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ABSTRACT

In this paper, we study the higher-order Nash blow-up local algebras associated with isolated hypersurface
singularities, particularly focusing on the nonexistence of negative weighted derivations. Building on our earlier
conjecture, which was proved by Badilla-Céspedes, Castorena, Duarte, and Nufiez-Betancourt, we propose a new
conjecture that generalizes our previous one. Inspired by the result of Badilla-Céspedes et al., we further demonstrate
that the results in this paper validate our new conjecture partially. Besides, from the perspective of minors, we
elucidate the structure of higher-order Nash blow-up algebras, which constitutes another main result of this paper.
These findings contribute to the broader understanding of singularities and extend the applicability of higher-order
Nash blow-up local algebras.

MSC(2010): 14B05

Convention.

We define x := (x1,X5,...,Xx;) wherel € N.
Suppose A is a finite set. We define #A to be the cardinality of A.

Fora :=(ay,...,a;) € N, wedefinea! :=a;!-ay! - -qland |&| :=a; +ay + - + a.

Without special instructions for ordering, for ¢ := (ay,...,q;),8 := (B1,-..,P1) € 7', > aifand only if §; > «; for all
1<i<l

For f € C{x}, we define its Jacobian ideal j(f) in the same ring to be j(f) := %,%,...,:—L).

The definition is analogous for the rings K [x] and K [[x]] where K is an arbitrary field.

For a ny X n, matrix A with entries in a commutative ring, I,,(A) (m < min {n,, n,}) denotes the ideal generated by all
m X m minors of A.

We define A; 1= (81;,6,;,...,8;;) for1 <i <I,where§;; (1 < j < I) means Kronecker delta.
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(jl,jz,---,j[/)
(i1i0- - -it)
matrix whose (r’,s’)th element is equal to (i,s, jy )th element of M for any integer 1 <r' <tand1<s <¢'.

For an r X s matrix M and indexes 1 < iy, ip,...,if <rand1 < ji, jo,..., jy < s, we define M tobe thet x

1 | Introduction
1.1 | Higher-Order Nash Blow-Up Local Algebra

The classical Nash blow-up of an algebraic variety serves as the parameter space for the tangent spaces at smooth points
and their limits. It is a pertinent question to inquire whether Nash blow-ups can yield a smooth variety. This problem has
been extensively studied by researchers such as —Sprinberg [1], Hironaka [2], Nobile [3], Rebassoo [4], and Spivakovsky
[5]. The question regarding the resolution properties of the Nash blow-up was recently answered negatively in [6]. We now
recall the renowned theorem of Nobile:

Theorem 1.1 [3]. Let X be a variety over an algebraically closed field of characteristic zero, then the Nash blow-up of X is
an isomorphism if and only if X is non-singular.

Theorem 1.1 does not hold over fields of prime characteristic. We present a recently proved theorem applicable in the
prime characteristic under a normality condition.

Theorem 1.2 (Theorem 3.10 in [7]). Let X be a normal variety over an algebraically closed field K of dimension d.
Suppose that K has prime characteristic p. If Nash(X) = X, then X is non-singular.

Higher-order Nash blow-up with the definition given below is studied.

n

Definition 1.3 (Higher-order Nash blow-up [8]). Let X be a variety of dimension d, x € X, x(") := Spec(Ox . /mit)
its nth infinitesimal neighborhood and Hilb (d+n)(X ) is the Hilbert scheme of length (d::") points of X. If X is smooth at
n

x, then x(™ is an Artinian subscheme of X of length (d;:”). Therefore, it corresponds to a point

[x("] e Hilb g4 (X),

which induced the following morphism of schemes,

Op @ Xsm — Hilb(d+n)(X),
n

where X, denotes the smooth locus of X. The graph of g,, is canonically isomorphic to X§,,. Yasuda defined the nth order

Nash blow-up of X (called the higher-order Nash blow-up with order n of X), denoted by the higher-order Nash blow-up

Nash,,(X), to be the closure of the graph T';, with reduced scheme structure in X x; Hilb (d+n)(X ), together with the
n

projection
7, : Nash,(X) — X,
which is projective and birational. Moreover, it is an isomorphism over Xy,.

In order to compute the higher-order Nash blow-up, especially in the hypersurface case, the higher-order Jacobian matrix
of a polynomial was defined in [9] and was rediscovered and developed further in [10, 11].

