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Yau algebras arising from two-dimensional rational
hypersurface singularities

Stephen S.-T. Yau and Hao Zuo

Abstract. Let On = C{x1, . . . , xn} denote the ring of convergent power
series at the origin in Cn . Let (V, 0) be an isolated hypersurface singularity
defined by f ∈ On . The celebrated Mather-Yau theorem states that the complex
structure of (V, 0) determines and is determined by its moduli algebra A(V ).
Later, Yau introduced the Lie algebra of derivations of A(V ), denoted as L(V )
and he proved that L(V ) is solvable. This Lie algebra is usually referred to as
the Yau algebra.

This paper investigates Yau algebras arising from two-dimensional ra-
tional hypersurface singularities. We have determined the cohomology structure
(including H2 and H3 ) of these Yau algebras. In particular, from the point of
view of deformation of Lie algebra, we have identified all the rigid Yau algebras.
Mathematics Subject Classification 2010: 14B05, 32S25.
Key Words and Phrases: rational hypersurface singularities, Yau algebras, rigid..

1. Introduction

Let (V, 0) be an isolated hypersurface singularity in (Cn, 0) defined by the zero
of a holomorphic function f . The moduli algebra A(V ) of V is defined as

A(V ) := On/(f,
∂f

∂x1

, . . . ,
∂f

∂xn

),

where On = C{x1, . . . , xn} denotes the ring of convergent power series at the origin
in Cn . Mather and Yau proved that the complex structure of (V, 0) determines and
is determined by its moduli algebra in [10]. Following this, Yau [15] introduced the
Lie algebra L(V ) associated with (V, 0), defined as the Lie algebra of derivations
of A(V ), i.e., L(V ) = Der(A(V ), A(V ))(see Definition 2.6). He proved that L(V )
is solvable in [16]. In [17], L(V ) := DerC(A(V ), A(V )) is referred to as the Yau
algebra of V . The dimension of L(V ), denoted by λ(V ), is termed the Yau
number by Elashvili and Khimshiashvili in [5].

Yau and his collabrators have systematically studied the Lie algebras of
isolated hypersurface singularities since 1980s ([2]-[4], [6]-[8], [13]-[16], [18], [19]).
Among them, [2] introduces the Yau algebras arising from two-dimensional ratio-
nal hypersurface singularities. In this article, we will investigate the cohomology
structure of these Yau algebras and examine its rigidity properties.

∗This work is supported by the Tsinghua University Education Foundation.



2 Yau and Zuo

First of all, we present a new method to calculate cohomology of finite-
dimensional Lie algebras. By using computer computations, we obtain the coho-
mology structure of the Yau algebras in small dimensions.

Theorem 1.1. For the rational hypersurface singularity with small dimensions,
we can compute the results of cohomology of Yau algebra as shown in the table
below.

Table 1:
A1 A2 A3 A4 A5 A6 A7 A8 A9

dimA(V ) 1 2 3 4 5 6 7 8 9
λ(V ) 0 1 2 3 4 5 6 7 8

dimH2(L,L) 0 0 0 1 1 1 0 0 1
dimH3(L,L) 0 0 0 0 0 0 0 0 1

A10 A11 A12 A13 D4 D5 D6 D7 D8

dimA(V ) 10 11 12 13 4 5 6 7 8
λ(V ) 9 10 11 12 4 5 6 7 8

dimH2(L,L) 1 1 1 1 0 1 2 1 1
dimH3(L,L) 1 1 1 1 0 0 0 0 1

D9 D10 D11 D12 D13 D14 E6 E7 E8

dimA(V ) 9 10 11 12 13 14 6 7 8
λ(V ) 9 10 11 12 13 14 7 8 10

dimH2(L,L) 0 3 1 3 1 2 4 0 1
dimH3(L,L) 0 3 1 3 1 2 2 0 2

For rational hypersurface singularity Ak+1 and Dk , we demonstrate that for
sufficiently large k , the dimensions of both B2(L,L) and Z2(L,L) are (k − 1)k .
Thus, the dimension of H2(L,L) is 0. The crucial point is that in the proof
process, we are able to determine a set of bases for Z2(L,L).

Theorem 1.2. Let V = {(x, y, z) ∈ C3 : x2 + y2 − zd+2 = 0} be the Ad+1

singularity, where d ≥ 13, and L(V ) =< e1, e2, . . . , ed > be the Yau algebra of
V . Then we have that dimZ2(L,L) = (d − 1)d, dimB2(L,L) = (d − 1)d, and
dimH2(L,L) = dimZ2(L,L)− dimB2(L,L) = 0.

Theorem 1.3. Let V = {(x, y, z) ∈ C3 : x2 + y2z + zd+1 = 0} be the Dd+2

singularity, where d ≥ 13, and L(V ) =< e1, e2, . . . , ed+2 > be the Yau algebra of
V . Then we have that dimZ2(L,L) = (d+1)(d+2), dimB2(L,L) = (d+1)(d+2),
and dimH2(L,L) = dimZ2(L,L)− dimB2(L,L) = 0.

