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Abstract

The higher order Nash blow-up of an algebraic variety replaces
singular points with limits of certain spaces carrying higher order
data associated to the variety at non-singular points. Inspired by
the higher order Nash blow-up, we develop higher order Jacobian
matrix theory, a generalization of the Jacobian matrix theory in
the usual sense. The most significant contribution of this work
is the higher order generalization of similarity transformation. It
bridges the two long-standing, distinct research directions in the
study of higher-order Jacobian matrices: the one from the higher
order Nash blowup of a hypersurface, and the one representing a
higher-order tangent map of a morphism. As an application, we
use it to construct different contact and right invariants of isolated
singularities, generalizing the Tjurina algebra and the Milnor alge-
bra in singularity theory respectively. It is worth mentioning that
the Tjurina algebra and the Milnor algebra were constructed using
first-order derivatives, but now we are constructing invariants us-
ing arbitrary higher-order derivatives. The higher order Jacobian
matrix theory also has potential applications and inspirations in
multiple branches of mathematics: inspiring the establishment of
higher order Hessian matrix theory and projective invariants, cal-
culating explicit expression for the inverse of an automorphism of
a power series ring, and performing explicit calculations in finite
determinacy.
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1. Introduction

1.1. Higher order Nash blow-up. One of the central problems in
singularity theory is the classification of singularities. A goal is to find
enough invariants associated to isolated singularities that one can dis-
tinguish among them up to contact equivalence (see Definition 1.11).
However, not many effective invariants are known. Moreover, most of
the known invariants, for example, the geometric genus, are in general
hard to compute. In this article, we shall introduce many new invariants
of isolated singularities which are more easily calculated. The algebra
of germs of holomorphic functions at the origin of Cl is denoted as Ol.
Ol has a unique maximal ideal m (the set of germs of holomorphic func-
tions which vanish at the origin) and can be naturally identified with
the algebra of convergent power series in l indeterminates with complex
coefficients.

Let (V, 0) be an isolated hypersurface singularity defined by a holo-
morphic function f : (Cl, 0) → (C, 0). The multiplicity mult(f) of the
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singularity (V, 0) is defined to be the order of the lowest nonvanishing
term in the power series expansion of f at 0. For any isolated hy-
persurface singularity (V, 0) ⊂ (Cl, 0) defined by f , the second author
considered the Lie algebra of derivations of the moduli algebra

A(V ) := Ol/⟨f,
∂f

∂x1
, · · · , ∂f

∂xl
⟩, i.e., L(V ) := Der(A(V ), A(V )),

and showed that L(V ) is a finite dimensional solvable Lie algebra
([Ya86], [Ya91]). L(V ) is called the Yau algebra of V in [Kh06]
and [Yu96] in order to distinguish it from other Lie algebras aris-
ing in the context of an isolated hypersurface singularity ([Al-Ma92],
[A-V-Z12]). The Yau algebra plays an important role in singularities
[Se-Ya90]. In this paper, we will introduce a series of new derivation
Lie algebras which are generalizations of the Yau algebra.

The classical Nash blow-up of an algebraic variety can be viewed as
the parameter space of the tangent spaces of smooth points and their
limits. It is natural to ask whether we can get a smooth variety by
Nash blow-ups. There has been much work on this problem, such as
González-Sprinberg [Go82], Hironaka [Hi83], Nobile [No75], Rebassoo
[Re77], and Spivakovsky [Sp90], etc. Recall the famous theorem of A.
Nobile:

Theorem 1.1 ([No75]). Let X be a variety over an algebraically
closed field of characteristic zero, then the Nash blow-up of X is an
isomorphism if and only if X is non-singular.

Theorem 1.1 (Nobile’s theorem) fails over fields of prime character-
istic. We state here a recently proved theorem for prime characteristic
under a normality condition.

Theorem 1.2 (Theorem 3.10 in [Du-Nu22]). Let X be a normal
variety over an algebraically closed field K of dimension d. Suppose
that K has prime characteristic p. If Nash1(X) ∼= X, then X is non-
singular.

This article mainly focuses on higher order Nash blow-up with the
definition given below.

Definition 1.3 (Higher Order Nash blow-up [Ya07]). Let X be a

variety of dimension d, x ∈ X, x(n) := Spec(OX,x/m
n+1
x ) its n-th infini-

tesimal neighborhood and Hilb(d+n
n )(X) is the Hilbert scheme of length(

d+n
n

)
points of X. If X is smooth at x, then x(n) is an Artinian sub-

scheme of X of length
(
d+n
n

)
. Therefore, it corresponds to a point

[x(n)] ∈ Hilb(d+n
n )(X),

which induced the following morphism of schemes,

σn : Xsm −→ Hilb(d+n
n )(X)
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where Xsm denotes the smooth locus of X. The graph of σn is canoni-
cally isomorphic to Xsm. We define the n-th order Nash blow-up of X
(called the higher order Nash blow-up with order n of X), denoted by
the higher order Nash blow-upNashn(X), to be the closure of the graph
Γσn with reduced scheme structure in X×kHilb(d+n

n )(X), together with

the projection

πn : Nashn(X) −→ X,

which is projective and birational. Moreover, it is an isomorphism over
Xsm.

In order to compute the higher order Nash blow-up, especially in the
hypersurface case, the higher-order Jacobian matrix of a polynomial
was defined in [Du17] and was rediscovered and developed further in
[B-P-D20] and [B-J-N19].

In this paper, we introduce different kinds of higher order Jacobian
matrices on top of the Jacn (F ) in [Du17] which is redefined in Defini-
tion 1.14 for simplicity.

Let F ∈ C[x1, · · · , xl]. The ideal which gives the higher order Nash
blow-up with order n of a hypersurface V (F ) is the ideal generated
by the maximal minors of Jacn(F ) ([Du17]). With this in mind it
is natural to introduce the following higher order Nash blow-up local
algebra for an isolated hypersurface singularity.

Definition 1.4 ([M-H-Y-Z23]). With the notations above.
Let F ∈ C[x1, · · · , xl] and Jacn(F ) be the Jacobian matrix with order

n. Let Jn(F ) ⊂ C [x1, · · · , xl] be the ideal generated by the maximal
minors of Jacn(F ). Then we define a new higher order Nash blow-up
local algebra of V to be: Mn(V ) := Ol/⟨F,Jn(F )⟩. We use dn(V ) to
denote the dimension of Mn(V ).

Remark 1.5. If (V, 0) is an isolated hypersurface singularity, then
it is easy to see that the M1(V ) is exactly the moduli algebra A(V ),
moreover, Mn(V ) is Artinian (cf. Corollary 2.2, [Du17]).

In [M-H-Y-Z23], the authors made the following conjecture.

Conjecture 1.6 ([M-H-Y-Z23]). Let (V, 0) be an isolated hyper-
surface singularity defined by a polynomial F (x1, · · · , xl) ∈ C [x]. Then
Mn(V ) is a contact invariant of (V, 0), i.e. it depends only on the
isomorphism class of the germ (V, 0).

In [M-H-Y-Z23], Hussain-Ma-Yau-Zuo verified the Conjecture 1.6
for l = 2, n = 2. In [F-H-Y-Z25], the Conjecture 1.6 for l = 2, n = 3 is
verified.
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We introduce general notations and conventions of the paper.

Definition 1.7. We define x :=(x1, x2, · · · , xl), x′ :=(x1, x2, · · · , xl′)
and x′′ := (x1, x2, · · · , xl′′) where l, l′, l′′ ∈ N+.

Definition 1.8. Suppose A is a finite set. We define #A as the
cardinality of A.

Definition 1.9. For the two elements i, j in a set A, δi,j means
Kronecker delta.

Definition 1.10. For α := (α1, . . . , αl) ∈ Nl, we define α! := α1! ·
α2! · · · · · αl! and |α| := α1 + α2 + · · ·+ αl.

The concepts of contact equivalence and right equivalence are classical
for analytic functions in singularity theory (cf. [G-L-S07]). We recall
them and generalize them to C [[x]].

Definition 1.11. Let F,G ∈ C [[x]], resp. F,G ∈ C {x}.
(1) F is called right equivalent to G, F

r∼ G, if there exists some
h ∈ Aut (C [[x]]), resp. h ∈ Aut (C {x}), and F = h (G).

(2) F is called contact equivalent to G, F
c∼ G, if there exists some

u ∈ (C [[x]])∗, resp. u ∈ (C {x})∗, and some h ∈ Aut (C [[x]]), resp.
h ∈ Aut (C {x}), such that F = u · h (G).

Remark 1.12. When F,G ∈ Ol, F
r∼ G iff F and G define, up to a

change of coordinates in
(
Cl,0

)
, the same map germs

(
Cl,0

)
→ (C, 0),

while F
c∼ G iff F and G have, up to coordinate change, the same

zero-fibre.

Definition 1.13. Assume that F ∈ C [[x]] (resp. F ∈ C {x}) and

I(F ) is some ideal in C [[x]] (resp. C {x}) with generators solely asso-
ciated with components of F and their various orders of partial deriva-
tives.

(1) If we have C[[x]]
h(I(F ))

∼= C[[x]]
I(h(F )) , resp.

C{x}
h(I(F ))

∼= C{x}
I(h(F )) , for any h ∈

Aut (C [[x]]), resp. h ∈ Aut (C {x}), the algebra C[[x]]
I(F ) , resp.

C{x}
I(F ) , is a

right invariant.

(2) If we have C[[x]]
h(I(F ))

∼= C[[x]]
I(u·(h(F ))) , resp.

C{x}
h(I(F ))

∼= C{x}
I(u·h(F )) , for any

h ∈ Aut (C [[x]]), resp. h ∈ Aut (C {x}), and any u ∈ (C [[x]]∗)
l′
, resp.

u ∈ (C {x}∗)l
′
, the algebra C[[x]]

I(F ) (resp. C{x}
I(F ) ) is a contact invariant.

1.2. Higher order Jacobian matrix theory. The theory of Jacobian
matrix has long been regarded as a classical approach, yet it falls short
in accurately describing higher order partial derivatives, thus limiting
its effectiveness in studying non-linear problems. The development of
higher order Jacobian matrix theory aims to compensate for the defi-
ciency.
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Higher order Jacobian matrices can be seen as a generalization of Ja-
cobian matrices that contains more than linear information. Undoubt-
edly, akin to classical Jacobian matrix theory, higher order Jacobian
matrix theory is fundamental and holds immense potential for signifi-
cant contributions across various mathematical disciplines in the future.
We show several direct applications and indirect inspirations from higher
order Jacobian matrix theory in Subsection 1.5.

The initial motivation for higher order Jacobian matrix theory is to
prove Conjecture 1.6. In this process, we want to study the relationship
between the matrix Jacn(F ) and the matrix Jacn(G) in Definition 1.14
defined below when F and G are contact equivalent under Definition
1.11.

In this paper, we introduce matrices QJacn, TJacn and ATJacn which
are also the generalizations of the Jacobian matrix.

Although the higher order Jacobian matrix arises from higher order
Nash blow-up, we shall define the matrices for any F in C [[x]] and any
C-algebra homomorphisms C [[x′]] → C [[x]].

We introduce matrices QJacn’s, TJacn’s and ATJacn’s in this sub-
section. For matrices Jacn’s and QJacn’s, we introduce Definition 1.14.
For matrices TJacn’s and ATJacn’s, we introduce Definition 1.17.

Definition 1.14. Consider F ∈ C [[x]]. Let n ∈ N+. The matrix
Jacn(F ) is defined to be a matrix whose rows are labeled by multi-
indices {a ∈ Nl : |a| ≤ n − 1} and columns by {b ∈ Nl : 1 ≤ |b| ≤ n}.
The (a, b)-entry of Jacn(F ) is{

1
(b−a)!

∂|b−a|F
∂xb−a , if b ≥ a

0, otherwise
.

Arrange the labels by graded lexicographical order.
Let n ∈ N. For the definition of matrix QJacn(F ), simply replace

{a ∈ Nl : |a| ≤ n−1} (resp. {b ∈ Nl : 1 ≤ |b| ≤ n}) by {a ∈ Nl : |a| ≤ n}
(resp. {b ∈ Nl : |b| ≤ n}) in Definition 1.14.

Remark 1.15. For F ∈ C [[x]] and n ∈ N+, Jacn(F ) is of size(
l+n−1

l

)
×
((

l+n
l

)
− 1

)
and QJacn(F ) is of size

(
l+n
l

)
×
(
l+n
l

)
.

We give some examples of Jacn (F )’s and QJacn (F )’s in Subsection
4.1.

The following two kinds of matrices TJacn and ATJacn are used for
studying the relationship between QJacn(F ) and QJacn(G) in Definition
1.14 when F and G are contact equivalent or right equivalent. (The
TJacn matrices also hold significant representational value, as discussed
in Subsection 1.3.)

Before we go further, it is needed to refer to (h)γ
(R)
(S) which is defined

in Definition 1.16.
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Definition 1.16. Let R ∈ Zl′ , S ∈ Zl and the C-algebra homomor-
phism h : C [[x′]] → C [[x]]. We define

(h)γ
(R)

(S)

:=

{∑
K∈Nl

′
;

K≤R

(
(−1)|K| ·

(
R
K

)
· h
((

x′)K) ·
∂|S|

(
h
(
(x′)R−K

))
∂xS

)
, R ∈ Nl′ and S ∈ Nl

0, otherwise

.

In particular, (h)γ
(R)
(S) is equal to 1 when R = (0, 0, · · · , 0) and S =

(0, 0, · · · , 0), and equal to 0 when R = (0, 0, · · · , 0) and |S| > 0.

Definition 1.17. Consider the C-algebra homomorphism h : C [[x′]]
→ C [[x]]. Let n ∈ N+. The matrix TJacn (h) is defined to be a matrix

whose rows are labeled by multi-indices {a ∈ Nl′ : 1 ≤ |a| ≤ n} and
columns by {b ∈ Nl : 1 ≤ |b| ≤ n}. The (a, b)-entry of TJacn (h) is
(h)γ

(a)
(b)

b! . Arrange the labels by graded lexicographical order.
Let n ∈ N+. For the definition of matrix ATJacn (h), simply replace

{a ∈ Nl′ : 1 ≤ |a| ≤ n} (resp. {b ∈ Nl : 1 ≤ |b| ≤ n} by {a ∈ Nl′ : |a| ≤
n} (resp. {b ∈ Nl : |b| ≤ n}) in Definition 1.17.

Let i, j ∈ N+. For the definition of matrix (h)Ai,j , simply replace

{a ∈ Nl′ : 1 ≤ |a| ≤ n} (resp. {b ∈ Nl : 1 ≤ |b| ≤ n} by {a ∈ Nl′ : |a| =
i} (resp. {b ∈ Nl : |b| = j}) in Definition 1.17.

Remark 1.18. For the C-algebra homomorphism h : C [[x′]] →

C [[x]], we know TJacn (h) is a matrix of the size

((
n+ l′

l′

)
− 1

)
×((

n+ l
l

)
− 1

)
and ATJacn (h) is a matrix of the size

(
n+ l′

l′

)
×(

n+ l
l

)
for arbitrary n ∈ N+.

We give some examples of TJacn (h) and ATJacn (h) in Subsection
4.2.

