3EI0) g 2+ 2, then V(fe) 2 V(f).

10155>+324

Theorem 1.2 (B). Let V; = {(x,,2) € C*|f; := x* + y* + 2* + ta®y* = 0} where t ¢ {+2,+6}. Then V: and V; are analytically isomorphic
if and only if one of the following parameter relations holds:

(al) s=t.

(a2) s=-t.

(a3) 2s+ts+12-2t=0.
(ad4) 2s+ts—12+2t=0.
(a5) 2s—ts+12+2t=0.
(a6) 2s—ts—12-2t=0.

Conclusion from Theorem A and B. By comparing Theorem A and Theorem B, we arrive at the central conclusion of this paper: for the
family f; = x* + y* + 2* + tx%)?, the liftable Yau subalgebra L( ;) is neither a complete analytic invariant nor a necessary analytic invariant. For
example, when ¢ and s satisfy condition (a3) from Theorem B but satisfy neither #* = s> nor £* = —324(s* - 36)/(1015s> + 324) from Theorem
A, we have V; = V; (isomorphic singularities) but L(V;) ¢ L(V;) (non-isomorphic Lie algebras). This discovery reveals that the Torelli-type
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problem for singularities is more subtle than the E7, Es cases suggested.” The main technical contribution of this paper is the development
of computational methods for handling invariants of high-dimensional (in our case, 36-dimensional) Lie algebras, which is essential for the
future study of more complex singularity families.

Corollary 1.3 (C). From the deformation family of isolated hypersurface singularities in C* defined by
Vii={(x02) e Clfi i=x* +y* + 2" + tx’y* = 0}

where t ¢ {+2,+6}, we naturally construct several high-dimensional families of solvable Lie algebras. These include the 51-dimensional Yau
algebra family L(V,) and its 37-dimensional liftable subalgebra family L(V;). The 36-dimensional nilradical N; = [L(V}),L(V})] forms a
family of nilpotent Lie algebras.

Organization of the paper. The paper is organized as follows. In Sec. II, we recall the preliminary knowledge regarding isolated hyper-
surface singularities, Yau algebras, and the Torelli-type problem. In Sec. I1I, we present the methodology for computing the moduli algebras,
the Yau algebras L( V), and the liftable Yau subalgebras L( ;) for the deformation family f; = x* + y* + z* + tx*y*. Section IV is the technical
core of the paper. We detail the algorithms for computing the invariant subspaces of the nilradical Ny, including its central series, quotient
spaces, and their mappings. We then identify a set of four invariant lines, compute their cross-ratio, and prove our main results, Theorem A
and Theorem B. Finally, to improve the readability of the main text, we have moved the extensive computational data—including the lists of
generators, the full multiplication table, and all large representation matrices—into Appendixes A-D.

B. Notations

1. The algebraic structures, vector spaces, and linear mappings considered in this paper are all based on the complex field C.
Let f € P, = C[x1,...,%x] be a polynomial, written as

£= % e
o«

where & = (a1, a2, ..., a,). If the coefficient ¢4 # 0, we say that the monomial [7, x'ixi appears in the expression of f.
In aring A, we use (a) to denote the ideal generated by a € A.
4. we use spang {E1,...,Ei} to denote the linear space over C spanned by Ei, ..., E;.

e

Il. PRELIMINARY KNOWLEDGE
A. Singularity deformation and Yau algebra
Let O = C{x1,...,x,} denote the ring of power series convergent near the origin. Let I = (f1,. .., fin) O, be the ideal in O, generated

by fi,.. . fm.

Definition II.1. (Isolated Singularity): We say that I (or fi,..., fm) defines an isolated singularity of dimension r at the origin if there
exists a small neighborhood U ¢ C" near the origin such that the only singular point of V(I) := {qe U | fi(q) =--- = fin(q) = 0} is the origin
(denoted as 0), and V(1) \0 as a complex submanifold has dimension r [if r = 0, then V(I) \0 is required to be empty]. In this case, we have:

L £i(0) == fu(0) = 0.

2. The rank of the matrix (% (O)) is less thann —r.
i em

i=1,..omj=1,

3. Foranyq e V(I)\O0, the rank of the matrix (g—ﬁ(q)) o isequal ton —r.

i=1,...,mj=

Definition I1.2. (Quasi-Homogeneous Singularity): We say that I (or fi,..., fm) defines a quasi-homogeneous singularity at the origin
if there exists an analytic coordinate transformation near the origin ¢ : C{x1,...,x,} ~ C{z1,...,2z,} and positive integers wy, . .., wy, such
that, with z; weighted by wi, ¢(I) is generated by weighted homogeneous polynomials. In this case, the new coordinates z1, . . .z, and weights
Wi, ..., W, provide a graded structure for the singularity.

Definition 11.3. (Isolated Hypersurface Singularity): If the ideal I = (f) € O, is generated by a single element f € O, and I defines an
isolated singularity at the origin, then we call I (or f) an isolated hypersurface singularity at the origin.

Definition IL4. (Singularity Isomorphism): Let I and I' be two ideals in O,. We say that I and I' define isomorphic singularities at the
origin if there exists an automorphism ¢ of Oy such that o(I) =1
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Definition IL5. (Hypersurface Singularity Isomorphism): If f € O, and g € O, define isolated hypersurface singularities [V (f),0] and
[V(g),0] at the origin respectively, we say that f and g define isomorphic hypersurface singularities at the origin, or are contact equivalent, if
there exists an automorphism ¢ of On such that

f=u-9@)
which is denoted by f ~ g.

Definition I1.6. (Derivative): Let A be a commutative algebra over the complex field C. We call a linear endomorphism D of A a derivative
of A if it satisfies the Leibniz rule

D(ab) = D(a)b+aD(b) Va,beA.
The set of all derivatives of A, denoted by Der ¢(A), forms a complex Lie algebra, where the Lie bracket is defined by

[D,E]:=DoE-EoD VD,EeDerc(A).
For an ideal I of A, we denote the submodule of derivations of A onI by

Der;(A):={DeDerc(A) | D(I) cI}.

B. Singularity deformation and Torelli-type problems

Let O, = C{x1,...,x.} denote the ring of power series convergent near the origin. Consider an isolated hypersurface singularity (V,0)
defined by f € Oy, given by

(v,0) = {(xl,...,xn) eC"| f(x1,.. . %n) = 0}.

The module algebra of this singularity (V,0) is defined by

A(V) = On/( ,g—f,. ﬂ).

X Ox,
In Ref. 21, a characterization of genus 3 Riemann surfaces can be found:

Theorem I1.7 (Ref. 21, Proposition 2.5). Let X be a genus 3 algebraic curve. Then X is either a hyperelliptic curve [defined by the equation
y* = h(x), where h is of degree 7 or 8], or the canonical map ¢, of X embeds X into CP* as a smooth plane quartic curve defined by a quartic
polynomial.

Theorem I1.7 motivates the study of plane quartic polynomials. The polynomial fy = x* + y* + z* defines an isolated hypersurface singu-
larity (Vo,0) in C>. Its projectivization, the curve Xo c CP* defined by the same equation, is a smooth plane quartic. Therefore, by Theorem
11.7, Xy is a Riemann surface of genus 3.

The general (u, 7)-invariant deformation of fo (which defines a family of isolated singularities in C) corresponds to the multi-parameter
family of quartics:

{(,0,2) €C’| fo=x'+y' +2' + 1’y + 6X°2° + 65°2" + tax’yz + tsxy°z + texyz” = 0.

Our analysis concerns the Yau algebras associated with the affine singularities V(f1) c C°.
Due to the computational difficulty of this multi-parameter family, we restrict our investigation in this paper to the following significant
single-parameter (y, 7)-invariant deformation subfamily:

Vii={(x02) €C | fii=x"+y' + 2" + ty* = 0}.

I1l. COMPUTATION OF YAU ALGEBRA FAMILIES

Many of the results in this section can be derived by directly referencing several theorems from Ref. 22, which deal with the computation
of Yau algebra families and their liftable Yau subalgebra arising from the deformation of singularities. However, to ensure this paper is self-
contained and better suited for subsequent discussions, we provide sketches of these theorems or rephrase them to align with the context of
the issues addressed later in the paper. Specifically, in this section, we present several concrete examples that clearly demonstrate how these
computational theorems assist in advancing our later discussions.
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A. Computation of moduli algebras

First, we need to compute the moduli algebra of the (g, 7)-invariant deformation family Vi := {(x,5,2) € C* | fi:=x* + y* + 2 + tx%y* =
0} defined by fo := x* + y* + z*, in order to further calculate the Yau algebra of this family of singularities. For this algebraic family with high
dimensions, we can employ the computational methods used in Ref. 22, and through computer assistance, translate the following theorems
into language understandable by a computer.

Proposition III.1 (Ref. 22). For singularities defined by the homogeneous polynomial
d i <
fri=x] +-~-+xn+z tigi>
i=1

where {g/|i = 1,...,m} are monomial generators of A(fo)q4, there exists a Zariski closed set Z ¢ C"\{0} such that for all t € C"\Z, A(f;) has
the following basis over C:

{&"=x" i 0<an,. . e <d -2}

Remark II1.2. The result of the moduli algebra of this singularity deformation family is extremely important as a prerequisite for analyzing
and calculating its Yau algebra. In the proof of this result, certain constructions are very helpful for subsequent calculations, and in the compu-
tation of the generators of the moduli algebra, requirements are given for general points in the parameter space Z of the deformation process.
Therefore, it is necessary to briefly list several important results obtained in the proof to aid understanding of subsequent calculations:

Let’s consider the following three sets of monomials:

{Bl,.. .,BM} = {x“\|¢x| = k},
{br,....,b,} = {x0< a1, .. 0 <d-2,]a = k},

« Of
{bys1,..., by } = {x S \oc|+d—1:k}.
u M ox;
Here, k >0, {Bi,...,Bu} is a set of monomial generators of C{x}, {by,...,b,} is a set of monomials from {x*|0 < a1,...,a, <d—2,|a| <
D — 1} with degree k, and {by+1, ..., byy } are of degree k +d — 1.
The following facts hold:
1. There exists a matrix C = (Cl) e Mat(M' x M, C[t]) such that
b B
P =Cl |
by By
where V1<i< M, 1<j< M,
Mo
bi=) CB;

2. After row permutation, C(t) can be expressed as

Ci(2)
. )
where M < M, the submatrix Ci(t) € Mat(M x M, C[¢t]) is invertible at t = 0. Particularly, det C; € C[t] has a non-zero constant term,

where Z = V(det Cy,) c C™.
3. 0¢Ziand Vte C"\Z, where Z is a Zariski closed set

D+1

z=U Z.,
k=0

excluding 0, therefore, 0 is a general point of {x*|0 < a1,...,0n <d - 2,|a| <D -1} in A(ft), which is of finite dimension.
4. There exist u) € C{t} such that
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b
B = Z ufb] EA(ft).
j=1
We can take uffj = uf such that
Sk
b; - bj = Z u,-,jbk EA(ft).
k=1

If degb; + degb; < D, then b; - bj must be some By, then we can take ui-fj = uf. If degb; + degb; > D, then we just need to take uffj =0.