Furthermore, in [12], a novel higher-order Jacobian matrix theory was developed, giving rise to many related studies. To
mention a few: establishment of the higher-order Hessian matrix theory and the complete invariant of the K3 surface in
CP’in [13]; calculating the inverse of an automorphism of a power series ring in [14]; calculating explicit expressions in
finite determinacy in [15]; etc.
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In this paper, we consider another important application of the higher-order Jacobian matrix theory: higher-order Nash
blow-up local algebra.

Definition 1.4 [9, 11, 12]. Consider f € C[[x]]. Let n € N.. The matrix Jac,(f) is defined to be a matrix whose rows
are labeled by multi-indices {a € N'| |a| < n - 1}and columns by {b € N/ |1 < |b| < n}. The (a, b)-entry of Jac,,(f) is

1 glb-aly .
ba) oba- b0
0, otherwise

We arrange the labels in the graded lexicographic order: first increasingly with respect to the grade, and, within each fixed
grade, decreasingly with respect to lexicographic order.

Let n € N. For the definition of matrix QJac,(f), simply replace {a € N | el <n—1} (resp. {b € NL |1 <|b| <n)) by
{a eN'||a| < n}(resp. {b € N' | |b| < n}).

Leti € N, and j € N. For the definition of matrix M; ;(f), simply replace {a € N | la] <n -1} (resp.{b € N'|1<|b| <
nPby{aeN ||a| =i—-1}(resp. {b e N! | |b| = j}).

Remark 1.5. Jac,(f) is originally defined in [9, 11]. QJac, (f) and M;, j(f) are originally defined in [12] for the f € C[[x]]
case. In [16], regarding the case where f € K[[x]] where K is an arbitrary field, we employ a construction identical to that
found in Definition 1.4 by simultaneously extending the partial derivatives established in Definition 1.26.

Remark 1.6. Let f € C[[x]]. For n € N, Jac,(f) is of size <l + rll - 1> X <<l -; n> - 1> and QJac,(f) is of size

<ltn> 8 <l+ln>- Fori € N, and j € N, M; j(f) is of size <“lf:2> o <17: 1)‘

Remark 1.7. M; ;(f) is the zero matrix in the i > j + 1 case. Therefore, for n € N, we have

M(f)l,o M(f)l,l M(f)l,n
Quac,(fy = | M0 MDar o MU
M(f)n+1,0 M(f)n+1,1 M(f)n+1,n

M(f)L() M(f)l,l M(f)l,n
0 M(f)z,l M(f)z,n

6 0 ' M(fjn+1,n
(cf. [15]) and

M(f)l,l M(f)l,z M(f)l,n

tacy(f) = | M21 M2 MU

M(]‘v)n,1 M(f)n,z M(];)n,n

Definition 1.8 [17]. Using the notation established above, let f € C[x] define an isolated singularity (V,0), and let
Jac, (f) denote the Jacobian matrix of order n. Let J,(f) C C[x] be the ideal generated by the maximal minors of Jac, (f).
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We define the higher-order Nash blow-up local algebra of V, denoted by M, (V), to be M, (V) := C{x}/{f, T.(f))-
Furthermore, we employ d,, (V) to denote the dimension of M, (V).

For such algebra, in [17], the authors made the following conjecture.

Conjecture 1.9 [17]. Let (V,0) be an isolated hypersurface singularity defined by a polynomial f € C [x]. Then, M, (V)
is a contact invariant of (V,0), i.e., it depends only on the isomorphism class of the germ (V, 0).

In [17], Hussain—-Ma-Yau-Zuo verified Conjecture 1.9 for [ = 2,n = 2. In [18], Fan-Yau-Zuo verified Conjecture 1.9 for
[ =2,n = 3.1In[12], Fan, Yau, and Zuo developed a higher-order Jacobian matrix theory. Using this, they not only gave a
complete proof of Conjecture 1.9, but also extended it to the case where the size k of the minors generating the ideals is

!/
arbitrary. What’s more, the contact invariant property of a finer algebra <Tn(k)> (f) is proved in [12]. For the f € K[[x]]

case, the same contact invariant property is obtained in [16]. Also, in [19], Conjecture 1.9 is proved independently using a
different approach.

The results above in [12] are listed in Theorem 1.12.

l+n-1

Definition 1.10 [12]. Let f € C[[x]]. For n,k € N, satisfying k < ( |

), we define Jygk) (f) to be the ideal in

C [[x]] generated by all the (k x k)-minors of Jac, (f) under Definition 1.4. For n, k € N, satisfying k < <l -;

n> , we define

!/
<J,Ek)) (f) to be the ideal in C[[x]] generated by all the (k X k)-minors of QJac, (f) under Definition 1.4.