Let V be a finite-dimensional real vector space and let M denote the
real algebraic set of all Lie algebra multiplications on V . We consider M as a
topological space with the topology induced as a subset of C2(L,L).(C2(L,L) is
given the usual (Hausdorff) topology of a finite-dimensional real vector space.)
A Lie algebra L = (V, η) is said to be rigid if its orbit G(η) is an open subset
of M , where G(η) = {gη(g−1x, g−1y)|g ∈ GL(V )} . Nijenhuis and Richardson
established a connection between the rigidity of Lie algebras and their cohomology
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structure in [11, 12]. Leveraging this relationship, we have verified that most
Yau algebras arising from two-dimensional rational hypersurface singularities are
indeed rigid. For the remaining cases, we have also verified their non-rigidity
through other approaches.

Theorem 1.4. For rational hypersurface singularities, the Yau algebra L(V )
is not rigid for the following cases: A4 , A5 , A6 , A9 , A10 , A11 , A12 , A13 , D5 ,
D6 , D7 , D8 , D10 , D11 , D12 , D13 , D14 , E6 , and E8 . Conversely, L(V ) is rigid
for all other cases.

2. Preliminaries

2.1. Rational hypersurface singularity

Definition 2.1. A singularity (V, 0) of dimension d is defined by:

(V, 0) = ({f1 = . . . = fm = 0} , 0) ⊂
(
CN , 0

)
,

where fi :
(
CN , 0

)
→ (C, 0) are germs of analytic functions with

r(p) = rank

[
∂fi
∂zj

(p)

]
i=1,...,m; j=1,...,N

≤ N − d

for any generic (or smooth) point p of V . If r(0) = N−d , then (V, 0) is a smooth
germ, which means it is analytically isomorphic to (Cd, 0). If r(0) < N − d but
r(p) = N − d for all p ∈ V − {0} , we say that (V, 0) has an isolated singularity
at the origin. If d = 2, we say that (V, 0) has a surface singularity. If m = 1, we
say that (V, 0) has a hypersurface singularity.

Definition 2.2. Let (V, 0) be an isolated surface singularity at the origin. Let
π : X → V be a resolution of singularity. We say that (V, 0) is a rational
singularity if R1π∗OX = 0.

Theorem 2.3 ([1]). If (V, o) is a rational hypersurface singularity, then (V, o)
is a rational double point. Moreover these singularities in C3 are defined by one
of following polynomial equations:

(1) Ak : x
2 + y2 − zk+1, for k ≥ 1,

(2) Dk : x
2 + y2z + zk−1, for k ≥ 4,

(3) E6 : x
2 + y3 + z4 ,

(4) E7 : x
2 + y3 + yz3 ,

(5) E8 : x
2 + y3 + z5.
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2.2. Yau algebra

Definition 2.4. Let On = C{x} denote the ring of convergent power series at
the origin in Cn . Let (V, 0) = {(x1, . . . , xn) ∈ Cn|f(x1, . . . , xn) = 0} be an isolated
hypersurface singularity, where f ∈ On . The moduli algebra of the singularity
(V, 0) is defined as

A(V ) := On/(f,
∂f

∂x1

, . . . ,
∂f

∂xn

).

Definition 2.5. Let A be a commutative algebra over the complex field C . We
define a linear endomorphism D of A as a colorblackderivation of A if it satisfies
the Leibniz rule

D(ab) = D(a)b+ aD(b) ∀a, b ∈ A.

Definition 2.6. Let (V, 0) be an isolated hypersurface singularity and A(V )
be the moduli algebra. The set of all colorblackderivations of A(V ), denoted by
DerC(A(V ), A(V )), forms a complex Lie algebra, where the Lie bracket is defined
as

[X, Y ] := X ◦ Y − Y ◦X ∀X, Y ∈ DerC(A(V ), A(V )).

In [17], L(V ) := DerC(A(V ), A(V )) is referred as the Yau algebra of V . The
dimension of L(V ), denoted by λ(V ), is termed the Yau number by Elashvili and
Khimshiashvili in [5].

2.3. Cohomology of Lie algebras For a general theory of the cohomology of
Lie algebra, the interested readers can refer to [9].

Let L be a Lie algebra. We define the space of the n-linear alternating
mappings from Ln to L as Cn(L,L), and C∗(L,L) denotes the direct sum
⊕n≥0C

n(L,L). The coboundary operator

δ : C∗(L,L) → C∗(L,L)

Φ 7→ δΦ

is defined as follows:

δΦ(x1, . . . , xn+1) =


x1Φ if n = 0,∑

1≤i<j≤n+1(−1)i+jΦ([xi, xj], x1, . . . , x̂i, . . . , x̂j, . . . , xn+1)

+
∑

1≤i≤n+1(−1)i+1[xi,Φ(x1, . . . , x̂i, . . . , xn+1)] if n ≥ 1,

where the sign ˆ indicates that the argument below it has been omitted.

It can be shown that δ(Cn(L,L)) ⊂ Cn+1(L,L) and δ ◦ δ = 0, thus
(C∗(L,L), δ) is a cochain complex. For n ≥ 1, let Zn(L,L) = Kerδ|Cn(L,L) and
Bn(L,L) = Imδ|Cn(L,L) . The quotient space Hn(L,L) = Zn(L,L)/Bn(L,L) is
called the cohomology space of L of degree n . For n = 0, we put B0(L,L) = 0
and H0(L,L) = Z0(L,L).

3. Computation of the cohomology of Yau algebras

3.1. Yau algebras of rational surface singularities First, we need to cal-
culate the moduli algebra and Yau algebra of a rational hypersurface singularity.
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These results have already been provided by M. Benson and S. S.-T. Yau in [2],
so we will directly refer to these results.