Theorems A, B, and C are foundational for Theorems D and E, as
they establish matrix expressions for the chain and Leibniz rules within
and between the QJacn and ATJacn matrix categories. In addition,
Theorem 2.10 is a key link in higher order Jacobian matrix theory.

For the matrix expression of the chain rule, we have Theorems A and
B.

Theorem A. For G ∈ C [[x′]] and the C-algebra homomorphism
h : C [[x′]] → C [[x]], under Definitions 1.14 and 1.17 then

h (QJacn(G)) ·ATJacn (h) = ATJacn (h) ·QJacn (h (G))

for any n ∈ N+.
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Theorem B. For the C-algebra homomorphism g : C [[x′′]] → C [[x′]]
and the C-algebra homomorphism h : C [[x′]] → C [[x]], under Definition
1.17 then

ATJacn (h ◦ g) = h (ATJacn(g)) ·ATJacn (h)

and

TJacn (h ◦ g) = h (TJacn(g)) · TJacn (h)

for any n ∈ N+ and n ∈ N respectively.

For the matrix expression of the Leibniz rule, we have Theorem C.

Theorem C. For u,G ∈ C [[x]], under Definition 1.14, then

QJacn(uG) = QJacn (u) ·QJacn(G)

for any n ∈ N+.

It is noteworthy that our definitions and properties of the aforemen-
tioned four types of matrices can be seamlessly extended to the case of
convergent power series rings. What’s more, Theorems A, B and C in
higher order Jacobian matrix theory also works for the formal power
series rings over R and the R-algebra homomorphisms between them
where R is an integral domain.

1.3. Representational remarks on the TJacn matrix. For the con-
cept of higher order Jacobian matrices, there has been different at-
tempts. As mentioned before, the Jacn matrix was constructed in
[B-P-D20], [B-J-N19] and [Du17] from the higher order Nash blowup
of a hypersurface. On the other hand, the TJacn matrix was constructed
from another background in [C-D-G21] (the matrix is named Dn

x in
[C-D-G21]), representing a higher-order tangent map of a morphism.
Crucially, we bridge these research directions by introducing the vari-
ations of matrices (i.e., QJacn(h) and ATJacn(h)) and establishing a
higher-order similarity transformation formula for these variations for
the first time (i.e., Theorem A).

Furthermore, we present distinct algorithms for computing higher-
order Jacobian matrices and explore the relationships among the ele-
ments of the TJacn(h) matrices in Section 2. The theorems in Section 2
are more intrinsic, while the matrix equations are representative. From
these intrinsic results, we directly derive the representative results (The-
orems A, B and C). Then from the three theorems we directly obtain
Theorems D and E.

Here we give an explanation to show that our construction of the
TJacn matrix is also the same matrix representation, using Theorem
2.10 in Section 2.
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For linear endomorphism h : C [[x′]] → C [[x]], we have
h (x1)
h (x2)

...
h (xl′)

 = Jac (h) ·


x1
x2
...
xl

 = Jac (h) |0 ·


x1
x2
...
xl


by the property of Jacobian matrix. For general endomorphism h :
C [[x′]] → C [[x]], what is the representation of the transformation from
the elements

x1, x2, · · · , xl, x21, x1x2, · · · , x1xl, · · · , x2l , · · ·
to the elements

h (x1) , h (x2) , · · · , h (xl′) , (h (x1))2,

h (x1)h (x2) , · · · , h (x1)h (xl′) , · · · , (h (xl′))2, · · ·?
Theorem 1.20 gives us the answer to the question.

Definition 1.19. For the C-algebra homomorphism h : C [[x′]] →

C [[x]] and n ∈ N, we define the

(
n+ l′

l′

)
× 1 column vector

BASn (h) :=


Bas(1) (h)

Bas(2) (h)
...

Bas(n) (h)


where Bas(k) (h) is a column vector with entries labeled by {I∈Nl′ : |I|=
k} arranged by graded lexicographical order. The I-entry of Bas(k) (h)

is h
(
(x′)I

)
.

Theorem 1.20. For F =
∑

I∈Nl aIx
I ∈ C [[x]] and n ∈ N, define

the n-jet truncation by

Jet(n)(F ) :=
∑
I∈Nl

|I|≤n

aIx
I ∈ C [x] .

For matrices C over C [[x]], we extend this entrywise as

Jet(n)(C) :=
(
Jet(n)(Cij)

)
.

(1) For the C-algebra homomorphisms h : C [[x′]] → C [[x]] and id ∈
Aut (C [[x]]), under Definitions 1.17 and 1.19, we have

Jet(n) (BASn (h)) = TJacn (h) |0 · BASn (id)
for arbitrary n ∈ N+.

It follows that:
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(2) For the C-algebra homomorphisms h : C [[x′]] → C [[x]] and h′ ∈
Aut (C [[x]]), under Definitions 1.17 and 1.19, we have

Jet(n) (BASn (h)) = TJacn

(
h ◦
(
h′
)−1
)
|0 · Jet(n)

(
BASn

(
h′
))

for arbitrary n ∈ N+.

Proof. (1) From Definition 1.9 and Theorem 2.10, for arbitrary n ∈
N+ and P = (p1, p2, · · · , pl′) ∈ Nl′ with 1 ≤ |P | ≤ n, we have

Jet(n)
(
h
((

x′)P)) = Jet(n)

 l′∏
i=1

pi∏
ki=1

h (xi)



= Jet(n)

 l′∏
i=1

pi∏
ki=1

∑
I(i,ki)∈Nl

∂|I(i,ki)|h(xi)

∂xI(i,ki)
|0

I(i,ki)!
· xI(i,ki)



= Jet(n)

 l′∏
i=1

pi∏
ki=1

∑
I(i,ki)∈Nl

(h)γ
(δ1,i,δ2,i,··· ,δl′,i)(
I(i,ki)

) |0

I(i,ki)!
· xI(i,ki)


=

∑
I∈Nl,|I|≤n


∑

I(i,ki)∈Nl,∀1≤i≤l′,∀1≤ki≤pi;∑l′
i=1

∑pi
ki=1 I

(i,ki)=I

l′∏
i=1

pi∏
ki=1

(h)γ
(δ1,i,δ2,i,··· ,δl′,i)(
I(i,ki)

) |0

I(i,ki)!

xI


=

∑
I∈Nl,|I|≤n

 (h)γ
(P )
(I) |0
I!

xI

 =
∑

I∈Nl,1≤|I|≤n

 (h)γ
(P )
(I) |0
I!

xI

 ,

which implies the matrix equation

Jet(n) (BASn (h)) = TJacn (h) |0 · BASn (id)

holds for the element with row index P . Therefore, we complete the
proof.

(2) From Theorem B, we know TJacn (h
′)|0 is invertible and

TJacn

((
h′
)−1
)
|0 =

(
TJacn

(
h′
)
|0
)−1

.

By Theorem B and the result of (1), we complete the proof. q.e.d.
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Remark 1.21. In Theorem 1.20, we take the value of the TJacn
matrix at the origin. In polynomial cases, we can naturally obtain such
property at other points, which is exactly the equivalent definition (of
Dn

x) in [C-D-G21].

1.4. On different generalizations of the Tjurina algebra and the
Milnor algebra. The Tjurina algebra of f ∈ C {x} (i.e. C {x} /⟨f, ∂f

∂x1
,

· · · , ∂f
∂xl

⟩) and the Milnor algebra of f ∈C {x} (i.e. C {x}/⟨ ∂f
∂x1

, · · · , ∂f
∂xl

⟩)
play pivotal roles in singularity theory (c.f. [A-V-Z12]).

One application of the Tjurina number τ (f) and the Milnor number
µ (f) of f (i.e. the dimensions of Tjurina algebra and the Milnor algebra
respectively of f) is finite determinacy (cf. Corollary 1.51).

Another application for the Tjurina algebra is the renowned Mather-
Yau Theorem.

Theorem 1.22 (Mather-Yau [G-L-S07]). We define m := ⟨x⟩ ⊂
C {x} for simplicity. Let f, g ∈ m. We define j(f) := ⟨ ∂f

∂x1
, ∂f
∂x2

, · · · , ∂f
∂xl

⟩
(similarly define j(g)).

The following are equivalent:

(1) f
c∼ g.

(2) For all b ≥ 1,

C{x}/
〈
f,mbj(f)

〉
∼= C{x}/

〈
g,mbj(g)

〉
as C-algebras.

(3) There is some b ≥ 1 such that

C{x}/
〈
f,mbj(f)

〉
∼= C{x}/

〈
g,mbj(g)

〉
as C-algebras.

Moreover, if f has an isolated singularity, then f
c∼ g iff Tf

∼= Tg,
where Tf := C{x}/⟨f, j(f)⟩ is the Tjurina algebra of f(similarly define
Tg).

Besides, J. Huh also discovers the relationship between Milnor num-
bers of projective hypersurfaces and the chromatic polynomial of graphs
([Hu12]).

In this subsection, we will give a glimpse of different generalizations
of the Tjurina algebra and the Milnor algebra for higher orders. It is
worth mentioning that the Tjurina algebra and the Milnor algebra are
constructed using first-order derivatives, but now we are constructing
invariants using arbitrary higher-order derivatives.

Based on higher order Jacobian matrices defined in Definitions 1.14
and 1.17, we introduce following ideals and algebras.
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Definition 1.23. Let F ∈ C [[x]]. For n, k ∈ N+ satisfying k ≤(
l + n− 1

l

)
, we define J (k)

n (F ) to be the ideal in C [[x]] generated by

all the (k × k)-minors of Jacn(F ) under Definition 1.14. For n, k ∈ N+

satisfying k ≤
(
l + n
l

)
, we define

(
J (k)
n

)′
(F ) to be the ideal in C [[x]]

generated by all the (k× k)-minors of QJacn (F ) under Definition 1.14.

Definition 1.24. Let F ∈ C [[x]] and we follow the notations of

Definition 1.23. For n, k ∈ N+ satisfying k ≤
(
l + n− 1

l

)
, we define

T (k)
n (F ) := C [[x]]/⟨F,J (k)

n (F )⟩.

For n, k ∈ N+ satisfying k ≤
(
l + n
l

)
, we define

(
T (k)
n

)′
(F ) := C [[x]]/

(
J (k)
n

)′
(F ) .

Theorem D. Assume that F ∈ C [[x]] and n ∈ N+. Under Defini-
tions 1.13 and 1.24 we have the following statements:

(1) For any k ∈ N+ satisfying k ≤
(
l + n− 1

l

)
, T (k)

n (F ) is a contact

invariant.

(2) For any k ∈ N+ satisfying k ≤
(
l + n
l

)
,
(
T (k)
n

)′
(F ) is a contact

invariant.
For F ∈ C {x} and n ∈ N+, the above statements still hold where the

corresponding algebras are C {x} modulo ideals in C {x} generated by
the same elements.

Remark 1.25. Theorem D completely proves Conjecture 1.6. Fur-
thermore, the newly introduced algebras are still contact invariants.

Note that: T (k)
n (F ) and

(
T (k)
n

)′
(F ) are two different ways to generalize

the Tjurina algebra; under Definitions 1.23 and 1.24, the size of minors
generating the ideals is arbitrary; F does not need the condition of iso-
lated singularity at origin. In particular, we have introduced a lot of
invariants for projective varieties.

In fact, for F ∈ C [[x]] and any k ∈ N+ satisfying k ≤
(
l + n− 1

l

)
,

the ideals have the relationship
(
J (k)
n

)′
(F ) ⊂ ⟨F,J (k)

n (F )⟩. Therefore,

the algebra
(
T (k)
n

)′
(F ) is finer than the algebra T (k)

n (F ).

We can also study generalizations of the Milnor algebra.
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Parallel to
(
T (k)
n

)′
(F ) and T (k)

n (F ), we define two kinds of totally new

algebras
(
M(k)

n

)′
(F ) and

(
M(k)

n

)′′
(F ) related to the matrices TJacn (F )

and ATJacn (F ) introduced in this paper.

Definition 1.26. Let F ∈ C [[x]]. F can be treated as the C-algebra
homomorphism

F ′ : C [[x1]] → C [[x]]

by letting F ′ (x1) := F . For n, k ∈ N+ satisfying k ≤ n, we define

T J (k)
n (F ) to be the ideal in C [[x]] generated by all the (k × k)-minors

of TJacn (F
′) under Definition 1.17.

Definition 1.27. Let F ∈ C [[x]]. F can be treated as the C-algebra
homomorphism

F ′ : C [[x1]] → C [[x]]

by letting F ′ (x1) := F . For n, k ∈ N+ satisfying k ≤ n + 1, we define

AT J (k)
n (F ) to be the ideal in C [[x]] generated by all the (k×k)-minors

of ATJacn(F
′) under Definition 1.17.

Definition 1.28. Let F ∈ C [[x]]. For n, k ∈ N+ satisfying k ≤ n,
we define (

M(k)
n

)′
(F ) := C [[x]]/T J (k)

n (F )

under Definition 1.26.

Definition 1.29. Let F ∈ C [[x]]. For n, k ∈ N+ satisfying k ≤ n+1,
we define (

M(k)
n

)′′
(F ) := C [[x]]/AT J (k)

n (F )

under Definition 1.27.

Theorem E. Let F ∈ C [[x]] and n ∈ N+. Under Definitions 1.13,
1.28 and 1.29, we have the following statements:

(1) For any k ∈ N+ satisfying k ≤ n,
(
M(k)

n

)′
(F ) is a right invariant.

(2) For any k ∈ N+ satisfying k ≤ n + 1,
(
M(k)

n

)′′
(F ) is a right

invariant.
For F ∈ C {x} and n ∈ N+, the above statements still hold where the

corresponding algebras are C {x} modulo ideals in C {x} generated by
the same elements.

Remark 1.30. Parallel to Theorem D, Theorem E states
(
M(k)

n

)′
(F )

and
(
M(k)

n

)′′
(F ) are right invariants under Definition 1.13. Note that(

M(k)
n

)′
(F ) and

(
M(k)

n

)′′
(F ) are two different ways to generalize the

Milnor algebra; Under Definitions 1.28 and 1.29, the size of minors
generating the ideals is arbitrary; F does not need the condition of
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isolated singularity at the origin. In particular, we have introduced a
lot of invariants for projective varieties.

Remark 1.31. For 1 ≤ k ≤ n, one can easily verify
(
M(k)

n

)′
(F ) =(

M(k+1)
n

)′′
(F ) under Definitions 1.28 and 1.29.

It is clear that T (k)
n (F ) and

(
M(k)

n

)′
(F ) can be viewed as gener-

alized Tjurina algebra and Milnor algebra respectively. However, both(
T (k)
n

)′
(F ) and

(
M(k)

n

)′′
(F ) are also different generalizations of Tjurina

algebra and Milnor algebra respectively. As the corollary of Theorems
D and E, we have the following classical results.

Corollary 1.32 (n = 1, l′ = 1 case: different versions of classical
result). In cases F,G ∈ C [[x]] or F,G ∈ C {x}, we have

(1) F
r∼ G implies that MF is isomorphic to MG as analytic algebras.

In particular, µ (F ) = µ (G).

(2) F
c∼ G implies that TF is isomorphic to TG as analytic algebras.

In particular, τ (F ) = τ (G).

At the end of the section, we consider a classical problem of Calabi-
Yau manifolds to show the usage of the higher order generalization of
the Tjurina and Milnor algebras.