Definition 1.11 [12]. Let f € C[[x]] and we follow the notations of Definition 1.10.

l+n-1

(1) For n, k € N, satisfying k < < ]

) , we define
7O = i/ @) @

(2) For n, k € N satisfying k < <l -;

n) , we define

(79 () 2= cten/ (7°) . @

Theorem 1.12 [12]. Assume that f € C[[x]] and n € N,. Under Definition 1.11 we have the following statements:
I+n-1
l

l+n
l

(D) For any k € N, satisfying k < < > Tn(k)(f) is a contact invariant.

!/
(2) For any k € N, satisfying k < < > <Tn(k)> (f) is a contact invariant.
We can also have similar results for Definitions 1.10 and 1.11, and Theorem 1.12 with C [[x]] replaced by C [x] or C {x}.

The significance of higher-order Nash blow-up local algebras lies in their role as a higher-order generalization of Tjurina
algebras. The Tjurina algebra of f € C{x} (i.e., C{x}/(f, j (f))) plays a pivotal role in the singularity theory (cf. [20]).

One important application for the Tjurina algebra is the renowned Mather-Yau theorem.

Theorem 1.13 (Mather-Yau [21]). Wedefinem := (x) C C{x}forsimplicity. Let f, g € m. The following are equivalent:

Wf~g
(2) Forallb > 1,C{x}/ (f, mbj(f)> =~ Ci{x}/ <g, mbj(g)> as C-algebras.
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(3) There is some b > 1 such that C{x}/ { f, m?j(f)) = C{x}/ (g, mPj(g)) as C-algebras.

Moreover, if f has an isolated singularity, then f ~ g iff the Tjurina algebras of f and g are isomorphic.

For hypersurface case, the Mather-Yau type theorem for higher-order Nash blow-up local algebras is also established in
[22], and further generalized in [23].

For isolated complete intersection singularity case, in [23], we give a Mather-Yau type theorem for higher-order Nash
blow-up local algebras, and we also use the algebra to completely classify the simple elliptic singularity.

1.2 | Main Results of This Paper

Besides the contact invariant property, the nonexistence of the negative derivation property is also conjectured in [17].
Recall that a polynomial f =) « CaX® € C[x] is called weighted homogeneous of weighted degree d = deg,, (f) with
respect tow € (N+)l, ife-w=dforallc, #0.

Conjecture 1.14 [17]. Let f € C[x] be a weighted homogeneous polynomial of degree d for the weights w =
(wq, W, ..., w;) € N that defines an isolated hypersurface singularity. Assume that d > 2w, > --- > 2w; > 0. Then under
Definition 1.8, the higher-order Nash blow-up local algebra C [x]/{f, J.(f)) does not admit negative weighted derivations
foralln > 1.

Remark 1.15. This conjecture makes sense only if the ideal J,(f) is weighted homogeneous. This fact was conjectured in
[17, Conjecture 1.7] and later proved in [24, Theorem 2.6]. With the same method, one can also prove that in Conjecture

1.19, the ideal J,gk) (f) is weighted homogeneous.

Remark 1.16 [25]. The assumption d > 2w; > 2w, > --- > 2w; > 0 holds, up to a change of coordinates, whenever f €

(x)°.

Conjecture 1.14 was partially answered in [17, Theorem B] and [24, Theorem 2.6]. Recently, in [26, Theorem A], Badilla-
Céspedes, Castorena, Duarte, and Nufiez-Betancourt proved the following beautiful theorem.

Theorem 1.17 [26]. Conjecture 1.14 holds for all n > 2.
For n = 1, the original Conjecture 1.14 is identical to the classical Yau conjecture, which remains an open problem.

Conjecture 1.18 (Yau Conjecture, [27]). Let f € C [x] be a weighted homogeneous polynomial of degree d for the weights
w = (W, Wy, ..., w;) € N! that defines an isolated hypersurface singularity. Assume thatd > 2wy > --- > 2w; > 0. Then, the
Milnor algebra C [x]/j (f) does not admit negative weighted derivations.

Yau Conjecture is still open and was only proved in the low-dimensional case [ < 3 by explicit calculations [27].
Also, in [28], Yau-Zuo verified Yau Conjecture for the high-dimensional singularities under certain conditions and for
homogeneous singularities.

In this paper, we propose Conjecture 1.19, a generalization of Conjecture 1.14. In our conjecture, the minors need not be
maximal.

