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ABSTRACT. In this paper, we introduce a new series of invariants for singularities. Let
Vi = (V(f),0) be an isolated hypersurface singularity defined by a germ of holomorphic
function f € C{z1,...,2n} at the origin 0 of C". Fix an integer k > 0, let T (f) be the
ideal of C{z1,...,2n} generated by the i-th order partial derivatives of f for 0 <14 < k.
The k-th order Tjurina algebra Ay (Vy) is the local C-algebra C{z1,...,zn}/Tx(f), which
is a biholomorphic invariant of V;. When f is a weighted homogeneous polynomial, a new
conjecture about the non-existence of non-zero negative weight derivations on Ay (Vy) is
proposed. We verify this conjecture up to three variables.
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1. INTRODUCTION

In singularity theory, one of the main tasks is to find intrinsic characteristics that remain
invariant under biholomorphic transformations and can thus be used to distinguish isolated
singularities. Most of the well-established invariants of singularities are hard to compute,
e.g., the geometric genus, monodromy and so on. Therefore, one of the goals of this paper
is to introduce a series of invariants which can be computed and compared easily.

Definition 1.1. Let O, be the ring of germs of holomorphic functions at 0 = (0, ..., 0).
A germ of a holomorphic function at 0 is the equivalence class of a holomorphic function
f defined in an open neighborhood U of 0. Given two functions f; and fs defined in open
neighborhoods U; and Us of 0, respectively, they are equivalent if there exists a smaller
neighborhood Us C U; N Uz of 0 such that fi|y, = f2|us-

We identify O,, with C{z1,..., z,}, the subring of convergent power series in C[z1, . . ., z,],
by the Taylor series expansion of holomorphic functions at 0. O, is a local C-algebra with
the unique maximal ideal m = (z1,...,2,) € O,. m can be viewed as the ideal of germs
of holomorphic functions that vanish at O.

For a germ of holomorphic function f € O,,, suppose that f is holomorphic on a neigh-
borhood U of 0 and f(0) = 0. We denote it by f: (C",0) — (C,0). f defines an analytic
set

V(f) ={(zx1,...,2p) €U : f(21,...,2) =0} C U.

It is well known that
(1) If f € m?, then 0 is a singular point of V.
(2) V(f)\ {0} is non-singular if and only if the local C-algebra
On
(f,0:1 1,05, f)

is Artinian, i.e., it is a finite-dimensional C-vector space.
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We say that Vy = (V(f),0) is an isolated hypersurface singularity defined by f € O, if
0 is the only singular point of V'(f). We call the local C-algebra in (1) the moduli algebra
of Vy and denote it by A(V}). The Mather-Yau theorem states that isolated hypersurface
singularities can be completely described by their moduli algebras and also by C-algebras
OTL
(fi2i0.,f :1<i,5<m)

B(Vy) :=

Theorem 1.2. ([14, Theorem, Page 243]) Suppose Vy = (V(f),0) and V; = (V (g),0) are
isolated hypersurface singularities in C™ defined by the germs of holomorphic functions f
and g € O,,, respectively. The following conditions are equivalent.

(1) V is biholomorphically equivalent to V.
(2) A(Vy) is isomorphic to A(Vy) as a C-algebra.
(3) B(Vy) is isomorphic to B(Vy) as a C-algebra.

Definition 1.3. Let K be a field and A a K-algebra via a ring homomorphism 7 : K — A.
A K-derivation on A is a map (of abelian groups) D : A — A satisfying

(1) Don=0.
(2) For any a,b € A, D(ab) = bD(a) + aD(b).

The set of all K-derivations on A is denoted by Der(A).

If D and D’ € Der(A), then [D,D'] := DoD’'— D’'oD € Der(A). So Der(A) becomes a
Lie algebra with this bracket. For the isolated hypersurface singularity V; = (V(f),0) in
C", the third author [22,23] introduced the Yau algebra L(Vy) := Der(A(V})) and proved
that L(V7) is a finite-dimensional and solvable Lie algebra (cf. [23, Theorem 2]). The Yau
algebra holds significance in singularity theory, as highlighted in [19].

Definition 1.4. For a polynomial

— E a1 (e
f - Cal,.‘.,anzl e Znn7 Cal,‘..,an 6 (Ca
(Ocl,...,Ocn)EN"

we define Supp(f) := {z]" -+ 25" : cay,...an 7# 0}

Fix an n-tuple w = (wy, ..., w,) € N such that all w; > 1, we say that f is a weighted
homogeneous polynomial with respect to the weight type w of weighted degree deg,, f :=d
if for all 20" -z € Supp(f), there is > " | cyw; = d. We set deg,, 0 = +oc.

Fix a weight type w = (w1,...,wy,) € N of positive integers. With loss of generality
we assume that wy > we > -+ > w, > 1. For a finitely generated C-algebra
Clz1,- -, 2n) @)

<f1,...,fr> ’

where every f; is a weighted homogeneous polynomial with respect to w. A is a graded
algebra. It decomposes as A = @genAw,d- Aw,d is the C-vector space of all g+ (f1,..., fr)
where ¢ is a weighted homogeneous polynomial with respect to w of weighted degree d.

A:

We say that a derivation D on A has weighted degree dy € Z with respect to w, if
D(Aw,a) € Aw,dtdo

for every d € N. If dy < 0, we call D a negative weight derivation. Here we set A g = 0 if
d < 0. Take A = C|z,..., 2], for a derivation D = " | p;0,, on A with p; € A, if D has
weighted degree dy and p; # 0, then D(2;) = p; € Aw w,+dy, Pi is @ weighted homogeneous
polynomial.
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Let Dery, 4(A) = {D € Der(A) : D has weighted degree d with respect to w}. There is
a natural structure of graded A-module on Der(A).

Der(A) = @ Dery, q(A).
dezZ
Now, we are concerned with the conditions which will give Dery, <0(A) =: @g<oDery a(A),
i.e., there are no non-zero derivations on A of negative weighted degree. There are several
cases to consider.

e Wahl [21, Conjecture 1.4] conjectured that if A is an isolated complete intersection
singularity of dimension > 2, then Dery, <o(A) = 0.

e The Wahl Conjecture was first solved by Aleksandrov in [1, Section 6. Aleksandrov
conjectured that Dery, <o(A) = 0 when A is an Artinian complete intersection.

o If we substitute C with Q and assume that A is an Artinian complete intersection
with even weights w; > 0, this is the Halperin Conjecture.