Finding the matrix C as it appeared in the proof is straightforward for a computer. Now, we let e; € C™ represent the i-th standard
coordinate row vector, and take the solution vector u such that uC = e;, then the following equation holds:

B, B b\ .
Bi=ei| : |=uC| : |=u| : [=D b+ > b,
BM BM bMI j=1 Jj=u+1

therefore, we can take u{ := ul. Thus, the multiplication relation between the generators {by, ..., by} of A(ft), the multiplication table of
A(f) under the basis {b1, . ..,b,} can be obtained again by solving linear equation systems. This fact will be used in computing L(f) from
A(f), which needs to solve a more complicated linear equation system.

To illustrate the above conclusion in our specific singularity moduli algebra calculation process, and to save space, we give part of the
calculation process of the general point set C\Z of parameters ¢ in the parameter space of the single parameter (y, 7)-invariant deformation
Vii={(x9.2) € C*| f == x* + y* + 2" + tx%y* = 0} of the singularity f := x* + y* + 2%,

Example II1.3. Consider the singularity fo := x* + y* + 2* and its single parameter (u, t)-invariant deformation V; = {(x,y,2) € C* | f; :=
x* 4yt + 2t + tx%y? = 0. Its moduli algebra is A(fy) == C{x}/{f,j(f:)), where (j(f:)) = <%, %f, %) = (4x + 2txy%, 4y + 2tx%y,2°), then
the graded 4 part of A(ft) is generated by the following 6 monomials:

A(f)s = (Y Py’ 2,572 xy2", v 2") = (b, . . ., bs).
C{x}4 is generated by the following 15 monomials:
(C{t}4 = (B], e ,B]s).

And the {by+1, . . ., byp } mentioned in the above Proposition III.1 annotation proof summary is
0
{x*- % o + 4 -1 =4} = {x(4x +2txy°), x(4y" + 2tx7y), x2°, y(4x° + 2tx)% ), y(4y" + 2tx7y), y2', 2(4x” + 2txy°), 2(4y° + 2tx°y), 2*}
j

= {b7,--~,b15};

Here we have

from which we know that when k = 4, Z; = V(det C, = 0) is
Zy = —1/(65536(1° — 4)).

Similarly, we can obtain

1
Zy=—,
°T 64
1
Zs = ,
* 7 1073741 824(F - 4)°
-1

Zs = :
® 17592186044 416(£ — 4)°
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So the single parameter (u, )-invariant deformation V; := {(x,9,2) € C* | f; := x* + y* + 2* + tx*y* = 0} can have a basis of monomials of the
moduli algebra as indicated in Theorem IIL.1, and the corresponding Zariski closed set Z required is

D+1

Z=J 7z = {t|t = £2};
k=0

that is, Yt € C*\Z, A(f;) has the following basis of monomial generators (see Theorem IIL.1):
{&" =x"y"Z% 0< ..., a3 <2}

Next, calculate the multiplication table of A(ft), the multiplication table is presented in a series of equalities on C{x,y,z}, continue with the 4th
part C{x,y,z}4 of C{x,y,z}: taking Uy - C4 = L5, so by

bl B1
=Cy| : |
blS BIS
get
b B,
Ul : =] : b
blS BIS
computed.
~t/2 0 1 0 2 0 00 0 000 O 0 0
0 0 0 0 0 0 10 —t2 000 0 0 0
0 0 0 0 0 —t2 01 0 000 0 0 0
0 0 0 0 0 0 00 0 100 0 0 0
0 0 0 0 0 0 00 0 010 0 0 0
0 0 0 0 0 0 00 0 001 0 0 0
1/4 0 0 0 0 0 00 0 00O O ©0 0
-1 t
0 0 0 00 0 00O O ©0 0
I (£ -4) 2(* - 4)
N 0 0 0 0 0 1/4 0 0 0
t -1
0 0 0 00 0 00O O 0 O
2(t* - 4) (- 4)

0 0 0 0 1/4 0 00 0 0 0 O 0 0
0 0 0 0 0 0 00 1/4 0 0 0 0 0
0 0 0 0 0 0 00 0O 00O 1/4 0 0
0 0 0 0 0 0 00 0 00O 0 1/4 0
0 0 0 0 0 0 00 0 00O O 0 1/4

For the computation result of U, we interpret it as follows: For 1 < j < 15, the j-th column of the first 6 rows of the transpose of matrix
Uy, denoted as Uff, corresponds to the linear coordinates of the j-th basis B; in C{t}4 within the space A( fi)s. According to Uff, we obtain: The
partial multiplication table of A(ft) can be described by the following set of equalities in C{x}4:
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2.2
xt=— tx2y 5 x3y =0;
2 2 3
Xy =xy; xy” =05
4__@; x3zz_txyzz’
2 2
2 2 2 2
Xyz =Xx"yz; Xy'z=xyz
3, = 7”527)’2; JEENS
2 2 2 2 2 2
xyz© = xyz"; Yz =yz;
Xz = 0; yz3 =0;
=0 (Aq)

Here, we also present results for C{x, y, z}¢ obtained in a similar computational manner. The computations for C{x, y,z}4 and C{x, y,z}¢
presented here will be used in the example of computing the 3rd-degree part L(V;)3 of the Yau algebra of the singularities.
For C{x, y,z}¢, we have

A(fi)s = (x*y°2") = (b).

Correspondingly, we have {b,, ..., bs; } where
« Of 3 2 .3 2 3
{x*- e o +4-1=6} 2 C{t}s @ {4x” +2txy",4y" + 2tx"y, 2" } = {b2,...,b31 }.
j

Similarly, solving for matrix Us such that it is of size 28 - 31 and Us - {b;} = {Bj},l <i<31,1<j<28, all non-zero identities are in
C{x,y,z}6:

K2 = —(tx*y*2%) 2

2.2 2

Y2 = —(tx’y’2) 2. (As)

B. Computation of Yau algebras

Let O, = C{x} denote the ring of all power series convergent near the origin in C". Let (V,0) = {(x1,...,x:) € C" | f(x1,...,xs) =0}
be an isolated hypersurface singularity, where f € O,. The module algebra of singularity (V,0) is defined by

A(V) = on/(f,g—;,...,(%).

It is a fundamental result® that the moduli algebra A(V') is finite-dimensional. The importance of this algebra was established by Mather and
Yau, who proved the celebrated Mather-Yau theorem:' the isomorphism class of A(V) completely determines the analytic structure of the
singularity.

The Lie algebra of all C-derivations of the moduli algebra:

L(V):=Derc(A(V))

can be then associated to an isolated hypersurface singularity, In 1991, Yau’ proved that L(V) is always a solvable Lie algebra, thereby
establishing a connection between isolated hypersurface singularities and the theory of solvable Lie algebras.

Remark II1.4. (Solving Yau Algebra via Linear Equations). According to the definition of Yau algebras, translated into matrix language,
we can solve the corresponding linear equations to compute the Yau algebra. When translated into matrix language, this allows for computer-
assisted computation of Yau algebras in high dimensions. This computational approach relies on the mature application of computer algebra
(e.g., Grobner bases for moduli algebras) in singularity theory, as systematically described in Ref. 24.

Lemma II1.5 (Ref. 15). Let 1 € C{x} be an ideal, then there exists a natural Lie algebra isomorphism:

Der;C{x} _
W ~ Derc(@{x}/l)’

9%:25:20 920z Ateniged L.z

J. Math. Phys. 67, 021702 (2026); doi: 10.1063/5.0311234 67, 021702-8
Published under an exclusive license by AIP Publishing


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

where

Der;C{x} = {0 € DercC{x} |6l < I}.

Remark I1L6. According to this lemma, the basis of the Yau algebra L(V) = DercA( f) = Derc(C{x}/(f,j(f)) can be obtained by solving
linear equations. This method is discussed in Ref. 22. Here we provide a brief overview and later present a specific example of computing L(V;)3
to illustrate this method.

According to the lemma above, a derivation & in L(V ), can be lifted to a derivation 8 satisfying

be (DexeCah) = (@ Co) ) - b
i=1 1)k i=1 i

Just as in the previous proof related to singularity module algebras, let {By, .. .,Bum} and {by,...,b,} be sets of monomial bases of C{x}y., and
{x*|0 < a1, ..., 00 <d—2,|&| <D~ 1} of degree k, respectively. Then a derivation & in L(f); can be lifted to 8, given by

To ensure that 8 is a derivation on A(f), we only need to require §j(f) < j(f), which is equivalent to requiring for anyl=1,...,n,

(9xl '

- no#o 2
507 e iy 0T

1 D =0cA(f).

i=1 j

Thus, we obtain a system of linear equations concerning 6.