Since the advent of mirror symmetry in string theory, there has been
a notable increase in interest and research activities concerning Calabi-
Yau manifolds, involving contributions from both physicists and mathe-
maticians. The significant attention that mirror symmetry has attracted
from the mathematical community stems from its effective prediction
of the number nk of rational curves of degree k within these manifolds.
This conjecture, referred to as the Mirror Conjecture, was elegantly ad-
dressed by Lian, Liu, and Yau in their landmark paper ([L-L-Y97]).
We consider the geometric properties of a specific class of Calabi-Yau
manifolds defined by

Xs =
{
(x1 : · · · : xl) ∈ CPl−1 : xl1 + · · ·+ xll + sx1 . . . xl = 0

}
.

We recall the following results.

Theorem 1.33 ([Eg-Ho86]). Let j(t) =
t3(t3+8)

3

(t3−1)3
be the j-invariant

of the cubic curve C̃t with equation

x30 + x31 + x32 − 3tx0x1x2 = 0, t3 ̸= 1.

Then C̃t and C̃t′, are projective equivalent if and only if j(t) = j (t′).
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Theorem 1.34 ([Ch-Ya99]). For l ≥ 5, consider the one parameter
family of Calabi-Yau manifolds

Xt =
{
(x1 : · · · : xl) ∈ CPl−1 : xl1 + · · ·+ xll + tx1 · · ·xl = 0

}
.

For arbitrary t1, t2 ∈ C, Xt1 is projective equivalent to Xt2 if and only
if tl1 = tl2.

When l = 4, we have the following conjecture, which has been a
several-decades-old problem.

Conjecture 1.35. Consider the one parameter family of Calabi-Yau
manifolds

Xt =
{
(x1 : · · · : x4) ∈ CP3 : x41 + x42 + x43 + x44 + tx1x2x3x4 = 0

}
.

For arbitrary t1, t2 ∈ C, Xt1 is projective equivalent to Xt2 if and only
if t41 = t42.

We demonstrate that Theorems D and E play a role that transcends
classical Tjurina and Milnor algebras in the computation of distinguish-
ing equivalence classes below.

We define F (t) = x41 + x42 + x43 + x44 + tx1x2x3x4 where t ∈ C.
For the C-vector space dimensions of algebras T (k)

2

(
F (t)

)
(1 ≤ k ≤ 5,

t = 0, 1) and
(
T (k)
2

)′ (
F (t)

)
(1 ≤ k ≤ 5, t = 0, 1), we have the following

results.

Table 1. Dimensions of the contact invariant T (k)
2

(
F (t)

)
k t = 0 t = 1
1 16 5
2 130 100
3 431 371
4 1012 910
5 2113 1969

Table 2. Dimensions of the contact invariant
(
T (k)
2

)′ (
F (t)

)
k t = 0 t = 1
1 16 5
2 145 101
3 565 455
4 1535 1315
5 3567 3234



232 S. FAN, S. S.-T. YAU & H. ZUO

It follows that X0 and X1 in Conjecture 1.35 are not projective equiv-
alent using Theorem D.

Also, for the dimensions of
(
M(k)

2

)′ (
F (t)

)
(k = 1, 2, t = 0, 1), we

have the following results.

Table 3. Dimensions of the right invariant
(
M(k)

2

)′ (
F (t)

)
k t = 0 t = 1
1 16 5
2 630 541

It also follows that X0 and X1 in Conjecture 1.35 are not projective
equivalent using Theorem E.

However, from the perspective of the Tjurina number and the Mil-
nor number, we cannot obtain the same conclusion, since the Tjurina
numbers τ

(
F (0)

)
and τ

(
F (1)

)
, and the Milnor numbers µ

(
F (0)

)
and

µ
(
F (1)

)
are equal to 81. It shows that the dimensions of generalized

higher order Tjurina algebras and Milnor algebras contain more infor-
mation than the classical ones.

1.5. Other applications and inspirations related to higher or-
der Jacobian matrix theory. Applications and inspirations associ-
ated with higher-order Jacobian matrices have become a prominent
topic in recent research (cf. [Ba], [C-D-G21], [deFe-Do20], [Di-St15],
[Dr-Se24], etc.).

In addition to presenting novel invariants of hypersurface singulari-
ties, the theory of higher-order Jacobian matrices possesses considerable
potential. For the convenience of the readers to realize the importance
of this theory, we include the applications aimed at addressing specific
problems, which appear in [F-Y-Z2]–[F-Y-Z4].

The three applications referenced in Subsection 1.5 leverage the re-
sults from Section 2 to generalize classical findings to their higher-order
versions. In practice, the representative results provide us with intuition
and direction, while the intrinsic results offer computational approaches.
Both are essential.

1.5.1. Higher order Hessian matrix theory and projective in-
variants. For algebraic varieties determined by homogeneous polyno-
mials of degree two (quadrics), this classification problem can be ad-
dressed through quadratic form analysis employing classical Hessian
matrix methods. In the broader context of higher-degree hypersurfaces
(degree ≥ 3), we develop an innovative theoretical framework extending
these classical constructs, which we term “higher order Hessian ma-
trix theory”, as systematically developed in our previous investigation
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[F-Y-Z2]. The main content of this work is as follows.

Definition 1.36 ([F-Y-Z2]). Let F ∈ C [[x]]. For P (1), P (2) ∈ Nl,
we define
(1)

β(P (1),P (2)) :=



((
|P (1)+P (2)|

2

)
!
)2

|P (1) + P (2)|! · P (1)! · P (2)!
, |P (1)| − |P (2)| = 0(

|P (1)+P (2)|−1
2

)
! ·
(

|P (1)+P (2)|+1
2

)
!

2 · |P (1) + P (2)|! · P (1)! · P (2)!
, |P (1)| − |P (2)| = ±1

0, otherwise

.

For p, q ∈ N+, the matrix H (F )p,q is defined to be a matrix whose

rows are labeled by multi-indices {a ∈ Nl : |a| = p} and columns by

{b ∈ Nl : |b| = q}. The (a, b)-entry ofH (F )p,q is β(a,b)·
∂|a+b|F
∂x(a+b) . Arrange

the labels by lexicographical order. Especially, we have H (F )1,1 =
1
2 Hess (F ).
For n ∈ N, the matrix AHessn (F ) is defined as

(2) AHessn (F ) :=


H (F )0,0 H (F )0,1 · · · H (F )0,n
H (F )1,0 H (F )1,1 · · · H (F )1,n

...
...

. . .
...

H (F )n,0 H (F )n,1 · · · H (F )n,n

 .

We call AHessn (F ) the n-th order of associated-Hessian matrix of F .

Theorem 1.37 ([F-Y-Z2]). For F ∈ C [[x′]] and the linear C-algebra
homomorphism h : C [[x′]] → C [[x]], with the notations in Definitions
1.17 and 1.36, we have

(3) AHessn (h (F )) = (ATJacn (h))
T · h (AHessn (F )) ·ATJacn (h)

for arbitrary n ∈ N, which is equivalent to

(4) H (h (F ))i,j =
(
(h)Ai,i

)T
· h
(
H (F )i,j

)
· (h)Aj,j

for arbitrary i, j ∈ N.

Remark 1.38. Theorem 1.37 can be regarded as higher order con-
jugate transformation. This result is inspired by the higher order simi-
larity transformation presented in Theorem B.

Building upon Theorem 1.37, significant progress has been made in
constructing novel invariants for projective manifolds in [F-Y-Z2], with
particular emphasis on Calabi-Yau varieties. These invariants—derived
through systematic applications of the rank method and determinant
method—transcend classical invariants, revealing finer structural prop-
erties.



234 S. FAN, S. S.-T. YAU & H. ZUO

Theorem 1.39 ([F-Y-Z2]). (1) For F ∈ C [[x′]], G ∈ C [[x]] and

arbitrary p, q, k ∈ N+ with 1 ≤ k ≤
(
min {p, q}+min {l, l′} − 1

min {l, l′} − 1

)
, we

denote the ideal in C [[x′]] generated by all the k× k minors in H (F )p,q

by I
(k)
1 and the ideal in C [[x]] generated by all the k × k minors in

H (G)p,q by I
(k)
2 . If there exists linear C-algebra homomorphism h :

C [[x′]] → C [[x]], such that G = h (F ), we have I
(k)
2 ⊆ h

(
I
(k)
1

)
. If

l = l′ and h ∈ Aut (C [[x]]), we have I
(k)
2 = h

(
I
(k)
1

)
.

(2) For F ∈ C [[x′]] and G ∈ C [[x]] and for arbitrary n ∈ N and

k ∈ N+ satisfying 1 ≤ k ≤
(
n+min {l, l′}
min {l, l′}

)
, we denote the ideal in

C [[x′]] generated by all the k× k minors in AHessn (F ) by J
(k)
1 and the

ideal in C [[x]] generated by all the k×k minors in AHessn (G) by J
(k)
2 . If

there exists linear C-algebra homomorphism h : C [[x′]] → C [[x]], such

that G = h (F ), we have J
(k)
2 ⊆ h

(
J
(k)
1

)
. If l = l′ and h ∈ Aut (C [[x]]),

we have J
(k)
2 = h

(
J
(k)
1

)
.

(3) Assume that F =
∑∞

i=0 F(i) (resp. G =
∑∞

i=0G(i)) is in C [[x]]
where F(i) (resp. G(i)) is zero or a homogeneous polynomial of degree
i for arbitrary i ∈ N. If there exists linear h ∈ Aut (C [[x]]) such that
G = h (F ), then for any n, n′ ∈ N and any r0, r1, r2, · · · ∈ C, we have

(5) rank

(
AHessn

( ∞∑
i=0

riF(i)

)
|0

)
= rank

(
AHessn

( ∞∑
i=0

riG(i)

)
|0

)
and

(6) rank

H

( ∞∑
i=0

riF(i)

)
n,n′

|0

 = rank

H

( ∞∑
i=0

riG(i)

)
n,n′

|0

 .

(4) Assume that F,G ∈ R [[x]]. If there exists a linear h∈Aut (R [[x]])
such that G = h (F ), then for any n ∈ N, the index of inertia of
H (F )n,n |0 (resp. AHessn (F ) |0) is the same as that of H (G)n,n |0 (resp.
AHessn (G) |0).

(5) Assume that F,G ∈ C [[x]]. If there exists a linear h∈Aut (C [[x]])
such that G = h (F ), then for any n1, n2 ∈ N+ satisfying n2 ≥ n1, we
have

det




H (G)n1,n1
|0 H (G)n1,n1+1 |0 · · · H (G)n1,n2

|0
H (G)n1+1,n1

|0 H (G)n1+1,n1+1 |0 · · · H (G)n1+1,n2
|0

...
...

. . .
...

H (G)n2,n1
|0 H (G)n2,n1+1 |0 · · · H (G)n2,n2

|0



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= det




H (F )n1,n1
|0 H (F )n1,n1+1 |0 · · · H (F )n1,n2

|0
H (F )n1+1,n1

|0 H (F )n1+1,n1+1 |0 · · · H (F )n1+1,n2
|0

...
...

. . .
...

H (F )n2,n1
|0 H (F )n2,n1+1 |0 · · · H (F )n2,n2

|0




·(det (Jac (h)))
2·
(
l + n2

l + 1

)
−2·

(
l + n1 − 1

l + 1

)
.(7)

(6) For F ∈ C [[x]] and any n1, n2, n
′
1, n

′
2, p, p

′ ∈ N+ satisfying n2 ≥
n1 and n′

2 ≥ n′
1, when

det




H
(
Fp′

)
n′
1,n′

1

|0 H
(
Fp′

)
n′
1,n′

1+1
|0 · · · H

(
Fp′

)
n′
1,n′

2

|0

H
(
Fp′

)
n′
1+1,n′

1

|0 H
(
Fp′

)
n′
1+1,n′

1+1
|0 · · · H

(
Fp′

)
n′
1+1,n′

2

|0

.

.

.
.
.
.

. . .
.
.
.

H
(
Fp′

)
n′
2,n′

1

|0 H
(
Fp′

)
n′
2,n′

1+1
|0 · · · H

(
Fp′

)
n′
2,n′

2

|0


 ̸= 0,

(
det

([
H (Fp)n1,n1

|0 · · · H (Fp)n1,n2
|0

.

.

.
. . .

.

.

.
H (Fp)n2,n1

|0 · · · H (Fp)n2,n2
|0

])) L(
l + n2

l + 1

)
−
(
l + n1 − 1

l + 1

)

det


H

(
Fp′

)
n′
1,n′

1

|0 · · · H
(
Fp′

)
n′
1,n′

2

|0

.

.

.
. . .

.

.

.

H
(
Fp′

)
n′
2,n′

1

|0 · · · H
(
Fp′

)
n′
2,n′

2

|0





L(
l + n′

2
l + 1

)
−
(
l + n′

1 − 1
l + 1

)

is a invariant under invertible linear transformation, where

L = lcm
((

l + n2

l + 1

)
−
(
l + n1 − 1

l + 1

)
,
(
l + n′

2
l + 1

)
−
(
l + n′

1 − 1
l + 1

))
.

In particular, for F ∈ C [x] homogeneous of even order m, on con-

dition that det
(
H (F )m

2
,m
2

)
̸= 0, we have a sequence of invariants

{j′n (F )}n∈N+
(we call it j′-invariant sequence) under invertible linear

transformation defined by

(8) j′n (F ) :=

(
det
(
H (Fn)nm

2
,nm

2

)) lcm

((
l + nm

2 − 1
l

)
,

(
l + m

2 − 1
l

))
(
l + nm

2 − 1
l

)

(
det
(
H (F )m

2
,m
2

)) lcm

((
l + nm

2 − 1
l

)
,

(
l + m

2 − 1
l

))
(
l + m

2 − 1
l

)
.

(7) Consider germs (X, 0) , (Y, 0) ⊂
(
Cl, 0

)
. Assume that X is defined

by F (1), F (2), · · · , F (p) ∈ C {x} and Y is defined by G(1), G(2), · · · , G(q) ∈
C {x}. We also assume that the lowest order among

F (1), F (2), · · · , F (p), G(1), G(2), · · · , G(q)
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is n. If X and Y are biholomorphically equivalent, we haverank

H

(
p∑

i=1

riF
(i)

)
⌈n
2
⌉,⌊n

2
⌋

|0

 | for all r1, r2, · · · , rp ∈ C


=

rank

H

(
q∑

i=1

siG
(i)

)
⌈n
2
⌉,⌊n

2
⌋

|0

 | for all s1, s2, · · · , sq ∈ C

 .

Especially, when p = q = 1, we have

rank

(
H
(
F (1)

)
⌈n
2
⌉,⌊n

2
⌋
|0
)

= rank

(
H
(
G(1)

)
⌈n
2
⌉,⌊n

2
⌋
|0
)
.

(8) Assume that the projective manifold X (resp. Y ) in CPl−1 is

defined by F (1), F (2), · · · , F (p) (resp. G(1), G(2), · · · , G(q)), where

F (1), F (2), · · · , F (p), G(1), G(2), · · · , G(q) ∈ C [x]

are homogeneous. If X and Y are projective equivalent, then for arbi-
trary n ∈ N+, we haverank

H

(
p∑

i=1

riF
(i)

)
⌈n
2
⌉,⌊n

2
⌋

|0

 | for all r1, r2, · · · , rp ∈ C


=

rank

H

(
q∑

i=1

siG
(i)

)
⌈n
2
⌉,⌊n

2
⌋

|0

 | for all s1, s2, · · · , sq ∈ C

 .