Halperin Conjecture. ([10, Chapter 39]) Suppose F' is a rational elliptic space with a
non-zero Euler-Poincaré characteristic, and F' — E — B is a Serre fibration of simply-
connected spaces. The Serre spectral sequence for this fibration collapses at the Fy page.

It is one of the most important open problems in rational homotopy theory, also impor-
tant in differential geometry (cf. [2]). The Halperin conjecture is equivalent to questions
above about the non-existence of non-zero negative weight derivations. Assume that the
cohomology of such a space F' in the Halperin Conjecture has the form

Qlz1,. .., x4
H (FQ) = =il ol
<f17 sty fn>
Here fi1,..., fn is a regular sequence. They are weighted homogeneous polynomials with
respect to the weight type w = (ws, ..., w,) € N such that all w; are positive and even.

Moreover, we can choose the weight type w and f; to satisfy the following conditions:
degwflzzdegwfn7 wlZana degwf222wl7lzla)n

Meier [13, Theorem A] proved that the serre spectral sequence for the Serre fibration F' —
FE — B in the Halperin Conjecture collapses at Fs if and only if all derivations of negative
weighted degree of the graded algebra H*(F'; Q) vanish.

The Halperin Conjecture is verified in several cases. Thomas [20, Lemma 3] proved this
conjecture for the case n = 2. Lupton [12, Theorem 1] and Chen [7, Theorem 3.1] proved
it for the case n = 3. Kennard and Wu [11] proved it for the case that H*(F'; Q) has the
formal dimension Y, deg,, fi — w; at most 20.

In [7], Chen introduced a new weight type for every negative weight derivation on the
polynomial ring. It plays an important role in solving the Halperin Conjecture, the Wahl
Conjecture, and the Aleksandrov Conjecture. All of these conjectures focus on the negative
weight derivations on complete intersection algebras. But Chen’s method can be extended
to investigate negative derivations on arbitrary finitely generated algebras.

Consider the graded algebra A in (2). We require that the weight type w € N" satisfying
wy > > wy > L

e If A is Artinian and deg,, f; > (r — 1)(wywz)" ! for all 4, then Dery, <o(A) = 0 (cf.
[9, Theorem A]).

o If {f;}I_, define a positive-dimensional isolated singularity at the origin of C™ and
deg,, fi > (r — 14 w1)(wiw2)" ! for all i, Dery, <o(A) = 0 (cf. [3, Theorem A]).

We see that the Halperin Conjecture is true when H*(F, Q) has relations of large degrees
if we replace the field C by Q.
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There are some counterexamples in the noncomplete intersection case when the weighted
degrees of f; are small (cf. [3, Page 196-197]). It is necessary to assume that the degrees of
fi are bounded below. But these bounds tend to infinity when n tends to infinity. When
any two of {w;}} ; are coprime, [9, Theorem B] and [3, Theorem B] give better bounds
which are independent of n. Based on the results, B. Chen [5, Conjecture 1.7] conjectured
that if A is Artinian and deg,, f; > (r — 1)(wy — 1) for all 4, then Dery, <o(A) = 0.

On the other hand, in Yau’s work on the derivation Lie algebras of the moduli algebras
of isolated hypersurface singularities, particularly concerning his micro-local characteriza-
tion of weighted homogeneous isolated hypersurface singularities, Yau has independently
proposed the following conjecture.

Yau Conjecture. Fix a weight type w = (w1, ..., wy,) € N” of positive integers. Let f €
Clz1, ..., 2n] be a weighted homogeneous polynomial with respect to w. Vy = (V(f),0) is
the isolated hypersurface singularity defined by f. Then Dery, <o(A(Vy)) =0, i.e., L(Vy)
is non-negatively graded.

Remark 1. Recall that O,, = C{z1,...,2,}. Let R, :=Clz1,...,2p]. 21,..., 2, generate
the maximal ideal m in R,, and the maximal ideal m in O,,, respectively. We have mO,, = m
and m¥ N R, =m! for all N € N.

Suppose that I = (g1,...,9,) C R, is a m-primary ideal, there exists an integer N > 0
such that m" C I. We have a canonical C-algebra isomorphism

R, _ O
1 10,
It is surjective since for any h € O,, h can be decomposed as u; + ug with u; € R, and
uo € m”. The injectivity follows from 10, NR,, = I. Actually, ifg € R, and g = 22:1 gih;

with each h; € Oy,. Then write h; = u; 1 + u;2 with u; 1 € R, and u; 2 € m?. We have

g+I1—g+10,.

T T

Zgium =9- Zgiui,l cemNR,=m" C1I.
i=1 i=1

Hence g € I.

We see that the Yau Conjecture is a special case of the Aleksandrov Conjecture. For a
weighted homogeneous polynomial f € R,, defining an isolated singularity Vy = (V'(f),0)
at the origin, then (0., f,...,0,f) = (f, 02 f,..., 0%, f) is a m-primary ideal in R,,, and

R,
(O fy 302, )

A(Vy) =
is an Artinian complete intersection.

The Yau Conjecture is also of independent interest. It is still open and was proven in
the low-dimensional case n < 4 by explicit calculations (cf. [6, Theorem 2.3], [8, Theorem
2.1]). Assume that the weight type w satisfies w; > -+ > w,, B. Chen [5, Theorem 1.5]
proved that the Yau Conjecture holds if deg,, f > w? —wy + 1.

In this paper, we introduce a new series of local C-algbras and their associated derivation
Lie algebras. They are natural generalizations of the moduli algebra and Yau algebra.

Let Vy = (V(f),0) be an isolated hypersurface singularity in C" defined by the germ
of a holomorphic function f € O,. We define T(f) C O, to be an ideal generated by all
i-th order partial derivatives of f with 0 <+i < k. The new object, the k-th order Tjurina

algebras Ay (V}) is defined to be the Artinian local C-algebra % (see Definition 2.1).