Conjecture 1.19. Let f € C[x] be a weighted homogeneous polynomial with respect to w = (w1, wy,...,w;) € N! and
of weighted degree d, which defines an isolated hypersurface singularity. Assume that d > 2wy > --- > 2w; > 0. Then,

Tn(k)(f) = C[x]/{f, J,gk) (f)) does not admit negative weighted derivations foralln > 1and1 <k < (l + rlt B 1>.

Inspired by [26, Theorem A], we partially verify Conjecture 1.19 in Theorem A.
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Theorem A. Conjecture 1.19 holds for alln > 2 and <l + '; - 2) +2<k< <l + rlz - 1>.

l+n-1

Remark 1.20. In fact, foralln > 1and k = < ;

) , 79(#) in Theorem A is indeed the algebra C [x]/(f, Jn(f)) in

Conjecture 1.14.

To deepen the understanding of the structural properties of the higher-order Nash blow-up local algebras Tn(k)( f) and

/
<T n(k)> (f), and to establish explicit connections between their ideal-theoretic structure and Jacobian ideals, we introduce

Theorem B. This theorem not only clarifies the generators of these algebras but also reveals their intrinsic relationship
with powers of the Jacobian ideal j(f).

In the following results, we note that for j € N, # {a e N! | [a| = j -1} = (l - 2).

-1
Th B ; s I+s-2 . : :
eorem B. For f € C[[x]] and arbitrary s, p € N, satisfying p < -1 ) the ideal I, <M (f)s,s) in C[[x]] is
GNP
More explicitly, for any I = (i1, iy,...,ij) € N! such that |I| = p, there always exists a choice of p X p minor ofM(f)S’s

of

Uk
. > . We can choose such p x p submatrix by arbitrarily selecting the rows with indexes R®) =
k

which is equal to Hﬁczl <
<r§f)’ "g), o rl(t)> and columns with indexes C) = (c?), cg), s cl(t)> with the following restrictions (1 < t < p):
@) |RO|=s—-1and|CO|=s5;
2)
R 4 A = c® (3)
where k) = k such that Zk_l ' Y
= e bt <t S Xpr_q bt

3) RD, R ... RP) gre distinct and arranged in the lexicographical order.

Remark 1.21. In Theorem B, such a choice of p X p submatrix is not necessarily upper-triangular or lower-triangular.
Consider f € C|[[x1, X2, x3]]-

(1) When s = 2 and I = (0, 3,0), we obtain p = 3. Choose
R(l) = (1, 0, 0)7 R(Z) = (0’ 1’ 0)7 R(S) = (0’ 0’ 1)7 C(l) = (la la O)’ C(Z) = (0’ 2’ 0)’ C(S) = (0’ 1’ 1)
The corresponding 3 X 3 submatrix is

o

=00
of of of
dx1 dxy  ox3 |’
af
o o

3
with determinant <ﬁ> .
0xp

(2) When s = 3 and I = (0, 6,0), we obtain p = 6. Choose
RM =(2,0,0),R® = (1,1,0),R® = (1,0,1),R® = (0,2,0),R® = (0,1,1),R® = (0,0,2),

c® =(2,1,0),c? = (1,2,0),c® = (1,1,1),c® = (0,3,0),c® = (0,2,1),C® = (0,1,2).
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The corresponding 6 X 6 submatrix is

0xy

Sf of  of
axl @XZ 5)(33 O O 0

of

0 0 - 0 0 0
dxp
I ar  of ’
0 dx1 0 dxp  Jx3 0
o o L o oL 9
dx1 dxy  0x3

axz |

6
with determinant <i> .
dxz

The two aforementioned submatrices are neither upper-triangular nor lower-triangular.

As a direct consequence of Theorem B, we have Corollary 1.22.

Corollary 1.22. For feC|[x]] and arbitrary n,p€N, satisfying p <Y 1<j<n; <17112> =
n—-j

— &N

!
# {R e N | %—IRI S N} and n > 2, we have the relationship (f, j (f))* C J,gp) (fHc <J,Ep)) (f) under Definition 1.10.

More explicitly, forany I = (iy, i,...,1)) € N! such that |1| < D, there always exists a choice of p X p minor of Jac,, (f) which

Yk
is equal to P~ -HLZI <i> :

Oxy
When |I| = 0, from Remark 1.6 and the relationship (note that n > 2)

one can arbitrarily choose such p X p upper-triangular submatrix with diagonal elements f by choosing row indexes R € N!
and column indexes C© € N! (¢t = 1,2,..., p) such that

(1,0,0,...,00 < RD =cM <« R@ = c@ < ... < RP) = cP) < (0,0,...,0,n — 1)

in the sense of the graded lexicographical order.
When |I| > 0, assume that

-1-|R
q:max{lﬁsSnIp—HlS#{RGN”HTHGN,lRlz.S—l}}.

