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Abstract. In this paper, we introduce a new series of invariants for singularities. Let
Vf = (V (f),0) be an isolated hypersurface singularity defined by a germ of holomorphic
function f ∈ C{z1, . . . , zn} at the origin 0 of Cn. Fix an integer k > 0, let Tk(f) be the
ideal of C{z1, . . . , zn} generated by the i-th order partial derivatives of f for 0 ≤ i ≤ k.
The k-th order Tjurina algebra Ak(Vf ) is the local C-algebra C{z1, . . . , zn}/Tk(f), which
is a biholomorphic invariant of Vf . When f is a weighted homogeneous polynomial, a new
conjecture about the non-existence of non-zero negative weight derivations on Ak(Vf ) is
proposed. We verify this conjecture up to three variables.
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1. Introduction

In singularity theory, one of the main tasks is to find intrinsic characteristics that remain
invariant under biholomorphic transformations and can thus be used to distinguish isolated
singularities. Most of the well-established invariants of singularities are hard to compute,
e.g., the geometric genus, monodromy and so on. Therefore, one of the goals of this paper
is to introduce a series of invariants which can be computed and compared easily.

Definition 1.1. Let On be the ring of germs of holomorphic functions at 0 = (0, . . . , 0).
A germ of a holomorphic function at 0 is the equivalence class of a holomorphic function
f defined in an open neighborhood U of 0. Given two functions f1 and f2 defined in open
neighborhoods U1 and U2 of 0, respectively, they are equivalent if there exists a smaller
neighborhood U3 ⊆ U1 ∩ U2 of 0 such that f1|U3 = f2|U3 .

We identify On with C{z1, . . . , zn}, the subring of convergent power series in C[[z1, . . . , zn]],
by the Taylor series expansion of holomorphic functions at 0. On is a local C-algebra with
the unique maximal ideal m = 〈z1, . . . , zn〉 ⊆ On. m can be viewed as the ideal of germs
of holomorphic functions that vanish at 0.

For a germ of holomorphic function f ∈ On, suppose that f is holomorphic on a neigh-
borhood U of 0 and f(0) = 0. We denote it by f : (Cn,0) → (C, 0). f defines an analytic
set

V (f) := {(x1, . . . , xn) ∈ U : f(x1, . . . , xn) = 0} ⊆ U.

It is well known that

(1) If f ∈ m2, then 0 is a singular point of V .
(2) V (f) \ {0} is non-singular if and only if the local C-algebra

On

〈f, ∂z1f, . . . , ∂znf〉
(1)

is Artinian, i.e., it is a finite-dimensional C-vector space.
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We say that Vf = (V (f),0) is an isolated hypersurface singularity defined by f ∈ On if
0 is the only singular point of V (f). We call the local C-algebra in (1) the moduli algebra
of Vf and denote it by A(Vf ). The Mather-Yau theorem states that isolated hypersurface
singularities can be completely described by their moduli algebras and also by C-algebras

B(Vf ) :=
On

〈f, zi∂zjf : 1 ≤ i, j ≤ n〉
.

Theorem 1.2. ([14, Theorem, Page 243]) Suppose Vf = (V (f),0) and Vg = (V (g),0) are
isolated hypersurface singularities in Cn defined by the germs of holomorphic functions f

and g ∈ On, respectively. The following conditions are equivalent.

(1) Vf is biholomorphically equivalent to Vf .
(2) A(Vf ) is isomorphic to A(Vg) as a C-algebra.
(3) B(Vf ) is isomorphic to B(Vg) as a C-algebra.

Definition 1.3. Let K be a field and A a K-algebra via a ring homomorphism η : K → A.
A K-derivation on A is a map (of abelian groups) D : A → A satisfying

(1) D ◦ η = 0.
(2) For any a, b ∈ A, D(ab) = bD(a) + aD(b).

The set of all K-derivations on A is denoted by Der(A).

If D and D′ ∈ Der(A), then [D,D′] := D ◦D′−D′ ◦D ∈ Der(A). So Der(A) becomes a
Lie algebra with this bracket. For the isolated hypersurface singularity Vf = (V (f),0) in
Cn, the third author [22,23] introduced the Yau algebra L(Vf ) := Der(A(Vf )) and proved
that L(Vf ) is a finite-dimensional and solvable Lie algebra (cf. [23, Theorem 2]). The Yau
algebra holds significance in singularity theory, as highlighted in [19].

Definition 1.4. For a polynomial

f =
∑

(α1,...,αn)∈Nn

cα1,...,αnz
α1
1 · · · zαn

n , cα1,...,αn ∈ C,

we define Supp(f) := {zα1
1 · · · zαn

n : cα1,...,αn 6= 0}.
Fix an n-tuple w = (w1, . . . , wn) ∈ Nn such that all wi ≥ 1, we say that f is a weighted

homogeneous polynomial with respect to the weight type w of weighted degree degw f := d

if for all zα1
1 · · · zαn

n ∈ Supp(f), there is
∑n

i=1 αiwi = d. We set degw 0 = +∞.

Fix a weight type w = (w1, . . . , wn) ∈ Nn of positive integers. With loss of generality
we assume that w1 ≥ w2 ≥ · · · ≥ wn ≥ 1. For a finitely generated C-algebra

A =
C[z1, . . . , zn]
〈f1, . . . , fr〉

, (2)

where every fi is a weighted homogeneous polynomial with respect to w. A is a graded
algebra. It decomposes as A = ⊕d∈NAw,d. Aw,d is the C-vector space of all g+ 〈f1, . . . , fr〉
where g is a weighted homogeneous polynomial with respect to w of weighted degree d.

We say that a derivation D on A has weighted degree d0 ∈ Z with respect to w, if

D(Aw,d) ⊆ Aw,d+d0

for every d ∈ N. If d0 < 0, we call D a negative weight derivation. Here we set Aw,d = 0 if
d < 0. Take A = C[z1, . . . , zn], for a derivation D =

∑n
i=1 pi∂zi on A with pi ∈ A, if D has

weighted degree d0 and pi 6= 0, then D(zi) = pi ∈ Aw,wi+d0 , pi is a weighted homogeneous
polynomial.
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Let Derw,d(A) = {D ∈ Der(A) : D has weighted degree d with respect to w}. There is
a natural structure of graded A-module on Der(A).

Der(A) =
⊕
d∈Z

Derw,d(A).

Now, we are concerned with the conditions which will give Derw,<0(A) =: ⊕d<0Derw,d(A),
i.e., there are no non-zero derivations on A of negative weighted degree. There are several
cases to consider.

• Wahl [21, Conjecture 1.4] conjectured that if A is an isolated complete intersection
singularity of dimension ≥ 2, then Derw,<0(A) = 0.

• The Wahl Conjecture was first solved by Aleksandrov in [1, Section 6]. Aleksandrov
conjectured that Derw,<0(A) = 0 when A is an Artinian complete intersection.

• If we substitute C with Q and assume that A is an Artinian complete intersection
with even weights wi > 0, this is the Halperin Conjecture.

Halperin Conjecture. ([10, Chapter 39]) Suppose F is a rational elliptic space with a
non-zero Euler-Poincaré characteristic, and F → E → B is a Serre fibration of simply-
connected spaces. The Serre spectral sequence for this fibration collapses at the E2 page.