Example II1.7. Consider the singularity f := x* + y* + 2* and its one-parameter (y, v)-invariant deformation V¢ := {(x,y,2) e C* | f; :=
x4yt + 2+ tx®y? = 0}, where its moduli algebra is A(fy) == C{x}/{f,j(f)), with (j(f;)) = ((%, %ﬁj’, %) = (4x3 +2txy%, 4y + 2tx2y,za),
then L(V:)’s graded part at degree 3, L( V)3, can be obtained by constructing and solving a system of linear equations over C{t} to find its

generators:
Any derivation D over C{x,y,z} can be written as:

7] 7] 5}
D=fi— = s
flax +f28y +f38z
where fi, f2, f3 € C{x, y,z}, and for any D € End (A( f1)4), according to Lemma II1.5, we can assume that D is of the form

2.2 2 2 22 2 2 2y 0 2.2 2 2 22 2 2 2
(alxy + @xX Yz + azxy "z + asx"z" +asxyz +asy’z )—-v—(blxy + bax"yz + baxy z + byx"z" + bsxyz +b6yz)

Ox Ay

22 2 2 22 2 22
+(c1xy + X Yz + Xy Z+ X"z + Csxyz +z:5yz)

5}
8z (D1)

but not every expression of the form (D1) is a derivation on A( fi)s. A derivation must satisfy that its action on each generator of j(f;) remains
in j( fi), which is equivalent to requiring
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6 BZf 6
D 11 1 6 6 1bz -0,
,Zl Z oxdy Z} axa
8f 8 2 i azf 6
bi o ox b, 0,
Z Z + 2. °¢ Y502 8
f ; f 62 & e Pf
9, 5 6 bz =0;
3 z; Z 8y8z " Z ¢ 52, (D2)
This yields the system of linear equations in A(f;). And thus, the derivation D can be read from the solution matrix (1 <i<6)
oL L. oL
2i 20 (2
g?,i’ ?33,1" ggz ' (Ds)
>0 »0¢

Note that in the above Eq. (D>), bl az ,b, gxgy b; gxgz b, 81 L oall belong to A(fi)s =< X y 22 >, while according to the Hessian matrix of f;:

O*f Of If
*x’ Ox0y’ Ox0z 12x% + 2ty2,4txy, 0
aZf 82]( aZf 3 >

> = | 4txy, 12y + 2tx7,0 |,
0x0y 9y 0y0z 0 o0 37
a2f 82_]( aZf s N Z

0x0z” Bydz’ 9z
and there being identities:
b = xzyz, b, = xzyz, b3 = xyzz, by = x2%,bs = xyzz, bs = yzzz;

Using the multiplication rule (As) of the module algebra of this singularity, we know that all non-zero elements in b2 al L b gxgy . bi ‘sz are

? 2
blng =3x°y°2", by 82f = 12x*7" = —6tx 2)’222’ 5427]( = 12x2y222 Lot = (12—t )xzyzzz,
‘ y

2
_ 4y, bsﬂ ety 2, b63 f_ = (12— )y
%y ’x

4, O°f >’ f Of
5},4b482x+5}fb x + 8y 5 Bxdy 0,
82
8:°bs axej; +8§’4b482f 6§6b6 f
o af =0,

namely
S (—6tx’y’ 2’ + 855 (12 — £)x%y* 2" + 8y (4tx°y*2°) =
3
85 (4tx’y’ 2)+8§4(12— —)xy + 838 (—6tx*y*2") = 0,
621(3x2 2 2) 0, (Ds3)

These equations are zero in A( f:)s. They indicate that the coefficients of x*y*z* in C{t} are zero. After a linear equivalence transformation, the
coefficient matrix obtained from (Ds) can be simplified to
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000 1 0 (#£-12)/(4-t) 0 0 0 0 -1 0 00 00 0 0
00001 0 000 —(£-12)/(4-) 0 -1 0 0 0 0 0 0
0 0 0 0 O 0 0 0 0 0 0 0O 1 0 0 0 0 O

Its solution (ai, . ..,ae,b1,...,bs,c1,...,C) is
1 0 0 0 O 0 0 0 0 0 00 0 0 0 0 0 O
01 0 0 O 0 0 0 0 0 00 0 0 0 O 0 O
00 1 0 O 0 0 0 0 0 00 0 0 0 0 0 O
0001 0 (-4-1)/(-12) 0 0 0 0 00 00DO0O0O0 O
000 01 0 00 0 (4-t)/(#-12) 0 0 0 0 0 0 0 O
00 0 0 O 0 1 0 0 0 0 0 0 0 0 0 0 O
00 0 0 O 0 01 0 0 00 0 0 0 0 0 O
00 0 0 O 0 0 0 1 0 00 0 0 0 O 0 O
00000 (4-1)/(f-12) 0 0 0 0 1 0000000
0000 0 0 000 (4-t)/(#-12) 0 1. 0 0 0 0 0 O
00 0 0 O 0 0 0 0 0 00 01 0 O0 0O
00 0 0 O 0 0 0 0 0 00 0 0O 1 0 0 O
00 0 0 O 0 0 0 0 0 00 0 0 01 0 O
00 0 0 O 0 0 0 0 0 00 0 0 0 0 1 O
00 0 0 O 0 0 0 0 0 00 0 0 0 0 0 1

Based on the elements in this matrix, translated into corresponding coefficients of the generators, we can obtain a set of generators for L(V})s.

Generators for L( V) By solving the system of linear equations derived in Example II1.7, we compute the basis for the Yau algebra L( V).
It is a 51-dimensional solvable Lie algebra. The complete list of its weighted generators is presented in Appendix A, Table 1.

C. Computation of the liftable subalgebras L(V;) of the Yau algebras L (V)

Let (V,0) ={(z1,...,21) : f(21,...,2a) = 0} be a hypersurface defined by a weighted homogeneous polynomial with an isolated singu-
larity at the origin. The moduli algebra A(V) is defined as A(V) = C{z,. .. ,zn}/(f, 27{’ co % ), and L(V) is the Lie algebra of derivations

of A(V). In Ref. 7, Yau and collaborators introduced the concept of the liftable Lie algebra L(V) for singularities, where L(Vj) is a Lie
subalgebra of L( V() and has a natural deformation over the parameter space Sg.

Definition 1I1.8. (See Ref. 7) Consider the hypersurface V = {x | f(x) = 0} defined by a weighted homogeneous polynomial with an iso-
lated singularity at the origin and its (u, 7)-invariant deformation Vy := {(x1,.. ., %n, t1,. . ., tm) : f(X) + g1 (X) + - - + tmgm(x) = 0}, where
g5 - > §,, are elements of a set of monomial generators of A(Vy), and weight(g,) = weight(f) for 1 <i<m.

The liftable Lie algebra L(Vy) is defined as those derivations Dy € L(Vy) that can be lifted to Sg = C™, i.e., there exists a derivation D of the
form:

D=Do+ Y t"Dy+ Y "Dy +---

[t]=1 [t2]=2
such that D preserves the ideal in C{x1,...,Xn,t1, ... tm}

<fx1 + tlglxl +eeet tmgmxl)fxz +tlg1x2 +"'+tmgmx2:- -~afx,, + tlglxn +"'+gmx,,)-

Now, for the main geometric object in our context, the one-parameter (g, T)-invariant deformation f; := x* + y* + z* + tx%)? of the sin-
gularity f := x* + y* + z*, we calculate the liftable subalgebra L(V;) of the Yau algebra. For this purpose, we need the following calculation
formula.

Lemma IIL9 (Ref. 22). Consider the hypersurface V = {x | f(x) = x! +-- -+ x? = 0} defined by a homogeneous polynomial with an iso-
lated singularity at the origin and its (u, 7)-invariant deformation Vi := {(x1,..., %, t1,. . s tm) + f(X) + g1 (X) + - + tmgm(x) = 0}, where
&1s- - > §,, are elements of a set of monomial generators of A(Vy), and weight(g,) = weight(f) for 1 <i < m. When n =3 or n = 4, we have
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L(k=A(f)+E k<D-d+1;

i(ﬁ)z{i(f)k_L(f)k, k>D-d+1.

where

Efxi+ + X, 0
- laxl " 9%,

is the Euler derivation, and D is the highest degree of the monomial generators of the singularity module algebra.

Using this formula, we can see that for the one-parameter (g, 7)-invariant deformation f; := x* + y* + z* + tx*y* of the singularity f; :=
x* + y* + 2%, once we obtain the results of the Yau algebra of the singularity, we can directly derive the results of the liftable Yau algebra. Here,
d=4and D =6.

Generators for L(V;)Using Lemma IIL9, we extract the basis of the 37-dimensional liftable subalgebra L(V;) from the generators of
L(V}). The complete list of these generators is provided in Appendix A, Table IL.

Lie Bracket Structure of Ny. The Torelli-type analysis in this paper focuses on the 36-dimensional nilradical Ny = [L(f;), L(f;)]. The Lie
bracket multiplication table of N is highly complex and fundamental to all subsequent invariant computations. To maintain the readability
of the main text, this full multiplication table is deferred to Appendix B, Table B.

IV. COMPUTATION OF INVARIANT SUBSPACES OF LIE ALGEBRAS
A. Isomorphism and cross-ratio of Lie algebras

We review the concept of cross-ratio, which plays a crucial role in subsequent proofs.

Definition IV.1. Let {Q, = (x1:9,),Q = (x2:9,),Qs = (x3:,),Qy = (x4 : y,)} be an ordered set of four distinct points in CP'. The
cross-ratio ra of this ordered set is defined as

- )  (x1y3 = x3y1) (X2pa — Xay2)
ra = (Q1,Q2Q3, Q) := Ceuys = xay) (rays —x92)’

Another way to define the cross-ratio is: if we set (x3,y,) = a(x1,y,) + b(x2,y,) and (x4,y,) = c(x1,y,) + d(x2,y,) where a,b,c,d € C, then the
cross-ratio can be expressed as

bc

(Q1,Q2Q3,Qq) == —.
ad

Later, we will use the cross-ratio as an important tool to analyze whether two finite-dimensional Lie algebras are isomorphic as linear
spaces. For this, we need the following important properties of the cross-ratio:

Lemma IV.2. For four distinct points Q,, Q,, Q3, Qq in P!, under different permutations of these points, the cross-ratio remains invariant
under the action of the Klein group Ka:

{1 (Q1Q2)(Q3Q4), (Q1Q3)(Q2Q4), (Q1Q4)(Q2Q3) }-
Specifically, we have:
(Q1,Q2Q3, Q) = (Q2, Q13 Qs, Q3) = (Q3,Q45Q1,Q2) = (Qu, Q35 Q2, Q1)

Therefore, there are S4/K4 = S3, meaning that there are six possible values of the cross-ratio for all possible permutations of four points. These six
possible values correspond to the orbits of the points under the action of S3:

(Q1,Q2Q5,Q) =2 (Q1, Q2 Q1 Q) = %
(Q1,Q3Q,Qu) =1-1 (Q1, Q3 Q1, Q) = ﬁ
(Q,QQ,Q3) = % (Q1,Qs3Q5, Q) = %

LemmalV.3. LetA={(x1:y,),...,(xa:y,)} and B = {(z1 : w1),..., (z4 : wa)} be two ordered sets of four distinct points in CP'. There
exists a linear automorphism ¢ of CP' that maps the set A to the set B if and only if the sets of all possible cross-ratios for A and B are equal, i.e.,

1 ra ra—1 1 1 B rg—1 1
TAsTA ) ) y1—rap=1r818, , ) 1 —rp .
rAfl ra lfrA I’B*I 18:] 17?’3
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Methodology. The method of using the identical cross-ratio as a necessary condition for the isomorphism of corresponding Lie algebras
has been employed in Refs. 7 and 15 to address the Torelli-type problem for singularities of types E7 and Es.