Such p x p submatrix is obtained by selecting the rows first with indexes R") € Nt (1 < t < p) and columns then with indexes
c® e NL(1 <t < p)with the following method:

(1) Let RV, R@, .. RP) be the last p elements of the set

—-1-|R
{ReNHnTlleN},

when its elements are arranged in the graded lexicographical order.

Mathematische Nachrichten, 2026 2531 of 2541

85UB01 T SUOWIWOD 3A 181D 3(dfedtdde 8Ly Ag peuseno aJe ssppile O ‘88N JO Sa|nJ 10} A%Iq1T8UIUO A8]IA UO (SUONIPUOD-PUR-SULIBY WD A8 | 1M ARe.q|1|BUl UO//SdNY) SUONIPUOD puUe SWLB | 8U1 39S *[9202/60/20] Uo Ariqiauliuo Ae|im ‘Ariqi Aisieaiunenybus | Aq G0Z0. euew/z00T 0T/I0p/Wod A8 |im Afeid i jpuljuo//sdny woiy pspeojumod ‘6 ‘9z0¢ ‘9T9222ST



(2) CWs are constructed as follows (divided into three cases):
(2.1) For all R®s satisfying |R®| > q — 1 (assume the number of which is N): define c® .= RO,

(2.2) Forthe first p — |I| — Nq elements ROswith |RV| = q — 1 (in graded lexicographical order): define C*) : = R(®).

(2.3) Forthe remaining R®)’s (of which there are exactly |I|): decompose I into a sequence of vectors consisting of iy copies

of A1, followed by i, copies of A,, and so on, up to i; copies of A;. Construct the corresponding Cc®s by adding these

vectors sequentially to the R")’s (in graded lexicographical order).

We give Remark 1.23, Examples 1.24 and 1.25 to better illustrate Corollary 1.22.

Remark 1.23. In Corollary 1.22, when |I| > 0, the p X p submatrix is not necessarily composed of triangular blocks under

the partition induced by the equivalence classes of [R®| and |C®).

Take f € C[[x1, X2, x3]], and n = 3 for example. When p = 6 and I = (0, 6, 0), the 6 X 6 submatrix chosen is exactly the

6 X 6 submatrix in Remark 1.21 (2), i.e.,

S 9 0o 0o o o0
dxp

Sf 8f  of
0x1 Oxp  0x3

o o 2L o o o

5X2
S S of ’
0 5X1 O 6x2 5X3 0
S S of
0 0 0x1 0 d0xy  0x3

o o o o o 2L
axz_

which, as a whole block itself, is neither upper-triangular nor lower-triangular.

Example 1.24. When |I| > 0, take f € C[[x1,X;]], and n = 5 for examples of Corollary 1.22.
(1) p =9 case:

We have r = 1. Therefore, the 9 X 9 matrix is a submatrix in

M(ry Mz M1z M(Ors M(rs

M(f)s1 ! M(f)sp M(f)s3 I M(f)sa M(f)s5

where the last 9 rows (i.e., all the rows) are selected.
When I = (1,0), we obtain q = 3 (see Equation (11) in the proof of Corollary 1.22). Such 9 X 9 matrix is
A e s wiw % % % %

[ O
f ko sk ok k ok
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When I = (1,1), we obtain g = 3 defined in the proof of Corollary 1.22. Such 9 X 9 matrix is

(2) p = 7 case:

- of ;
0%
|

_af\ I
— ik ok ok Ik ok ok ok ok
OXiy L ____.

% % ok Ik k k k%
el A _ .
af ~ dj
a_fa_f Pk % % % %
X; 0X
3f [
— % % sk ok ok
5xla‘
[
a_f‘ * ok ok %k
X2
,,,,, o
f
[
o f
[
‘ f
[
| f
[ of
1 axz_

We have r = 3. Therefore, the 7 X 7 matrix is a submatrix in

where the last 7 rows are selected.
When I = (1,0), we obtain q = 3 defined in the proof of Corollary 1.22. Such 7 X 7 matrix is

M(f)3, M(f)35, M(f)34 M(f)s5

M(f)sp M(f)s3 M(f)s.a M(f)s;s

—ar _
f==r1% % % % %
BX\
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When I = (1,2), we obtain g = 5 defined in the proof of Corollary 1.22. Such 7 X 7 matrix is