It is one of the most important open problems in rational homotopy theory, also impor-
tant in differential geometry (cf. [2]). The Halperin conjecture is equivalent to questions
above about the non-existence of non-zero negative weight derivations. Assume that the
cohomology of such a space F in the Halperin Conjecture has the form

H∗(F ;Q) ∼=
Q[x1, . . . , xn]

〈f1, . . . , fn〉
.

Here f1, . . . , fn is a regular sequence. They are weighted homogeneous polynomials with
respect to the weight type w = (w1, . . . , wn) ∈ Nn such that all wi are positive and even.
Moreover, we can choose the weight type w and fi to satisfy the following conditions:

degw f1 ≥ · · · ≥ degw fn, w1 ≥ · · · ≥ wn, degw fi ≥ 2wi, i = 1, . . . , n.

Meier [13, Theorem A] proved that the serre spectral sequence for the Serre fibration F →
E → B in the Halperin Conjecture collapses at E2 if and only if all derivations of negative
weighted degree of the graded algebra H∗(F ;Q) vanish.

The Halperin Conjecture is verified in several cases. Thomas [20, Lemma 3] proved this
conjecture for the case n = 2. Lupton [12, Theorem 1] and Chen [7, Theorem 3.1] proved
it for the case n = 3. Kennard and Wu [11] proved it for the case that H∗(F ;Q) has the
formal dimension

∑n
i=1 degw fi − wi at most 20.

In [7], Chen introduced a new weight type for every negative weight derivation on the
polynomial ring. It plays an important role in solving the Halperin Conjecture, the Wahl
Conjecture, and the Aleksandrov Conjecture. All of these conjectures focus on the negative
weight derivations on complete intersection algebras. But Chen’s method can be extended
to investigate negative derivations on arbitrary finitely generated algebras.

Consider the graded algebra A in (2). We require that the weight type w ∈ Nn satisfying
w1 ≥ · · · ≥ wn ≥ 1.

• If A is Artinian and degw fi ≥ (r−1)(w1w2)
n−1 for all i, then Derw,<0(A) = 0 (cf.

[9, Theorem A]).
• If {fi}ri=1 define a positive-dimensional isolated singularity at the origin of Cn and
degw fi ≥ (r − 1 + w1)(w1w2)

n−1 for all i, Derw,<0(A) = 0 (cf. [3, Theorem A]).

We see that the Halperin Conjecture is true when H∗(F,Q) has relations of large degrees
if we replace the field C by Q.
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There are some counterexamples in the noncomplete intersection case when the weighted
degrees of fi are small (cf. [3, Page 196-197]). It is necessary to assume that the degrees of
fi are bounded below. But these bounds tend to infinity when n tends to infinity. When
any two of {wi}ni=1 are coprime, [9, Theorem B] and [3, Theorem B] give better bounds
which are independent of n. Based on the results, B. Chen [5, Conjecture 1.7] conjectured
that if A is Artinian and degw fi ≥ (r − 1)(w1 − 1) for all i, then Derw,<0(A) = 0.

On the other hand, in Yau’s work on the derivation Lie algebras of the moduli algebras
of isolated hypersurface singularities, particularly concerning his micro-local characteriza-
tion of weighted homogeneous isolated hypersurface singularities, Yau has independently
proposed the following conjecture.

Yau Conjecture. Fix a weight type w = (w1, . . . , wn) ∈ Nn of positive integers. Let f ∈
C[z1, . . . , zn] be a weighted homogeneous polynomial with respect to w. Vf = (V (f),0) is
the isolated hypersurface singularity defined by f . Then Derw,<0(A(Vf )) = 0, i.e., L(Vf )

is non-negatively graded.

Remark 1. Recall that On = C{z1, . . . , zn}. Let Rn := C[z1, . . . , zn]. z1, . . . , zn generate
the maximal ideal m̃ in Rn and the maximal ideal m in On, respectively. We have m̃On = m

and mN ∩Rn = m̃N for all N ∈ N.
Suppose that I = 〈g1, . . . , gr〉 ⊆ Rn is a m̃-primary ideal, there exists an integer N > 0

such that m̃N ⊆ I. We have a canonical C-algebra isomorphism
Rn

I
∼=

On

IOn
, g + I 7→ g + IOn.

It is surjective since for any h ∈ On, h can be decomposed as u1 + u2 with u1 ∈ Rn and
u2 ∈ mn. The injectivity follows from IOn∩Rn = I. Actually, if g ∈ Rn and g =

∑r
i=1 gihi

with each hi ∈ On. Then write hi = ui,1 + ui,2 with ui,1 ∈ Rn and ui,2 ∈ mN . We have
r∑

i=1

giui,2 = g −
r∑

i=1

giui,1 ∈ mN ∩Rn = m̃N ⊆ I.

Hence g ∈ I.
We see that the Yau Conjecture is a special case of the Aleksandrov Conjecture. For a

weighted homogeneous polynomial f ∈ Rn defining an isolated singularity Vf = (V (f),0)

at the origin, then 〈∂z1f, . . . , ∂znf〉 = 〈f, ∂z1f, . . . , ∂znf〉 is a m̃-primary ideal in Rn, and

A(Vf ) ∼=
Rn

〈∂z1f, . . . , ∂znf〉
is an Artinian complete intersection.

The Yau Conjecture is also of independent interest. It is still open and was proven in
the low-dimensional case n ≤ 4 by explicit calculations (cf. [6, Theorem 2.3], [8, Theorem
2.1]). Assume that the weight type w satisfies w1 ≥ · · · ≥ wn, B. Chen [5, Theorem 1.5]
proved that the Yau Conjecture holds if degw f ≥ w2

1 − w1 + 1.
In this paper, we introduce a new series of local C-algbras and their associated derivation

Lie algebras. They are natural generalizations of the moduli algebra and Yau algebra.
Let Vf = (V (f),0) be an isolated hypersurface singularity in Cn defined by the germ

of a holomorphic function f ∈ On. We define Tk(f) ⊆ On to be an ideal generated by all
i-th order partial derivatives of f with 0 ≤ i ≤ k. The new object, the k-th order Tjurina
algebras Ak(Vf ) is defined to be the Artinian local C-algebra On

Tk(f) (see Definition 2.1).
Different kinds of local C-algebras of isolated hypersurface singularities, e.g.,

On

〈f〉+mk〈∂z1f, . . . , ∂znf〉
,

On

〈f, ∂z1f, . . . , ∂znf, det(∂zi∂zjf)1≤i,j≤n〉
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have been studied (cf. [4, 16–18]). Moreover, if f is a weighted homogeneous polynomial,
then these graded algebras have no non-zero negative weight derivations when mult(f) :=

max{N ∈ N : f ∈ mN} ≥ k0 for some integer k0 > 0 (cf. [15, Main Theorem]).
Local algebras {Ak(Vf )}k≥1 give more information of singularities. When k = 1, A1(Vf )

is just the moduli algebra A(Vf ). Ak+1(Vf ) is a quotient algebra of Ak(Vf ). Natually, we
hope to find more connections between the associated derivation Lie algebras of these diff-
erent algebras, such as their dimensions as C-vector spaces or the non-existence of non-zero
negative weight derivations. Motivated by the Yau conjecture, we proposed the following
generalized Yau conjecture.