In this paper, we consider the singularity fo = x* + y* + z*. In its deformation V7, the Yau algebra L( V) has a high dimension (51-dim),
making analysis challenging. Therefore, we first consider its liftable subalgebra L( V) (37-dim) and its nilradical N; = [L( ), L(V})] (36-dim),
which is spanned by {E,, . .., Es7} (see Appendix A, Tables IT and I1T). An isomorphism L(V;) =~ L(V) induces an isomorphism N; ~ N;.

Our approach is to identify four invariant lines within a two-dimensional invariant subspace of N;. These four lines serve as four distinct
points Q;, Q,, Q3, Q4 in CP. Since the cross-ratio of these lines is invariant under automorphisms, we obtain a necessary condition for Li~1L,,
thus solving the Torelli-type problem for L(V;). To this end, we first need to construct the corresponding invariant subspaces, namely the
upper and lower central series of N;.

B. Upper and lower central series of finite-dimensional lie algebras

The concepts and properties of the upper central series and lower central series can be found in Ref. 25.

Definition IV.4 (Upper Central Series). For a Lie algebra g, its upper central series is an ascending sequence of ideals:

Z(g) c Z'(a) c Z*(g) < - ..
defined inductively by Z°(g) = {0}, Z'(g) = Z(g) = {x e g | [x,g] = 0}, and

Z"(9)/Z(0) = Z(0/Z (9)).
Using the adjoint map ad.(y) = [x, y), this is equivalent to:
7" (g) = {x < g | Image (ady) € Z'(9)}.
Definition IV.5 (Lower Central Series). For a Lie algebra g, its lower central series is a descending sequence of ideals:
g="Do(g) > Di(g) > Da(g) > -
defined inductively by Do(g) = g and
Dis1(g) = [g,Di(g)]-

Theorem IV.6. For a nilpotent Lie algebra g, its upper and lower central series are of finite length and have the same length ¢, which is
called the nilpotency class of g.

C. Algorithms to compute the upper and lower central series of N

For the 36-dimensional nilradical N; = span, {E,,...,Es7}, we rely on computer assistance to compute its central series. Translating the
structural computation of Lie algebras (such as central series) into problems of linear algebra is a central branch of computational Lie algebra
theory, the foundations of which are discussed in Ref. 26. This involves translating the definitions into the language of linear algebra and
solving systems of linear equations based on the Lie bracket multiplication table (Appendix B, Table B).

1. N: upper central series

To find Z! (N¢) = Z(N¢), we seek elements x = Z?Zz a;E; such that ad,(E;) =0 for all j = 2,...,37. This translates into a large, sparse
system of linear equations for the coefficients {a;}. To find Z*(N.), we seek elements x such that Image(ad,) € Z'(N). This defines a more
complex matrix equation. We repeat this process until Z°(N¢) = N.

The explicit construction of these matrix equations is computationally intensive but algorithmically straightforward. The results of this
computation for N; (where £ +4, 36) are:

(UCS)

o Z°(Ni) = {0}

(] Zl (Nt) = spanC{E35,E36,E37}, (dzm = 3)
Z*(Nyt) = spang{Ess, . . ., Es7}, (dim = 12)

73 (Nt) = spanc{E11,...,Es7}, (dim = 27)

. Z4(Nt) =span.{Es,...,Es7} = N, (dim = 36)

2. Lower central series of N

The computation of the lower central series is direct. Using the multiplication table (Appendix B, Table B), we find:
(LCS)
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L4 DO(Nt) =N;
e Di(Ny) =[Ny, Ni] = SpanC{Eu + E, Evp + E1g + Epg, E13 — (ﬁ)Ezs - (%)En, Ei4 + Ei9, E1s + Eao, E16 + E21, E17 — (tz:} )E23
- (%)Ezs, Es, E27, Eas, E9, E30, E31, Es2, E33, Esa, Ess, Ese, E37 }, (dim = 19)

e Dy(N:) = [Ni, D1(N:)] = spang{Ess + Es4, Ez7 + E31, Ezs, Ezo + Es3, Eso, Es2, Ess, Es6, E37 }, (dim = 9)
[ D3(N;) = [Nt,Dz(Nt)] = spanC{E35,E36,E37}, (dlm = 3)
e Di(N)) = [N Ds(N)] = {0}, (dim = 0)

The nilpotency class is ¢ = 4, consistent with the UCS result.

3. Quotient spaces of invariant subspaces of N

N

From the (UCS) and (LCS), we define the following invariant quotient spaces which form the basis of our analysis:

G{ = Z{(N:)/Z} (Nt) = span.{Es, Es, Es, Es, Ee, E7, Es, Eo, E1o }, It is generated by the equivalence classes of E; of weights 1 or 2;
G% = Z?(Nt)/ZtZ(Nt) = SpanC{Ell,Elz,E13,E14,E15,Elﬁ,Ew,Elg,Elg,Ezo, E21,E22,E23,E24,E25}, It is generated by the equivalence
classes of E; of weights 3;
G} = ZtZ(Nf)/Zt1 (N:) = spang{Eszs, E27, Ezs, E29, E30, Es1, Es2, Es3, Ess}, It is generated by the equivalence classes of E; of weights 4;
Gt =27} (Ny)/{0} = span; {Ess, E36, E37}, Tt is generated by the equivalence classes of E; of weights 5;
H{ := Dl(Nt)/ZZ(Nt) = span {En +Ex,Evp + Eig + Exa, Ers — (ﬁ)]—fzs - {tzz_t4 Eps, 14 + Eyo, Evs + Ezo, Exg + B, Ei7 - (t2i4 )Ezs
- (tzz_t4 )E25}. (dll’l’l = 7)
th = ZS(Nt)/Dl (Nt) = span {Elg,Elg,Ezo,Ezl,Ezz,Ez3,E24,E25}; (d1m = 8)
Ht3 = Dz(N;)/Ztl (Ng) = Span {Ezs + E34,E27 + E31,E28,E29 + E33,E30,E32}; (d1m = 6)
H;‘ = ZtZ(Nt)/Dz(Nt) = span {E31,E33,E34}. (d1m = 3)

4. Mappings between invariant subspaces of N ¢

We analyze the linear maps ads : y — [, ] between these quotient spaces.

LemmalV.7. Let G, = (E},...,E) and G{ = (E}, ..., E}) be invariant subspaces. For any x = ¥, axEF € Gi, the linear map ads : G{ - G;+j

has a matrix representation Mx = Y. axMy, where My is the matrix for adfik.

5. Some results of the representation matrices of adjoint maps

The following mappings and their matrix representations are used in our calculation of invariants. The full matrices are deferred to

Appendix C due to their size.

(1) Mapping ad} : G; — Gi Fork = Y;°, a:E; € G}, the map ady : G; — Gi is represented by a 15 x 9 matrix M (1) whose entries are linear
in {a;}. The explicit form of M, (1) is given in Appendixes C and CI.
(2) Mapping ad? : G - G} @ G} For x € G, the map ad?: G - G, @ Gt is represented by a 12 x 15 matrix M;(2). This matrix is
presented in Appendixes C and C2.
(3) Mapping ads : G! x G} > G! Forx € G}, the map ads : G > Gtis represented by the 3 x 9 matrix M, (3):
4ay 4as 3ay 0 0 —as 0 0 —ay
M1 (3) = 0 —ap 0 4[14 3&13 4az 0 —a4 0
—ay 0 0 —-as 0 3a4 4as 4day
(4) Mapping adx : G; - G; ® G} For % € G; = span.{Ei1,.. ., Ezs}, the map ads : Gi — G @ G} is represented by a 12 x 9 matrix M (1).
This matrix is presented in Appendixes C and C3.
(5) Decomposing G! We define P} as the kernel of the map adx(G?) from (3), i.e.,
P} = {x€G, | adi(G;) =0} = {x € G | M,(3) = 0}.
Solving M, (3) = 0 [from (3) above] yields a, = a3 = a4 = 0. Thus, G; decomposes into two invariant subspaces:
P = spang{Ez, Es, E4}
Ptl = Spanc{Es,Es,E%Es,E%Em}
such that G! = P @ P}.
J. Math. Phys. 67, 021702 (2026); doi: 10.1063/5.0311234 67, 021702-14
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(6) Mapping adi : P, — G For k € P{, the map ads : P} — G; is represented by a 15 x 6 matrix Py(1). This matrix is presented in
Appendixes C and C4.
(7) Mapping ads : G - G; For x € P!, the map ad; : G} - G; is represented by a 9 x 15 matrix Py(2). This matrix is presented in
Appendixes C and C5.
(8) Mapping ads : G; — Gj For x € P{, the map ads : G; — G} is represented by the 3 x 9 matrix Py(3):
pping p % Y
4614 4a3 36[2 0 0 —as 0 0 —a4
P0(3) = 0 —ay 0 4a4 3a3 4612 0 —a4 0
—az 0 0 —as 0 3ay 4&3 4ay
[Note: Py(3) has the same form as M;(3) but is restricted to a,, a3, as.]
(9) Mapping adi : P! - G? For X € P}, the map ad : P! - G} is represented by a 15 x 3 matrix P;(0). This matrix is presented in
Appendixes C and Cé.
(10) Mapping adx : G; — G; For X € P;, the map ads : Gf — G} is represented by a 3 x 15 matrix P;(2). This matrix is presented in
Appendixes C and C7.