Especially, when p = q = 1, we have

rank

(
H
(
F (1)

)
⌈n
2
⌉,⌊n

2
⌋
|0
)

= rank

(
H
(
G(1)

)
⌈n
2
⌉,⌊n

2
⌋
|0
)
.

As an application of Theorem 1.39, we rigorously confirm Conjecture
1.35. In the course of our proof, we also utilize the following remarkable
determinant property associated with ATJacn and TJacn matrices.

Theorem 1.40 ([F-Y-Z2]). Under Definition 1.17, for

h ∈ End (C [[x]])

with l variables, we have

(9) det
(
(h)Ak,k

)
= (det (Jac (h)))

(
k + l − 1

l

)

and

(10) det (ATJack (h)) = det (TJack (h)) = (det (Jac (h)))

(
l + k
l + 1

)

for any k ∈ N+.
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Greuel and his team utilized the SINGULAR program to investigate
the Conjecture 1.35, however, no theoretical proof for complete invariant
of this family is provided.

Another important application of Theorem 1.39 is the classification
of homogeneous fewnomials with isolated singularities.

We recall a related result.

Proposition 1.41 (Proposition 3.1, [Ya-Zu16]). Let F ∈ C [x] be a
weighted homogeneous fewnomial isolated singularity with mult(F ) ≥ 3.
Then F is analytically equivalent to a linear combination of the following
three series:

The Brieskorn type: xa11 + xa22 + · · ·+ x
al−1

l−1 + xall , l ≥ 1,

The chain type: xa11 x2 + xa22 x3 + · · ·+ x
al−1

l−1 xl + xall , l ≥ 2,

The loop type: xa11 x2 + xa22 x3 + · · ·+ x
al−1

l−1 xl + xall x1, l ≥ 2.

The fewnomial singularity plays a significant role in mirror symmetry,
as pointed out by Ebeling and Takahashi ([Eb-Ta11]).

Below are the results pertaining to the cases l = 4 and l = 5 from
[F-Y-Z2].

When l = 4, let F ∈ C[x] be a homogeneous fewnomial of degree 4
with an isolated singularity. We provide all possible forms of F along
with their corresponding ranks: rank(H(F )2,2|0), rank(H(F 2)4,4|0), and
rank(H(F 3)6,6|0). It is evident that this approach effectively allows
for the study of projective inequivalence between different Calabi-Yau
manifolds in CP3 defined by various forms of F .

Table 4. The l = 4 case
F rank

(
H (F )2,2 |0

)
rank

(
H
(
F 2
)
4,4

|0
)

rank
(
H
(
F 3
)
6,6

|0
)

x4
1 + x4

2 + x4
3 + x4

4 4 22 56
x3
1x2 + x3

2x3 + x3
3x4 + x4

4 7 28 75
x3
1x2 + x3

2x3 + x3
3x4 + x3

4x1 8 34 76
x3
1x2 + x3

2x3 + x4
3 + x4

4 6 23 65
x3
1x2 + x3

2x3 + x3
3x1 + x4

4 7 28 70
x3
1x2 + x4

2 + x4
3 + x4

4 5 23 60
x3
1x2 + x3

2x1 + x4
3 + x4

4 4 22 58
x3
1x2 + x4

2 + x3
3x4 + x4

4 6 25 62
x3
1x2 + x3

2x1 + x3
3x4 + x4

4 5 23 66
x3
1x2 + x3

2x1 + x3
3x4 + x3

4x3 4 22 68

When l = 5, let F ∈ C[x] be a homogeneous fewnomial of degree 5
with an isolated singularity. We provide all possible forms of F along
with their corresponding ranks: rank(H(F )3,2|0) and rank(H(F 2)5,5|0).
It is evident that this approach effectively allows for the study of pro-
jective inequivalence between different Calabi-Yau manifolds in CP4 de-
fined by various forms of F .
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Table 5. The l = 5 case
F rank

(
H (F )3,2 |0

)
rank

(
H
(
F 2
)
5,5

|0
)

x5
1 + x5

2 + x5
3 + x5

4 + x5
5 5 45

x4
1x2 + x4

2x3 + x4
3x4 + x5

4 + x5
5 8 66

x4
1x2 + x4

2x3 + x4
3x4 + x4

4x1 + x5
5 9 77

x4
1x2 + x4

2x3 + x5
3 + x5

4 + x5
5 7 56

x4
1x2 + x4

2x3 + x4
3x1 + x5

4 + x5
5 8 63

x4
1x2 + x5

2 + x5
3 + x5

4 + x5
5 6 50

x4
1x2 + x4

2x1 + x5
3 + x5

4 + x5
5 6 51

x4
1x2 + x5

2 + x4
3x4 + x5

4 + x5
5 7 57

x4
1x2 + x4

2x1 + x4
3x4 + x5

4 + x5
5 7 58

x4
1x2 + x4

2x1 + x4
3x4 + x4

4x3 + x5
5 7 67

x4
1x2 + x4

2x3 + x4
3x1 + x4

4x5 + x4
5x4 9 87

x4
1x2 + x4

2x3 + x4
3x1 + x4

4x5 + x5
5 9 74

x4
1x2 + x4

2x3 + x5
3 + x4

4x5 + x4
5x4 8 70

x4
1x2 + x4

2x3 + x5
3 + x4

4x5 + x5
5 8 65

Moreover, the classification of projective inequivalence for nonhyper-
surface cases can be explicitly demonstrated through concrete invariant
constructions. To illustrate this principle, we present the following rep-
resentative cases.

Example 1.42 ([F-Y-Z2]). Consider projective manifolds in CP3.

Assume that X is defined by F (1) := x31x2 + x32x3 + x33x4 + x34x1 and

F (2) := x31x2+x32x3+x33x4+x44 and Y is defined by G(1) := x31x2+x42+

x43+x44 and G(2) := x41+x42+x43+x44. Then X and Y are not projective
equivalent.

Example 1.43 ([F-Y-Z2]). Consider projective manifolds in CP3.

Assume that X is defined by F (1) := x31x2 + x42 + x43 + x44 and F (2) :=

x41 + x42 + x33x4 + x44 and Y is defined by G(1) := x31x2 + x32x3 + x43 + x44
and G(2) := x41 + x42 + x33x4 + x34x3. Then X and Y are not projective
equivalent.

Example 1.44 ([F-Y-Z2]). Consider projective manifolds in CP4.

Assume that X is defined by F (1) := x41x2 + x42x3 + x43x1 + x54 + x55
and F (2) := x41x2 + x42x3 + x53 + x54 + x55 and Y is defined by G(1) :=

x41x2 + x42x1 + x53 + x54 + x55 and G(2) := x51 + x52 + x53 + x54 + x55. Then
X and Y are not projective equivalent.

Example 1.45 ([F-Y-Z2]). Consider projective manifolds in CP5.

Assume that X is defined by F (1) := x61 + x62 + x63 + x64 + x65 + x66,

F (2) := x51x2 + x62 + x63 + x64 + x65 + x66 and F (3) := x51x2 + x52x1 + x63 +

x64+x65+x66. We define G(1) := x51x2+x52x3+x53x1+x54x5+x55x6+x56x4
and G(2) := x51x2 + x52x3 + x53x1 + x54x5 + x55x6 + x66. Assume that G(1)

or G(2) is among the defining polynomials of Y . Then X and Y are not
projective equivalent.

By considering the terms with the lowest order, one can also deter-
mine the contact inequivalence (i.e. biholomorphic inequivalence), as
illustrated by the following example.
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Example 1.46 ([F-Y-Z2]). Consider germs (X, 0) , (Y, 0) ⊂
(
C6, 0

)
.

Assume X is defined by F (1), F (2), · · · , F (m1) ∈ C {x1, x2, x3, x4, x5, x6}
where m1 ≥ 3, Jet(6)

(
F (1)

)
= x61+x62+x63+x64+x65+x66, Jet

(6)
(
F (2)

)
:=

x51x2+x62+x63+x64+x65+x66, Jet
(6)
(
F (3)

)
:= x51x2+x52x1+x63+x64+x65+x66

and Jet(6)
(
F (i)

)
= 0 for i = 4, 5, · · · ,m1. Assume that G(1), G(2) ∈

C {x1, x2, x3, x4, x5, x6} with Jet(6)
(
G(1)

)
:= x51x2+x52x3+x53x1+x54x5+

x55x6+x56x4 and Jet(6)
(
G(2)

)
:= x51x2+x52x3+x53x1+x54x5+x55x6+x66.

If G(1) or G(2) vanish on Y , then X and Y are not biholomorphically
equivalent.

1.5.2. Calculating explicit expression for the inverse of an au-
tomorphism of a power series ring. The implicit function theorem
is a fundamental result that finds applications across various branches
of mathematics. In many cases, deriving an explicit expression is essen-
tial. More generally, for a given automorphism of a power series ring
over an arbitrary commutative ring with unity, our objective is to com-
pute the inverse expression. While the linear terms are determined by
the inverse of the Jacobian matrix, the computations for the nonlinear
terms become increasingly challenging.

In the univariate case, one can utilize Newton’s Lemma to explicitly
obtain the implicit function, or more broadly, the inverse of an auto-
morphism of formal power series.

Lemma 1.47 (Newton’s lemma [G-L-S07]). Let F ∈ C {x, y} and
k ∈ N+. Let Y (x) ∈ C {x} be such that, for D := ∂F

∂y (x, Y (x)), we

have
F (x, Y (x)) ∈ ⟨x⟩k · ⟨D⟩2 ⊂ C {x} .

Then there exists a Y (x) ∈ C {x} with Y (x)− Y (x) ∈ ⟨x⟩k · ⟨D⟩ such
that F (x, Y (x)) = 0.

For the multivariable nonlinear cases, S. S. Abhyankar introduced
a method to tackle the challenge of deriving explicit expressions (cf.
[Ab74]).

Theorem 1.48 ([Ab74]). For the field K with char (K) = 0 and
f ∈ Aut (K [[x]]), one can compute the expression of f−1 by
(11)

f−1 (xi) =
∑
I∈Nl

 1

I!
·
∂|I|

(
xi · det (Jac (f)) ·

∏l
j=1 (xj − f (xj))

)
∂xI


for i = 1, 2, · · · , l.

To determine the inverse up to a specified order using S. S. Ab-
hyankar’s method, one must calculate higher-order terms and then select
the relevant lower-order terms. This approach often leads to redundant
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computations in practice.
In [F-Y-Z3], we introduce two novel approaches for determining the

inverse of an automorphism of a formal power series ring over an arbi-
trary commutative ring with unity, grounded in higher order Jacobian
matrix theory. These methods can be conceived as nonlinear extensions
of the inverse matrix method and the Gaussian elimination method, re-
spectively, and they avoid the redundant computations that are common
in traditional approaches.

By employing these two methods, one can effectively derive the ex-
plicit expression in the implicit function theorem.

1.5.3. Performing explicit calculations in finite determinacy. In
singularity theory, the isolated hypersurface singularity is closely related
to finite determinacy.

We have the following definitions for finite determinacy.

Definition 1.49. For any positive integer k, F ∈ C {x} is called
right k-determined, resp. contact k-determined, in C {x}, if for each

G ∈ C {x} with Jet(k) (F ) = Jet(k) (G), we have F
r∼ G, resp. F

c∼ G,
in C {x}. The minimal such k is called the right determinacy, resp. the
contact determinacy, in C {x} of F . F is called finitely right determined,
resp. finitely contact determined, in C {x}, if f is right k-determined,
resp. contact k determined, in C {x} for some k ∈ N. We also have
parallel definitions in K [[x]].

Here are some famous results of finite determinacy.

Theorem 1.50 (Finite determinacy theorem [G-L-S07]). Let F ∈
m := ⟨x⟩ ⊂ C {x}.

(1) F is right k-determined if

mk+1 ⊂ m2 · j (F ) .

(2) F is contact k-determined if

mk+1 ⊂ m2 · j (F ) +m · ⟨F ⟩.

With the method of highest corner, Theorem 1.50 (1) also works for
the K [[x]] case with char (K) = 0 (cf. [Gr-Pf02]).

Also, we have the following relationship between the Milnor number,
Tjurina number and the finite determinacy.

Corollary 1.51 ([G-L-S07]). If f ∈ C{x}, f(0) = 0, has an isolated
singularity with Milnor number µ and Tjurina number τ , then:

(1) f is right (µ+ 1)-determined.
(2) f is contact (τ + 1)-determined.

In finite determinacy, to compute the explicit forms of h and u in Def-
inition 1.11 is also an interesting question. For this question, [F-Y-Z4]
gives a matrix method by higher order Jacobian matrix theory.
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1.6. Statement. This paper is part of Fan’s doctoral thesis and was
finished in early 2023. After this paper was finished, Q. Thuong Lê,
T. Yasuda informed the second author that they independently proved
Conjecture 1.6 ([Le-Ya25]), which is only a small part of our Theorem
D. (They also discover some results similar to Theorem C and apply
it to the proof of the conjecture.) Recently, D. Duarte etc. also in-
formed the second author that they prove a special case of Conjecture
1.6 ([B-C-D25]). It is worth mentioning that Theorem D presented in
this paper not only provides a complete proof for Conjecture 1.6, but
also introduces many generalizations of the Tjurina algebra which are
contact invariants.

In [C-D-G21], the authors present an equivalent definition of the
TJacn matrix and establish the same property as the second equation
in Theorem B. Through a distinct algorithm derived from our origi-
nal perspective, we independently derive this property. This approach
provides a straightforward implementation of the abstract definitions
outlined in [C-D-G21]. The equivalence between the two definitions
are discussed in Remark 1.21.

Acknowledgements. We thank the anonymous referee for various cor-
rections. Fan is supported by China Postdoctoral Science Foundation
2026T190823. Zuo is supported by BJNSF Grant 1252009 and NSFC
Grant 12271280. Yau is supported by the Tsinghua University Educa-
tion Foundation.

2. Proof of Theorems A, B and C

2.1. The structure of Section 2. We will prove Theorems A, B and
C in this section.

In Subsection 2.2, in addition to the calculation method of (h)γ
(R)
(S)

mentioned in Definition 1.16, we also provide two other calculation
methods.

In Subsections 2.3, 2.4 and 2.5, we use these calculation methods to
obtain the following results:

1. In Subsection 2.3, we prove Corollary 2.8 using the calculation of
(h)γ

(R)
(S) by the inclusion-exclusion principle (Definition 1.16);

2. In Subsection 2.4, we show Theorem 2.10 using the calculation of
(h)γ

(R)
(S) by ρ (Theorem 2.3);

3. In Subsection 2.5, we establish Theorem 2.11 using the calculation

of (h)γ
(R)
(S) by the exact expression (Theorem 2.4).

On the basis above, we prove Theorems A, B and C in Subsections
2.6 and 2.7.

In Subsection 2.6, we derive the matrix expression of the chain rule
(Theorems A and B) for higher order Jacobian matrices.
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In Subsection 2.7, we give a matrix expression of the Leibniz rule
(Theorem C) for higher order Jacobian matrices.