Conjecture 1. Fix a weight type w = (w1, . . . , wn) ∈ Nn of positive integers. And let f

∈ C[z1, . . . , zn] be a weighted homogeneous polynomial with respect to w. There exists a
polynomial F (x) ∈ Q[x] of degree n−1 such that if k ≥ 2 and mult(f) ≥ F (k), then there
are non-zero negative weight derivation on Ak(Vf ).

The main purpose of this paper is to verify the Conjecture for n = 3. The case n = 1

is trivial, while the case n = 2 follows from Corollary 3.2. We hope that the polynomial
F (x) ∈ Q[x] only depends on n.

Main Theorem. Let Vf = (V (f),0) be an isolated hypersurface singularity defined by
the germ of a weighted homogeneous polynomial f ∈ C[z1, z2, z3] with respect to w = (w1,

w2, w3) ∈ N3. Assume that w1 ≥ w2 ≥ w3 ≥ 1. If

k ≥ 2, mult(f) ≥ k2 + 3k − 2

2
, (3)

then there are no non-zero negative weight derivations on Ak(Vf ).

2. Preliminary

Definition 2.1. Let Vf = (V (f),0) be a hypersurface singularity defined by the germ of
a holomorphic function f ∈ On. For an n-tuple α = (α1, . . . , αn) ∈ Nn, we set

|α| :=
n∑

i=1

αi, ∂αf := ∂α1
z1 · · · ∂αn

zn f.

Fix an integer k ≥ 1.

(1) The k-th order Jacobian ideal of f is the following ideal of On:

Jack(f) := 〈∂αf : α ∈ Nn, |α| = k〉.

(2) The k-th order Milnor algebra is the analytic algebra:

Mk(Vf ) :=
On

Jk(f)
, Jk(f) :=

k∑
i=1

Jack(f).

(3) The k-th order Tjurina ideal is the analytic algebra:

Ak(Vf ) :=
On

Tk(f)
, Tk(f) := 〈f〉+

k∑
i=1

Jack(f).

If Vf = (V (f),0) is an isolated hypersurface singularity, then Tk(f) is an m = 〈z1, . . . , zn〉-
primary ideal, this is because Tk(f) ⊇ 〈f, ∂z1f, . . . , ∂znf〉. So Ak(Vf ) is an Artinian local
C-algebra. We denote its dimension as a C-vector space by τk(Vf ).

For any monomial zα1
1 · · · zαn

n ∈ Supp(f), 0 6= ∂α1
z1 · · · ∂αn

zn f /∈ m, it is a unit in On. Hence
if k > mult(f), Mk(Vf ) = Ak(Vf ) = 0.

Definition 2.2. Let f, g ∈ On be holomorphic functions at 0.
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(1) f is called right equivalent to g, if there exists an C-algebra automorphism φ of
On such that f = φ(g)

(2) f is called contact equivalent to g, if there exists an C-algebra automorphism φ of
On and a unit u ∈ O×

n such that f = uφ(g).

Theorem 2.3. Suppose that Vf = (V (f),0) and Vg = (V (g),0) are isolated hypersurface
singularities defined by the germs of holomorphic functions f and g ∈ On, respectively.

(1) If f is right equivalent to g, then Mk(Vf ) ∼= Mk(Vg) for all k ≥ 1.
(2) If f is contact equivalent to g, then Ak(Vf ) ∼= Ak(Vg) for all k ≥ 1.

Proof. If f = φ(g) where φ ∈ AutC(On), by the Leibniz rule,

∂zi(f) = ∂ziφ(g) = ∂zi(g(φ(z1), . . . , φ(zn)))

=

n∑
j=1

(∂zig)(φ(z1), . . . , φ(zn))∂ziφ(zj) =

n∑
j=1

φ(∂zig)∂ziφ(zj).

Hence Jac(f) = Jac(φ(g)) ⊆ φ(Jac(g)). We shall prove that

Ji(f) = Ji(φ(g)) ⊆ φ(Ji(g)). (4)

(4) holds for i = 1. Suppose that it holds for i = 1, . . . , l− 1, consider ∂βf ∈ Jack(f) with
β = (β1, . . . , βn) ∈ Nn and |β| = l. Assume that βi0 > 0, let γ = (β1, . . . , βi0 − 1, . . . , βn).
|γ| = l − 1. By induction, ∂γf ∈ Jacl−1(f) ⊆ φ(Jl−1(g)). Then

∂γf =
∑

α∈Nn,1≤|α|≤l−1

hαφ(∂
αg) =

∑
α∈Nn,1≤|α|≤l−1

φ(h̃α∂
αg).

Here hα ∈ On and h̃α = φ−1(hα). We obtain

∂βf = ∂zj∂
γf =

∑
α∈Nn,1≤|α|≤l−1

∂zi0φ(h̃α∂
αg)

=
∑

α∈Nn,1≤|α|≤l−1

n∑
j=1

φ(∂zj (h̃α∂
αg))∂zi0φ(zj).

Since ∂zj (h̃α∂
α(g)) ∈ Jac|α|(g) + Jac|α|+1(g), we see that ∂βf ∈ φ(Jl(g)) for all β ∈ Nn

such that |β| = l. Hence Jl(f) = Jl−1(f) + Jack(f) ⊆ φ(Jl(g)). Thus (4) holds for all i.
By symmetry, g = φ−1(f), Ji(g) ⊆ φ−1(Ji(f)). We see that φ(Ji(g)) = Ji(f). φ induces
the isomorphism

φ̄ : Mk(Vg) → Mk(Vf ), h+ Jk(g) 7→ φ(h) + Jk(f).

To prove (2), if f = uφ(g) for a C-algebra automorphism φ ∈ AutC(On) and a unit u

of O×
n , then by the product rule, for any β ∈ Nn such that |β| = k,

∂βf =
∑

α=(α1,...,αn)∈Nn,αi≤βi

(
β

α

)
(∂αu)(∂β−αφ(g)),

∂βφ(g) =
∑

α=(α1,...,αn)∈Nn,αi≤βi

(
β

α

)
(∂αu−1)(∂β−αf).

Here
(
β
α

)
=
∏n

i=1

(
βi
αi

)
. It is obvious to see that Tk(f) = Tk(φ(g)). Combining the result

of (1) we have Tk(φ(g)) = φ(g) + Jk(φ(g)) = φ(〈g〉+ Jk(g)) = φ(Tk(g)). Hence

Ak(Vg) =
On

Tk(g)
∼=

On

Tk(g)
=

On

Tk(φ(g))
= Ak(Vf ).

The second isomorphism is given by h + Tk(g) → φ(h) + Tk(φ(g)). Thus we proved this
theorem. □
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Remark 2. For a polynomial f in C[z1, . . . , zn], we define the k-th order Jacobian ideal
of f to be the ideal

Jk(f) := 〈∂αf : |α| = k〉 ⊆ C[z1, . . . , zn].
For f, g ∈ C[z1, . . . , zn], if there exists a C-algebra automorphism φ ∈ AutC(C[z1, . . . , zn])
satisfying f = φ(g), one can prove that

k∑
i=1

Ji(f) = φ

(
k∑

i=1

Ji(g)

)
for all k ≥ 1 in a similar way.