D. Computing the invariant subspaces and the cross-ratios of L(V;) and proofs of the main theorems

With the above setup, we now find invariant lines by analyzing these maps.
(1)  Finding I;: For & € P}, consider the composite map (adx )’ : P} — G, given by
So(3) = Po(3) - Po(2) - Po(1).

The matrix So(3) is a 3 x 6 matrix whose entries are complex expressions in ¢, az, a3, as. The explicit form is deferred to Appendixes C
and C8. We consider the kernel space:

4

{x => aiE e P} | (ad)’ (P}) = o} ={xeP}|S(3) =0

i=2

Solving So(3) = 0 for t ¢ {0, £6} yields a, = as = 0. Therefore, we obtain our first 1-dimensional invariant subspace (invariant line) of
N te

I :=CEs ¢ Pto c G,}
(2) KI (Finding I,): We now use I; = CE; to define new maps. Let adj, be the map adx where % = E4 (i.e., a2 = 0,a3 = 0,a4 = 1). Consider

ady, : P} — Gj. Its matrix Adj, (1) is the matrix Py(1) (from Appendixes C and C4) evaluated at a, = 0,a3 = 0,a4 = 1. We compute its
kernel:

10
ker (ady, : P} - G}) = {Z aiEi | Ady (1) -[as,...,a10]" = 0}.
i=5
The solution is a5 = - - - = ag = 0. This yields a second invariant line:
L= CElo < Ptl < G}

(3) K2: Consider ad;, : Gi — G;. Its matrix Ad), (2) is Po(2) (Appendixes C and C5) evaluated at a, = 0,a3 = 0,a4 = 1. We compute its
kernel:

i=11

25
— - = = = 1= — t— 12
ker (ad;, : Gf - G}) = {Z a;E; | Ady (2) - [a11,. caxs) = 0} = SPanC{E14,E15,E19,E20, §E17 + Ep3 - 8E13, §E12
- - 1= —  t- 5
+ —Eg + Eo4, —E13 + Ezs — —E17 ¢ € Gy.
3 E1s + o, 3E1s + Bos — 17} t
This is a 7-dimensional invariant subspace.
(4) K3: Consider adj, : G; — Gi. Its matrix Ad;, (3) is Po(3) evaluated at a, = 0,a3 = 0,as = 1. We compute its kernel:
34
3 4 = T - T L T - - = 3
ker (Cldl1 : Gt - G[) = Z a;E; | Adll (3) . [azs, . ,a34] =0 = spang E27,E23,E30,E31, 1E29 + E33, ZE% + E34 c Gt.
i=26

This is a 6-dimensional invariant subspace.
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(5) Iml: Consider the image of adj, : P! - G-
— — [ — 4 2t — = [ — [ — 4 — 2t —
Image (ady, : Pi > Gi) = SpanC{Elz + Eig + Eoa, E13 — 5——E»5 — 5——Ea3,E14 + E19, E15 + Ez0, E17 — 5 E3 — 55— Ezs} cG;.
-4 " -4 -4 " -4
This is a 5-dimensional invariant subspace.
(6) Im2: Consider the image of adj, : G} > G
Image (ad), : G; - G?) = spang{Exs, E27, Eas, E29, E30, Es1, E33, B34 } € G,.
This is an 8-dimensional invariant subspace.
(7)  Im3: Consider the image of adj, : G > Gk
Image (ad, : G? - G?) = span.{Ess, Ess, Es7} = G?.
(8) Insl: We intersect the 7-dim space H} ¢ G? (from 4.3.3) and the 7-dim space ker (adj, : G} - G?) (from K2):
Htl N ker ([ld[l : G? - Gf) = spanC{EM +E19,E15 + Ezo} c Gtz
This is a 2-dimensional invariant subspace, which we denote W4,15.
(9) Ins2: We intersect the 5-dim space Image (adj, : P} — G?) (from Im1) and the 7-dim space ker (ady, : G? - G}) (from K2):
ker (ﬂd]l : G? - G?) ﬂImage (adll : Ptl g G?) = spanC{EM +E19,E15 + Ez()} = W14,15.
This confirms W45 is a robustly defined 2-dim invariant subspace.
(10) Ins3: We intersect the 7-dim space ker (adj, : G > Gts) (from K2) and the 8-dim space H? c G? (from 4.3.3):
ker (adj, : G? - G?) n th = spanC{Eg,Eo} c G,Z.
This is a 2-dimensional invariant subspace, which we denote W9 5.
(11)  Ins4: We intersect the 6-dim space ker (ad, : G - G?) (from K3) and the 6-dim space H? ¢ G (from 4.3.3):
ker (ad), : G? — G?) n Ht3 = spanc{fy +E31,E28,E30} € G?.
This is a 3-dimensional invariant subspace.
(12) Ins5 (Finding I3): We intersect the 8-dim space Image (ad, : G > Gf) (from Im2) and the 6-dim space H:
Image (adll : G? - G?) n H? = spang {EZﬁ + E34,E27 + E31,E28,E29 + E33,E30}.
This is a 5-dim invariant space. Since H; (dim = 6) is the direct sum H; = (Image (... ) n H; ) @ CEs,, we obtain a new invariant line:
I3 := CE32 c G?
(13)  Ins6 (Finding l3): We intersect the 6-dim space ker (adj, : G - G?) (from K3) and the 3-dim space H} ¢ G? (from 4.3.3):
3 4 4~ 3
ker (ad), : G; - G;) nH; = CE3; =13 € G;.
This yields another invariant line.
(14) UVWI: We now define a “UVW-type” invariant space:
{)_/ € U[ ‘ Vi e V,,adg(j/) € Wt}
Let Uy = P}, Vi = l1, Wy = Wias = spang{Ew + E19, E15 + Ezo } (from Insl). We compute:
{x € P} | Image (adj, (X)) € Wia1s}.
This requires solving Ad;, (1) - [as,...,a10]" € Wia1s, which yields a 3-dim invariant subspace span.{Es, Es, E10}. Since 1, = CEjo
(from K1) is in this space, we can form the 2-dim invariant quotient space:
Wi, := span{Es, Eo }.
J. Math. Phys. 67, 021702 (2026); doi: 10.1063/5.0311234 67,021702-16
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(15) UVW2 (Finding I5): Let U; = G, Vi =1, W; = Iy = CE3; (from Ins6). We compute:
{x € G; | Image (ad), (x)) € CE3 }.

Solving Ad;, (2) - [a11, . . .,a25]" € CEsy yields an 8-dim invariant space. This 8-dim space contains the 7-dim kernel ker (adj, : Gf —
G;) (from K2). The 1-dim complement is an invariant line:

s := CEj5 € Gi.
(16) Im4 (Finding Is): Using the new invariant line Is = CEs, we compute its image:
Image (ady, : G -G, @G} = spanc{Ex, Ezs + E34, E31, Ess, Ess, E37}.
We intersect this image (restricted to G3}) with the 6-dim space H;:
(Image (ad,) N G;) N H; = C(Ex + Esa) = s € Gj.

This yields another invariant line. B
(17) K4 (Finding I; and Ws3): Using Is = CE g, we compute its kernel:

ker (ady, : Gi - G; ® G/) = span.{Es, E, E1o} € P,.
We also know I, = CEjo (from K1) and Wy = spanC{E;,Eg} (from UVW1). We find Ptl (dim = 6) decomposes as:
Ptl = ker (adlS) @ Wso @ CEﬁ

This decomposition yields a new invariant line I := CEs P,l and an invariant 2-dim space W57 := span. {Es,E7}.
(18) DI (Finding Ly, L,): We now have the 2-dim invariant space Ws; c P,l and the 2-dim invariant space Wi4,15 C G% (from Ins1). We find
the lines in W57 whose adjoint map has a non-trivial kernel when restricted to W4,15. We seek X € W57 such that

dimker (ad; : Wig1s > Gf) > 1.

This requires x = asEs + a;E7 such that the determinant of the 2 x 2 representation matrix P1(2) - A (where A is the inclusion of
Wi4,15) is zero. The matrix is given in Appendixes C and C9. Setting its determinant to zero gives the ideal a:

2 2 2
t t t
o (o @, )

2 4
The variety V(a) in Ws; = P! consists of two distinct points (lines):
f— =
Ly := (C(*Es + E7)
2
— ot
L, := (C(E5 + 5E7)

(19) D2 (Finding minimal set of generators of an ideal): We consider another “Dimension-type” space: X € P} such that dim(ad; : P} —
G?) < 2. This is equivalent to finding X = 35 a;E; where all 3 x 3 minors of the matrix P; (0) (from Appendixes C and C6) are zero.

10
{Z a;E; € P | All3 — minors of P, (0) are zero}.
i=5

Let a be the ideal in C[as, . . .,a10,t] generated by these 3-minors. This ideal a has a set of 35 minimal generators. This ideal a has a
minimal primary decomposition a = n,_,q; . The 7 associated prime ideals {p;, ..., p;, } correspond to 7 irreducible components of
the variety V(a). Projecting these components onto the invariant subspace Ws; @ CEjg (by setting as = as = as = 0), we find that for
t ¢ {0,£6}, the variety is the union of three lines:

| — — t— —
C1 = C(EES +E7), Cz = C(Es + 5E7), C3 = (CE]().

This confirms L; = C; and L, = C; (from D1) and I/, = C; (from K1) are robustly defined invariant lines.
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(20) D3 (Finding Ls, Ly): Finally, we analyze the map adx : Wioz0 — G} for x € Wsy. Wioag = span {E19, Ex} is the 2-dim invariant space
from (Ins3). We seek % = asEs + a7E; such that

dimker (ads : Wigpo — Gt) > 1.