Proposition 3.1 ([2]). Let V = {(x, y, z) ∈ C3 : x2+ y2− zk+1 = 0} be the Ak

singularity, k ≥ 1. Then

(1) A(V ) =< 1, z, z2, . . . , zk−1 > with multiplication rule zk = 0.

(2) L(V ) =

{
< e1 = z∂z, e2 = z2∂z, . . . , ek−1 = zk−1∂z > if k ≥ 2,

0 if k = 1,

with the multiplication rule by the following table when k ≥ 2.

Table 2:
e1 · · · ej · · · ek−1

e1 0 · · · (j − 1)ej · · · (k − 2)ek−1

· · · · · · · · · · · · · · · · · ·

ei (1− i)ei · · ·

{
(j − i)ei+j−1 if i+ j ≤ k

0 if i+ j ≥ k + 1
· · · 0

· · · · · · · · · · · · · · · · · ·
ek−1 (2− k)ek−1 · · · 0 · · · 0

Proposition 3.2 ([2]). Let V = {(x, y, z) ∈ C3 : x2 + y2z + zk−1 = 0} be the
Dk singularity, k ≥ 4. Then

(1) A(V ) =< 1, y, z, z2, . . . , zk−2 > with multiplication rule y2 = (1 − k)zk−2 ,
yz = 0, zk−1 = 0.

(2) L(V ) =< e1 =
k−2
2
y∂y + z∂z, e2 = z2∂z, . . . , ek−2 = zk−2∂z, ek−1 = y∂z +(k−

1)zk−3∂y, ek = zk−2∂y > with the multiplication rule by the following table.

Table 3:
ej(1 ≤ j ≤ k − 2) ek−1 ek

ei

{
(j − i)ei+j−1 if i+ j < k

0 if i+ j ≥ k


k−4
2
ek−1 if i = 1

(k − 1)(k − 3)ek if i = 2

0 else

{
k−2
2
ek if i = 1

0 else

ek−1


4−k
2
ek−1 if j = 1

(1− k)(k − 3)ek if j = 2

0 else

0 −ek−2

ek

{
2−k
2
ek if j = 1

0 else
ek−2 0

Proposition 3.3 ([2]). Let V = {(x, y, z) ∈ C3 : x2 + y3 + z4 = 0} be the E6

singularity, k ≥ 1. Then

(1) A(V ) =< 1, y, z, yz, z2, yz2 > with multiplication rule y2 = 0, z3 = 0.
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(2) L(V ) =< e1 = y∂y, e2 = z∂z, e3 = yz∂y, e4 = yz∂z, e5 = z2∂z, e6 =
yz2∂y, e7 = yz2∂z > with the multiplication rule by the following table.

Table 4:
e1 e2 e3 e4 e5 e6 e7

e1 0 0 0 e4 0 0 e7
e2 0 0 e3 0 e5 2e6 e7
e3 0 −e3 0 e7 −e6 0 0
e4 −e4 0 −e7 0 e7 0 0
e5 0 −e5 e6 −e7 0 0 0
e6 0 −2e6 0 0 0 0 0
e7 −e7 −e7 0 0 0 0 0

Proposition 3.4 ([2]). Let V = {(x, y, z) ∈ C3 : x2 + y3 + yz3 = 0} be the E7

singularity, k ≥ 1. Then

(1) A(V ) =< 1, z, y, z2, yz, z3, z4 > with multiplication rule y3 = 0, y2 = −1
3
z3 ,

yz2 = 0, z5 = 0.

(2) L(V ) =< e1 = 3y∂y + 2z∂z, e2 = y2∂y, e3 = y2∂z, e4 = 3yz∂y + 2z2∂z, e5 =
3y∂z + 2z2∂y, e6 = yz∂z, e7 = y2z∂y, e8 = y2z∂z > with the multiplication
rule by the following table.

Table 5:
e1 e2 e3 e4 e5 e6 e7 e8

e1 0 3e2 4e3 2e4 e5 3e6 5e7 6e8
e2 −3e2 0 0 −3e7 3e3 e8 0 0
e3 −4e3 0 0 −2e8 4e7 0 0 0
e4 −2e4 3e7 2e8 0 −15e2 − 3e6 −3e7 0 0
e5 −e5 −3e3 −4e7 15e2 + 3e6 0 −3e3 −3e8 0
e6 −3e6 −e8 0 3e7 3e3 0 0 0
e7 −5e7 0 0 0 3e8 0 0 0
e8 −6e8 0 0 0 0 0 0 0

Proposition 3.5 ([2]). Let V = {(x, y, z) ∈ C3 : x2 + y3 + z5 = 0} be the E8

singularity, k ≥ 1. Then

(1) A(V ) =< 1, y, z, yz, z2, yz2, z3, yz3 > with multiplication rule y2 = 0, z4 =
0.