Based on Theorem 2.3, for a hypersurface isolated singularity Vf = (V (f),0) defined by
f ∈ On, it is natural to introduce the associated k-th order derivation Lie algebra Lk(Vf )

:= Der(Ak(Vf )). We denote its dimension as a finite-dimensional C-vector space by δk(Vf ).
δk(Vf ) is also a new numerical analytic invariant. We have reasons to believe that these
new Lie algebras and numerical invariants play important roles in the study of singularities,
because Ak(Vf ) provides more information than the moduli algebra A(Vf ). Also, there are
some sharp upper estimate conjectures for the (k-th) Yau number of isolated hypersurface
singularities defined by weighted homogeneous polynomials, (cf. [16, Theorem A to Theo-
rem E]), which have been proved for a large class of singularities. We wonder that is there
any some sharp upper estimate conjecture for δk(Vf ).

Also, we may ask does the Torelli type theorem holds for these new algebras, i.e., suppose
that Vt is a (µ, τ)-constant family of isolated hypersurface singularities with parameters t

= (t1, . . . , tm), if Vt and Vs are biholomorphically equivalent, do we have Ak(Vt) ∼= Ak(Vs)

for a fixed k? Whether the family of isolated complex hypersurface singularities can be
distinguished by means of their new Lie algebras?

In this paper, we focus on weighted homogeneous isolated hypersurface singularities.
Let Vf = (V (f),0) be an isolated hypersurface singularity defined by a weighted homo-

geneous polynomial f ∈ C[x1, . . . , xn] with respect to the weight type w = (w1, . . . , wn).
Suppose that w ∈ Nn and all wi ≥ 1. For any α ∈ Nn, if ∂αf 6= 0, then ∂αf is a weighted
homogeneous polynomial of weighted degree degw f −

∑n
i=1 αiwi. Thus

∂αf =
1

degw f −
∑n

i=1 αiwi

n∑
j=1

wjzj∂zj∂
αf ∈ Jac|α|+1(f).

This implies that 〈f〉 ⊆ Jac1(f) ⊆ · · · ⊆ Jack(f) and

Mk(Vf ) = Ak(Vf ) =
On

Jack(f)
. (5)

3. Proof of Main Theorem

Let Rn := C[z1, . . . , zn]. Fix a weight type w = (w1, . . . , wn) of positive integers. We
suppose that w1 ≥ · · · ≥ wn without loss of generality. Let f ∈ Rn be a non-zero weighted
homogeneous polynomial of multiplicity ≥ 3. f defines an isolated hypersurface singularity
Vf = (V (f),0) at the origin 0 = (0, . . . , 0) of Cn. By [8, Lemma 2.1], f is contact equiva-
lent to a weighted homogeneous polynomial of one of the following two forms which has
the same weighted degree and multiplicity as f .

zm1 +

m∑
i=1

ai(z2, . . . , zn)z
m−i
1 , ai ∈ C[z2, . . . , zn]. (Case 1)

zm1 zi0 +

m∑
i=1

ai(z2, . . . , zn)z
m−i
1 , ai ∈ C[z2, . . . , zn], 2 ≤ i0 ≤ n. (Case 2)
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Fix an integer 2 ≤ k < mult(f), combining with Remark 1, Theorem 2.3, and (5), we
only need to prove that there are no non-zero negative weight derivations on the finitely
generated local graded C-algebra which is isomorphic to Ak(Vf ):

Ãk(f) :=
Rn

Jk(f)
, Jk(f) = 〈∂αf : α ∈ Nn, |α| = k〉 ⊆ Rn.

We can directly assume that f is already of the form (Case 1) or (Case 2).
Let D be a negative weight derivation on Ãk(Vf ) with respect to the weight type w.

For 1 ≤ i ≤ n, choose pi ∈ Rn such that D(zi + Jk(f)) = pi + Jk(f), then D is induced by

D̃ =

n∑
i=1

pi∂zi ∈ Der(Rn),

i.e., for any h ∈ Rn, D(h + Jk(f)) = D̃(h) + Jk(f). D̃ is a negative weight derivation on
Rn, and D̃ preserves Jk(f), i.e., D̃(Jk(f)) ⊆ Jk(f). To prove that there are no non-zero
negative weight derivations on Ãk(f) ∼= Ak(Vf ), it suffices to prove the following statement
under certain conditions on k and mult(f).

Statement 1. Fix a weight type w = (w1, . . . , wn) of positive integers such that w1 ≥ · · ·
≥ wn ≥ 1. Consider the weighted homogeneous polynomial

f =

m∑
i=0

ai(z2, . . . , zn)z
m−i
1 ,

with a0 = 1 or zi0 (i0 ≥ 2). Suppose that f defines an isolated singularity Vf = (V (f),0) at
0 ∈ Cn. For some integer 2 ≤ k < mult(f), if a negative weight derivation D̃ =

∑n
i=1 pi∂zi

on Rn preserves Jk(f), then all pi ∈ Jk(f).

Note that w1 ≥ · · · ≥ wn, if D̃ =
∑n

i=1 pi∂zi is a negative weight derivation and pi 6= 0,
then pi is a weighted homogeneous polynomial with weighted degree < wi. This implies
that pi ∈ C[zi+1, . . . , zn]. If D̃ preserves Jk(f), then pi /∈ C\{0} for all i. Otherwise, since
〈z1, . . . , zn〉τk(Vf )+1 ⊆ Jk(f), we obtain

D̃ ◦ · · · ◦ D̃︸ ︷︷ ︸
(τk(Vf )+1)-times

(z
τk(Vf )+1
i ) = (τk(Vf ) + 1)!p

τk(Vf )+1
i ∈ Jk(f),

which contradicts the fact that k < mult(f) and Jk(f) 6= Rn. So pn = 0.
Statement 1 is true for all 2 ≤ k < mult(f) when w1 = · · · = wn. In this case, if pi 6= 0,

then degw pi < wi, but pi /∈ C\{0}, it is impossible. If a homogeneous polynomial f ∈ Rn

defines an isolated singularity Vf = (V (f),0) at 0, there are no non-zero negative weight
derivations on Ak(Vf ) for all 2 ≤ k < mult(f).

From now on we always assume that the weight type w satisfies w1 ≥ · · · ≥ wn and
w1 > wn. In particular, when n = 3, to prove Statement 1, we only need to consider the
following three cases.

D̃ = p(z2, z3)∂z1 , D̃(Jk(f)) ⊆ Jk(f). (Case A)

D̃ = q(z3)∂z2 , D̃(Jk(f)) ⊆ Jk(f). (Case B)

D̃ = p(z2, z3)∂z1 + q(z3)∂z2 , D̃(Jk(f)) ⊆ Jk(f). (Case C)

In (Case C), we require that p 6= 0 and q 6= 0.
Let D̃ =

∑n−1
i=1 pi∂zi ∈ Der(Rn) be a negative weight derivation preserving Jk(f). For

every 0 ≤ α ≤ k, D̃(∂k−α
z1 ∂α

z2f) ∈ Jk(f). If D̃(∂k−α
z1 ∂α

z2f) 6= 0, then

degw D̃(∂k−α
z1 ∂α

z2f) < degw ∂k−α
z1 ∂α

z2f.
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So D̃(∂k−α
z1 ∂α

z2f) must lie in the ideal generated by weighted homogeneous polynomials in
Jk(f) with smaller degrees, i.e.,

D̃(∂k−α
z1 ∂α

z2f) ∈ 〈∂αf : α ∈ Nn, |α| = k, degw ∂αf ≤ degw D̃(∂k−α
z1 ∂α

z2f)〉

⊆ 〈∂αf : α ∈ Nn, |α| = k, degw ∂αf < degw ∂k−α
z1 ∂α

z2f〉.