Different kinds of local C-algebras of isolated hypersurface singularities, e.g.,
O, O,
<f> + mk<aZ1f7 MR 8an> ’ <f7 821f7 v 782nf7 det(azlazjf)lgl,j§n>
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have been studied (cf. [4,16-18]). Moreover, if f is a weighted homogeneous polynomial,
then these graded algebras have no non-zero negative weight derivations when mult(f) :=
max{N € N: f € m"V} > kg for some integer kg > 0 (cf. [15, Main Theorem)]).

Local algebras {A(Vf)}r>1 give more information of singularities. When k =1, A;(Vy)
is just the moduli algebra A(Vy). Ag41(Vy) is a quotient algebra of A(Vy). Natually, we
hope to find more connections between the associated derivation Lie algebras of these diff-
erent algebras, such as their dimensions as C-vector spaces or the non-existence of non-zero
negative weight derivations. Motivated by the Yau conjecture, we proposed the following
generalized Yau conjecture.

Conjecture 1. Fix a weight type w = (w1, ...,w,) € N of positive integers. And let f
€ Clz1, ..., zn) be a weighted homogeneous polynomial with respect to w. There exists a
polynomial F(z) € Q[z] of degree n — 1 such that if k& > 2 and mult(f) > F(k), then there
are non-zero negative weight derivation on Ay(Vy).

The main purpose of this paper is to verify the Conjecture for n = 3. The case n =1
is trivial, while the case n = 2 follows from Corollary 3.2. We hope that the polynomial
F(z) € Q[z] only depends on n.

Main Theorem. Let V; = (V(f),0) be an isolated hypersurface singularity defined by
the germ of a weighted homogeneous polynomial f € Clz1, 29, 23] with respect to w = (w1,
wo,w3) € N3, Assume that wy > we > w3 > 1. If

2 _
k2 () > SERE2 (3)

then there are no non-zero negative weight derivations on Ay (Vy).

2. PRELIMINARY

Definition 2.1. Let Vy = (V(f),0) be a hypersurface singularity defined by the germ of
a holomorphic function f € O,,. For an n-tuple o = (a1, ..., ) € N, we set

af =) o, 0%f =02 007 f.
i=1
Fix an integer k > 1.
(1) The k-th order Jacobian ideal of f is the following ideal of O,:
Jack(f) == (0%f : a € N" | |a| = k).
(2) The k-th order Milnor algebra is the analytic algebra:

On
Ti(f)

(3) The k-th order Tjurina ideal is the analytic algebra:

k
My(Vy) = s k() =) Jack(f).
=1

On

k
Te(f) = (f) + Y Jack(f).
=1

If Vi = (V(f),0) is an isolated hypersurface singularity, then 7;(f) isan m = (z1,..., 2p)-
primary ideal, this is because Ti(f) 2 (f,0: f,...,0:,f). So Ap(Vy) is an Artinian local
C-algebra. We denote its dimension as a C-vector space by 71,(Vy).

For any monomial z{** - - - z5" € Supp(f), 0 # 02 --- 02" f ¢ m, it is a unit in O,,. Hence
if & > mult(f), Mr(Vy) = Ar(Vy) = 0.

Definition 2.2. Let f,g € O, be holomorphic functions at 0.
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(1) f is called right equivalent to g, if there exists an C-algebra automorphism ¢ of
O,, such that f = p(g)

(2) f is called contact equivalent to g, if there exists an C-algebra automorphism ¢ of
O,, and a unit v € O, such that f = up(g).

Theorem 2.3. Suppose that Vy = (V(f),0) and V; = (V(g),0) are isolated hypersurface
singularities defined by the germs of holomorphic functions f and g € O, respectively.

(1) If f is right equivalent to g, then My (Vy) = M (V,) for all k > 1.
(2) If f is contact equivalent to g, then Ay (Vy) = Ap(Vy) for all £ > 1.

Proof. If f = ¢(g) where ¢ € Autc(O,,), by the Leibniz rule,
9z (f) = 9z0(9) = 0 (9(p(21), -, p(zn)))

= (029)(P(21); - 9(20)0z0(2) = Y 0(0:,9)0z0(2)-
j=1

Hence Jac(f) = Jac(e(g)) € ¢(Jac(g)). We shall prove that

Ji(f) = Ti(e(9)) € o(Ti(9)). (4)
(4) holds for 4 = 1. Suppose that it holds for i = 1,...,l — 1, consider 9% f € Jacy(f) with

B=(f1,...,0n) € N* and |3| = [. Assume that 5;, > 0,let v = (B1,...,8i, — 1,...,0n).
|v] =1 — 1. By induction, 97 f € Jac;—1(f) C ¢(Ji-1(g)). Then

Df= > hapl0®9)= > plhad™).

aeN" 1<|al<I-1 aeN? 1<|a|<I—1
Here hq € O, and ho, = ¢ ! (ha). We obtain
0°f=0.,07f= Y. 0 0(had%)

aeN” 1< |a|<I—1

= Y Zs& (ha0®9))0=, (%)

aeN" 1< |a|<]-1 j=1

Since 0, (il 9%(g)) € Jac|q|(9) + Jac|q|+1(g), we see that P f € p(Ji(g)) for all B € N"
such that |B| = I. Hence Ji(f) = jl 1(f) + Jack(f) € ¢(Ji(g)). Thus (4) holds for all 1.

By symmetry, g = ¢ (), Ji(9) C o 1 (Ti(f)). We see that o(Ji(g)) = Ji(f). ¢ induces
the isomorphism

@ Mi(Vy) = My(Vy), h+Tk(g) — o(h) + Te(f).