(2) L(V ) =< e1 = y∂y, e2 = z∂z, e3 = yz∂y, e4 = yz∂z, e5 = z2∂z, e6 =
yz2∂y, e7 = yz2∂z, e8 = z3∂z, e9 = yz3∂y, e10 = yz3∂z > with the multipli-
cation rule by the following table.
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Table 6:
e1 e2 e3 e4 e5 e6 e7 e8 e9 e10

e1 0 0 0 e4 0 0 e7 0 0 e10
e2 0 0 e3 0 e5 2e6 e7 2e8 3e9 2e10
e3 0 −e3 0 e7 −e6 0 e10 −e9 0 0
e4 −e4 0 −e7 0 e7 −e10 0 2e10 0 0
e5 0 −e5 e6 −e7 0 2e9 0 0 0 0
e6 0 −2e6 0 e10 −2e9 0 0 0 0 0
e7 −e7 −e7 −e10 0 0 0 0 0 0 0
e8 0 −2e8 e9 −2e10 0 0 0 0 0 0
e9 0 −3e9 0 0 0 0 0 0 0 0
e10 −e10 −2e10 0 0 0 0 0 0 0 0

3.2. Computation of cohomology for Yau algebras with small dimensions
For Yau algebras in small dimensions, we can calculate their cohomology using
the methods mentioned in the following theorem.

Theorem 3.6 (i.e. Theorem 1.1). For the rational hypersurface singularity with
small dimensions, the cohomology of Yau algebra are shown in the table below.

Table 7:
A1 A2 A3 A4 A5 A6 A7 A8 A9

dimA(V ) 1 2 3 4 5 6 7 8 9
λ(V ) 0 1 2 3 4 5 6 7 8

dimH2(L,L) 0 0 0 1 1 1 0 0 1
dimH3(L,L) 0 0 0 0 0 0 0 0 1

A10 A11 A12 A13 D4 D5 D6 D7 D8

dimA(V ) 10 11 12 13 4 5 6 7 8
λ(V ) 9 10 11 12 4 5 6 7 8

dimH2(L,L) 1 1 1 1 0 1 2 1 1
dimH3(L,L) 1 1 1 1 0 0 0 0 1

D9 D10 D11 D12 D13 D14 E6 E7 E8

dimA(V ) 9 10 11 12 13 14 6 7 8
λ(V ) 9 10 11 12 13 14 7 8 10

dimH2(L,L) 0 3 1 3 1 2 4 0 1
dimH3(L,L) 0 3 1 3 1 2 2 0 2

Proof. Assuming L(V ) =< e1, e2, e3, . . . , ed > represents the Yau algebra
of a rational hypersurface singularity V with the multiplication rule [ei, ej] =∑d

k=1 x
k
ijek for i, j = 1, . . . , d .

We first consider the following mapping

δ|C1(L,L) : C
1(L,L) → C2(L,L).

α 7→ δα

Let α : V → V be a linear map in C1(L,L) with α(ei) =
∑d

k=1 a
k
i ek for
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i = 1, . . . , d . Then we have

δα(ei, ej) = [ei, α(ej)]− [ej, α(ei)]− α([ei, ej])

= [ei,
d∑

s=1

asjes]− [ej,
d∑

s=1

asies]− α(
d∑

s=1

xs
ijes)

=
d∑

s=1

d∑
t=1

asjx
t
iset −

d∑
s=1

d∑
t=1

asix
t
jset −

d∑
s=1

d∑
t=1

xs
ija

t
set

=
d∑

k=1

(
d∑

m=1

d∑
n=1

(δmj x
k
in − δmi x

k
jn − δknx

m
ij )a

n
m)ek,

where δji represents the Kronecker delta function, defined as δji = 1 when i = j
and δji = 0 when i ̸= j .

Note that C1(L,L) is a d2 -dimensional vector space with a basis αi
k for

i, k = 1, . . . , d , where αi
k is defined as αi

k(ei) = ek and αi
k(ej) = 0 when

j ̸= i . Then we have that α =
∑d

i=1

∑d
k=1 a

k
i α

i
k . Since the map of C2(L,L) is

alernating, we conclude that C2(L,L) is a (d−1)d2

2
-dimensional vector space with

a basis φij
k − φji

k for i, j, k = 1, . . . , d and i < j , where φij
k is defined as follows:

φij
k (ei, ej) = ek and φij

k (em, en) = 0 otherwise. Let δα =
∑d

i=1

∑d
j=1

∑d
k=1 b

k
ijφ

ij
k .

Then we have that bkij =
∑d

m=1

∑d
n=1(δ

m
j x

k
in − δmi x

k
jn − δknx

m
ij )a

n
m .

Considering the (d−1)d2

2
×d2 matrix D1 =

(
δmj x

k
in−δmi x

k
jn−δknx

m
ij

)
(i,j,k);(m,n)

,

it represents the matrix for δ|C1(L,L) where the domain C1(L,L) is under basis

αi
k , and the codomain C2(L,L) is under basis φij

k . We can rely on computer
assistance to calculate the rank of D1 , which is equivalent to the dimension of
B2(L,L).

Next, we consider the following mapping

δ|C2(L,L) : C
2(L,L) → C3(L,L).