This requires the determinant of the 2 x 2 representation matrix P; (2) - B (where B is the inclusion of W19 20) to be zero. This matrix
is given in Appendixes C and C10. Setting its determinant to zero gives the ideal a”:

o = (* - 4)(18as — ast) (—4azt* + 2ast + 12a7)
(£ -12) '

The Variety V (Cl,) in H/5)7 = ]P)l consists OftWO diStinCt lineSZ
L3 = C(fES + E7)

2 -_— — —
L4 = C(Lt”Es + E7)

Conclusion: The Cross-Ratio. We have successfully identified four invariant lines L1, L2, L3, L4 that all lie within the 2-dimensional invari-
ant space Wsy = span{Es, E;}. We can compute their cross-ratio. Using Es as basis vector (1:0) and E7 as (0 : 1), the lines correspond to

the points:
L1=(§:1) L2=(1:§)
LS:(ILS:I) L4—(2(t2t_3):1).
The cross-ratio 8 = (L1, L; L3, Ls) is computed as:
8(t) = (L1, La; Ls, La) = 3 2

(£ -36)

The set of all possible cross-ratios for these four lines is:

3265 -3(#-36) 3(-36) 35t -108  32t*  35t* 108
3(£-36) 32t 735£ -108  3(t*-36) 35t -108" 32t |

Proof of Theorem A. If N; ~ N, any isomorphism must map the invariant 2-space Ws(t) to Ws(s), and must map the set of four
invariant lines {L;(¢),...,Ls(t)} to {Li(s),...,Ls(s)}. By Lemma IV.3, their sets of cross-ratios must be equal. This implies §(¢) must be
equal to one of the six values in the set for §(s). A direct calculation shows that this leads to only two possibilities (for ¢,s ¢ {£2, +6}):

324(s* - 36
£=5 or 2=—7(52 )
10155 + 324

These are the necessary conditions (P1) and (P2) for N; ~ N;. Since I:(V,) o~ f,(VS) = N; = N, these are the necessary conditions for
Theorem A. [The sufficiency is covered by (2) and (3) in the theorem statement.]
Proof of Theorem B and Final Comparison. With the necessary conditions for N; ~ N; described by the parameter relations (P1) £* = s*

2 324(s*-36) . - . . . . . .
and (P2) t* = — {75 7, we compare this condition with the necessary and sufficient conditions for the corresponding singularities [ V(f:),0]
and [V (f;),0] to be isomorphic (i.e., f; ~ f;, see Definition IL.5).

According to the definition of f; ~ f;, we seek an automorphism ¢ of O3 = C{x, y,z} such that f;(¢(x,y,2)) = fs(x,y,2) (since fi, f; are

homogeneous, the unit u is 1). We can assume ¢ is of the form:

’
X =dox+aiy+az

9%:25:20 920z Ateniged L.z

@4y = asx +asy +asz 1)
7=z
where ay, . . .,as € C. We must determine if solutions for a; exist under the conditions (P1) and (P2). This is equivalent to analyzing the ideals
31 and 3, in the coefficient ring C{t,s, ao, .. ., as }:
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31 = (£ =%, co) (s*)
3z = (£(10155” + 324) + 324(s” - 36), co)

where J = (co) is the ideal generated by the coefficients of F = f,(x',y’,z’) - f:(x,,z). The condition f; ~ f; is equivalent to the variety V(3J)
being non-empty.

The ideal  has a minimal primary decomposition J = n?%i;. Excluding the components where £, s € {2, +6} (which are excluded in
our analysis), we are left with 3" = n2%,i;. To provide evidence for this decomposition without overburdening the main text, representative
examples of these ideals i; are presented in Appendix D. The analysis of the zero sets of these 30 ideals i; [which contain generators such as
(s+1), (25 +ts + 12 — 2t), etc.] shows that V(J') is non-empty if and only if s and ¢ satisfy one of the six relations listed in Theorem B. This
proves Theorem B.

Now we return to analyze the ideals in (5*) based on this result:

(1) Case (P1): £*= s%. This ideal (l‘2 - 52) corresponds exactly to conditions (al) s = f and (a2) s = —t of Theorem B. Therefore, if =% an
isomorphism ¢ exists, and V; ~ V. For example, if s = {t ({* = 1), taking & such that & = {, the automorphism ¢ : (x,y,2) = (x,&y,2)
maps f; to fi. This proves part (2) of Theorem A.

(2) Case (P2):£* = - ?3‘;22;;2 We consider the ideal 3,. By calculation, it can be verified that the ideal g := (£*(1015s> + 324) + 324(s* —

36)) is incompatible with any of the decomposition ideals i; of ' that correspond to the isomorphism conditions (a3)-(a6) of Theorem
B. This implies that V(3,) is empty. Therefore, if (P2) holds (and ¢* # s*), no such automorphism ¢ exists. Thus, V; ¢ V. This proves
part (3) of Theorem A.

Remark IV.8. Furthermore, we consider the (full) Yau algebra L(V,). By the Mather-Yau theorem,' V; ~ V<> A(V;) ~ A(Vs), which
implies L(V;) ~ L(V). According to the analysis above, when V; ~ V under one of the conditions (a3)-(a6) of Theorem B, we know L(V;) ~
L( V). However, these conditions (a3)-(a6) are incompatible with the Lie algebra isomorphism conditions (P1) and (P2) for N.. Since in our case
N: = N; < L(V,) = L(V;), this provides examples where the full Yau algebras L(V,) and L(V) are isomorphic, but their liftable subalgebras
L(Vy) and L(Vy) are not.

(1) If(P1) £ = s* holds, then (al) or (a2) from Theorem B also holds. Thus V; ~ V. This proves part (2) of Theorem A.

(2) If (P2) #* = 77(2;:22;;)1 holds (and #* # s*), we must check if this relation is compatible with any of the isomorphism conditions

(a3)-(a6) from Theorem B. By calculation, it can be verified that the ideal g = (£*(1015s* + 324) + 324(s* — 36)) is incompatible
with any of the ideals i; from the decomposition (J*) of J'. This implies that when (P2) holds, V; # V. This proves part (3) of
Theorem A.

Remark IV.9. The comparison of Theorem A and Theorem B yields the central conclusion (as stated in the Introduction): when V; ~ Vs via
one of the conditions (a3)-(a6) of Theorem B, we know L(V;) ~ L(V;) (by Mather-Yau). However, since (a3)-(a6) are incompatible with (P1)
and (P2), we have L(V;) ¢ L(V;). This provides a concrete example where the Yau algebras are isomorphic but their liftable subalgebras are not.
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TABLE I. Generators of the Yau algebra L( V).
Weight Basis
wt-0 D1 = x0x + y0y D2 =20,
2 41‘)}2 415
D3 =x 8x—max, D4:Xy8x+ ma}/,
wt-1 4ty2 2 415>
D5=xy0y + +—~—0x, D6=y0y— 5——0,,
Xy Oy 2_12* Y Oy 2_127
D7 = xz0y + yzdy, D8 =xz8,, D9 =yzd,, D10=2"8y;
a2
D11=4x%yd,, DI12=xy’d,, D13 =zx"0, - tztyilzz o
A
D14 = xyz0y + tzt%ay, D15 = xzyay, D16 = xyzay,
wt-2 2 2
4t 4t
D17 = xyz0y + ﬁ@x, D18 = yzza}, - %Gy, D19 = xzzax +y228 )
D20 = x*z8,, D21 = xyz0;, D22= yzzaz, D23 = x2°8,,
D24 = yz°0y;
D25 = x*y* 0y, D26 =x"yz0,, D27 = xy’zd,,
2 2 4t}/2Z2 2 4tx2z2
D28 = x"z Gx - m@x, D29 = xXyz ax + m@,,
wt-3 D30 = x*y*9,, D31 =x"yz8,, D32 =xy"zd,,
PP PP =
D33 = xyzzay + %&0 D34 =y2228y - %Gy, D35 = xzyzaz, g
D36 = xy°z0,, D37 =x20,, D38 =xyz°0.,, D39 =y*2"0;; é
2.2 2 2 2 2 3
D40 = x"y"z0,, D4l =x"yz"Ox, D42 =xy"z 0k, 8
a
wt-4 D43 = x’y’z0,, D44 =x"yZ’9,, D45 =xy’Z’,, 3
D46 = xzyzzaz, D47 = xzyzzaz, D48 = xyzzzaz;
wt-5 D49 = xzyzzzax, D50 = xzyzzzay, D51 = xzyzzzaz;
APPENDIX A: GENERATORS OF YAU ALGEBRAS AND SUBALGEBRAS
This appendix contains the complete lists of generators for the Lie algebras discussed in Sec. I1I, moved here to improve the readability

of the main text.

APPENDIX B: LIE BRACKET MULTIPLICATION TABLE FOR N
This appendix contains the full Lie bracket multiplication table for the nilradical N; = [L(V;), L( V)], as referenced in Sec. I11. This table

is fundamental to all computations in Sec. I'V.

APPENDIX C: REPRESENTATIVE COMPUTATION MATRICES

This appendix contains the explicit forms of the large representation matrices used in the computations of Sec. I'V. These matrices are
difficult to read and are provided here for computational verification. We use \tiny to scale them.
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TABLE 1. Generators of the liftable Yau algebra L(V;).