To prove (2), if f = up(g) for a C-algebra automorphism ¢ € Autc(Oy,) and a unit u
of O, then by the product rule, for any 8 € N such that |3| = k,

r- X (Derere),
a=(a1,...,an)EN" ,0; <f3;
o= X (D)o

a:(al, ,an)GN" a; <B;

Here ('6) =11, ( #). It is obvious to see that T;(f) = Tr(¢(g)). Combining the result

of (1) we have Te((9)) = #(9) + Jk((9)) = 9({g) + Ti(9)) = $(Ti(9)). Hence
O, . 0, 0,
Vo) =700 = Tale) = Tatotg ~ )

The second isomorphism is given by h + Tx(g) — ©(h) + Tr(©(g)). Thus we proved this
theorem. O
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Remark 2. For a polynomial f in Clz1,..., z,], we define the k-th order Jacobian ideal
of f to be the ideal

Je(f) = (0%f : |a| = k) CClz, ..., 2]
For f,g € Clz1,..., 2], if there exists a C-algebra automorphism ¢ € Autc(Clz1, ..., 2])
satisfying f = ¢(g), one can prove that

k k
Y A =¢ (Z Ji(Q))
i=1 i=1
for all £k > 1 in a similar way.

Based on Theorem 2.3, for a hypersurface isolated singularity V; = (V' (f), 0) defined by
[ € Oy, it is natural to introduce the associated k-th order derivation Lie algebra Lj(Vy)
:= Der(A,(V})). We denote its dimension as a finite-dimensional C-vector space by d(V7).
0x(Vy) is also a new numerical analytic invariant. We have reasons to believe that these
new Lie algebras and numerical invariants play important roles in the study of singularities,
because Ay (V) provides more information than the moduli algebra A(Vy). Also, there are
some sharp upper estimate conjectures for the (k-th) Yau number of isolated hypersurface
singularities defined by weighted homogeneous polynomials, (cf. [16, Theorem A to Theo-
rem EJ), which have been proved for a large class of singularities. We wonder that is there
any some sharp upper estimate conjecture for ¢, (Vy).

Also, we may ask does the Torelli type theorem holds for these new algebras, i.e., suppose
that V4 is a (i, 7)-constant family of isolated hypersurface singularities with parameters ¢
= (t1,...,tm), if Vz and Vs are biholomorphically equivalent, do we have Ay (V3) = Ax(Vs)
for a fixed k? Whether the family of isolated complex hypersurface singularities can be
distinguished by means of their new Lie algebras?

In this paper, we focus on weighted homogeneous isolated hypersurface singularities.

Let Vy = (V(f),0) be an isolated hypersurface singularity defined by a weighted homo-
geneous polynomial f € C[zy,...,x,] with respect to the weight type w = (wy,...,w,).
Suppose that w € N and all w; > 1. For any a € N”, if 9% f # 0, then 0% f is a weighted
homogeneous polynomial of weighted degree deg,, f — > ; cuw;. Thus

1 n
= 2:0,.0% J '
deg,, f — D i, ciw; ;wjzj 00 € ac‘a‘ﬂ(f)

This implies that (f) C Jaci(f) C --- C Jacg(f) and

o*f

On

3. PROOF OF MAIN THEOREM

Let R, := C|z1,...,2,]. Fix a weight type w = (w1, ..., w,) of positive integers. We
suppose that wy > --- > w, without loss of generality. Let f € R, be a non-zero weighted
homogeneous polynomial of multiplicity > 3. f defines an isolated hypersurface singularity
Vi =(V(f),0) at the origin 0 = (0,...,0) of C". By [8, Lemma 2.1], f is contact equiva-
lent to a weighted homogeneous polynomial of one of the following two forms which has
the same weighted degree and multiplicity as f.

m
z{'lthai(zQ,...,zn)zin*i, a; € Clza, ..., zn). (Case 1)
=1

m
21"z + Zai(zg, e Zn) 2T a4 € Clzg, .y 2], 2 < g < . (Case 2)
i=1
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Fix an integer 2 < k < mult(f), combining with Remark 1, Theorem 2.3, and (5), we
only need to prove that there are no non-zero negative weight derivations on the finitely
generated local graded C-algebra which is isomorphic to Ay (Vy):

)= s

We can directly assume that f is already of the form (Case 1) or (Case 2).

Jr(f) =(0%f :a eN" |a] = k) € Rn.

Let D be a negative weight derivation on /Ik(Vf) with respect to the weight type w.
For 1 <i < n, choose p; € R, such that D(z; + Ji(f)) = pi + Ji(f), then D is induced by

n
D= Zpﬁzi € Der(R,,),
i=1
i.e., for any h € R,,, D(h+ Ji(f)) = D(h) + Ji(f). D is a negative weight derivation on
Ry, and D preserves Ji(f), i.e., D(Ji(f)) C Ji(f). To prove that there are no non-zero
negative weight derivations on A (f) = A (Vy), it suffices to prove the following statement
under certain conditions on k£ and mult(f).

Statement 1. Fix a weight type w = (w1, ..., w,) of positive integers such that w; > - -
> w, > 1. Consider the weighted homogeneous polynomial

m .
f= Zai(zQ, ceZn)2]
i=0

with ag = 1 or 2, (ig > 2). Suppose that f defines an isolated singularity Vy = (V' (f),0) at
0 € C". For some integer 2 < k < mult(f), if a negative weight derivation D = >""" | p;0.,
on R, preserves Ji(f), then all p; € Ji(f).

Note that wy > - > wy,, if D = > i1 pi0s, is a negative weight derivation and p; # 0,
then p; is a weighted homogeneous polynomial with weighted degree < w;. This implies
that p; € C[zi41, ..., 2n). If D preserves Ji,(f), then p; ¢ C\ {0} for all i. Otherwise, since
(z1,...,2p)* VL C Jo(f), we obtain

Do---oD (""" = (m(vy) + )" e (1),
(T (V§)+1)-times

which contradicts the fact that & < mult(f) and Ji(f) # Rn. So p, = 0.

Statement 1 is true for all 2 < k& < mult(f) when w; = -+ = w,,. In this case, if p; # 0,
then deg,, pi < w;, but p; ¢ C\ {0}, it is impossible. If a homogeneous polynomial f € R,
defines an isolated singularity V; = (V(f),0) at 0, there are no non-zero negative weight
derivations on Ay (Vy) for all 2 < k < mult(f).