5 !
—f Ik sk sk sk ok
0x, 5 |
—f‘**** %
2 2 R
\f
|
- f
|
o f
|
‘ f
‘ o
1 ox, |

(3) p = 4 case:
We have r = 5. Therefore, the 7 X 7 matrix is a submatrix in

[M(f)s4 M(f)ss]

where the last 4 rows are selected.
When I = (1,0), we obtain g = 5 defined in the proof of Corollary 1.22. Such 4 X 4 matrix is

f
f

f .
af
ax1

When I = (2,2), we obtain g = 5 defined in the proof of Corollary 1.22. Such 4 X 4 matrix is

o ]
o
af
axy
af
ax;
of  of

Example 1.25. When |I| = 0, take f € C [[x1, x,]], and n = 3 for an example of Corollary 1.22.

Note that
M M2 Mg
Jacs (f) = M(f)21 M(f)22 :M(f)2,3
M(f)31 M(f)32' M(f)33
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[Of of 12 &F 187118f 1 &F 1 8F 12/
dx, 0x, 20x} dx,0x, 20x31609x; 20x33x, 20x,0x; 60x3
7777775f776]77777\1767f7771f777152f777 B
I A =
X, 0x, 29x;  9x0x, 2 9x;
o f o L 18f &f 124
= 3x, 4%, | 2 9x} 9x,0x, 20x3
1 of af
0 0 f 0 — — 0 0
, %)}Z E}
o0 o f o'o 2L L
| I
0O 0 O 0 f0 0 — —
B . ax; ox,

Givenl<p<4=# {R eN? | %_lRl € N}, for arbitrary p X p principal minor in

foo 2L oL g

5X1 5)62
Sr ef
0 5 0 dx1  Jxp

lM(f a1 M(f )2,2]
=lo 0o f 0 0

M(f)31 M(f)3p
00 0 f O

00 0 o0 f

is qualified.

One can find the proof of Theorems A and B and Corollary 1.22 in Section 2.

At the end of this section, we consider generalizing the results to f € K[[x]] and f € K[x] case, where K denotes an
arbitrary field. We may analogously define Jac,(f) by generalizing the concept of derivatives, as outlined in Definition 1.26.
Indeed, when K = C, the formal partial derivative coincides with the derivative in the conventional sense. By merely
substituting “KK” for “C”, the arguments presented in the proofs of Theorems A and B, as well as Corollary 1.22, remain
valid.

Definition 1.26 [16]. For a;’s (I € N!) in K, we define

o5l (ZIeNl a’xI)

()

Ienk;
I>S

2 | Proof of Main Results
2.1 | Proofof Theorem A
To prove Theorem A, we need to use Lemma 2.1. For the details of its proof, see [26, Theorem Al].

Lemma 2.1 [26]. Let f € C[x] be a weighted homogeneous polynomial with respect to w € N! and degree d that defines
an isolated hypersurface singularity. Consider any set S of weighted homogeneous polynomials satisfying d < deg,, g, for all
g € S. Then, it follows that C [x]/{f,S) does not admit negative weighted derivations.
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l+n-1

Proof of Theorem A. By Remark 1.6, for n > 2 and <l * ’; B 2) +2<k< <

), all k x k submatrices from

Jac, (f) must contain at least two rows from the submatrix

My My - M)y -

It follows that

I LMy M(Dpy - My )

=(f.L([0 0 = 0 M(),,])) S GEND

by the Laplace expansion of determinants along the last two rows of selected submatrices (the first “C”) and by
Definition 1.4 (“=" and the second “C”). Therefore, the degree of nonzero elements in J,Ek) (f) is no less than those in
(F+G () (e min{d, 2d - 2wy} = d).

Then by applying Remark 1.15 and Lemma 2.1, we complete the proof. [l

l+n-2

Remark 2.2. For other choice of k,i.e.,1 <k < < ;

) + 1, we cannot use the same method and the conjecture is

still open.

2.2 | Proof of Theorem B and Corollary 1.22

Proof of Theorem B. The strategy of the proof is as follows.
The proof consists of two main steps: construction and verification.

First, we explicitly construct a specific p X p submatrix of M(f); whose determinant equals the desired monomial

ke
Hﬁ(_l <aan> . This construction relies on carefully selecting row indices R(¢) and column indices C(t) based on the
- k
given exponent vector I = (iy, ..., ;). The selection is designed so that the difference C(t) — R(t)’s correspond precisely to
the standard basis vectors A;’s in a controlled manner.