Weight Basis
wt-0 E1 = x0x +y0, + 205
Wil E2 = xzax +xy0y + x20;, E3 = y28y + xy0x + y20;,
E4 = 2°0, + x20x + yz0y;
txy2
E5 = xzya}, + xzzaZ + Tax, E6 = xzyax + xyzay + xy20;,
t-2 tx’
W E7 = xy° 0 + 20, + %8 ., E8=x"20, + x2°0; + xyz0,,
E9 = y’20, + y2°0; + xyz0y,  E10 = x2°0; + y2° 0y
E11=xy*0,, E12=x"yz8,, E13=xy"2d,
4ty222 2 4tx°7
El4=x"20:+ —>——0y El5=xy20c+ — 0,
P -12) VG 1y
wt-3 E16 = x’y’d),, E17 =x'yz8,, E18=xy'zd,,
41’)/222 22 4tx222 2
E19 = xyz2°0y + —>——0x, [E20=y'2°0y+ ————0,, E21=x"yz0,,
9% Y (t2—12) x y Y (t2_12) o4 Y20z
E22 =xy°20,, E23=x"2"0, E24=xyz’8, E25=y'20y;
E26 = x’y’28y, E27 =x’yz’8y, E28=xy"20y, E29 =x’y’z0,,
wt-4 E30 = xzyzza ., E31= xy2228 ., E32= xzyzzaz, E33 = xzyzzaz,
E34 = xy°2°0;;
wt-5 E35=x"y’2"0,, E36=x"y'20,, E37=xy70.
1. Matrix M, (1) for ad} : G} - G2
a5(t/2) - a7 -a6 0 -a2(t/2) a3 a2 0 a4 0
—ab a5(t/2) — a7 0 a3 —-a2(t/2) 0 a2 0 a4
a8(t/2) -a9 a5(t/2) —a7  -a4(t/2) 0 a4 -a2(t/2) a3 a2
0 0 0 -al0 0 —-a8 0 0 0
0 0 0 0 -al0 -a9 0 0 0
—ab a7(t/2) - a5 0 a3 a2 —-a3(t/2) 0 0 0
0 0 0 -a8 a9(t/2) a7(t/2)-a5 a4 0 —a4(t/2)
a2 —-a3(t/2) 0 -a9 -a8 —-a6 0 a4 0
0 a2 0 0 —-al0 0 —a8 0 0
0 0 a2 0 0 —-al0 -a9 0 0
0 0 0 a7(t/2) — a5 0 a3 a2 -a3(t/2) 0
a5(t/2) - a7 -a6 0 0 0 0 a8(t/2) -a9 —a7
0 0 0 —a5 0 a4 0 0 a2
—-a9 -a8 ) 0 a4 0 a3 a2 0
0 -a9 —-a7 0 0 a4 0 a3 0
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TABLE lIl. Lie bracket multiplication table of the liftable Yau algebra N;.
Brackets with [E2, Ei] Brackets with [E3, Ei]
t t
[E2,E5] = -2 El1 - SE22; [E3,E5] = E16 + E21;
[E2,E6] = E16 + E21; [E3,E6] = E11 + E22;
[E2,E7] = E11 + E22; (E3,E7] - —éms— %EZI;
t
(E2,E8] = E17 + E23 - JE13; [E3,E8] = E12 + E18 + E24;
t
[E2,E9] = E12 + E18 + E24; [E3,E9] = E13 + E25 — “E17;
[E2,E10] = E14 + E19; 2
[E3,E10] = E15 + E20;
[E2,E11] = —E32;
[E3,E12] = 3E26;
[E2,E12] = —E29 — E33;
9(t
[E2,E13] = 2E26 — E34; [E3,E14] = uEz7;
3(t -4) t(t 4) 2
E2,E14 E30 - E28; ST =36 0.
[ 1= 2_12 2_12 [E3,E15] = >~ 30+ B2
E31(7t* - 12
[E2,E15] = 2E27 - 7(2 ), [E3,E16] = —E32
#-12 [E3,E17] = 2E29 — E33;
(E2, E18] = 3E29;
. S 36 (E3,E18] = —E26 — E34;
t -
E2,E19] = E28 + E30; E27(7t* - 12
[ ] £ -12 £ -12 [E3,E19] = 2E31 - Q,
[E2,E20] = 9(t A=) by, 3(t ) 12t -4
’ -12 77 [E3,E20] = ( )E28 - (2 )E30; z
[E2,E22] = 3E32 - 12 12 g
[E3,E21] = 3E c
[EZ,E23] 7*E34 [E3,E23] = 3E E
N
[E2,E24] 3E33 [E3,E24] = 3E 2
8
[E2,E26] = —E37;
(E3,E27] = 4E35
[E2, E27] = —E36;
[E3,E29] = —E37;
(E2, E28] = 3E35;
(E3,E30] = 3E36;
[E2, E31] = 4E36;
[E3,E31] = —E35;
[E2, E34] = 4E37;
(E3,E33] = 4E37;

Brackets with [E4, Ei]

Brackets with [E5, Ei]

[E4,E5] = E17 + E23 — 7513

[E4,E6] = E12 + E18 + 524,
t

[E4,E7] = E13 + E25 - _E17;

[E4,E8] = E14 + E19;

[E4, E9] = E15 + E20;

[E4,E11] = 3E26;

[E4,E12] = 3E27;

[E4,E13] = 3E28;

[E4,E16] = 3E29;

[E4,E17] = 3E30;

[E5,E13] = —2E37;

[E5,E14] = —

[E5,E15] =

[E5,E19] =

[E5, E20] =

t(£* - 4)
2(# - 12)
8(£-3)

£ -12

E35;

————E36;

9(t

3t
[E5,F23] = -~ E37;

[E5,E25] = 3E37;
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TABLE lIl. (Continued.)

ARTICLE pubs.aip.org/aip/jmp

Brackets with [E4, Ei]

Brackets with [E5, Ei]

3E31;
= 2E33 - E29;
= 2E34 - E26;

E4,E18
E4,E21
E4,E22

t
E4,E23 EEZS - E30;

E4,E24| = -E27 - E31;

E4,E26
E4,E29
E4,E32
E4,E33
E4,E34

4E35;
= 4E36;
3E37;
—E36;
—E35;

[ ]=
[ ]
( ]
[ 1=
( 1=
[E4,E25] = %an ~E28;
[ 1=
[ ]
[ 1=
[ ]=
[ 1=

Brackets with [E6, Ei]

Brackets with [E7, Ei]

[E6,E12] = —E37;

2 —
(g6, 514] - -2 =%

4(2 6)

[E6,E18] = —E37;
4(t 6)

[E6,E15] = E35;

[E6,E19] = E36;

[E6, E20] = %535

[E6, E24] = 3E37;

) E36;
2

9(t
[E7,E14] = (72)535;
4t
E7,E15] = ——E36;
[ ] £ -12

[E7,E17] = —2E37;

8(£¥ -3
[E7,E19] —%ES»S;
£-12

t(t* - 4)
2(# - 12)
(E7,E23] = 3E37;

[E7,E20] = —

3t
[E7,E25] = - E37;

E36;

Brackets with [ES8, Ei]

Brackets with [E9, Ei]

[E9,E12] = 3E35;

[E9,E16] = —E37;
[E9, E17] = 2E36;
[E9,E18] = —E35;
[E9, E21] = 2E37;
[E9, E23] = —E36;
[E9, E24] = —E35;
[E9,E25] =

[E8,E11] = —E37;
[E8,E12] = —E36;
[E8,E13] = 2E35;
[ES,E18] = 3E36;
[E8, E22] = 2E37;

t
[E8,E23] = E35;
[E8, E24] = —E36;
[E8,E25] = —E35;
Brackets with [E10, Ei]
[E10,E11] = 3E35;
[E10,E16] = 3E36;
[E10,E21] = —2E36;
[E10, E22] = —2E35;
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2. Matrix M, (2) for ad?: G? - G; & G;

3a4 3a3 2a2
0 3a4 0
0 0 3a4
0 -a2 0
0 0 0
0 0 0
—a2 0 0
M@=l 5
0 0 -a2
3al0 3a9 2a8
0 —a8 0
—a8 —a6 —2a5
0

—a3((6°) /(£ = 12) +1)
(8a2t)/(t* - 12)
0
a2((2t) /(£ - 12) +3)
2a3
0
0
0
(4a5t)/(£* - 12)
—a7((6£%)/(f* - 12) +2)

a6((28) /(£ - 12) +2)

0

0
a3((68%)/(* - 12) +3)
—a2(t+ (8t)/(* - 12))

0
—a2((2) /(£ - 12) + 1)

0
0
0
0

a7((68%) /(£ - 12) + 3)
—a5(t/2 + (41) /(£ - 12))

—a6((2t)) /(£ - 12) + 1)

0

0
0
—a3((2)) /(£ - 12) + 1)
0
—a3(t + (8t)/(f - 12))
a2((68°)/(£* - 12) +3)
0
0
0

—a6((28%) /(£ = 12) +1)

as((6t%) /(£ - 12) +3)
—a7(t)2 + (4t) /(£ - 12))
0

3. Matrix M(1) for ady : G2 - G> @ G}
The submatrix formed by the first 9 rows of M, (1) (denoted as M,(1)[1:9]) is

ARTICLE pubs.aip.org/aip/jmp
0 0 -a3
2a2 0 0
a3((2t*) /(£ - 12) + 3) 0 0 0
0 3a4 2a3 3a2
(8a31t)/(#* - 12) 0 3a4 0
—a2((68°) /(£ - 12) + 1) 0 0 3a4
0 -a3 0 0
0 0 -a3 0
0 0 0 -a3
a6((2t7)/(t* - 12) +2) 0 0 -a9
2
4a7t) /(£ - 12
(4a76) /(" ~12) 3a10 229  3a8
—a5((6t7)/(t" - 12) +2)
0 -a9 -2a7 -ab
0 —a4 0 0 0
0 0 —a4 0
0 (a4t)/2 0 —a4 T
—a4 0 0 0 ]
0 0 —a4 (a4t)/2 3
0 0 0 —a4 0 8
3a3  3a2 0 0 0 e
2a4 0 343 302 —(3a3t)/2 5
0 2a4 —(3a2t)/2 3a3 3a2
0 -2a10 (a8t)/2 —-a9 —-a8
-2al0 0 -a9 -a8 (a9t)/2
2a9 2a8  3a7 - (3a5t)/2 3a6 3a5- (3a7t)/2

—2al3 al8 —3al2 a22 —3all
—2al5 a19((6£2) /(£ = 12) + 1) — ald((6£7) /(£ - 12) + 3) a24 — 3a12
ald(t + (8t)/(£ - 12)) — (8a19t) /(£ - 12) a20((26) /(£ = 12) + 1) —a15((28) /(£ - 12) +3)  a25 - 3al3 — (a23t)/2
al2 —3al8 —2al7 a2l — 3al6
My (V1o o= | a14((22) /(£ = 12) +1) — a19((2£) /(£ = 12) + 3) a20(t + (8£) /(£ = 12)) — (8al5t) /(£ - 12) a23 - 3al7 — (a25t) /2
a15((6£2) /(£ = 12) + 1) — a20((6£*) /(£ - 12) + 3) —2a19 a24 - 3a18
all —3a22 al6 - 3a21 0
al2 - 3a24 al7 — 3a23 + (3a25t) /2 —2a21
al3 — 3a25 + (3a23t) /2 al8 — 3a24 —2a22