From now on we always assume that the weight type w satisfies wy > -+ > w, and
w1 > wy. In particular, when n = 3, to prove Statement 1, we only need to consider the
following three cases.

D = p(22,23)0-,, D(J(f)) € Ji(f)- (Case A)
D = q(23)0-,, D(Ji(f)) S Jk(f). (Case B)
D= p(22,23)02, + q(23)02,, lj(Jk(f)) C Ji(f). (Case C)

In (Case C), we require that p # 0 and ¢ # 0.
Let D = Z?:_ll pi0;, € Der(R,) be a negative weight derivation preserving Ji(f). For
every 0 < o < k, D(057292 f) € Ji(f). If D(95720% f) # 0, then

deg,, D(9F7202 f) < deg,, 0502 f.

21
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So D(@fl_ @0%, f) must lie in the ideal generated by weighted homogeneous polynomials in
Jx(f) with smaller degrees, i.e.,
D(9E02 f) € (0°f : ¢ € N", || = k, deg,, 0*f < deg,, D(0¥7292 f))
C(0*f:a € N, |a| = k,deg,, 0% f < deg,, I 02 f).
For those a = (a1, ...,ap) € N" such that |a| =k and a1 <k — a, if 0%f # 0, then

deg,, 0% f = deg,, f — ZazwZ > deg,, [ — ajwy — (Z a,) ny

=1
> deg,, f — (k — a)wy — aw; = deg,, I5 "0 1.

Hence we obtain

D(9E02 f) € (0%f = (u1,..., ) EN", |a| = ko1 < k — ). (6)

Especially, when a = 0, any non-zero generator 0% f of Ji(f) with |a| = k has weighted
degree greater than deg,, Ofl f. Hence D(@fl f) = 8§1D( f) = 0. This is because each p; in
D does not depend on z;. Note that

D(f) = D(aq)2]" + Z(D(ai> + (m—i+1)prai—1)z""",

9% D(f) = 0 implies that D(ag) =0 and for 1 <i<m—k
D(ag) + (m — i+ 1)pra;_1 = 0. (7)

Proposition 3.1. Keep the notion in Statement 1. For k < mult(f), if a negative weight
derivation D = p(z2,...,2,)0,; on R, preserves Ji(f), then p € Ji(f).

Proof. f =" ai(22,...,2,)2" " So k < mult(f) <m+ 1. D(ag) = 0. If k < m, by
(7), D(ap) + mp = 0, thus p = 0. If & = m, then mult(f) = m + 1 and ag = z;, for some
ig > 2. 8;’1”_1821.0f € Jm(f), hence

D010, f) = pdlio., f=mlp € Jn(f).
So p € Jn(f). O

Proposition 3.1 settles Statement 1 for n = 2 and (Case A) for n = 3.

Corollary 3.2. Let f € C|z1, 22] be a weighted homogeneous polynomial. Suppose that
f defines an isolated plane curve singularity Vy = (V(f), (0,0)) at (0,0) of C2. For 2 < k
< mult(f), there are no non-zero negative weight derivations on Ay(Vy).

Lemma 3.3. Let g € Clzg, ..., 2,] be a weighted homogeneous polynomial with respect
to the weight type v = (va,...,vy) € N7~1. Assume that vy > vg > --- > v, > 1. Define
the partial multiplicity of g as

multy(g) = max{N € N: g € (z3,...,2,)"}

n
= min {Z Q1 zg? e zpn € Supp(g)} .
=3
Set mult2(0) = 4+00. For any a € N, there is

o { deg, g — (@ — 1)vg deg, g

U3

muth(OZQQ)} < multy(g) < »

Proof. Consider any monomial 25?2 - - - 25" € Supp(g).
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o If ap > a, then 257 % --- 25" € Supp(9g,g9). We have

n
multy (03, g) < Zai.
i=3

o If as < a, since deg, 2572 - - - 25 = deg,, g, we have

U3 U3 U3

)

§n > Z?:S QiU _ deg'vg — (¥aV2 > degv g — (OC — ]_)042
1 = pu—
=3

n n
E i > ~ .
i—3 Un Un

As multa(g) < Y7 5 a;, we obtain the desired inequality. O

Remark 3. The partial multiplicity has properties analogous to the classical multiplicity.
Suppose that 0 # g, h € Clza,. .., 2.

(1) multe(gh) = multe(g) + multa(h).
(2) multe(g + h) > min{mult(g), multa(h)}.
(3) multy (922 --- 9% g) > multy(g) — D 15 0.

Proposition 3.4. Fix a weight type w = (w1, ..., w,) € N” such that wy > --- > w, > 1.
Let f =>""qai(22,...,2n)2]" " € R, with ag # 0 be a weighted homogeneous polynomial
with respect to w. Fix an integer k < m. If a non-zero negative weight derivation

D =p(z3,...,2,)0., € Der(R,)
preserves Ji(f), then we have:
(1) For 0 <i<m—k,

1wy + degw agp

Ity (a;) >
multa(a;) > s

Moreover,

m — k)wy + deg,, ag
multg(am—k-H) Z Ckavw = ( ) ws gw '

(2) Fix an integer j; > 1. For a sequence Cfq > C2 > -+ > Cj,, we write
{multy(am—k1;) 1 = (Crraw Car- ., Cjy)

ifmultg(am,kﬂ-) 2 Cj for 2 S ] S jl- If {multg(am,kﬂ)};l:l i (Cf,k,un CQ, ey le),

then for j1 +1 <j <k,

(i) > G, — (G — gu)multa(p) — I DU =), ©)

Proof. For 0 <i <m — k, (7) implies that 0,,a; = 0. If a; # 0, then by Lemma 3.3,

mults (a;) > deg,, ai _dw deg,, ao.

w3 ws
For a > 0, we rewrite (6) as
~ m—k+ao (m B Z)' ‘
D902, f) = pdi 0% f = ) (m—i—k+a) (PO ag) 2 e
i=0 :

= > 0%

a=(ai,...,an)EN",
la=k,a1<k—c
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Here go € R,,. As 0%f =57 ¥(80‘2 - 02 a;) 2T setting 21 = 0 on both

(m—i—aq)!
sides of the above equation, we get

PO i € (Pay iy 1 BEN" B < ). (10)
Here for B8 = (fa,...,[3,), 0° = 8522 e 85;”.
Especially, when o = 1, as 0,,a; = 0 for « < m — k, we have
D(85710:,f) = pOZ,am—k41 € (9%, ).