For those α = (α1, . . . , αn) ∈ Nn such that |α| = k and α1 ≤ k − α, if ∂αf 6= 0, then

degw ∂αf = degw f −
n∑

i=1

αiwi ≥ degw f − α1w1 −

(
n∑

i=2

αi

)
w2

≥ degw f − (k − α)w1 − αw2 = degw ∂k−α
z1 ∂α

z2f.

Hence we obtain

D̃(∂k−α
z1 ∂α

z2f) ∈ 〈∂αf : α = (α1, . . . , αn) ∈ Nn, |α| = k, α1 < k − α〉. (6)

Especially, when α = 0, any non-zero generator ∂αf of Jk(f) with |α| = k has weighted
degree greater than degw ∂k

z1f . Hence D̃(∂k
z1f) = ∂k

z1D̃(f) = 0. This is because each pi in
D̃ does not depend on z1. Note that

D̃(f) = D̃(a0)z
m
1 +

m∑
i=1

(D̃(ai) + (m− i+ 1)p1ai−1)z
m−i,

∂k
z1D(f) = 0 implies that D̃(a0) = 0 and for 1 ≤ i ≤ m− k

D̃(ai) + (m− i+ 1)p1ai−1 = 0. (7)

Proposition 3.1. Keep the notion in Statement 1. For k < mult(f), if a negative weight
derivation D̃ = p(z2, . . . , zn)∂z1 on Rn preserves Jk(f), then p ∈ Jk(f).

Proof. f =
∑m

i=0 ai(z2, . . . , zn)z
m−i
1 . So k < mult(f) ≤ m+ 1. D̃(a0) = 0. If k < m, by

(7), D̃(a0) +mp = 0, thus p = 0. If k = m, then mult(f) = m+ 1 and a0 = zi0 for some
i0 ≥ 2. ∂m−1

z1 ∂zi0f ∈ Jm(f), hence

D̃(∂m−1
z1 ∂zi0f) = p∂m

z1∂zi0f = m!p ∈ Jm(f).

So p ∈ Jm(f). □

Proposition 3.1 settles Statement 1 for n = 2 and (Case A) for n = 3.

Corollary 3.2. Let f ∈ C[z1, z2] be a weighted homogeneous polynomial. Suppose that
f defines an isolated plane curve singularity Vf = (V (f), (0, 0)) at (0, 0) of C2. For 2 ≤ k

< mult(f), there are no non-zero negative weight derivations on Ak(Vf ).

Lemma 3.3. Let g ∈ C[z2, . . . , zn] be a weighted homogeneous polynomial with respect
to the weight type v = (v2, . . . , vn) ∈ Nn−1. Assume that v2 ≥ v3 ≥ · · · ≥ vn ≥ 1. Define
the partial multiplicity of g as

mult2(g) = max{N ∈ N : g ∈ 〈z3, . . . , zn〉N}

= min

{
n∑

i=3

αi : z
α2
2 · · · zαn

n ∈ Supp(g)

}
.

Set mult2(0) = +∞. For any α ∈ N, there is

min

{
degv g − (α− 1)v2

v3
,mult2(∂

α
z2g)

}
≤ mult2(g) ≤

degv g

vn
.

Proof. Consider any monomial zα2
2 · · · zαn

n ∈ Supp(g).
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• If α2 ≥ α, then zα2−α
2 · · · zαn

n ∈ Supp(∂α
z2g). We have

mult2(∂
α
z2g) ≤

n∑
i=3

αi.

• If α2 < α, since degv z
α2
2 · · · zαn

n = degv g, we have
n∑

i=3

αi ≥
∑n

i=3 αivi
v3

=
degv g − α2v2

v3
≥ degv g − (α− 1)α2

v3
,

n∑
i=3

αi ≤
∑n

i=3 αivi
vn

≤ degv g

vn
.

As mult2(g) ≤
∑n

i=3 αi, we obtain the desired inequality. □

Remark 3. The partial multiplicity has properties analogous to the classical multiplicity.
Suppose that 0 6= g, h ∈ C[z2, . . . , zn].

(1) mult2(gh) = mult2(g) + mult2(h).
(2) mult2(g + h) ≥ min{mult2(g),mult2(h)}.
(3) mult2(∂

α2
z2 · · · ∂αn

zn g) ≥ mult2(g)−
∑n

i=3 αi.

Proposition 3.4. Fix a weight type w = (w1, . . . , wn) ∈ Nn such that w1 ≥ · · · ≥ wn ≥ 1.
Let f =

∑m
i=0 ai(z2, . . . , zn)z

m−i
1 ∈ Rn with a0 6= 0 be a weighted homogeneous polynomial

with respect to w. Fix an integer k < m. If a non-zero negative weight derivation

D̃ = p(z3, . . . , zn)∂z2 ∈ Der(Rn)

preserves Jk(f), then we have:

(1) For 0 ≤ i ≤ m− k,

mult2(ai) ≥
iw1 + degw a0

w3
.

Moreover,

mult2(am−k+1) ≥ Cf,k,w :=
(m− k)w1 + degw a0

w3
. (8)

(2) Fix an integer j1 ≥ 1. For a sequence Cf,k,w ≥ C2 ≥ · · · ≥ Cj1 , we write

{mult2(am−k+j)}j1j=1 � (Cf,k,w, C2, . . . , Cj1)

if mult2(am−k+j) ≥ Cj for 2 ≤ j ≤ j1. If {mult2(am−k+j)}j1j=1 � (Cf,k,w, C2, . . . , Cj1),
then for j1 + 1 ≤ j ≤ k,

mult2(am−k+j) ≥ Cj1 − (j − j1)mult2(p)−
(j + j1 − 1)(j − j1)

2
. (9)

Proof. For 0 ≤ i ≤ m− k, (7) implies that ∂z2ai = 0. If ai 6= 0, then by Lemma 3.3,

mult2(ai) ≥
degw ai

w3
=

iw1 + degw a0
w3

.

For α > 0, we rewrite (6) as

D̃(∂k−α
z1 ∂α

z2f) = p∂k−α
z1 ∂α+1

z2 f =
m−k+α∑

i=0

(m− i)!

(m− i− k + α)!
(p∂α+1

z2 ai)z
m−i−k+α
1

=
∑

α=(α1,...,αn)∈Nn,
|α|=k,α1<k−α

gα∂
αf.
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Here gα ∈ Rn. As ∂αf =
∑m−α1

i=0
(m−i)!

(m−i−α1)!
(∂α2

z2 · · · ∂αn
zn ai)z

m−i−α1
1 , setting z1 = 0 on both

sides of the above equation, we get

p∂α+1
z2 am−k+α ∈ 〈∂βam−k+|β| : β ∈ Nn−1, |β| < α〉. (10)

Here for β = (β2, . . . , βn), ∂β = ∂β2
z2 · · · ∂βn

zn .
Especially, when α = 1, as ∂z2ai = 0 for i ≤ m− k, we have

D̃(∂k−1
z1 ∂z2f) = p∂2

z2am−k+1 ∈ 〈∂k
z1f〉.