S O O O © ©o ©o o o

S O O O © ©o ©o o o

S O O O ©o ©o ©o o o
S O O O © ©o ©o o o
S O O O © ©o ©o o o
S O O ©O © ©o ©o o o
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ald(t/2 + (4t) /(£ - 12))

00 —(4a19t) /(£ - 12)

M(Doz=| al5((68°) /(£ - 12) +2)
—a20((6£°) /(£ = 12) + 3)

0 0 0 2a13 - 3a25 + (3a23t)/2

a25 —2al13 - (a23t)/2
al2 —3al8 + a24

ARTICLE

a20((28) /(£ - 12) + 1)

—a15((28%) /(- 12) + 2)

al4((28) /(£ - 12) + 1)

—a19((2£%) /(£ - 12) +2)
al2 +al8 - 3a24

al8 —3al2 + a24 2a22 — 3all

a23 -2al7 - (a25t)/2 2a21 - 3al6 |.

all —2a22 al6 —2a2l 0
4, Matrix Py (1) for ady : P} - G?
—a2(t/2) a3 a2 0 a4 0
a3 -a2(t/2) 0 a2 0 a4
—a4(t/2) 0 a4 —a2(t/2) a3 a2
0 0 0 —a2(t/2) a3 0
0 0 0 a3 —a2(t/2) 0
a3 a2 -a3(t/2) 0 0 0
a4 0 —a4(t/2) a2 —-a3(t/2) 0
-a2(t/2) a3 a2 0 a4 0
0 a2 0 0 0 a4
0 0 a2 0 a4 0
a3 a2 —-a3(t/2) 0 0 0
0 0 a3 a2 -a3(t/2)
0 0 0 0 a2
0 a4 0 a3 a2 0
0 0 a4 0 a3 0
5. Matrix Py (2) for ady : GZ - G
3a4 3a3 2a2 0 0
0 3a4 0 a3((68)/(f* -12) +3) 2a2
0 0 3ad -—a2(t+(8)/(f-12)) a3((2)/(f -12) +3)
0 -a2 0 0 0
P(2):=l 0 0 0 -a2(@2f)/(f-12)+1) (8a3t)/(#* - 12)
0 0 0 0 —a2((68°) /(£ - 12) +1)
-a2 0 0 0 0
0 -a2 0 0 0
0 0 -a2 0 0

pubs.aip.org/aip/jmp

a19((6t%) /(£ - 12) +2)

—a14((68%)/(* = 12) + 3)

a20(t/2 + (4t) /(£ - 12))
—(4a15t) /(£ - 12)

2a17 - 3a23 + (3a25¢)/2

0
0
0
3a4
0
0
—a3
0
0

0
0
0
2a3
3a4
0
0
-a3
0

-a3

3a2

3a4

-a3
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0 0 0 —a4 0 0 0
—a3((6t))/(t* —12) +1) 0 0 0 0 —a4 0
(8a2t) /(£ - 12) —a3((28)/(F-12)+1) 0 0 a4(t/2) 0 —a4
0 0 —a4 0 0 0 0
a2((28)/(F=12)+3)  -a3(t+(8)/(£-12)) 0 0 —a4 0 a4(t/2)
2a3 a2((6t*)/(f —12)+3) 0 0 0 —a4 0
0 0 303  3a2 0 0 0
0 0 2a4 0 3a3 302 —(3a3(t/2)
0 0 0 2a4 —(3a2(t/2) 3a3 3a2
6. Matrix P;(0) for adx : P¢ - G?
(a5t)/2 - a7 —ab —a9
—a6 (a5t)/2 - a7 -a8
(a8t)/2 -a9 (a5t)/2 - a7
-all 0 —a8
0 -al0 -a9
—a6 (a7t)/2 - a5 0
—-a8 (a91)/2 (a7t)/2 - a5
Pi(0) := —-a9 —a8 )
0 -al0 0 N
—~a10 0 ~a9 g
0 (a7t)/2 - a5 —ab 3
0 (a5t)/2 - a7 —a6 S
—a5 0 -a8 §
-a9 —a8 —ab g
—a9 —a7 0
7. Matrix P;(2) for ady : G? - G}
a7((6£) /(£ —12) +3) 2y 02
3010 349 2a8 6((28°) /(£ - 12) +2 0 0 -a9
e —a5(t/2 + (40))(F - 12)) a6((2)/( )+2) ¢
4a7t) /(£ - 12)
Pi(2) = - —a6((2t2) /(£ - 12) +1 ( 10 2
1(2) 0 a8 0 a6((2t7)/(t )+1) _as((68)/(F —12) +2) 3a10 249 3a8
-a8 -—a6 -2a5 0 0 -a9 -2a7 -ab
(4a5t)/(t2 - 12) 2y 12
—a6((28%) /(£ - 12) +1 0  -2al0 8t)/2 -a9 -a8
a7 ((68))(F — 12) +2) a6((2t7)/( )+1) a (a8t)/ a a
5((66°)/(f - 12) +3)
6((28) /(£ - 12) +2 ? -2410 0 -a9 -a8 9t)/2
a6((2t7)/( ) +2) —a7(t/2 + (40))(F - 12)) a a a (a9t)/
0 0 2a9 2a8  3a7 - (3a5t)/2 3a6 3a5- (3a7t)/2

J. Math. Phys. 67, 021702 (2026); doi: 10.1063/5.0311234

Published under an exclusive license by AIP Publishing

67, 021702-26


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

8. Matrix So(3)
So(3)(cols 14) =

t2 24a2%t
12a32a4—a4(4a32( —— + 1) +2a3” - 5 )
~9a2a4%t 184304’ 18a2a4’ N o 12
+a4|4a3’| 5—— +3 —3a22(t+27) - 6a2’adt
£-12 £-12

2t 6t
a4| 8a2a3 + 3a2a3| -—— +3 | +a2a3| 5—— +1
- —-12 - —-12

212 £
—a4| 3a2a3 5 + 1) +a2a3 5 +3) | +24a2a3a4
- —-12 - —-12

18a3a4? 18a2a4? —9a3a4’t

6a3%a4 — a4(6ta2® — 12a3%) 6a2%a4 — a4(—12a2* + 6ta3?)
36a2a3a4

N 5 6a2a3* + 3a2’t — a2(6ta2” - 12a3%).
—3a2%a4t —3a3“a4t

So(3)(cols 5-6) =

6t 8t
a2(4a32( . +3)—3a22(t+ . ))
282 682 " -12 " —-12
a4| 8a2a3 +3a2a3| 5 —— + 3| + a2a3[ —— +1 2 6t’
t° =12 t°—12 —a3| 3a2a3 tzilz + 1]+ a2a3 12712 +3
217 2t - N
-a4(3a2a3| = + 1| +a2a3| +3 NN . 24a2%t
£ -12 £ -12 —a2(4a3’| s+ 1) 203 -
+24a2a3a4 5 5
2t 6t
+a3| 8a2a3 + 3a2a3| 5——— +3|+a2a3| —— +1
£ -12 £ -12
6t 8t
a3(4a22(t2 5 +3) —3u32(t+ 5 12))
6t* 24a3’t n -
12a2%a4 - a4 4a2*( o + 1| +2a2° - 52 28 61
" —-12 t°—12 —a2| 3a2a3 1’2712 + 1]+ a2a3 12712 +3
6t* 8t - N
+ad|4a2’( 5—— +3] - 3a32(t + ) of 6t , 2403t
£ -12 £ - 12 -a3( 4a2’( +1)+2a2° - 5
_6a3%a4t " -12 " —-12
2t 6t*
+a2| 8a2a3 + 3a2a3| 5——— +3 | +a2a3| 5—— +1
£ -12 £ -12
6a2’a3 + 3a3’t — a3(-12a2" + 6ta3”) 0
9. Matrix P1(2) - A
7( ot +3) - 7(7&2 +2) - 5( ! + had >+ dtas 6( 2 +2) - 6( 2 + 1)
N\ “ t22— 12 ¢ t22— 12 #-12/ £#-12 , i 12 “\eT
Pi(2)-A= 217 - 12 B 2t 6t B 6t B t 4t 4ta7 |.
“6( + 2) a6(t2—12+1) as(ﬁ—u”) as(ﬁ—u”) a7(t2—12+t2—12)+t2—12
10. Matrix P,(2) - B
(4a5t) /(£ - 12) a7((6t*) /(£ - 12) +2)
Pi(2)-B= 0 0
as((66°) /(£ = 12) + 3) —a7(t/2 + (41) /(£ - 12)) 0

APPENDIX D: REPRESENTATIVE IDEALS FOR ISOMORPHISM CONDITIONS

As stated in the Proof of Theorem B (Sec. [V), the analytic isomorphism V; ~ V holds if and only if the ideal Rif= C{t,s,a0,...,as} has
a non-empty variety. 5’ is the intersection of 30 prime ideals, 5" = N3, i;, whose generators correspond to the six conditions in Theorem B.

To save space and improve readability, we list only a few representative examples of these ideals i;. The full list is available via our
computation scripts.

9%:25:20 920z Ateniged L.z
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(al) Condition s = t. A representative ideal component is:
il=<s-t,a -1, al, a2, a3, a4 - 1, a5 >
This corresponds to the identity automorphism ¢(x, y,z) = (x, y,2).
(a2) Condition s = —t. A representative ideal component is:
i2=<s+t, a0 - 1, al, a2, a3, a4 + 1, ab >
This corresponds to the automorphism ¢(x, y,z) = (x,-y,z) (assuming s,  # 0).
(a3) Condition 2s + ts + 12 — 2t = 0. A representative ideal component is:
i_3 = < 2s+ts+12-2t, a0, a1l - ((t72-4) / (2t+12) ), a2, a3 - ((s72-4) / (2s-12) ), a4, ab >
(Note: The coefficients a; are functions of s and ¢.)
(a4-a6) Other Conditions. The ideals corresponding to conditions (a4), (a5), and (a6) are similar in structure to i3, containing the
specific parameter relation (e.g., 2s + ts — 12 + 2t = 0) along with complex constraints on the coefficients ao, . . ., ds.
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