However, 851 f contains apz]" as the highest order z;-term and a,,—g+1 € Clza, ..., 2], so
8§2am,k+1 =0. If ay,_g11 # 0, then by Lemma 3.3,

w1 — w3

degy m—k11 — B Cf v+
- b 7w

multo(a,,— >
2(am—r+1) > ws ws

2 Cfakzw'

We will prove (9) by induction on j. It is obvious if j = j;. Assume that (9) holds
(G2+i1—1)(G2—i1)

for j = ji,j1 +1,...,j2. Since AR — fi}fl and multe(am—k) > Cfkw, (10)
implies that
mults (022 24y, k4 j,11) + multa(p)
> min{multg((?ﬁam_ka) :BeN"L 8| < ja}
> min{multy(am—r+;) — 7 : 0 < j < ja}

o i (i — 41
=Cj, — (j2 — j1)multa(p) — (2 Jl)(J22 atl)

The second inequality follows from the fact that if 5 = (S2,...,8,), then

n
mults (0@ 3) > multa(@m_sg) — > Bi > multa(anm_iiig) — |8]-
=3

If Gm—ktjo4+1 7# 0, then degy, am—kyjot1 = Crrwws + (jo + 1)wi. By Lemma 3.3, we have
(j2 +J1) (2 —j1 + 1)
5 )

(9) holds for j = jo + 1. This completes the induction steps and concludes the proof of
the proposition. O

multa (am—k1j,+1) = Cjy — (Ja — j1)multa(p) —

Corollary 3.5. Under the assumption of Proposition 3.4, we suppose that the weighted
homogeneous polynomial f defines an isolated hypersurface singularity V; = (V' (f),0) at
the origin. The weight type w = (wy,...,w,) € N” satisfies wy > -+ > w,, > 1 and w; >

ws. Suppose that
w9 n B2 —k+2

Criw 2 (k=1)-= 5 (11)

If a negative weight derivation D = p(zs, ..., 2,)d., on R, preserves Ji(f), then p = 0.

Proof. If p # 0, then p is a weighted homogeneous polynomial with degree < wy. From
Lemma 3.3, wy > mults(p)w,. By part (1) of Proposition 3.4, for 1 < i < m—k, mults(a;)
> g,

2 ws

k2 —k+2

—

Let j; = 1. Using part (2) of Proposition 3.4, we obtain that for 1 < j <k,

iG—1)
2

Hence multy(a;) > 2 for every ¢ > 1. From the definition of the partial multiplicity we see
that a;(z2,0,...,0) =0,0;;(a;)(x2,0,...,0) foralli > 1,5 > 2and xg € C. So f,0., f,...,

multy(am—k+1) > Crrw > (K — 1)multa(p) +

multy(am—k+j) > Cprw — (5 — 1)multa(p) — > 1. (12)
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0., f vanish on the whole zy-axis. f does not define an isolated singularity at the origin,
a contradiction. OJ

Claim 1. If f is of the form (Case 1), then m = mult(f). When

k2 +k+2
mult(f) > (k- )28 o F8H2

Wy, 2 ’

(11) holds. Therefore, if a negative weight derivation D = p(z3, . . ., 2,)0,, on R,, preserves
Ji(f), then p =0,D = 0.

Claim 2. If f is of the form (Case 2), then m = mult(f) — 1. When

k2+k+4
mult(f) > (k — 1)% + L,

Wy, 2

(11) holds. Therefore, if a negative weight derivation D = p(zs, ..., 2,)d., on R,, preserves
Ji(f), then p=0,D = 0.

Claim 3. Take n = 3, and let f = 27"z, + .7 ai(22, 23)2" " be of the form (Case 2).
For any a;, mults(a;) = max{l € N : 2} divides a;}. Suppose that
k? + 3k —2
5 :
If a negative weight derivation D = p(23)d., on Rs preserves Ji(f), then p =0, D = 0.

mult(f) >

Proof. By (7), D(zi,) = 0 implies that iy = 3. Then from part (1) of Proposition 3.4,
multe(a;) > 1 for 0 <i<m —k. As wy > wy > multy(p)ws,
(mult(f) —k — 1)w k* —k

Ctrw = o +1 > (k- 1)multy(p) + 5

Using part (2) of Proposition 3.4, for 1 < j <k,

| T
multy(am—k+7) = Crao — (7 — 1)multy(p) — ](]2) > 0.

Hence multa(a;) > 1 for all ¢ > 0. z3 divides f. f,0,, f,0x, f, 0z f vanish on {(z1,x2,0) :
x1,x2 € C}. This contradicts our assumption that f defines an isolated singularity. O

Claim 4. Take n = 3, and let f = 2]" + Z?;ol ai(za,23)2" " be of the form (Case 1). Fix
an integer k > 2. Suppose that

k? + 3k — 2
m = mult(f) = %

If a negative weight derivation D = p(23)0,, on R3 preserves Ji(f), then p=0,D = 0.