However, ∂k
z1f contains a0z

m
1 as the highest order z1-term and am−k+1 ∈ C[z2, . . . , zn], so

∂2
z2am−k+1 = 0. If am−k+1 6= 0, then by Lemma 3.3,

mult2(am−k+1) ≥
degw am−k+1 − w2

w3
= Cf,k,w +

w1 − w2

w3
≥ Cf,k,w.

We will prove (9) by induction on j. It is obvious if j = j1. Assume that (9) holds
for j = j1, j1 + 1, . . . , j2. Since (j2+j1−1)(j2−j1)

2 =
∑j2−1

l=j1
l and mult2(am−k) ≥ Cf,k,w, (10)

implies that

mult2(∂
j2+2
z2 am−k+j2+1) + mult2(p)

≥min{mult2(∂
βam−k+|β|) : β ∈ Nn−1, |β| ≤ j2}

≥min{mult2(am−k+j)− j : 0 ≤ j ≤ j2}

=Cj1 − (j2 − j1)mult2(p)−
(j2 + j1)(j2 − j1 + 1)

2
.

The second inequality follows from the fact that if β = (β2, . . . , βn), then

mult2(∂
βam−k+|β|) ≥ mult2(am−k+|β|)−

n∑
i=3

βi ≥ mult2(am−k+|β|)− |β|.

If am−k+j2+1 6= 0, then degw am−k+j2+1 = Cf,k,ww3 +(j2 +1)w1. By Lemma 3.3, we have

mult2(am−k+j2+1) ≥ Cj1 − (j2 − j1)mult2(p)−
(j2 + j1)(j2 − j1 + 1)

2
.

(9) holds for j = j2 + 1. This completes the induction steps and concludes the proof of
the proposition. □

Corollary 3.5. Under the assumption of Proposition 3.4, we suppose that the weighted
homogeneous polynomial f defines an isolated hypersurface singularity Vf = (V (f),0) at
the origin. The weight type w = (w1, . . . , wn) ∈ Nn satisfies w1 ≥ · · · ≥ wn ≥ 1 and w1 >

w3. Suppose that

Cf,k,w ≥ (k − 1)
w2

wn
+

k2 − k + 2

2
. (11)

If a negative weight derivation D̃ = p(z3, . . . , zn)∂z2 on Rn preserves Jk(f), then p = 0.

Proof. If p 6= 0, then p is a weighted homogeneous polynomial with degree < w2. From
Lemma 3.3, w2 > mult2(p)wn. By part (1) of Proposition 3.4, for 1 ≤ i ≤ m−k, mult2(ai)

≥ iw1
w3

> 1.

mult2(am−k+1) ≥ Cf,k,w > (k − 1)mult2(p) +
k2 − k + 2

2
.

Let j1 = 1. Using part (2) of Proposition 3.4, we obtain that for 1 ≤ j ≤ k,

mult2(am−k+j) ≥ Cf,k,w − (j − 1)mult2(p)−
j(j − 1)

2
> 1. (12)

Hence mult2(ai) ≥ 2 for every i ≥ 1. From the definition of the partial multiplicity we see
that ai(x2, 0, . . . , 0) = 0, ∂zj (ai)(x2, 0, . . . , 0) for all i ≥ 1, j ≥ 2 and x2 ∈ C. So f, ∂z1f, . . . ,
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∂znf vanish on the whole z2-axis. f does not define an isolated singularity at the origin,
a contradiction. □

Claim 1. If f is of the form (Case 1), then m = mult(f). When

mult(f) ≥ (k − 1)
w3

wn
+

k2 + k + 2

2
,

(11) holds. Therefore, if a negative weight derivation D̃ = p(z3, . . . , zn)∂z2 on Rn preserves
Jk(f), then p = 0, D = 0.

Claim 2. If f is of the form (Case 2), then m = mult(f)− 1. When

mult(f) ≥ (k − 1)
w3

wn
+

k2 + k + 4

2
,

(11) holds. Therefore, if a negative weight derivation D̃ = p(z3, . . . , zn)∂z2 on Rn preserves
Jk(f), then p = 0, D = 0.

Claim 3. Take n = 3, and let f = zm1 zi0 +
∑m−1

i=0 ai(z2, z3)z
m−i
1 be of the form (Case 2).

For any ai, mult2(ai) = max{l ∈ N : zl3 divides ai}. Suppose that

mult(f) ≥ k2 + 3k − 2

2
.

If a negative weight derivation D̃ = p(z3)∂z2 on R3 preserves Jk(f), then p = 0, D = 0.

Proof. By (7), D(zi0) = 0 implies that i0 = 3. Then from part (1) of Proposition 3.4,
mult2(ai) ≥ 1 for 0 ≤ i ≤ m− k. As w1 ≥ w2 > mult2(p)w3,

Cf,k,w =
(mult(f)− k − 1)w1

w3
+ 1 > (k − 1)mult2(p) +

k2 − k

2
.

Using part (2) of Proposition 3.4, for 1 ≤ j ≤ k,

mult2(am−k+j) ≥ Cf,k,w − (j − 1)mult2(p)−
j(j − 1)

2
> 0.

Hence mult2(ai) ≥ 1 for all i ≥ 0. z3 divides f . f, ∂z1f, ∂z2f, ∂z3f vanish on {(x1, x2, 0) :
x1, x2 ∈ C}. This contradicts our assumption that f defines an isolated singularity. □

Claim 4. Take n = 3, and let f = zm1 +
∑m−1

i=0 ai(z2, z3)z
m−i
1 be of the form (Case 1). Fix

an integer k ≥ 2. Suppose that

m = mult(f) =
k2 + 3k − 2

2
.

If a negative weight derivation D̃ = p(z3)∂z2 on R3 preserves Jk(f), then p = 0, D = 0.

Proof. If p 6= 0, then (k2 − k)w1 < (k2 − k + 2)w3. Otherwise,

Cf,k,w =
(k − 1)w1

w3
+

(k2 − k)w1

2w3
≥ (k − 1)w2

w3
+

k2 − k + 2

2
.

(11) holds. p 6= 0 contradicts to the conclusion of Corollary 3.5. As w2 > mult2(p)w3, we
have mult2(p) = 1. Let C1 =

k2+k
2 .

Cf,k,w >
(k − 1)w1

w3
+

k2 − k

2
> C1 − 1.