φ 7→ δφ

Let φ ∈ C2(L,L) with φ(ei, ej) =
∑d

k=1 b
k
ijek for i, j = 1, . . . , d . Then we have

δφ(ei, ej, ek) =[ei, φ(ej, ek)]− [ej, φ(ei, ek)] + [ek, φ(ei, ej)]

− φ([ei, ej], ek) + φ([ei, ek], ej)− φ([ej, ek], ei)

=[ei,
d∑

s=1

bsjkes]− [ej,
d∑

s=1

bsikes] + [ek,
d∑

s=1

bsijes]

− φ(
d∑

s=1

xs
ijes, ek) + φ(

d∑
s=1

xs
ikes, ej)− φ(

d∑
s=1

xs
jkes, ei)

=
d∑

s=1

d∑
t=1

(bsjkx
t
is − bsikx

t
js + bsijx

t
ks − xs

ijb
t
sk + xs

ikb
t
sj − xs

jkb
t
si)et

=
d∑

t=1

(
d∑

m=1

d∑
n=1

d∑
l=1

(δmj δ
n
kx

t
il − δmi δ

n
kx

t
jl + δmi δ

n
j x

t
kl − δnk δ

t
lx

m
ij

+ δnj δ
t
lx

m
ik − δni δ

t
lx

m
jk)b

l
mn)et.
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Note that C3(L,L) is a (d−2)(d−1)d2

6
-dimensional vector space with a ba-

sis µijk
t for i, j, k, t = 1, . . . , d and i < j < k , where µijk

t is defined as fol-
lows: µijk

t (ei, ej, ek) = µijk
t (ej, ek, ei) = µijk

t (ek, ei, ej) = et , µijk
t (ej, ei, ek) =

µijk
t (ei, ek, ej) = µijk

t (ek, ej, ei) = −et , and µijk
t (em, en, el) = 0 otherwise. Then we

know that the (d−2)(d−1)d2

6
× (d−1)d2

2
matrix D2 =

(
δmj δ

n
kx

t
il − δmi δ

n
kx

t
jl + δmi δ

n
j x

t
kl −

δnk δ
t
lx

m
ij + δnj δ

t
lx

m
ik − δni δ

t
lx

m
jk

)
(i,j,k,t);(m,n,l)

represents the matrix for δ|C2(L,L) , where

the domain C2(L,L) is under basis φij
k and the codomain C2(L,L) is under basis

µijk
t . We can rely on computer assistance to calculate the dimension of the null

space of D2 , which is equivalent to the dimension of Z2(L,L).

Finally, we can calculate the dimension of H2(L,L) as dimH2(L,L) =

dimZ2(L,L)− dimB2(L,L) = (d−1)d2

2
− rank(D2)− rank(D1). By using a similar

method, we can also calculate the dimension of H3(L,L).

colorblack

Remark 3.7. All rank and nullity computations mentioned in the proof of
Theorem 3.6 were performed using MATLAB (version R2021a or later). The
structural constants xk

ij of the Yau algebra were stored in a three-dimensional
array X of size d × d × d , where X(i, j, k) = xk

ij . To handle the alternating
property of the cochains, we introduced auxiliary index arrays as follows:

O2=zeros(d,d);

S2=zeros(d,d);

a=0;

for i=1:d

for j=1:d

if i<j

S2(i,j)=1;

O2(i,j)=a;

a=a+1;

elseif i>j

S2(i,j)=-S2(j,i);

O2(i,j)=O2(j,i);

end

end

end

The array O2 assigns the same integer to ordered pairs that differ by swapping
entries (e.g., (i, j) and (j, i)), while S2 records the sign +1 or −1 indicating the
parity of the swap. The arrays O3, S3, O4, S4 are defined analogously for triples
and quadruples, respectively.

The matrix D1 (representing δ|C1(L,L) : C1(L,L) → C2(L,L)) was then
constructed using the following MATLAB code:

D1=zeros(d^2*(d-1)/2, d^2);

for i=1:d

for j=1:d

if i<j

for s=1:d

for t=1:d
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b = d*O2(i,j) + t;

D1(b, d*j+s-d) = D1(b, d*j+s-d) + X(i,s,t);

D1(b, d*i+s-d) = D1(b, d*i+s-d) - X(j,s,t);

D1(b, d*s+t-d) = D1(b, d*s+t-d) - X(i,j,s);

end

end

end

end

end

Its rank and nullity give dimB2 and dimZ1 , respectively. The matrices D2

(for δ|C2 ) and D3 (for δ|C3 ) were built similarly; their ranks and nullities yield
dimB3 = rank(D2), dimZ2 = nullity(D2), and dimZ3 = nullity(D3).

The values in Table 7 were obtained by running these routines for each
listed singularity. The MATLAB scripts are available from the corresponding
author upon request.

3.3. The cohomology of Yau algebras for the Ak and Dk In the previous
subsection, we have already calculated the cohomology of Yau algebras for the
Ak and Dk with small dimensions. However, the dimensions of Ak and Dk can
be arbitrarily large. Therefore, for high-dimensional cases, we need to seek other
methods for computation.

Theorem 3.8 (i.e. Theorem 1.2). Let V = {(x, y, z) ∈ C3 : x2+y2−zd+2 = 0}
be the Ad+1 singularity, where d ≥ 13, and L(V ) =< e1, e2, . . . , ed > be the Yau
algebra of V . Then we have that dimZ2(L,L) = (d−1)d, dimB2(L,L) = (d−1)d,
and dimH2(L,L) = dimZ2(L,L)− dimB2(L,L) = 0.

Proof. Using the notations in Theorem 3.6, we have dimH2(L,L) = dimZ2(L,L)−
dimB2(L,L) = dimZ2(L,L) − rank(D1) = dimZ2(L,L) − (d2 − dimZ1(L,L)).
We claim that dimZ2(L,L) ≤ (d − 1)d and dimZ1(L,L) ≤ d . It implies that
dimZ2(L,L) = (d− 1)d and dimZ1(L,L) = d because dimH2(L,L) ≥ 0.