Proof. If p # 0, then (k? — k)w; < (k* — k + 2)ws. Otherwise,

k—1 k? —k E—1 k* —k+2
Opao = B0 W B (B2 U W2 k22

w3 2ws w3

(11) holds. p # 0 contradicts to the conclusion of Corollary 3.5. As wy > multy(p)ws, we
have multa(p) = 1. Let Cy = @

(k—Duwy  k*—k

C C; - 1.
fkaw > wa + 5 > (1
We already have mults(a;) > 2 for 1 <i<m —k. By (12), for 1 <j <k —1,
(i1
multg(am,kﬂ) >C;—1-— (] — 1) — ‘](‘]2) >2+k. (13)

Since V7 is an isolated singularity at the origin, mults(a,,) = 1.
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By (13), multa(am—x+1) > C1—1. Actually, multe(a,;,—r+1) = Ci. Otherwise, if a,,— 12
# 0, then
mults(am—t2) > min{Cf k w, 02 Qm—ki2}
> min{C' i v, min{multo(ap—r+;) — 7 : 0 < j < 1} — multa(p)}
> min{Cf w, min{Cy,C1 +1 -1} =1} = C; — 1,
{multy(a,,— kﬂ)}] 1 = (Cfkw,C1 — 1). Using part (2) of Proposition 3.4,

(k+1)(k—2)
2

multy(am) > C1 —1—(k—2) — > 2.

which contradicts to the fact that multy(a,,) = 1.
By (13), multa(am—k+2) > C1 — 3. Actually, multa(an,—g+2) = C1 —2. When k =2, C4
= 3, multa(a,,) = 1 holds. When k > 3, if multe(a,,—gi2) > C1 — 1 and apy_g13 # 0,
mults(am—+3) > min{Cf k. w, On Gm—k+3}
> min{C' i v, min{multo(am—r+;) — 7 : 0 < j < 2} — multa(p)}
> min{kaw,min{Cl,Cl +1-1,C1 —1— 2} - 1} =C1 —
{multy(an,— kﬂ)}] 1= (Crraw,C1 — 1,01 —4). Using part (2) of Proposition 3.4,

(k+2)(k—3)
2

multg(am) >Ch1—4— (k — 3) — > 2,

a contradiction.

When & > 3, by (13), multe(an;,—x+3) > C1 —6. We claim that multa(an,—g4+3) = C1—
If k=3,m=7,C; =6, multy(ay) = 1 holds. For k > 4, if multy(a,,—r+3) > C1 — 4 and
Gm—k+4 7 0, then

multy(am—kta) > min{Cf j ), 8§2am,k+4}
> min{C' i v, min{multy(ap—r+;) — 7 : 0 < j < 3} — multa(p)}
> min{Cf w, min{C,,C1 +1-1,C1 =2-2,C1 —4 -3} — 1}
=C) -8
{multy(a,— k+g)}j 1= (Crraw,C1 — 2,01 —4,C — 8). Using part (2) of Proposition 3.4,

(k+3)(k—4)
2

multy(am,) > C1 —8 — (k —4) — > 2,

a contradiction.

By our results, when k > 3, suppose that p # 0, then

d dy Ch—2 ds C1—5
22123 € Supp(am—k+1), 25°23" ° € Supp(@m—k+2), 25°25"' > € Supp(am—r+3),

here d; € N. Hence zf 12‘2112301,,2{“ 22322301 2 zf 323323?1 ~® & Supp(f). Comparing their

weighted degree, we obtain

wi + 2w3 = (dg — dl)’wg, wi + 3wz = (dg — dQ)’wQ

If do —di > 3, then wy > (dQ —d; — 2)’LU3 > 2ws.
If ds — dy < 3, then 2wz < (dg —d; — 1)w1 < 2w;.
If d3g — dy > 4, then wy > (dg —dy — 3)’[1)3 > 2ws.
If d3 — ds < 4, then 3ws < (dg —di — 1)w1 < 2wi.

Combining with 3wy < 4ws, we have do — dy = 3,d3 — do = 4. It implies that wy = ws,
which contradicts to the fact that wy > ws.
When k =2, m =4, C; = 3. Suppose that p # 0, then multe(as) = 3, multa(ayg) = 1.

29123 € Supp(az), 29223 € Supp(as),
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here dy,ds € N. Hence 27, zlzglzg, 25223 € Supp(f). We have

3wy = dyws + 3wz, wy + 2ws = (dg — dl)wg
If d2 — d1 > 3, then wp = (dg — dl — 2)’[03 > 2ws.
If do —di < 3, then 2wsg < (dg —d; — 1)'11)1 < wjy.

If di > 2, then 3wy > 6ws.
If dy =0, then wi = ws.

Combining with wy < 2ws, we have dos —dy = 3, dy = 1 or 2. But 832613 =0, thus dy = 1.

Then we obtain &L = 1L w2 — 9
w3 8 7 ws 8

° zg?’ ¢ Supp(ag) for any d3 € N. Otherwise, zf,zlzgf’ € Supp(f), & = %3 + %.
° zg“ ¢ Supp(ay4) for any dy € N. Otherwise, 21, z§l4 € Supp(f), ot = G # %.

Hence we have Supp(as) = 2225 and Supp(as) = 2523. So
f =21+ ai(22,23)2} + aa(z0, 23) 27 + 1212025 + coz323, c1,c2 € C\ {0},

It is easy to observe that f, 0., f, 0., f, 0., f vanish on the whole z3-axis, which contradicts
to the fact that Vy is an isolated singularity at the origin. Hence p = 0. (|

The four claims above settle (Case B) of Statement 1 in the setting of n = 3,k > 2 and
k* 4+ 3k — 2

mult(f) > 5

Proposition 3.6. Fix a weight type w = (w1, ...,w,) € N" such that w; > -+ > w, > 1.
Let f=>""ai(22,...,2p)2]" " with ag # 0 be a weighted homogeneous polynomial with
respect to w. Suppose that f is of the form (Case 1) or (Case 2).

When n > 3, fix an integer 2 < k < m — 1. When n = 3, fix an integer 2 < k < m. If a
negative weight derivation

D =p(z2,...,2n)0x +q(zj11,- -, 2n)0:; € Der(Ry)

with j > 2, p # 0 and ¢ # 0 preserves Ji(f), then there exists a C-algebra isomorphism
¢ € Autc(R,) satisfying:

e o(f) is a weighted homogeneous polynomial with respect to w. And deg,, ©(f) =

deg,, f, mult(e(f)) = mult(f).
o If f is of the form (Case 1) (resp. (Case 2)), then ¢(f) is still of the form (Case 1)

(resp. (Case 2)).
e The negative weight derivation Dy = q(z3, ..., 2,)0., preserves Ji(p(f)).