2.2. Three methods for calculating (h)γ
(R)
(S) . We introduce the fol-

lowing definition based on the inclusion-exclusion principle in Defini-
tion 1.16. In this subsection, we introduce other methods of calculating
(h)γ

(R)
(S) to better apply this new concept. First we introduce two lemmas.

Lemma 2.1. For l′ ∈ N+ and B ∈ Nl′ satisfying |B| > 0, we have∑
K∈Nl′ ;
K≤B

(
(−1)|K| ·

(
B
K

))
= 0.

Proof. Let B = (b1, b2, · · · , bl′), we have the expansion

l′∏
t=1

(1− xt)
bt =

∑
K∈Nl′ ;
K≤B

(
(−1)|K| ·

(
B
K

)
·
(
x′)K) .

Letting x′ = (1, 1, · · · , 1), we complete the proof. q.e.d.

Lemma 2.2. For the C-algebra homomorphism h : C [[x′]] → C [[x]],

R := (r1, r2, · · · , rl′) ∈ Nl′ and S := (s1, s2, · · · , sl) ∈ Nl, |R| > 0,
|S| > 0, we have

∂|S|
(
h
(
(x′)R

))
∂xS

=
∑

ρ:{(d,id)∈N2
+:1≤d≤l,1≤id≤sd}→{(t,jt)∈N2

+:1≤t≤l′,1≤jt≤rt}

l′∏
t=1

rt∏
qt=1

∂
|
(∑s1

i1=1 δ(t,qt),ρ(1,i1),··· ,
∑sl

il=1 δ(t,qt),ρ(l,il)

)
|
h (xt)

∂x

(∑s1
i1=1 δ(t,qt),ρ(1,i1),··· ,

∑sl
il=1 δ(t,qt),ρ(l,il)

) .

Proof. When |S| = 1, the equation is trivial.
If the equation holds when 1 ≤ |S| ≤ s0 − 1 for some s0 ≥ 2, we

consider the |S| = s0 case. There exists 1 ≤ k ≤ l such that sk > 0. By
induction, we have

∂|S|−1
(
h
(
(x′)R

))
∂xS−(δ1,k,δ2,k,··· ,δl,k)

=
∑

ρ:{(d,id)∈N2
+:1≤d≤l,1≤id≤sd−δd,k}→{(t,jt)∈N2

+:1≤t≤l′,1≤jt≤rt}

l′∏
t=1

rt∏
qt=1
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∂
|
(∑s1−δ1,k

i1=1 δ(t,qt),ρ(1,i1),··· ,
∑sl−δl,k

il=1 δ(t,qt),ρ(l,il)

)
|
h (xt)

∂x

(∑s1−δ1,k
i1=1 δ(t,qt),ρ(1,i1),··· ,

∑sl−δl,k
il=1 δ(t,qt),ρ(l,il)

) .

Below, for simplicity, we denote

T1 =

s1−δ1,k∑
i1=1

δ(t,qt),ρ(1,i1) + δ1,k · δ(t,qt),(j,wj), · · · ,

sl−δl,k∑
il=1

δ(t,qt),ρ(l,il) + δl,k · δ(t,qt),(j,wj)


and

T2 =

s1−δ1,k∑
i1=1

δ(t,qt),ρ(1,i1) + δ1,k · δ(t,qt),ρ(k,sk), · · · ,

sl−δl,k∑
il=1

δ(t,qt),ρ(l,il) + δl,k · δ(t,qt),ρ(k,sk)

 .

Acting ∂
∂xk

on both sides of the equation, we obtain

∂|S|
(
h
(
(x′)R

))
∂xS

=
∑

ρ:{(d,id)∈N2
+:1≤d≤l,1≤id≤sd−δd,k}→{(t,jt)∈N2

+:1≤t≤l′,1≤jt≤rt}
l′∑

j=1

rj∑
wj=1

l′∏
t=1

rt∏
qt=1

∂|T1|h (xt)

∂xT1

=
∑

ρ:{(d,id)∈N2
+:1≤d≤l,1≤id≤sd}→{(t,jt)∈N2

+:1≤t≤l′,1≤jt≤rt}
l′∏

t=1

rt∏
qt=1

∂|T2|h (xt)

∂xT2

=
∑

ρ:{(d,id)∈N2
+:1≤d≤l,1≤id≤sd}→{(t,jt)∈N2

+:1≤t≤l′,1≤jt≤rt}
l′∏

t=1

rt∏
qt=1

∂
|
(∑s1

i1=1 δ(t,qt),ρ(1,i1),··· ,
∑sl

il=1 δ(t,qt),ρ(l,il)

)
|
h (xt)

∂x

(∑s1
i1=1 δ(t,qt),ρ(1,i1),··· ,

∑sl
il=1 δ(t,qt),ρ(l,il)

)
with the second equation obtained by assigning ρ (k, sk) = (j, wj) where
1 ≤ j ≤ l and 1 ≤ wj ≤ rj . Therefore the proof is complete. q.e.d.
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In Theorem 2.3 below, we obtain the calculation method of (h)γ
(R)
(S)

by ρ.

Theorem 2.3. For the C-algebra homomorphism h :C [[x′]]→C [[x]],

R := (r1, r2, · · · , rl′) ∈ Nl′, S := (s1, s2, · · · , sl) ∈ Nl, |R| > 0 and
|S| > 0, we have

(h)γ
(R)

(S)

=
∑

ρ:{(d,id)∈N2
+:1≤d≤l,1≤id≤sd}→{(t,jt)∈N2

+:1≤t≤l′,1≤jt≤rt};
Im ρ={(t,jt)∈N2

+:1≤t≤l′,1≤jt≤rt}

l′∏
t=1

rt∏
qt=1

∂
|
(∑s1

i1=1 δ(t,qt),ρ(1,i1),··· ,
∑sl

il=1 δ(t,qt),ρ(l,il)

)
|
h (xt)

∂x

(∑s1
i1=1 δ(t,qt),ρ(1,i1),··· ,

∑sl
il=1 δ(t,qt),ρ(l,il)

) .

In particular, when
|R| > |S| > 0,

we have (h)γ
(R)
(S) = 0.

Proof. By Lemmas 2.1 and 2.2 and the inclusion-exclusion principle,
the equation in Definition 1.16 can be written in the form of

(h)γ
(R)

(S) =
∑

K∈Nl′ ;
K≤R

(−1)|K| ·
(
R
K

)
· h
((

x′)K) · ∂|S|
(
h
(
(x′)R−K

))
∂xS



=
∑

K=(k1,k2,··· ,kl′ )∈Nl′ ;
K≤R

(−1)|K| ·
(
R
K

)
· h
((

x′)K)

·

 ∑
ρ:{(d,id)∈N2

+:1≤d≤l,1≤id≤sd}→{(t,jt)∈N2
+:1≤t≤l′,1≤jt≤rt−kt}

l′∏
t=1

rt−kt∏
qt=1

∂
|
(∑s1

i1=1 δ(t,qt),ρ(1,i1),··· ,
∑sl

il=1 δ(t,qt),ρ(l,il)

)
|
h (xt)

∂x

(∑s1
i1=1 δ(t,qt),ρ(1,i1),··· ,

∑sl
il=1 δ(t,qt),ρ(l,il)

)


=
∑

K=(k1,k2,··· ,kl′ )∈Nl′ ;
K≤R;

∑
1≤p

(1)
t <p

(2)
t <···<p

(kt)
t ≤rt,∀1≤t≤l′ satisfying kt ̸=0∑

ρ:{(d,id)∈N2
+:1≤d≤l,1≤id≤sd}→{(t,jt)∈N2

+:1≤t≤l′,1≤jt≤rt};(
∪ 1≤t≤l′ satisfying kt ̸=0

{(
t,p

(1)
t

)
,
(
t,p

(2)
t

)
,··· ,

(
t,p

(kt)
t

)})
∩ Im ρ=∅
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l′∏
t=1

(−1)kt ·
rt∏

qt=1

∂
|
(∑s1

i1=1 δ(t,qt),ρ(1,i1),··· ,
∑sl

il=1 δ(t,qt),ρ(l,il)

)
|
h (xt)

∂x

(∑s1
i1=1 δ(t,qt),ρ(1,i1),··· ,

∑sl
il=1 δ(t,qt),ρ(l,il)

)


=
∑

ρ:{(d,id)∈N2
+:1≤d≤l,1≤id≤sd}→{(t,jt)∈N2

+:1≤t≤l′,1≤jt≤rt};
bt=#({(t,jt)∈N2

+:1≤jt≤rt}\ Im ρ),∀1≤t≤l′

l′∏
t=1

 bt∑
kt=0

(−1)kt ·
(
bt
kt

)
·

 rt∏
qt=1

∂
|
(∑s1

i1=1 δ(t,qt),ρ(1,i1),··· ,
∑sl

il=1 δ(t,qt),ρ(l,il)

)
|
h (xt)

∂x

(∑s1
i1=1 δ(t,qt),ρ(1,i1),··· ,

∑sl
il=1 δ(t,qt),ρ(l,il)

)


=
∑

ρ:{(d,id)∈N2
+:1≤d≤l,1≤id≤sd}→{(t,jt)∈N2

+:1≤t≤l′,1≤jt≤rt};
bt=#({(t,jt)∈N2

+:1≤jt≤rt}\ Im ρ),∀1≤t≤l′ ∑
0≤kt≤bt,∀1≤t≤l′

(
(−1)

∑l′
t=1 kt ·

l′∏
t=1

(
bt
kt

)) ·

 l′∏
t=1

rt∏
qt=1

∂
|
(∑s1

i1=1 δ(t,qt),ρ(1,i1),··· ,
∑sl

il=1 δ(t,qt),ρ(l,il)

)
|
h (xt)

∂x

(∑s1
i1=1 δ(t,qt),ρ(1,i1),··· ,

∑sl
il=1 δ(t,qt),ρ(l,il)

)


=
∑

ρ:{(d,id)∈N2
+:1≤d≤l,1≤id≤sd}→{(t,jt)∈N2

+:1≤t≤l′,1≤jt≤rt};
Im ρ={(t,jt)∈N2

+:1≤t≤l′,1≤jt≤rt}

l′∏
t=1

rt∏
qt=1

∂
|
(∑s1

i1=1 δ(t,qt),ρ(1,i1),··· ,
∑sl

il=1 δ(t,qt),ρ(l,il)

)
|
h (xt)

∂x

(∑s1
i1=1 δ(t,qt),ρ(1,i1),··· ,

∑sl
il=1 δ(t,qt),ρ(l,il)

) .

In particular, when

|R| > |S| > 0,

we have (h)γ
(R)
(S) = 0.

Therefore the proof is complete. q.e.d.

From the latter part of this section, we obtain the exact expression of
(h)γ

(R)
(S) in Theorem 2.4, which is the third calculation method.
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Theorem 2.4. For the C-algebra homomorphism h :C [[x′]]→C [[x]],

R := (r1, r2, · · · , rl′) ∈ Nl′, S ∈ Nl and |R| > 0, we have

(h)γ
(R)

(S) =
∑

∑l′
i=1

∑ri
qi=1 a

(i)(qi)=S;

a(i)(qi)∈Nl,∀1≤i≤l′,∀1≤qi≤ri, if ri>0;

|a(i)(qi)|>0,∀1≤i≤l′,∀1≤qi≤ri, if ri>0 S!∏l′

t=1

∏rt
qt=1 a

(t) (qt)!
·

l′∏
t=1

rt∏
qt=1

∂|a(t)(qt)| (h (xt))

∂xa(t)(qt)

 .

In particular, when S = (0, 0, · · · , 0), we have (h)γ
(R)
(S) = 0.

Proof. It follows immediately from Theorem 2.10. q.e.d.

Remark 2.5. From Definition 1.16, Theorems 2.3 and 2.4, we have

obtained three methods to calculate the new definition (h)γ
(R)
(S) . Namely,

the calculation by the inclusion-exclusion principle, the calculation by
ρ and the calculation by the exact expression.

In the next three subsections, we will develop three different branches
by the three methods respectively.

2.3. Applications for the calculation of (h)γ
(R)
(S) by the inclusion-

exclusion principle. The calculation of (h)γ
(R)
(S) by the inclusion-exclu-

sion principle is useful mainly in studying the partial derivative proper-

ties of (h)γ
(R)
(S) by the Leibniz rule, since the formula does not include new

concepts and is easy to calculate derivatives. To describe the relation-
ships in swapping the order between homomorphisms and derivatives in
Corollary 2.8 is the main goal in this subsection, which ultimately con-
tributes to the construction of the equation of matrices in Theorem A.

We first introduce a result, which is fundamental in this subsection.

Theorem 2.6. For the C-algebra homomorphism h :C [[x′]]→C [[x]],

R = (r1, r2, · · · , rl′) ∈ Nl′ and S ∈ Nl, we have

∂
(
(h)γ

(R)
(S)

)
∂xj

= (h)γ
(R)

(S+(δ1,j ,δ2,j ,··· ,δl,j))

−
l′∑

i=1

(
ri · (h)γ

(δ1,i,δ2,i,··· ,δl′,i)
(δ1,j ,δ2,j ,··· ,δl,j)

· (h)γ(R−(δ1,i,δ2,i,··· ,δl′,i))
(S)

)
for 1 ≤ j ≤ l under Definition 1.16.

Proof. Assume that S := (s1, s2, · · · , sl) ∈ Nl.
The equation is obvious when |R| = 0 by Definition 1.16. We discuss

the |R| ≥ 1 case.
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Acting
∂

∂xj
on both sides of the equation

(h)γ
(R)

(S) =
∑

K∈Nl′ ;
K≤R

(−1)|K| ·
(
R
K

)
· h
((

x′)K) · ∂|S|
(
h
(
(x′)R−K

))
∂xS



in Definition 1.16, we obtain

∂
(
(h)γ

(R)
(S)

)
∂xj

=
∑

K=(k1,k2,··· ,kl′ )∈Nl′ ;
K≤R

(−1)|K| ·
(
R
K

)
·

 l′∑
i=1

ki · (h)γ
(δ1,i,δ2,i,··· ,δl′,i)
(δ1,j ,δ2,j ,··· ,δl,j)

·
∏

1≤t≤l′ satisfying kt≥δi,t

(h (xt))
kt−δi,t


·
∂|S|

(
h
(
(x′)R−K

))
∂xS


+h
((

x′)K) · ∂|S|+1
(
h
(
(x′)R−K

))
∂xS+(δ1,j ,δ2,j ,··· ,δl,j)


=

∑
K=(k1,k2,··· ,kl′ )∈Nl′ ;

K≤R

(−1)|K| ·
(
R
K

)
·

∑
1≤i≤l′ satisfying ki≥1ki · (h)γ

(δ1,i,δ2,i,··· ,δl′,i)
(δ1,j ,δ2,j ,··· ,δl,j)

·
∏

1≤t≤l′ satisfying kt≥δi,t

(h (xt))
kt−δi,t


·
∂|S|

(
h
(
(x′)R−K

))
∂xS

+ (h)γ
(R)

(S+(δ1,j ,δ2,j ,··· ,δl,j))

=

l′∑
i=1

∑
K=(k1,k2,··· ,kl′ )∈Nl′ ;

(δi,1,δi,2,··· ,δi,l′)≤K≤R

(−1)|K| ·
(
R
K

)
· ki · (h)γ

(δ1,i,δ2,i,··· ,δl′,i)
(δ1,j ,δ2,j ,··· ,δl,j)

·

h
((

x′)K−(δi,1,δi,2,··· ,δi,l′)
)
·
∂|S|

(
h
(
(x′)R−K

))
∂xS

+(h)γ
(R)

(S+(δ1,j ,δ2,j ,··· ,δl,j))
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=
l′∑

i=1

∑
K=(k1,k2,··· ,kl′ )∈Nl′ ;

K≤R−(δi,1,δi,2,··· ,δi,l′)(−1)|K|+1 ·
(

R
K +

(
δi,1, δi,2, · · · , δi,l′

)) · (ki + 1) · (h)γ(δ1,i,δ2,i,··· ,δl′,i)
(δ1,j ,δ2,j ,··· ,δl,j)

·

h
((

x′)K) · ∂|S|
(
h
(
(x′)R−K−(δi,1,δi,2,··· ,δi,l′)

))
∂xS


+(h)γ

(R)

(S+(δ1,j ,δ2,j ,··· ,δl,j))

= (h)γ
(R)

(S+(δ1,j ,δ2,j ,··· ,δl,j))

−
l′∑

i=1

(
ri · (h)γ

(δ1,i,δ2,i,··· ,δl′,i)
(δ1,j ,δ2,j ,··· ,δl,j)

· (h)γ(R−(δ1,i,δ2,i,··· ,δl′,i))
(S)

)
.