We already have mult2(ai) ≥ 2 for 1 ≤ i ≤ m− k. By (12), for 1 ≤ j ≤ k − 1,

mult2(am−k+j) > C1 − 1− (j − 1)− j(j − 1)

2
≥ 2 + k. (13)

Since Vf is an isolated singularity at the origin, mult2(am) = 1.
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By (13), mult2(am−k+1) > C1−1. Actually, mult2(am−k+1) = C1. Otherwise, if am−k+2

6= 0, then

mult2(am−k+2) ≥ min{Cf,k,w, ∂
3
z2am−k+2}

≥ min{Cf,k,w,min{mult2(am−k+j)− j : 0 ≤ j ≤ 1} −mult2(p)}
≥ min{Cf,k,w,min{C1, C1 + 1− 1} − 1} = C1 − 1,

{mult2(am−k+j)}2j=1 � (Cf,k,w, C1 − 1). Using part (2) of Proposition 3.4,

mult2(am) ≥ C1 − 1− (k − 2)− (k + 1)(k − 2)

2
≥ 2.

which contradicts to the fact that mult2(am) = 1.
By (13), mult2(am−k+2) > C1 − 3. Actually, mult2(am−k+2) = C1 − 2. When k = 2, C1

= 3, mult2(am) = 1 holds. When k ≥ 3, if mult2(am−k+2) ≥ C1 − 1 and am−k+3 6= 0,

mult2(am−k+3) ≥ min{Cf,k,w, ∂
4
z2am−k+3}

≥ min{Cf,k,w,min{mult2(am−k+j)− j : 0 ≤ j ≤ 2} −mult2(p)}
≥ min{Cf,k,w,min{C1, C1 + 1− 1, C1 − 1− 2} − 1} = C1 − 4.

{mult2(am−k+j)}3j=1 � (Cf,k,w, C1 − 1, C1 − 4). Using part (2) of Proposition 3.4,

mult2(am) ≥ C1 − 4− (k − 3)− (k + 2)(k − 3)

2
≥ 2,

a contradiction.
When k ≥ 3, by (13), mult2(am−k+3) > C1−6. We claim that mult2(am−k+3) = C1−5.

If k = 3,m = 7, C1 = 6, mult2(a7) = 1 holds. For k ≥ 4, if mult2(am−k+3) ≥ C1 − 4 and
am−k+4 6= 0, then

mult2(am−k+4) ≥ min{Cf,k,w, ∂
5
z2am−k+4}

≥ min{Cf,k,w,min{mult2(am−k+j)− j : 0 ≤ j ≤ 3} −mult2(p)}
≥ min{Cf,k,w,min{C1, C1 + 1− 1, C1 − 2− 2, C1 − 4− 3} − 1}
= C1 − 8.

{mult2(am−k+j)}4j=1 � (Cf,k,w, C1 − 2, C1 − 4, C1 − 8). Using part (2) of Proposition 3.4,

mult2(am) ≥ C1 − 8− (k − 4)− (k + 3)(k − 4)

2
≥ 2,

a contradiction.
By our results, when k ≥ 3, suppose that p 6= 0, then

zd12 zC1
3 ∈ Supp(am−k+1), zd22 zC1−2

3 ∈ Supp(am−k+2), zd32 zC1−5
3 ∈ Supp(am−k+3),

here di ∈ N. Hence zk−1
1 zd12 zC1

3 , zk−2
1 zd22 zC1−2

3 , zk−3
1 zd32 zC1−5

3 ∈ Supp(f). Comparing their
weighted degree, we obtain

w1 + 2w3 = (d2 − d1)w2, w1 + 3w3 = (d3 − d2)w2.

• If d2 − d1 > 3, then w1 ≥ (d2 − d1 − 2)w3 ≥ 2w3.
• If d2 − d1 < 3, then 2w3 ≤ (d2 − d1 − 1)w1 ≤ 2w1.
• If d3 − d2 > 4, then w1 ≥ (d3 − d2 − 3)w3 ≥ 2w3.
• If d3 − d2 < 4, then 3w3 ≤ (d2 − d1 − 1)w1 ≤ 2w1.

Combining with 3w1 ≤ 4w3, we have d2 − d1 = 3, d3 − d2 = 4. It implies that w2 = w3,
which contradicts to the fact that w2 > w3.

When k = 2, m = 4, C1 = 3. Suppose that p 6= 0, then mult2(a3) = 3,mult2(a4) = 1.

zd12 z33 ∈ Supp(a3), zd22 z3 ∈ Supp(a4),
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here d1, d2 ∈ N. Hence z41 , z1z
d1
2 z33 , z

d2
2 z3 ∈ Supp(f). We have

3w1 = d1w2 + 3w3, w1 + 2w3 = (d2 − d1)w2.

• If d2 − d1 > 3, then w1 = (d2 − d1 − 2)w3 ≥ 2w3.
• If d2 − d1 < 3, then 2w3 ≤ (d2 − d1 − 1)w1 ≤ w1.
• If d1 > 2, then 3w1 ≥ 6w3.
• If d1 = 0, then w1 = w3.

Combining with w1 < 2w3, we have d2 − d1 = 3, d1 = 1 or 2. But ∂2
z2a3 = 0, thus d1 = 1.

Then we obtain w1
w3

= 11
8 ,

w2
w3

= 9
8 .

• zd33 /∈ Supp(a3) for any d3 ∈ N. Otherwise, z41 , z1z
d3
3 ∈ Supp(f), w3

w1
= d3

3 6= 11
8 .

• zd43 /∈ Supp(a4) for any d4 ∈ N. Otherwise, z41 , z
d4
3 ∈ Supp(f), w1

w3
= d4

4 6= 11
8 .

Hence we have Supp(a3) = z2z
3
3 and Supp(a4) = z42z3. So

f = z41 + a1(z2, z3)z
3
1 + a2(z2, z3)z

2
1 + c1z1z2z

3
3 + c2z

4
2z3, c1, c2 ∈ C \ {0}.

It is easy to observe that f, ∂z1f , ∂z2f, ∂z3f vanish on the whole z3-axis, which contradicts
to the fact that Vf is an isolated singularity at the origin. Hence p = 0. □

The four claims above settle (Case B) of Statement 1 in the setting of n = 3, k ≥ 2 and

mult(f) ≥ k2 + 3k − 2

2
.

Proposition 3.6. Fix a weight type w = (w1, . . . , wn) ∈ Nn such that w1 ≥ · · · ≥ wn ≥ 1.
Let f =

∑m
i=0 ai(z2, . . . , zn)z

m−i
1 with a0 6= 0 be a weighted homogeneous polynomial with

respect to w. Suppose that f is of the form (Case 1) or (Case 2).
When n > 3, fix an integer 2 ≤ k < m− 1. When n = 3, fix an integer 2 ≤ k < m. If a

negative weight derivation

D̃ = p(z2, . . . , zn)∂z1 + q(zj+1, . . . , zn)∂zj ∈ Der(Rn)

with j ≥ 2, p 6= 0 and q 6= 0 preserves Jk(f), then there exists a C-algebra isomorphism
φ ∈ AutC(Rn) satisfying:

• φ(f) is a weighted homogeneous polynomial with respect to w. And degw φ(f) =

degw f , mult(φ(f)) = mult(f).
• If f is of the form (Case 1) (resp. (Case 2)), then φ(f) is still of the form (Case 1)

(resp. (Case 2)).
• The negative weight derivation D̃0 = q(z3, . . . , zn)∂z2 preserves Jk(φ(f)).