Proof. For every C-algebra isomorphism ¢ € Autc(R,), D? : a — o(D(¢~(a))) is still
a derivation on R,. As

D¥(ab) = o(D(¢ ™" (ab))) = o(D(¢ ™ (a)p ™" (b))
= o(D(e™ (@)™ (b) + ¢~ (@) D(p™" (1))
= o(D(e™(@))e(e™ ' () + el (@)p(D(¢™" (b))
= D?(a)b + aD?(b),
and for any ¢ € C, D‘P(c) o(D ( ) =

Moreover, if ¢(f) is a weighted homogeneous polynomial, then by (5), Jp(f) = Tx(e(f)),
Je(e(f)) = Tr(p(f)). From the proof of Theorem 2.3,

D?(Ji(e(f))) = D?(Tu(o(£))) = D?(o(Ti(f))) = o(D(Ti(f)))
= o(D(Ji(£)) C e(Ju(f)) = o(Ti(f)) = Te((£)) = Jr(e(f)).
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When n > 3,2 <k <m — L,if f is of the form (Case 1), ap = 1. By (7) we have
mp + D(a1) = mp + q0,;a1 = 0.
Note that deg,, p—w1 = deg,, ¢—w; = deg,, D, then deg,, a1 = deg,, p—deg,, ¢+w; = wy.
Consider the C-algebra automorphism ¢ € Autc(R,) given by

ailze,..., 2 .
@:lezl—M, 2i 2,1 > 2.
m

©(f) is a weighted homogeneou§ polynomial of t}}e form (Case 1). It has the same weighted
degree and multiplicity as f. D? =Y, ¢~ 1(D(p(2:)))0:, = Oz, preserves Ji(o(f)).
n (Case 2), ap = 2, by (7), D(ap) = 0 means that iy # j.
mpzi, + q0,,a1 = 0.
We claim that z;, divides Ozjal. If Ozjal = 2;,9 with g, choose h such that 8Zjh = g, then
deg,, h = wj + deg,, g = w; + deg,, a1 — wj — w;, = wj.
Here g, h € C[za, ..., z,]. Consider the C-algebra automorphism ¢ € Autc(R,) given by

h(zo,...,z .
<,0:,2:1'—>21—M7 Zi > 2,0 > 2.
m

©(f) is a weighted homogeneou polynomial of the form (Case 2). ¢(f) and f have the
same weighted degree and multiplicity. mp = —q0.,a1. D¥ = q0,, preserves Ji(¢(f)).

Now we prove that z;, divides d.,a1. If not, then z;, divides g. Suppose that ¢ = 2;,q1.
Rewrite f and ;a1 in the form

f= szml omy > 1,b;€Clzn, . Zigy e Znl, by # 0

m 7 —
0,,a1 = E izt ' ¢ € Claa, .oy Zigy e s 2n)

Here z;, means omitted. Hence D(@k f) = 0 implies that

m
Z < (05t 1D;) (Z azp'” l) + (9% 0.,b; )zm> : z;r)n—i =0.

i=0
Comparing the z;,-components on both sides, we obtain
(8§j1bm1)cm1 =0,
(05 by —1)emy + (05 b, )emy—1 = MOk 0., b,
2j, does not divide 9,;a1, so ¢y, # 0. Hence by, =0, and 9% by, € Clza, ..., 2y, 50

does 9 0, ;bmy . f is of the form (Case 2), by, —1 contains z{" as the highest zj-order term.
(ajjlbml 1)cm1 contains ¢, 2" *71 # 0 as the hightest z;-order term, but

(05 by, —1)emy = mOE 0., b, € Clea, ..., 2]
It is impossible when k < m — 1.

Ifn=3k=m—1, then we have j = 2,19 =3. [ = z]sz + ZZ 1 aZ(ZQ,Zg)ZIf+1 ‘
The negative weight derivation D = p(z2, 23)0,, + q(23)0,, preserves Ji(f). p,q # 0. We
still have (k + 1)pzs + ¢0.,a1 = 0. If z3 does not divide 9,,a1, suppose that ¢ = z3¢q; and

ay = 2§+ hy(z2,23)z3, d>1,c€ C\{0},hs € Clz, z3].

k—i—l

Actually d > 2. Otherwise, deg,, 21 29 = deg,, 2z 23, which contradicts w1 > woy > ws.

By (6),
D(afl_laZQf) = (k: - 1)'((kq622a1)zl + kp822a/1 + qagzaz) € <8§1f>
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As a:’;lf = (k+1)!z123+klay, there is some hy € C|zg, 23] such that D(@fl_la@f) = hZaZ [
Then we obtain
(k -+ 1)h223 = qazzal, khoay = kpaz2a1 + qa§2a2'

q16§2a1 _q18z2 al

q = z3q1, @1 € C[z3], then hg = o P= - We get
ka 0% a1 = —k(d,,a1)* + (k + 1)23632@.

2

Comparing the z%diZ—components on both sides, we have kc?d(d — 1) = —#. But this
is impossible, as d > 2. Hence z3 divides 0,,a;. ]

Proposition 3.6 settles (Case C) of Statement 1 in the setting of n = 3,k > 2 and
k? 4+ 3k —2
5 )
For f =", aiz’ln_i, we have m > mult(f) — 1 > k + 1. If a negative weight derivation

D = p(227 23)621 + Q(z3)az2 € Der(Rn)

mult(f) >

with p # 0 and ¢ # 0 preserves Ji(f), then there exists a weighted homogeneous polyno-
mial f; € R3 which has the same form, weighted degree, multiplicity as f such that:

e f1 also defines an isolated singularity at the origin of C3.
e The non-zero negative weight derivation Dy = ¢(23)0, on Rs preserves J(f1).

From Claim 1 to Claim 4 we conclude that ¢ = 0, which leads to a contradiction with our
assumption. Hence (Case C) of Statement 1 cannot occur under the above conditions.

Remark 4. The condition mult(f) > % is necessary. Let f = 25 + 212022 + 2523+ 23
be the weighted homogeneous polynomial in C[z1, 22, 23] with respect to the weight type
w = (5,4, 3).

92 f =621,  0.,0.,f =23, 0,,0., f = 22923.
8§2f = 62923, 05,0, f =22123+ 323, 833]" = 22129 + 20z§’.

It is easy to check that D = 238,, induces a negative weight derivation of Ag(Vy).
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