For any α ∈ Z1(L,L), we can represent α by α =
∑d

i=1

∑d
k=1 a

k
i α

i
k . We

assert that α is determined by {aki |(i, k) = (2, 2), (1, 2), (1, 3), . . . , (1, d)} , then
dimZ1(L,L) ≤ d .

By Proposition 3.1, we have [ei, ej] =

{
(j − i)ei+j−1 if i+ j − 1 ≤ d

0 else
,

which implies

xk
ij =

{
j − i if i+ j = k + 1,

0 else.
(1)

Using the notations used in Theorem 3.6, we obtain δα =
∑d

i=1

∑d
j=1

∑d
k=1 b

k
ijφ

ij
k ,

where bkij =
∑d

m=1

∑d
n=1(δ

m
j x

k
in − δmi x

k
jn − δknx

m
ij )a

n
m . Since α ∈ Z1(L,L), we have

0 =
d∑

m=1

d∑
n=1

(δmj x
k
in − δmi x

k
jn − δknx

m
ij )a

n
m =

d∑
n=1

(xk
ina

n
j − xk

jna
n
i )−

d∑
m=1

xm
ija

k
m. (2)
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We will use {a22, a21, a31, . . . , ad1} to represent aqp for p, q = 1, . . . , d . Let i = p ,
j = 1, and k = q in equation (2), we have

d∑
n=1

(xq
pna

n
1 − xq

1na
n
p )−

d∑
m=1

xm
p1a

q
m = 0. (3)

If p < q , according to (1), we can simplify (3) to

(q + 1− 2p)aq+1−p
1 − (q − 1)aqp − (1− p)aqp = 0. (4)

(4) means

aqp =
q + 1− 2p

q − p
aq+1−p
1 (when p < q). (5)

If p > q , according to (1), we can simplify (3) to

−(q − 1)aqp − (1− p)aqp = 0. (6)

(6) means

aqp = 0 (when p > q). (7)

Let (i, j, k) = (1, 2, 2), (2, 3, 4), (2, 4, 5), (2, 5, 6), (3, 4, 6) in (2), and combine these
with (1), we have

a11 = 0, (8)

a44 = a33 + a22, (9)

a55 = a44 + a22, (10)

a66 = a55 + a22, (11)

a66 = a44 + a33. (12)

Using the relations (9)-(12), we get

app = (p− 1)a22 (when p = 3, 4, 5, 6). (13)

Let (i, j, k) = (2, p− 1, p) in (2), and combine these with (1), we have

app = a22 + ap−1
p−1. (14)

Using the relations (8), (13), and (14), we get

aqp = (p− 1)a22 (when p = q). (15)
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Using the relations (5), (7), and (15), we have shown that α is determined by
{aki |(i, k) = (2, 2), (1, 2), (1, 3), . . . , (1, d)} , which implies that dimZ1(L,L) ≤ d .

For any φ ∈ Z2(L,L), we can represent φ by φ =
∑d

i=1

∑d
j=1

∑d
k=1 b

k
ijφ

ij
k .

We assert that φ is determined by {bj1i|2 ≤ i ≤ d, 1 ≤ j ≤ d, i ̸= j} ∪ {b212} ∪
{bi+1

2i |3 ≤ i ≤ d− 1} ∪ {b634} , then dimZ2(L,L) ≤ (d− 1)d .

Since φ ∈ Z2(L,L), similar to (2), we can obtain

0 =
d∑

n=1

(xt
inb

n
jk − xt

jnb
n
ik + xt

knb
n
ij − xn

ijb
t
nk + xn

ikb
t
nj − xn

jkb
t
ni) (∀i, j, k, t = 1, . . . , d).

(16)

Let i = 1 in (16), we have

0 =
d∑

n=1

(xt
1nb

n
jk − xt

jnb
n
1k + xt

knb
n
1j − xn

1jb
t
nk + xn

1kb
t
nj − xn

jkb
t
n1). (17)

By (1), we have

0 = (t+ 1− j − k)btjk − xt
j,t+1−jb

t+1−j
1k + xt

k,t+1−kb
t+1−k
1j − xj+k−1

jk btj+k−1,1, (18)

where xk
i,j = xk

ij and bki,j = bkij . Additionally, define xt
j,t+1−jb

t+1−j
1k = 0 when

t+1− j ≤ 0, xt
k,t+1−kb

t+1−k
1j = 0 when t+1−k ≤ 0, and xj+k−1

jk btj+k−1,1 = 0 when
j + k − 1 > d .

If j+k ̸= t+1, then xt
j,t+1−jb

t+1−j
1k , xt

k,t+1−kb
t+1−k
1j , and xj+k−1

jk btj+k−1,1 can

be represented by {bj1i|2 ≤ i ≤ d, 1 ≤ j ≤ d, i ̸= j} . Therefore brpq can also be

represented by {bj1i|2 ≤ i ≤ d, 1 ≤ j ≤ d, i ̸= j} when p+ q ̸= r + 1.