Proof. For every C-algebra isomorphism φ ∈ AutC(Rn), D̃φ : a 7→ φ(D̃(φ−1(a))) is still
a derivation on Rn. As

D̃φ(ab) = φ(D̃(φ−1(ab))) = φ(D̃(φ−1(a)φ−1(b)))

= φ(D̃(φ−1(a))φ−1(b) + φ−1(a)D̃(φ−1(b)))

= φ(D̃(φ−1(a)))φ(φ−1(b)) + φ(φ−1(a))φ(D̃(φ−1(b)))

= D̃φ(a)b+ aD̃φ(b),

and for any c ∈ C, D̃φ(c) = φ(D̃(c)) = 0.
Moreover, if φ(f) is a weighted homogeneous polynomial, then by (5), Jk(f) = Tk(φ(f)),

Jk(φ(f)) = Tk(φ(f)). From the proof of Theorem 2.3,

D̃φ(Jk(φ(f))) = D̃φ(Tk(φ(f))) = D̃φ(φ(Tk(f))) = φ(D̃(Tk(f)))

= φ(D̃(Jk(f))) ⊆ φ(Jk(f)) = φ(Tk(f)) = Tk(φ(f)) = Jk(φ(f)).
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When n ≥ 3, 2 ≤ k ≤ m− 1,if f is of the form (Case 1), a0 = 1. By (7) we have

mp+D(a1) = mp+ q∂zja1 = 0.

Note that degw p−w1 = degw q−wj = degw D̃, then degw a1 = degw p−degw q+wj = w1.
Consider the C-algebra automorphism φ ∈ AutC(Rn) given by

φ : z1 7→ z1 −
a1(z2, . . . , zn)

m
, zi 7→ zi, i ≥ 2.

φ(f) is a weighted homogeneous polynomial of the form (Case 1). It has the same weighted
degree and multiplicity as f . D̃φ =

∑n
i=1 φ

−1(D̃(φ(zi)))∂zi = q∂zj preserves Jk(φ(f)).
In (Case 2), a0 = zi0 , by (7), D(a0) = 0 means that i0 6= j.

mpzi0 + q∂zja1 = 0.

We claim that zi0 divides ∂zja1. If ∂zja1 = zi0g with g, choose h such that ∂zjh = g, then

degw h = wj + degw g = wj + degw a1 − wj − wi0 = w1.

Here g, h ∈ C[z2, . . . , zn]. Consider the C-algebra automorphism φ ∈ AutC(Rn) given by

φ : z1 7→ z1 −
h(z2, . . . , zn)

m
, zi 7→ zi, i ≥ 2.

φ(f) is a weighted homogeneou polynomial of the form (Case 2). φ(f) and f have the
same weighted degree and multiplicity. mp = −q∂zja1. D̃φ = q∂zj preserves Jk(φ(f)).

Now we prove that zi0 divides ∂zja1. If not, then zi0 divides q. Suppose that q = zi0q1.
Rewrite f and ∂zja1 in the form

f =

m1∑
i=0

biz
m1−i
i0

, m1 ≥ 1, bi ∈ C[z1, . . . , ẑi0 , . . . , zn], bm1 6= 0

∂zja1 =

m1∑
i=0

ciz
m1−i
i0

, ci ∈ C[z2, . . . , ẑi0 , . . . , zn].

Here ẑi0 means omitted. Hence D̃(∂k
z1f) = 0 implies that

m1∑
i=0

(
− 1

m
(∂k+1

z1 bi)

(
m1∑
l=0

clz
m1−l
i0

)
+ (∂k

z1∂zjbi)zi0

)
· zm1−i

i0
= 0.

Comparing the zi0-components on both sides, we obtain

(∂k+1
z1 bm1)cm1 = 0,

(∂k+1
z1 bm1−1)cm1 + (∂k+1

z1 bm1)cm1−1 = m∂k
z1∂zjbm1 .

zi0 does not divide ∂zja1, so cm1 6= 0. Hence ∂k+1
z1 bm1 = 0, and ∂k

z1bm1 ∈ C[z2, . . . , zn], so
does ∂k

z1∂zjbm1 . f is of the form (Case 2), bm1−1 contains zm1 as the highest z1-order term.
(∂k+1

z1 bm1−1)cm1 contains cm1z
m−k−1
1 6= 0 as the hightest z1-order term, but

(∂k+1
z1 bm1−1)cm1 = m∂k

z1∂zjbm1 ∈ C[z2, . . . , zn].

It is impossible when k < m− 1.
If n = 3, k = m − 1, then we have j = 2, i0 = 3. f = zk+1

1 z3 +
∑k+1

i=1 ai(z2, z3)z
k+1−i
1 .

The negative weight derivation D̃ = p(z2, z3)∂z1 + q(z3)∂z2 preserves Jk(f). p, q 6= 0. We
still have (k + 1)pz3 + q∂z2a1 = 0. If z3 does not divide ∂z2a1, suppose that q = z3q1 and

a1 = czd2 + h1(z2, z3)z3, d ≥ 1, c ∈ C \ {0}, h1 ∈ C[z2, z3].

Actually d ≥ 2. Otherwise, degw zk1z2 = degw zk+1
1 z3, which contradicts w1 ≥ w2 ≥ w3.

By (6),

D̃(∂k−1
z1 ∂z2f) = (k − 1)!((kq∂2

z2a1)z1 + kp∂z2a1 + q∂2
z2a2) ∈ 〈∂k

z1f〉.
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As ∂k
z1f = (k+1)!z1z3+k!a1, there is some h2 ∈ C[z2, z3] such that D̃(∂k−1

z1 ∂z2f) = h2∂
k
z1f .

Then we obtain

(k + 1)h2z3 = q∂2
z2a1, kh2a1 = kp∂z2a1 + q∂2

z2a2.

q = z3q1, q1 ∈ C[z3], then h2 =
q1∂2

z2
a1

k+1 , p =
−q1∂z2a1

k+1 . We get

ka1∂
2
z2a1 = −k(∂z2a1)

2 + (k + 1)z3∂
2
z2a2.

Comparing the z2d−2
1 -components on both sides, we have kc2d(d− 1) = −kc2d2

3 . But this
is impossible, as d ≥ 2. Hence z3 divides ∂z2a1. □

Proposition 3.6 settles (Case C) of Statement 1 in the setting of n = 3, k ≥ 2 and

mult(f) ≥ k2 + 3k − 2

2
.

For f =
∑m

i=0 aiz
m−i
1 , we have m ≥ mult(f)− 1 ≥ k + 1. If a negative weight derivation

D̃ = p(z2, z3)∂z1 + q(z3)∂z2 ∈ Der(Rn)

with p 6= 0 and q 6= 0 preserves Jk(f), then there exists a weighted homogeneous polyno-
mial f1 ∈ R3 which has the same form, weighted degree, multiplicity as f such that:

• f1 also defines an isolated singularity at the origin of C3.
• The non-zero negative weight derivation D̃0 = q(z3)∂z2 on R3 preserves Jk(f1).

From Claim 1 to Claim 4 we conclude that q = 0, which leads to a contradiction with our
assumption. Hence (Case C) of Statement 1 cannot occur under the above conditions.

Remark 4. The condition mult(f) ≥ k2+3k−2
2 is necessary. Let f = z31+z1z2z

2
3+z32z3+z53

be the weighted homogeneous polynomial in C[z1, z2, z3] with respect to the weight type
w = (5, 4, 3).

∂2
z1f = 6z1, ∂z1∂z2f = z23 , ∂z1∂z3f = 2z2z3.

∂2
z2f = 6z2z3, ∂z2∂z3f = 2z1z3 + 3z22 , ∂2

z3f = 2z1z2 + 20z33 .

It is easy to check that D̃ = z3∂z2 induces a negative weight derivation of A2(Vf ).
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