Therefore the proof is complete. q.e.d.

With this result, we can study the derivatives of the composite func-
tions.

Theorem 2.7. For G ∈ C [[x′]] and the C-algebra homomorphism
h : C [[x′]] → C [[x]] and S ∈ Nl satisfying |S| ≥ 1, we have

∂|S|h (G)

∂xS
=

∑
W∈Nl′ ;

1≤|W |≤|S|

h

 ∂|W |G
∂(x′)W

W !

 · (h)γ(W )

(S)


under Definition 1.16.

Proof. When |S| = 1, it is clear that for any 1 ≤ j ≤ l and S =
(δ1,j , δ2,j , · · · , δl,j), the formula holds.

Assume that the formula still holds for any 1 ≤ |S| ≤ s0 − 1 where
s0 ∈ N+ and s0 ≥ 2. We prove that the formula also holds for the
|S| = s0 case.

When |S| = s0, there exists some 1 ≤ j ≤ l such that the j-th
component of S is no less than 1. By Theorems 2.3 and 2.6, it follows
that

∂|S|h (G)

∂xS
=

∂

(
∂|S|−1h(G)

∂x
S−(δ1,j ,δ2,j ,··· ,δl,j)

)
∂xj
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=
∑

W∈Nl′ ;
1≤|W |≤s0−1


∂

(
h

(
∂|W |G
∂(x′)W

))
∂xj

W !
· (h)γ(W )

(S−(δ1,j ,δ2,j ,··· ,δl,j))

+h

 ∂|W |G
∂(x′)W

W !

 ·
∂
(
(h)γ

(W )

(S−(δ1,j ,δ2,j ,··· ,δl,j))

)
∂xj



=
l′∑

i=1

∑
W∈Nl′ ;

1≤|W |≤s0−1

h


∂|W |+1G

∂(x′)
W+(δ1,i,δ2,i,··· ,δl′,i)

W !



·(h)γ(δ1,i,δ2,i,··· ,δl′,i)
(δ1,j ,δ2,j ,··· ,δl,j)

· (h)γ(W )

(S−(δ1,j ,δ2,j ,··· ,δl,j))


+

∑
W=(w1,w2,··· ,wl′ )∈Nl′ ;

1≤|W |≤s0−1

h
 ∂|W |G

∂(x′)W

W !

 ·

(
(h)γ

(W )

(S) −
l′∑

i=1

wi · (h)γ
(δ1,i,δ2,i,··· ,δl′,i)
(δ1,j ,δ2,j ,··· ,δl,j)

· (h)γ(W−(δ1,i,δ2,i,··· ,δl′,i))
(S−(δ1,j ,δ2,j ,··· ,δl,j))

)

=

l′∑
i=1

∑
W∈Nl′ ;

1≤|W |≤s0−1

h


∂|W |+1G

∂(x′)
W+(δ1,i,δ2,i,··· ,δl′,i)

W !



·(h)γ(δ1,i,δ2,i,··· ,δl′,i)
(δ1,j ,δ2,j ,··· ,δl,j)

· (h)γ(W )

(S−(δ1,j ,δ2,j ,··· ,δl,j))


−

l′∑
i=1

∑
W∈Nl′ ;

1≤|W |≤s0−1;
wi≥1

h

 ∂|W |G
∂(x′)W(

W −
(
δ1,i, δ2,i, · · · , δl′,i

))
!



·(h)γ(δ1,i,δ2,i,··· ,δl′,i)
(δ1,j ,δ2,j ,··· ,δl,j)

· (h)γ(W−(δ1,i,δ2,i,··· ,δl′,i))
(S−(δ1,j ,δ2,j ,··· ,δl,j))


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+
∑

W∈Nl′ ;
1≤|W |≤s0−1

h
(

∂|W |G
∂(x′)W

)
W !

· (h)γ(W )

(S)



=
l′∑

i=1

∑
W∈Nl′ ;

|W |≤s0−1

h


∂|W |+1G

∂(x′)
W+(δ1,i,δ2,i,··· ,δl′,i)

W !



·(h)γ(δ1,i,δ2,i,··· ,δl′,i)
(δ1,j ,δ2,j ,··· ,δl,j)

· (h)γ(W )

(S−(δ1,j ,δ2,j ,··· ,δl,j))



−
l′∑

i=1

∑
W∈Nl′ ;

|W |≤s0−2

h


∂|W |+1G

∂(x′)
W+(δ1,i,δ2,i,··· ,δl′,i)

W !



·(h)γ(δ1,i,δ2,i,··· ,δl′,i)
(δ1,j ,δ2,j ,··· ,δl,j)

· (h)γ(W )

(S−(δ1,j ,δ2,j ,··· ,δl,j))


+

∑
W∈Nl′ ;

1≤|W |≤s0−1

h
(

∂|W |G
∂(x′)W

)
W !

· (h)γ(W )

(S)



=
l′∑

i=1

∑
W∈Nl′ ;

|W |=s0−1

h


∂|W |+1G

∂(x′)
W+(δ1,i,δ2,i,··· ,δl′,i)

W !



·(h)γ(δ1,i,δ2,i,··· ,δl′,i)
(δ1,j ,δ2,j ,··· ,δl,j)

· (h)γ(W )

(S−(δ1,j ,δ2,j ,··· ,δl,j))


+

∑
W∈Nl′ ;

1≤|W |≤s0−1

h
(

∂|W |G
∂(x′)W

)
W !

· (h)γ(W )

(S)



=
l′∑

i=1

∑
W=(w1,w2,··· ,wl′ )∈Nl′ ;

|W |=s0;
wi≥1
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(

∂|W |G
∂(x′)W

)
W !

·
(
wi · (h)γ

(δ1,i,δ2,i,··· ,δl′,i)
(δ1,j ,δ2,j ,··· ,δl,j)

· (h)γ(W−(δ1,i,δ2,i,··· ,δl′,i))
(S−(δ1,j ,δ2,j ,··· ,δl,j))

)
+

∑
W∈Nl′ ;

1≤|W |≤s0−1

h
(

∂|W |G
∂(x′)W

)
W !

· (h)γ(W )

(S)


=

∑
W=(w1,w2,··· ,wl′ )∈Nl′ ;

|W |=s0;
wi≥1h

(
∂|W |G
∂(x′)W

)
W !

·
l′∑

i=1

(
wi · (h)γ

(δ1,i,δ2,i,··· ,δl′,i)
(δ1,j ,δ2,j ,··· ,δl,j)

· (h)γ(W−(δ1,i,δ2,i,··· ,δl′,i))
(S−(δ1,j ,δ2,j ,··· ,δl,j))

)
+

∑
W∈Nl′ ;

1≤|W |≤s0−1

h
(

∂|W |G
∂(x′)W

)
W !

· (h)γ(W )

(S)



=
∑

W∈Nl′ ;
1≤|W |≤s0

h
(

∂|W |G
∂(x′)W

)
W !

· (h)γ(W )

(S)

−
∑

W=(w1,w2,··· ,wl′ )∈Nl′ ;
|W |=s0;
wi≥1

h
(

∂|W |G
∂(x′)W

)
W !

·

(
(h)γ

(W )

(S) −
l′∑

i=1

(
wi · (h)γ

(δ1,i,δ2,i,··· ,δl′,i)
(δ1,j ,δ2,j ,··· ,δl,j)

· (h)γ(W−(δ1,i,δ2,i,··· ,δl′,i))
(S−(δ1,j ,δ2,j ,··· ,δl,j))

))
=

∑
W∈Nl′ ;

1≤|W |≤s0

h
(

∂|W |G
∂(x′)W

)
W !

· (h)γ(W )

(S)



−
∑

W=(w1,w2,··· ,wl′ )∈Nl′ ;
|W |=s0;
wi≥1

h
(

∂|W |G
∂(x′)W

)
W !

·
∂
(
(h)γ

(W )

(S−(δ1,j ,δ2,j ,··· ,δl,j))

)
∂xj



=
∑

W∈Nl′ ;
1≤|W |≤s0

h

 ∂|W |G
∂(x′)W

W !

 · (h)γ(W )

(S)

 .

We’ve completed the proof of the formula for the |S| = s0 case.
Therefore, we complete the proof. q.e.d.
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We may transform the formula in Theorem 2.7 slightly to cater for the
proof of Theorem A.

Corollary 2.8. For G ∈ C [[x′]] and the C-algebra homomorphism
h : C [[x′]] → C [[x]], S ∈ Nl, we have

∂|S|h (G)

∂xS
=

∑
W∈Nl′ ;
|W |≤|S|

h

 ∂|W |G
∂(x′)W

W !

 · (h)γ(W )

(S)


under Definition 1.16.

Proof. The |S| = 0 case is obvious. For the |S| ≥ 1 case, we know
(h)γ

(0,0,··· ,0)
(S) = 0 by Definition 1.16. By Theorem 2.7, the proof is com-

plete. q.e.d.

2.4. Applications for the calculation of (h)γ
(R)
(S) by ρ. Generally

speaking, the calculation of (h)γ
(R)
(S) by ρ is useful in decomposing

(h)γ
(R)
(S) ’s with larger |R| and |S| into those with smaller |R| and |S|.

The main result in this subsection is Theorem 2.10.

Theorem 2.9. For the C-algebra homomorphism h :C [[x′]]→C [[x]],

R ∈ Zl′, S ∈ Zl and I ∈ Nl′ satisfying I ≤ R, we have

(h)γ
(R)
(S)

S!
=
∑
J∈Nl;
J≤S

 (h)γ
(I)
(J)

J !
·
(h)γ

(R−I)
(S−J)

(S − J)!

 .

Proof. We only need to verify the case when R ∈ Nl′ , S ∈ Nl, |R| > 0
and |S| > 0 are satisfied at the same time.

Assume that R := (r1, r2, · · · , rl′) ∈ Zl′ , S := (s1, s2, · · · , sl) ∈ Zl and

I =
(
i(1), i(2), · · · , i(l′)

)
∈ Nl′ .

For the |I| = 0 case and the |I| = |R| case, the equation holds by
Definition 1.16.

We consider the 0 < |I| < |R| case. From Theorem 2.3, we obtain

(h)γ
(R)

(S)

=
∑

ρ:{(d,id)∈N2
+:1≤d≤l,1≤id≤sd}→{(t,jt)∈N2

+:1≤t≤l′,1≤jt≤rt};
Im ρ={(t,jt)∈N2

+:1≤t≤l′,1≤jt≤rt}

l′∏
t=1

rt∏
qt=1

∂
|
(∑s1

i1=1 δ(t,qt),ρ(1,i1),··· ,
∑sl

il=1 δ(t,qt),ρ(l,il)

)
|
h (xt)

∂x

(∑s1
i1=1 δ(t,qt),ρ(1,i1),··· ,

∑sl
il=1 δ(t,qt),ρ(l,il)

)
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=
∑

ρ:{(d,id)∈N2
+:1≤d≤l,1≤id≤sd}→{(t,jt)∈N2

+:1≤t≤l′,1≤jt≤rt};
Im ρ={(t,jt)∈N2

+:1≤t≤l′,1≤jt≤rt} l′∏
t=1

i(t)∏
qt=1

∂
|
(∑s1

i1=1 δ(t,qt),ρ(1,i1),··· ,
∑sl

il=1 δ(t,qt),ρ(l,il)

)
|
h (xt)

∂x

(∑s1
i1=1 δ(t,qt),ρ(1,i1),··· ,

∑sl
il=1 δ(t,qt),ρ(l,il)

)


·

 l′∏
t=1

rt∏
qt=i(t)+1

∂
|
(∑s1

i1=1 δ(t,qt),ρ(1,i1),··· ,
∑sl

il=1 δ(t,qt),ρ(l,il)

)
|
h (xt)

∂x

(∑s1
i1=1 δ(t,qt),ρ(1,i1),··· ,

∑sl
il=1 δ(t,qt),ρ(l,il)

)


=
∑

J=(j(1),j(2),··· ,j(l))∈Nl;

|I|≤|J |≤|S|−|R|+|I|;
J≤S∑

ρ:{(d,id)∈N2
+:1≤d≤l,1≤id≤sd}→{(t,jt)∈N2

+:1≤t≤l′,1≤jt≤rt};
Im ρ={(t,jt)∈N2

+:1≤t≤l′,1≤jt≤rt};
#({(d,1),(d,2),··· ,(d,sd)}∩ρ−1({(t,jt)∈N2

+:1≤t≤l′,1≤jt≤i(t)}))=j(d),∀1≤d≤l l′∏
t=1

i(t)∏
qt=1

∂
|
(∑s1

i1=1 δ(t,qt),ρ(1,i1),··· ,
∑sl

il=1 δ(t,qt),ρ(l,il)

)
|
h (xt)

∂x

(∑s1
i1=1 δ(t,qt),ρ(1,i1),··· ,

∑sl
il=1 δ(t,qt),ρ(l,il)

)


·

 l′∏
t=1

rt∏
qt=i(t)+1

∂
|
(∑s1

i1=1 δ(t,qt),ρ(1,i1),··· ,
∑sl

il=1 δ(t,qt),ρ(l,il)

)
|
h (xt)

∂x

(∑s1
i1=1 δ(t,qt),ρ(1,i1),··· ,

∑sl
il=1 δ(t,qt),ρ(l,il)

)


=
∑

J=(j(1),j(2),··· ,j(l))∈Nl;

|I|≤|J |≤|S|−|R|+|I|;
J≤S


(

S!

J ! · (S − J)!