If p + q = r + 1, we can assume p ≤ q , let i = 2, j = p − 1, k = q , and
t = r in (16), we have

0 = (p+ q − 4)br−1
p−1,q − (q + 2− p)bq+1

2q + (p− q)bp2,p−1

−(p− 3)brpq + (q − 2)brq+1,p−1 − (q + 1− p)brr−1,2. (19)

If p = 1, we can simplify (19) to

(q − 3)bq1,q = (q − 3)bq−1
1,q−1 + (q − 3)b212. (20)

We can observe that (20) is similar as (14). By substituting (i, j, k, t) = (1, 2, 3, 4),
(1, 2, 4, 5), (1, 2, 5, 6), (1, 3, 4, 6) into (16), we can reach a conclusion similar as
(15), which implies that {bi1i|1 ≤ i ≤ d} can be represented by b212 .

If p > 3, brpq can be represented by {b212} ∪ {bi+1
2i |3 ≤ i ≤ d − 1} ∪

{br−1
p−1,q, b

r
p−1,q+1} . By induction, brpq can be represented by {b212} ∪ {bi+1

2i |3 ≤ i ≤
d− 1} ∪ {bi+2

3i |4 ≤ i ≤ d− 2} .
Now we just need to prove that {bi+2

3i |4 ≤ i ≤ d − 2} can be represented
by {b212} ∪ {bi+1

2i |3 ≤ i ≤ d − 1} ∪ {b634} . We don’t care about the coefficients of
{b212} ∪ {bi+1

2i |3 ≤ i ≤ d − 1} in {bi+2
3i |4 ≤ i ≤ d − 2} , so we can assume that

bi+1
2i = 0 for 3 ≤ i ≤ d− 1 and b212 = 0 in the following calculations.
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Let (i, j, k, t) = (3, 4, q, q + 5) in (16), we have

0 = qbq+3
4q − (q − 2)bq+2

3q + (6− q)b634

−bq+5
6q + (q − 3)bq+5

q+2,4 − (q − 4)bq+5
q+3,3. (21)

Let p = 4, 5, 6 in (19), we have

3bq+5
6,q = (q + 2)bq+4

5q − (q − 2)bq+5
5,q+1, (22)

2bq+4
5q = (q + 1)bq+3

4q − (q − 2)bq+4
4,q+1, (23)

bq+3
4q = qbq+2

3q − (q − 2)bq+3
3,q+1. (24)

Using the relations (21)-(24), we get

0 = (
1

6
(q − 2)(q − 1)q + (q − 3)q + (q − 4))bq+5

3,q+3

−((q − 3)(q + 2) +
1

6
(q − 2)(q − 1)(q + 2) +

1

3
(q − 2)(q + 2)(q − 1))bq+4

3,q+2

+(
1

3
(q − 2)(q + 2)(q + 1) +

1

6
(q + 2)(q + 1)(q − 2)− q(q − 2))bq+3

3,q+1

−(
1

6
(q + 2)(q + 1)q − q2 + (q − 2))bq+2

3,q + (6− q)b634. (25)

Let q = 4 in (24), we have

2b735 = 4b634 − b744 = 4b634. (26)

Then we can conclude that {bi+2
3i |4 ≤ i ≤ d−2} can be represented by both b634 and

b836 according to (25) and (26). Additionally, when 3 ≤ p < q and p+ q = r + 1,
brpq can also be represented by both b634 and b836 .

Let (i, j, k, t) = (4, 5, 6, 13) in (16), we have

0 = 6b105,6 − 4b94,6 + 2b84,5 − b138,6 + 2b139,5 − b1310,4. (27)

We can represent each component in (26) as a linear combination of b634 and b836 .
By solving it , we have

b836 = 3b634. (28)

In conclusion, we have shown that φ is determined by {bj1i|2 ≤ i ≤ d, 1 ≤
j ≤ d, i ̸= j} ∪ {b212} ∪ {bi+1

2i |3 ≤ i ≤ d − 1} ∪ {b634} , which implies that
dimZ2(L,L) ≤ (d− 1)d .

Remark 3.9. In order for (12) to hold, it is necessary that d ≥ 6. This is why
the dimH2(L,L) of Ad+1(d = 3, 4, 5) are not 0. In order for (27) to hold, it is
necessary that d ≥ 13. This is why the dimH2(L,L) of Ad+1(d = 8, 9, 10, 11, 12)
are not 0.
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Theorem 3.10 (i.e. Theorem 1.3). Let V = {(x, y, z) ∈ C3 : x2+ y2z+ zd+1 =
0} be the Dd+2 singularity, where d ≥ 13, and L(V ) =< e1, e2, . . . , ed+2 >
be the Yau algebra of V . Then we have that dimZ2(L,L) = (d + 1)(d + 2),
dimB2(L,L) = (d+1)(d+2), and dimH2(L,L) = dimZ2(L,L)−dimB2(L,L) = 0.

Proof. Similar to Theorem 3.8, using the notations used in Theorem 3.6, we
have dimH2(L,L) = dimZ2(L,L) + dimZ1(L,L) − (d + 2)2 . We claim that
dimZ2(L,L) ≤ (d + 1)(d + 2) and dimZ1(L,L) ≤ d + 2. This implies that
dimZ2(L,L) = (d+1)(d+2) and dimZ1(L,L) = d+2 because dimH2(L,L) ≥ 0.

By Proposition 3.2, we have

xk
ij =



j − i if k ≤ d and i+ j = k + 1,
d−2
2

if i = 1 and j = k = d+ 1,
d
2

if i = 1 and j = k = d+ 2,

(d+ 1)(d− 1) if i = 2 and j = d+ 1 and k = d+ 2,

−1 if i = d+ 1 and j = d+ 2 and k = d,

0 else,

(29)

where 1 ≤ i < j ≤ d+ 2 and 1 ≤ k ≤ d+ 2.