Second, we verify that the determinant of this constructed submatrix indeed yields the target monomial. The key challenge
is to show that all terms in the determinant expansion, except for the product of the diagonal entries, vanish, leaving
only the product of the diagonal entries (even though the submatrix is not necessarily triangular, cf. Remark 1.21). We
achieve this by proving that any permutation o # id in the determinant sum would require an impossible rearrangement
of the indices.

Now, we begin the proof.
By Definition 1.4, the ideal generated by all p x p minors of M (f), , lies in (j (f NP,
Consider the p x p submatrix of M (f), ; with row labels RW RD . R(MP and column labels cV,c@ ... cP) chosen

by (1)-(3). From (2) and (3), it is easy to see that C(1),C®), ..., C(P) are distinct and arranged in lexicographical order. By
Definition 1.4, for 1 < a, b < p, the (a, b)th element of the submatrix is

8|C(b)_R(a)|f

axC(O)—R(@) ’
0, otherwise

if c® > R(@
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Below, S;, means symmetric group and id means the identity element in S,,. Also, we define

sgn (o) i= 1, if o is even,
g ") -1, ifoisodd.

The determinant of such p X p matrix equals
P acle®)_gr®
3l Lf
Z sgn (o) - (H _ ).
oESy: =1 9xCEO)-R®)

R(t,)sc(a(t/)),VISt’Sp

From (1), we only need to prove that for any o € S, \ {id}, there do not exist 1 < ky,k»,...,k, < lsuch that

RO 4 Ay, = cle®) @)
forall1 <t < p at the same time.
From Equation (3), we know that
P p p
Z RO 4 2 A = Z c®, )
t=1 t=1 t=1
From Equation (4), we know that
p p p
Y RO+ Y Ay, = Y ce), ©
t=1 t=1 t=1

From Equations (5) and (6), it follows that Zle Ay = Zle Ay, and the tuple ki, ks, ..., kp is one kind of permutation
of kW, k@, ... k(P Also, from (2), we know that

KD < k@ <o < kP, (7)

From Equation (4), we have

(o'_l(t)>
R =c®
+ Aka—l(t) ®)

forall1 <t < pando € S\ {id}. From o € S\ {id} and Equations (3) and (8),
p :=max{1§t5pIk(t)aéka_l([)} 9)

exists. Note that the tuple ka_l(l)’kcr_l(Z)’""ka_l(p) is one permutation of KD k@ k), by inequation (7), we
(#) (#) (+') - /i ~ (71e")
have k\P) > kg—1(p/). From (2) and (3), R\P ) + Ak(p,) = C\P') (by letting t = p’ in Equation (3)) and R +
Ay ) = c(p’) (by letting ¢ = p’ in Equation (8)), we know that =1 (p’) > p’.
a=(p
By Equation (9), it follows that

o.—l /
k< (p))zka_l(a_l(p,)), (10)
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Letting t = 0~ (p’) in Equations (3) and (8), we obtain ~! (p’) = o~ (67! (p’)) from (3) and Equation (10). Acting &

on both sides, we obtain p’ = ¢~ (p’), which contradicts to = (p’) > p’.
AT
Therefore, we know that this p x p minor is equal to ], _; <%> . O
k

Proof of Corollary 1.22. The strategy of the proof is as follows.
The proof of Corollary 1.22 hinges on constructing a specific block-upper-triangular submatrix within Jac, (f). In the case
|I| > 0, the strategy involves partitioning the submatrix into three distinct types of blocks (utilizing a partition slightly
different from that in Remark 1.7):

(1) Diagonal blocks: Corresponding to f itself and its first-order partial derivatives.

(2) Super-diagonal blocks: Corresponding to the higher-order partial derivatives of f.

(3) Sub-diagonal blocks: Strictly zero blocks, which vanish due to Definition 1.4.
The idea is to choose the submatrix by the total degree of the row labels. Fix a value of 5. We first take the selected
rows with |R| = s — 1, and then the corresponding selected columns have either |C| = s —1 or |C| = 5. Columns with

Cc® = RO contribute diagonal entries equal to f; columns with C() — R® equal to a standard basis vector contribute the
corresponding first partial derivatives of f.

Crucially, the diagonal blocks themselves can exhibit a block-upper-triangular structure under further partition. By
leveraging the result of Theorem B, this construction forces the minor to decompose precisely into the desired product.

Now, we begin the proof.
The |I| = 0 case is obvious.
Here, we only discuss the |I| > 0 case.