)

·


∑

ρ(1):{(d,id)∈N2
+:1≤d≤l,1≤id≤j(d)}→{(t,jt)∈N2

+:1≤t≤l′,1≤jt≤i(t)};
Im ρ(1)={(t,jt)∈N2

+:1≤t≤l′,1≤jt≤i(t)}

l′∏
t=1

i(t)∏
qt=1

∂
|
(∑j(1)

i1=1 δ(t,qt),ρ(1)(1,i1)
,··· ,

∑j(l)

il=1 δ(t,qt),ρ(1)(l,il)

)
|
h (xt)

∂x

(∑j(1)

i1=1 δ(t,qt),ρ(1)(1,i1)
,··· ,

∑j(l)

il=1 δ(t,qt),ρ(1)(l,il)

)

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·


∑

ρ(2):{(d,id)∈N2
+:1≤d≤l,1≤id≤sd−j(d)}→{(t,jt)∈N2

+:1≤t≤l′,1≤jt≤rt−i(t)};
Im ρ(2)={(t,jt)∈N2

+:1≤t≤l′,1≤jt≤rt−i(t)}

l′∏
t=1

rt−i(t)∏
qt=1

∂
|
(∑s1−j(1)

i1=1 δ
(t,qt),ρ

(2)(1,i1)
,··· ,

∑sl−j(l)

il=1 δ
(t,qt),ρ

(2)(l,il)

)
|
h (xt)

∂x

(∑s1−j(1)

i1=1 δ
(t,qt),ρ

(2)(1,i1)
,··· ,

∑sl−j(l)

il=1 δ
(t,qt),ρ

(2)(l,il)

)



= S! ·
∑
J∈Nl;

|I|≤|J |≤|S|−|R|+|I|;
J≤S

 (h)γ
(I)
(J)

J !
·
(h)γ

(R−I)
(S−J)

(S − J)!



= S! ·
∑
J∈Nl;
J≤S

 (h)γ
(I)
(J)

J !
·
(h)γ

(R−I)
(S−J)

(S − J)!

 .

Therefore the proof is complete. q.e.d.

Theorem 2.10. Assume that n ∈ N+. For the C-algebra homomor-
phism h : C [[x′]] → C [[x]], J ∈ Nl and I, I1, I2, · · · , In ∈ Nl′ satisfying
I =

∑n
t=1 It, we have

(h)γ
(I)
(J)

J !
=

∑
Jt∈Nl,∀1≤t≤n;∑n

t=1 Jt=J

n∏
i=1

(h)γ
(Ii)
(Ji)

Ji!

under Definition 1.16.

Proof. When n = 1, the theorem holds.
Assume that the theorem holds for all 1 ≤ n ≤ n0 − 1 where n0 ≥ 2.

We have

(h)γ
(I)
(J)

J !
=

∑
J ′
t∈Nl,∀1≤t≤n0−1;∑n0−1

t=1 J ′
t=J

n0−1∏
i=1

(h)γ
(I′i)
(J ′

i)

J ′
i !

for any I ′1, I
′
2, · · · , I ′n0−1 ∈ Nl′ satisfying that I =

∑n0−1
t=1 I ′t.

We prove the n = n0 case. For any I1, I2, · · · , In0 ∈ Nl′ satisfying
that I =

∑n0
t=1 It, for 1 ≤ t′ ≤ n0 − 1, we define

I ′t′ :=

{
It′ , t′ ̸= n0 − 1

In0−1 + In0 , t′ = n0 − 1
.
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By the previous assumption and Theorem 2.9, we have

(h)γ
(I)
(J)

J !
=

∑
J ′
t∈Nl,∀1≤t≤n0−1;∑n0−1

t=1 J ′
t=J

n0−1∏
i=1

(h)γ
(I′i)
(J ′

i)

J ′
i !

=
∑

J ′
t∈Nl,∀1≤t≤n0−1;∑n0−1

t=1 J ′
t=J

n0−2∏
i=1

(h)γ
(I′i)
(J ′

i)

J ′
i !

 ·
∑

Jn0−1,Jn0∈N
l;

Jn0−1+Jn0=J ′
n0−1

 (h)γ
(In0−1)
(Jn0−1)

Jn0−1!
·
(h)γ

(In0)
(Jn0)

Jn0 !




=
∑

Jt∈Nl,∀1≤t≤n0−2;∑n0−2
t=1 Jt≤J

n0−2∏
i=1

(h)γ
(Ii)
(Ji)

Ji!

 ·
∑

Jn0−1,Jn0∈N
l;

Jn0−1+Jn0=J−
∑n0−2

t=1 Jt

 (h)γ
(In0−1)
(Jn0−1)

Jn0−1!
·
(h)γ

(In0)
(Jn0)

Jn0 !




=
∑

Jt∈Nl,∀1≤t≤n0;∑n0
t=1 Jt=J

n0∏
i=1

(h)γ
(Ii)
(Ji)

Ji!
.

Therefore, we complete the proof. q.e.d.

2.5. Applications for the calculation of (h)γ
(R)
(S) by the exact ex-

pression. The calculation of (h)γ
(R)
(S) by ρ is useful mainly in revealing

the chain rule when h in (h)γ
(R)
(S) is the composite of two components.

The main result in this subsection is Theorem 2.11.

Theorem 2.11. For the C-algebra homomorphism h : C [[x′]] →
C [[x]] and g : C [[x′′]] → C [[x′]], I ∈ Nl′′ and J ∈ Nl, we have

(h◦g)γ
(I)
(J)

J !
=

∑
K∈Nl′ ;

|I|≤|K|≤|J |

h

 (g)γ
(I)
(K)

K!

 ·
(h)γ

(K)
(J)

J !


under Definition 1.16.
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Proof. When |I| = |J | = 0, both sides of the equation are 1 by
Definition 1.16. When |I| = 0 and |J | > 0, both sides of the equation
are 0 by Definition 1.16. When |I| > |J | > 0, both sides of the equation
are 0 by Theorem 2.3.

Assume I =
(
i(1), i(2), · · · , i(l′′)

)
∈ Nl′′ and J =

(
j(1), j(2), · · · , j(l)

)
∈

Nl.
We consider the |J | ≥ |I| > 0 case. By Theorems 2.3, 2.4, 2.7 and

2.10, we have

(h◦g)γ
(I)
(J)

J !
=

∑
a(r)(qr)∈Nl,∀1≤r≤l′′,1≤qr≤i(r);

|a(i)(qi)|>0,∀1≤r≤l′′,1≤qr≤i(r);∑l′′
r=1

∑i(r)

qr=1 a
(r)(qr)=J

l′′∏
t=1

i(t)∏
qt=1

∂|a(t)(qt)|(h◦g)(xt)

∂xa(t)(qt)

a(t) (qt)!

=
∑

a(r)(qr)∈Nl,∀1≤r≤l′′,1≤qr≤i(r);

|a(i)(qi)|>0,∀1≤r≤l′′,1≤qr≤i(r);∑l′′
r=1

∑i(r)

qr=1 a
(r)(qr)=J ;

l′′∏
t=1

i(t)∏
qt=1

∑
b(t)(qt)∈Nl′ ;

0<|b(t)(qt)|≤|a(t)(qt)|

h

(
∂|b(t)(qt)|g(xt)

∂(x′)b
(t)(qt)

)
b(t) (qt)!

·
(h)γ

(b(t)(qt))
(a(t)(qt))

a(t) (qt)!



=
∑

b(r)(qr)∈Nl′ ,∀1≤r≤l′′,∀1≤qr≤i(r);

0<|b(r)(qr)|≤|J |,∀1≤r≤l′′,∀1≤qr≤i(r)


 l′′∏

t=1

i(t)∏
qt=1

h

(
∂|b(t)(qt)|g(xt)

∂(x′)b
(t)(qt)

)
b(t) (qt)!



·


∑

a(r)(qr)∈Nl,∀1≤r≤l′′,∀1≤qr≤i(r);∑l′′
r=1

∑i(r)

qr=1 a
(r)(qr)=J

l′′∏
t=1

i(t)∏
qt=1

(h)γ
(b(t)(qt))
(a(t)(qt))

a(t) (qt)!




=

∑
b(r)(qr)∈Nl′ ,∀1≤r≤l′′,∀1≤qr≤i(r);

|b(r)(qr)|>0,∀1≤r≤l′′,∀1≤qr≤i(r);∑l′′
r=1

∑i(r)

qr=1 |b(r)(qr)|≤|J |
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 l′′∏

t=1

i(t)∏
qt=1

h

(
∂|b(t)(qt)|g(xt)

∂(x′)b
(t)(qt)

)
b(t) (qt)!

 ·
(h)γ

(∑l′′
t=1

∑i(t)

qt=1 b
(t)(qt)

)
(J)

J !


=

∑
K∈Nl′ ;
|K|≤|J |

∑
b(r)(qr)∈Nl′ ,∀1≤r≤l′′,∀1≤qr≤i(r);

|b(r)(qr)|>0,∀1≤r≤l′′,∀1≤qr≤i(r);∑l′′
t=1

∑i(t)

qt=1 b
(t)(qt)=K

 l′′∏
t=1

i(t)∏
qt=1

h

(
∂|b(t)(qt)|g(xt)

∂(x′)b
(t)(qt)

)
b(t) (qt)!

 ·
(h)γ

(K)
(J)

J !


=

∑
K∈Nl′ ;

|I|≤|K|≤|J |


∑

b(r)(qr)∈Nl′ ,∀1≤r≤l′′,∀1≤qr≤i(r);

|b(r)(qr)|>0,∀1≤r≤l′′,∀1≤qr≤i(r);∑l′′
t=1

∑i(t)

qt=1 b
(t)(qt)=K

l′′∏
t=1

i(t)∏
qt=1

h

(
∂|b(t)(qt)|g(xt)

∂(x′)b
(t)(qt)

)
b(t) (qt)!


·
(h)γ

(K)
(J)

J !


=

∑
K∈Nl′ ;

|I|≤|K|≤|J |

h

 (g)γ
(I)
(K)

K!

 ·
(h)γ

(K)
(J)

J !

 .

Therefore, we complete the proof. q.e.d.

2.6. Proof of Theorems A and B. In this subsection, we will prove
Theorems A and B, stating the chain rule in matrix forms.

Proof of Theorem A. By Definition 1.16, Corollary 2.8 and Theorems
2.3 and 2.9, for any I1 ∈ Nl′ , 0 ≤ |I1| ≤ n, I2 ∈ Nl and 0 ≤ |I2| ≤ n, we
have

∑
I3∈Nl′ ;
|I3|≤|I2|;
I3≥I1

h
(

∂|I3−I1|G
∂(x′)I3−I1

)
(I3 − I1)!

·
(h)γ

(I3)
(I2)

I2!


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=
∑

I3∈Nl′ ;
|I3|≤|I2|;
I3≥I1

∑
I4∈Nl;
I4≤I2

h
(

∂|I3−I1|G
∂(x′)I3−I1

)
(I3 − I1)!

·
(h)γ

(I1)
(I4)

· (h)γ(I3−I1)
(I2−I4)

I4! · (I2 − I4)!



=
∑

I4∈Nl;
|I4|≥|I1|;
I4≤I2

∑
W∈Nl′ ;

|W |≤|I2|−|I1|

 (h)γ
(I1)
(I4)

I4!
·
h
(

∂|W |G
∂(x′)W

)
· (h)γ(W )

(I2−I4)

W ! · (I2 − I4)!



=
∑

I4∈Nl;
|I4|≥|I1|;
I4≤I2

∑
W∈Nl′ ;

|W |≤|I2|−|I4|

 (h)γ
(I1)
(I4)

I4!
·
h
(

∂|W |G
∂(x′)W

)
· (h)γ(W )

(I2−I4)

W ! · (I2 − I4)!



=
∑

I4∈Nl;
|I4|≥|I1|;
I4≤I2

 (h)γ
(I1)
(I4)

I4!
·
∂|I2−I4|h(G)

∂xI2−I4

(I2 − I4)!

 .

Therefore, the matrix equation holds. q.e.d.

Proof of Theorem B. This is a direct consequence from Theorem 2.11.
q.e.d.

2.7. Proof of Theorem C. In this subsection, we prove Theorem C,
stating the Leibniz rule in matrix form.

Lemma 2.12. Let G ∈ C [[x]], u ∈ C [[x]] and C ∈ Nl. We have

∂|C| (u ·G)

∂xC
=

∑
R∈Nl;
0≤R≤C

((
C
R

)
· ∂

|R|u

∂xR
· ∂

|C−R|G

∂xC−R

)
.

Proof. We use mathematical induction for C ∈ Nl.
When |C| = 0, the equation is trivial.
For c0 ∈ N+, we assume that the equation holds for all cases satisfying

0 ≤ |C| ≤ c0 − 1. Consider any case satisfying |C| = c0.
Since c0 ≥ 1, there exists some 1 ≤ t0 ≤ l satisfying ct0 ≥ 1. By

assumption, we obtain that

∂|C−(δ1,t0 ,δ2,t0 ,··· ,δl,t0)| (u ·G)

∂xC−(δ1,t0 ,δ2,t0 ,··· ,δl,t0)
=

∑
R∈Nl;

0≤R≤C−(δ1,t0 ,δ2,t0 ,··· ,δl,t0)
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C − (δ1,t0 , δ2,t0 , · · · , δl,t0)

R

)
· ∂

|R|u

∂xR
· ∂

|C−(δ1,t0 ,δ2,t0 ,··· ,δl,t0)−R|G

∂xC−(δ1,t0 ,δ2,t0 ,··· ,δl,t0)−R

)
.

Acting ∂
∂xt0

on both sides of the equation, we get

∂|C| (u ·G)

∂xC

=
∑
R∈Nl;

0≤R≤C−(δ1,t0 ,δ2,t0 ,··· ,δl,t0)

((
C − (δ1,t0 , δ2,t0 , · · · , δl,t0)

R

)

·∂
|R+(δ1,t0 ,δ2,t0 ,··· ,δl,t0)|u

∂xR+(δ1,t0 ,δ2,t0 ,··· ,δl,t0)
· ∂

|C−(δ1,t0 ,δ2,t0 ,··· ,δl,t0)−R|G

∂xC−(δ1,t0 ,δ2,t0 ,··· ,δl,t0)−R

)
+

∑
R∈Nl;

0≤R≤C−(δ1,t0 ,δ2,t0 ,··· ,δl,t0)((
C − (δ1,t0 , δ2,t0 , · · · , δl,t0)

R

)
· ∂

|R|u

∂xR
· ∂

|C−R|G

∂xC−R

)
=

∑
R∈Nl;

(δ1,t0 ,δ2,t0 ,··· ,δl,t0)≤R≤C((
C − (δ1,t0 , δ2,t0 , · · · , δl,t0)
R− (δ1,t0 , δ2,t0 , · · · , δl,t0)

)
· ∂

|R|u

∂xR
· ∂

|C−R|G

∂xC−R

)
+

∑
R∈Nl;

0≤R≤C−(δ1,t0 ,δ2,t0 ,··· ,δl,t0)((
C − (δ1,t0 , δ2,t0 , · · · , δl,t0)

R

)
· ∂

|R|u

∂xR
· ∂

|C−R|G

∂xC−R

)

=
∑

0≤ri≤ci,∀1≤i≤l,i̸=t0

 ∏
1≤t≤l,t̸=t0

ct!

rt! · (ct − rt)!


·

ct0−1∑
rt0=1

((
(ct0 − 1)!

(rt0 − 1)! · (ct0 − rt0)!
+

(ct0 − 1)!

rt0 ! · (ct0 − rt0 − 1)!