Assume that

~1-|R
r=max{1$s$n|ps#{ReNl|nTlleNJRIZS—l}}. a1

It follows that: g > r > 1;r =1 < |[RO| <n—1forall1 <t < p; CO — RO e Nl and | —RO| < 1forall1 <t < p.
It is obvious that |C()] > 1 for all 1 <t < p. We can ensure that for any choice of t;,t, such that 1 <t; < t, < p, we
have R(1) < R(©2) and c(11) < C(©2) in the graded lexicographical order. Also, for such t; and t,, we have C(11) — R(11) <
c(2) — R(%2) in the graded lexicographical order if [R(1)| = [R(12)].

Consider an integer s with r < s < n and ? € N. In the following definitions, every indexing set is equipped with the
graded lexicographical order.

Let

Rey:i={ReN'||RI=s-1}, Coi5:={CeN|s-1<]|C|<s}
Among the chosen row indices, suppose that the elements with IRO| =5 —1are
©) ©)
RY,...R,.

Their positions in the ordered set R;_; are denoted by

() (s)
Py e Ty
Similarly, let
() ()
C 1 e C us
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be the corresponding chosen column indices satisfying s — 1 < |C()| < s. Their positions in the ordered set Cs_1 are

denoted by

RORIO

1 2 buge

We shall also use separate position labels according to the degree of the column index. For those chosen column indices
with |C| = s — 1, their positions in

are denoted by

{ceN||C|=s-1}

For those chosen column indices with |C| = s, their positions in

are denoted by

Thus, ug = ~ug + Tu,.

fcenN||C|=s}

+.(s)

(s)
¢ Lo tel .

tug

We show that the algorithm is valid, i.e., |IcD],1c@), ..., |cP)| should be positive from Definition 1.4. Otherwise from
the fact that C(l), c?, ..., CcP) are arranged in the lexicographical order, |C(1)| should be zero. Then, |R(1)| is also zero
from (1) — R(11) € N!. Then by 2.1)-(2.3),C®) = RO forall t = 1,2,..., p, which implies that I = (0,0, ..., 0). However,
this contradicts with the assumption that |[I| > 0.

Notice the following facts:

Fact A: From Remark 1.7, [M Py 5p-1 MU )31’32] is zero matrix for r < s, < s; < n satisfying

n—sj

Fact B: From Definition 1.4 and Corollary 1.22 (2), we have the following matrix equation:

<C<s>,c(s> c@)

90,8
M(Fs51 M) <,<s> ) r(”)
0,08

[ <_C(1s)’_c(25),_”,—c(_szl S> ]
(MUys01) .

(FOA2...0, )
(reired )

Us
(s )S,s)<r<s> 9, )
Tug+l” Tug+27 7 s ) |

2

T2 e N
2
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-®- 06 - (S)
h Cl s c2 e Coyg
where <M f )S,s—1> < (5, (S) )

is “uy X "uy diagonal matrix with diagonal elements f’s. (When
"1l g

( o) (S) (S)> <+ ROFIC R (S))
- + “ug 15 €y s Cug
ug =0 (resp. *ug = 0), [M (s, M(f)y] equals to (M (f),, ) (

((s) ). ,(s))
T
<—c(13>,—c§>,..., (s))
(1 1 )S’H) <,<s> ) (s)) »
172

lug

(resp.
S

By Definition 1.4 and Corollary 1.22 (1) and (2), the selected p X p submatrix is formed by several blocks of triangular
<C(82) 52) (Sz))
1 2 uS2
(s1) (1) (1)
<r 1 "2 Tug
this sense, the selected p x p submatrix is block upper-triangular (by Fact A) and of determinant

FONOIINO
T aerf M0 (f)ss]E(s) f) ();

STy
n—s_

—EN

2

matrices [M (Dsp,59-1 M(f)sl,sz] (where s1,s, € N satisfy r < 57,5, < n and % % eN). In

(“cgs),_c(zs),. . (S)s> <+cgs),+c(2$),..., $1)43>

det| (M(f)q 1) (9.0..,) - det (M(f)s,s>< ORI
Theorem B and Fact B H <<ﬁ (M(f) )( (\))> (*m( o) )( Q)) >>
==TANVE D U= D (e
—eN

res<n; j=1

TeN

= ] ]‘[det [M(f) M(f) ]<ES)>
- s,8—1 8,8 <§s)>

p ©_RO
Definition 1.4 H ol s = fp-lIl. H < of )
11 A xCO—RO 6xk

k=1
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