)

·∂
|(r1,r2,··· ,rl)|u

∂x(r1,r2,··· ,rl)
· ∂

|C−(r1,r2,··· ,rl)|G

∂xC−(r1,r2,··· ,rl)

)
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+

(
∂|(r′1,r′2,··· ,r′l)|u

∂x(r
′
1,r

′
2,··· ,r′l)

· ∂
|C−(r′1,r′2,··· ,r′l)|G

∂xC−(r′1,r′2,··· ,r′l)

)∣∣∣∣
r′t=

{
ct0 , t=t0
rt, 1≤t≤l and t̸=t0

+

(
∂|(r′1,r′2,··· ,r′l)|u

∂x(r
′
1,r

′
2,··· ,r′l)

· ∂
|C−(r′1,r′2,··· ,r′l)|G

∂xC−(r′1,r′2,··· ,r′l)

)∣∣∣∣
r′t=

{
0, t=t0
rt, 1≤t≤l and t̸=t0


=

∑
0≤ri≤ci,∀1≤i≤l,i ̸=t0

 ∏
1≤t≤l,t̸=t0

ct!

rt! · (ct − rt)!


·

ct0−1∑
rt0=1

(
ct0 !

rt0 ! · (ct0 − rt0)!
· ∂

|(r1,r2,··· ,rl)|u

∂x(r1,r2,··· ,rl)
· ∂

|C−(r1,r2,··· ,rl)|G

∂xC−(r1,r2,··· ,rl)

)

+

(
∂|(r′1,r′2,··· ,r′l)|u

∂x(r
′
1,r

′
2,··· ,r′l)

· ∂
|C−(r′1,r′2,··· ,r′l)|G

∂xC−(r′1,r′2,··· ,r′l)

)∣∣∣∣
r′t=

{
ct0 , t=t0
rt, 1≤t≤l and t̸=t0

+

(
∂|(r′1,r′2,··· ,r′l)|u

∂x(r
′
1,r

′
2,··· ,r′l)

· ∂
|C−(r′1,r′2,··· ,r′l)|G

∂xC−(r′1,r′2,··· ,r′l)

)∣∣∣∣
r′t=

{
0, t=t0
rt, 1≤t≤l and t̸=t0


=

∑
R∈Nl;
0≤R≤C

((
C
R

)
· ∂

|R|u

∂xR
· ∂

|C−R|G

∂xC−R

)
.

The formula still holds when |C| = c0. Therefore, the formula holds for
any C ∈ Nl case and we complete the proof. q.e.d.

Proof of Theorem C. By Lemma 2.12, for any I1, I2 ∈ Nl satisfying I2 ≥
I1, we have

∂|I2−I1|(u·G)

∂xI2−I1

(I2 − I1)!
=

∑
I3∈Nl;

I1≤I3≤I2

(
∂|I3−I1|u
∂xI3−I1

(I3 − I1)!
·

∂|I2−I3|G
∂xI2−I3

(I2 − I3)!

)
.

We also note that for any I1, I2 ∈ Nl not satisfying I2 ≥ I1, we have

∑
I3∈Nl;

I1≤I3≤I2

(
∂|I3−I1|u
∂xI3−I1

(I3 − I1)!
·

∂|I2−I3|G
∂xI2−I3

(I2 − I3)!

)
= 0.

Therefore, the matrix equation holds. q.e.d.
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3. Proof of Theorems D and E

Proof of Theorem D. Consider the F ∈ C [[x]] case first. Consider h ∈
Aut (C [[x]]) and u ∈ (C [[x]])∗ in the following part of the proof.

Proof of (2): From Theorem B, we know that

I = ATJacn (id) = h
(
ATJacn(h

−1)
)
·ATJacn (h) .

It follows from Theorem A that

h (QJacn(F )) ·ATJacn (h) = ATJacn (h) ·QJacn (h (F )) .

Therefore,

QJacn (h (F )) = h
(
ATJacn(h

−1)
)
· h (QJacn(F )) ·ATJacn (h) .

From Theorem C, we know that

QJacn (u · h (F )) = QJacn (u) ·QJacn (h (F )) .

Therefore,

QJacn (u · h (F ))

= QJacn (u) · h
(
ATJacn(h

−1)
)
· h (QJacn(F )) ·ATJacn (h) .

By the Cauchy-Binet Formula, we get(
J (k)
n

)′
(u · h (F )) ⊂ h

((
J (k)
n

)′
(F )

)
.

On the other hand, we have(
J (k)
n

)′ (
h−1

(
u−1

)
· h−1 (u · h (F ))

)
⊂ h−1

((
J (k)
n

)′
(u · h (F ))

)
,

i.e.

h

((
J (k)
n

)′
(F )

)
⊂
(
J (k)
n

)′
(u · h (F )) .

Therefore, we get(
J (k)
n

)′
(u · h (F )) = h

((
J (k)
n

)′
(F )

)
and complete the proof of (2).

Proof of (1): From

⟨u · h (F ) ,J (k)
n (u · h (F ))⟩ = ⟨u · h (F ) ,

(
J (k)
n

)′
(u · h (F ))⟩

= ⟨h (F ) , h

((
J (k)
n

)′
(F )

)
⟩ = h

(
⟨F,J (k)

n (F )⟩
)
,

we complete the proof of (1). By the same token, the statements in the
F ∈ C {x} case can be proven. q.e.d.
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Proof of Theorem E. Consider the F ∈ C [[x]] case first. F can be
treated as the C-algebra homomorphism

F ′ : C [[x1]] → C [[x]]

by letting F ′ (x1) := F .
Proof of (1):
We have

TJacn
(
h ◦ F ′) = h

(
TJacn(F

′)
)
· TJacn (h) .

By the Cauchy-Binet Formula, we get

T J (k)
n (h (F )) ⊂ h

(
T J (k)

n (F )
)
.

On the other hand, we have

T J (k)
n (h−1 (h (F ))) ⊂ h−1

(
T J (k)

n (h (F ))
)
,

i.e.

h
(
T J (k)

n (F )
)
⊂ T J (k)

n (h (F )).

Therefore, we get

T J (k)
n (h (F )) = h

(
T J (k)

n (F )
)

and complete the proof of (1).

Proof of (2): Simply by replacing TJacn and T J (k)
n in “Proof of (1)”

by ATJacn and AT J (k)
n respectively.

By the same token, the statements in the F ∈ C {x} case can be
proven. q.e.d.

4. Examples

In this section, for F ∈ C {x1, x2} and i1, i2 · · · , is ∈ {1, 2}, we define

Fi1,i2··· ,is :=
∂sF

∂xi1∂xi2 · · · ∂xis
for simplicity.

4.1. Examples of Jacn (F )’s and QJacn (F )’s.

Example 4.1. For F ∈ C {x}, we have Jac1 (F ) = Jac (F ).

Example 4.2. For F ∈ C {x1, x2}, we have

Jac2 (F ) =

F1 F2
F1,1

2 F1,2
F2,2

2
F 0 F1 F2 0
0 F 0 F1 F2

 ,
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QJac2 (F ) =


F F1 F2

F1,1

2 F1,2
F2,2

2
0 F 0 F1 F2 0
0 0 F 0 F1 F2

0 0 0 F 0 0
0 0 0 0 F 0
0 0 0 0 0 F

 ,

Jac3 (F )

=


F1 F2

1
2F1,1 F1,2

1
2F2,2

1
6F1,1,1

1
2F1,1,2

1
2F1,2,2

1
6F2,2,2

F 0 F1 F2 0 1
2F1,1 F1,2

1
2F2,2 0

0 F 0 F1 F2 0 1
2F1,1 F1,2

1
2F2,2

0 0 F 0 0 F1 F2 0 0
0 0 0 F 0 0 F1 F2 0
0 0 0 0 F 0 0 F1 F2

 ,

and

QJac3 (F ) =

F F1 F2
1
2F1,1 F1,2

1
2F2,2

1
6F1,1,1

1
2F1,1,2

1
2F1,2,2

1
6F2,2,2

0 F 0 F1 F2 0 1
2F1,1 F1,2

1
2F2,2 0

0 0 F 0 F1 F2 0 1
2F1,1 F1,2

1
2F2,2

0 0 0 F 0 0 F1 F2 0 0
0 0 0 0 F 0 0 F1 F2 0
0 0 0 0 0 F 0 0 F1 F2

0 0 0 0 0 0 F 0 0 0
0 0 0 0 0 0 0 F 0 0
0 0 0 0 0 0 0 0 F 0
0 0 0 0 0 0 0 0 0 F

 .

4.2. Examples of TJacn (h)’s and ATJacn (h)’s.

Example 4.3. For h ∈ End (C {x}), we have

TJac1 (h) = Jac (h)

and

ATJac1 (h) = diag (1, Jac (h)) .

Example 4.4. For h ∈ End (C {x1, x2}), we have

TJac2 (h) =



h
(1)
1 h

(1)
2

h
(1)
1,1

2 h
(1)
1,2

h
(1)
2,2

2

h
(2)
1 h

(2)
2

h
(2)
1,1

2 h
(2)
1,2

h
(2)
2,2

2

0 0
(
h
(1)
1

)2
2h

(1)
1 h

(1)
2

(
h
(1)
2

)2
0 0 h

(1)
1 h

(2)
1 h

(1)
1 h

(2)
2 + h

(2)
1 h

(1)
2 h

(1)
2 h

(2)
2

0 0
(
h
(2)
1

)2
2h

(2)
1 h

(2)
2

(
h
(2)
2

)2


,

ATJac2 (h) = diag (1,TJac2 (h)) ,
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and

TJac3 (h)

=



h
(1)
1 h

(1)
2

h
(1)
1,1
2 h

(1)
1,2

h
(1)
2,2
2 to be continued

h
(2)
1 h

(2)
2

h
(2)
1,1
2 h

(2)
1,2

h
(2)
2,2
2 to be continued

0 0
(
h
(1)
1

)2
2h

(1)
1 h

(1)
2

(
h
(1)
2

)2
to be continued

0 0 h
(1)
1 h

(2)
1 h

(1)
1 h

(2)
2 + h

(2)
1 h

(1)
2 h

(1)
2 h

(2)
2 to be continued

0 0
(
h
(2)
1

)2
2h

(2)
1 h

(2)
2

(
h
(2)
2

)2
to be continued

0 0 0 0 0 to be continued
0 0 0 0 0 to be continued
0 0 0 0 0 to be continued
0 0 0 0 0 to be continued

continue
h
(1)
1,1,1
6

h
(1)
1,1,2
2 to be continued

continue
h
(2)
1,1,1
6

h
(2)
1,1,2
2 to be continued

continue h
(1)
1,1h

(1)
1 h

(1)
1,1h

(1)
2 + 2h

(1)
1,2h

(1)
1 to be continued

continue
h
(1)
1,1h

(2)
1 +h

(2)
1,1h

(1)
1

2

h
(1)
1,1h

(2)
2 +2h

(1)
1,2h

(2)
1 +h

(2)
1,1h

(1)
2 +2h

(2)
1,2h

(1)
1

2 to be continued

continue h
(2)
1,1h

(2)
1 h

(2)
1,1h

(2)
2 + 2h

(2)
1,2h

(2)
1 to be continued

continue
(
h
(1)
1

)3
3
(
h
(1)
1

)2
h
(1)
2 to be continued

continue
(
h
(1)
1

)2
h
(2)
1

(
h
(1)
1

)2
h
(2)
2 + 2h

(1)
1 h

(2)
1 h

(1)
2 to be continued

continue h
(1)
1

(
h
(2)
1

)2 (
h
(2)
1

)2
h
(1)
2 + 2h

(1)
1 h

(2)
1 h

(2)
2 to be continued

continue
(
h
(2)
1

)3
3
(
h
(2)
1

)2
h
(2)
2 to be continued

continue
h
(1)
1,2,2
2

h
(1)
2,2,2
6

continue
h
(2)
1,2,2
2

h
(2)
2,2,2
6

continue h
(1)
2,2h

(1)
1 + 2h

(1)
1,2h

(1)
2 h

(1)
2,2h

(1)
2

continue
h
(1)
2,2h

(2)
1 +2h

(1)
1,2h

(2)
2 +h

(2)
2,2h

(1)
1 +2h

(2)
1,2h

(1)
2

2

h
(1)
2,2h

(2)
2 +h

(2)
2,2h

(1)
2

2

continue h
(2)
2,2h

(2)
1 + 2h

(2)
1,2h

(2)
2 h

(2)
2,2h

(2)
2

continue 3
(
h
(1)
2

)2
h
(1)
1

(
h
(1)
2

)3

continue
(
h
(1)
2

)2
h
(2)
1 + 2h

(1)
1 h

(1)
2 h

(2)
2

(
h
(1)
2

)2
h
(2)
2

continue h
(1)
1

(
h
(2)
2

)2
+ 2h

(2)
1 h

(1)
2 h

(2)
2 h

(1)
2

(
h
(2)
2

)2

continue 3
(
h
(2)
2

)2
h
(2)
1

(
h
(2)
2

)3


,

where for j, i1, i2 · · · , is ∈ {1, 2} we define

h
(j)
i1,i2··· ,is :=

∂s (h (xj))

∂xi1∂xi2 · · · ∂xis

for simplicity.

4.3. Examples of Theorem D.

Example 4.5. For F ∈ C {x1, x2}, we have:

(1) T (2)
2 (F ) is C {x1, x2} modulo the ideal generated by F and all the
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2× 2 minors in F1 F2
F1,1

2 F1,2
F2,2

2
F 0 F1 F2 0
0 F 0 F1 F2

 ,

i.e.

⟨F2F2,2, F1F2,2, F2F1,2, F1F1,2, F2F1,1, F1F1,1, F2
2, F1F2, F1

2⟩.

(2)
(
T (2)
2

)′
(F ) is C {x1, x2} modulo the ideal generated by all the

2× 2 minors in 
F F1 F2

F1,1

2 F1,2
F2,2

2
0 F 0 F1 F2 0
0 0 F 0 F1 F2

0 0 0 F 0 0
0 0 0 0 F 0
0 0 0 0 0 F

 ,

i.e.

⟨F2F2,2, F1F2,2, FF2,2, F2F1,2, F1F1,2, FF1,2,

F2F1,1, F1F1,1, FF1,1, F2
2, F1F2, FF2, F1

2, FF1, F
2⟩.

4.4. Examples of Theorem E.

Example 4.6. For F ∈ C {x1, x2}, we have:

(1)
(
M(2)

2

)′
(F ) is C {x1, x2} modulo the ideal generated by all the

2× 2 minors in [
F1 F2

1
2F1,1 F1,2

1
2F2,2

0 0 F 2
1 2F1F2 F 2

2

]
,

i.e.

⟨F 3
1 , F

2
1F2, 2F

2
1F2, 2F1F

2
2 , F1F2F1,1 − F 2

1F1,2,

F1F
2
2 , F

3
2 ,

1

2
F 2
2F1,1 −

1

2
F 2
1F2,2, F

2
2F1,2 − F1F2F2,2⟩.

(2)
(
M(2)

2

)′′
(F ) is C {x1, x2} modulo the ideal generated by all the

2× 2 minors in 1 0 0 0 0 0
0 F1 F2

1
2F1,1 F1,2

1
2F2,2

0 0 0 F 2
1 2F1F2 F 2

2

 ,

i.e.

⟨F1, F2, F1,1, F1,2, F2,2⟩.
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