Let α =
∑d+2

i=1

∑d+2
k=1 a

k
i α

i
k ∈ Z1(L,L) and φ =

∑d+2
i=1

∑d+2
j=1

∑d+2
k=1 b

k
ijφ

ij
k ∈

Z2(L,L). Note that if exactly one of i , j , and k is equal to either d + 1 or
d + 2, then xk

ij = 0. Additionally, when 1 ≤ i, j, k ≤ d , the value of xk
ij of Ad+1

is equal to the value of xk
ij of Dd+2 . If 1 ≤ i, j, k, t ≤ d , the relations (1)-(28)

still hold on in Dd+2 . This implies that the element of {aki |1 ≤ i, k ≤ d} can
be expressed as a linear combination of {aki |(i, k) = (2, 2), (1, 2), (1, 3), . . . , (1, d)}
and the element of {bkij|1 ≤ i, j, k ≤ d} can be expressed as a linear combination

of {bj1i|2 ≤ i ≤ d, 1 ≤ j ≤ d, i ̸= j} ∪ {b212} ∪ {bi+1
2i |3 ≤ i ≤ d− 1} ∪ {b634} .

We assert that α is determined by {aki |(i, k) = (2, 2), (1, 2), (1, 3), . . . , (1, d+
2)} , then dimZ1(L,L) ≤ d+ 2. According to the above discussion, we only need
to prove {ad+1

i |i = 2, . . . , d}∪ {ad+2
i |i = 2, . . . , d}∪ {aid+1|i = 1, . . . , d}∪ {aid+2|i =

1, . . . , d} ∪ {ad+1
d+1, a

d+2
d+2, a

d+2
d+1, a

d+1
d+2} can be expressed as a linear combination of

{aki |1 ≤ i, k ≤ d} ∪ {ad+1
1 , ad+2

1 } .
Since α ∈ Z1(L,L), we have

0 =
d+2∑
n=1

(xk
ina

n
j − xk

jna
n
i − xn

ija
k
n) (∀i, j, k = 1, . . . , d+ 2). (30)

Let i = 1 and k = d+ 1 in (30), we have

0 =
d− 2

2
ad+1
j −

d+2∑
n=1

xd+1
jn an1 − xj

1ja
d+1
j . (31)

When 2 ≤ j ≤ d and j ̸= d
2
, according to (31), we have

ad+1
j = 0 (2 ≤ j ≤ d, j ̸= d

2
). (32)
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Let j = d+ 2 in (31), we have

ad+1
d+2 = 0. (33)

Let i = 3, j = d
2
− 2, and k = d+ 1 in (30), we have

ad+1
d
2

= 0. (34)

Let i = 1 and k = d+ 2 in (30), we have

0 =
d− 2

2
ad+2
j −

d+2∑
n=1

xd+2
jn an1 − xj

1ja
d+2
j . (35)

When 3 ≤ j ≤ d and j ̸= d
2
+ 1, according to (35), we have

ad+2
j = 0 (3 ≤ j ≤ d, j ̸= d

2
+ 1). (36)

Let j = d+ 1 in (35), we have

ad+2
d+1 = −(d+ 1)(d− 1)a21. (37)

Let j = 2 in (35), we have

ad+2
2 =

2(d+ 1)(d− 1)

d− 2
ad+1
1 . (38)

Let i = 3, j = d
2
− 1, and k = d+ 2 in (30), we have

ad+2
d
2
+1

= 0. (39)

Let i = 1 and j = d+ 1 in (30), we have

0 = xk
1ka

k
d+1 −

d+2∑
n=1

xk
d+1,na

n
1 −

d− 2

2
akd+1. (40)

When 1 ≤ k ≤ d− 1 and k ̸= d
2
, according to (40), we have

akd+1 = 0 (1 ≤ k ≤ d− 1, k ̸= d

2
). (41)

Let k = d in (40), we have

add+1 = −2

d
ad+2
1 . (42)

Let i = 3, j = d+ 1, and k = d
2
+ 2 in (30), we have

a
d
2
d+1 = 0. (43)
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Let i = 1 and j = d+ 2 in (30), we have

0 = xk
1ka

k
d+2 −

d+2∑
n=1

xk
d+2,na

n
1 −

d

2
akd+2. (44)

When 1 ≤ k ≤ d− 1 and k ̸= d
2
+ 1, according to (44), we have

akd+1 = 0 (1 ≤ k ≤ d− 1, k ̸= d

2
+ 1). (45)

Let k = d in (44), we have

add+2 =
2

d− 2
ad+1
1 . (46)

Let i = 3, j = d+ 2, and k = d
2
+ 3 in (30), we have

a
d
2
+1

d+2 = 0. (47)

Let i = d+ 1, j = d+ 2, and k = d in (30), we have

0 = −ad+2
d+2 − ad+1

d+1 + add. (48)

Let i = 2, j = d+ 1, and k = d+ 2 in (30), we have

0 = (d+ 1)(d− 1)ad+1
d+1 + (d+ 1)(d− 1)a22 − (d+ 1)(d− 1)ad+2

d+2. (49)

Using the relations (48) and (49), we get

ad+1
d+1 =

1

2
(add − a22), (50)

ad+2
d+2 =

1

2
(add + a22). (51)

In conclusion, we have shown that α is determined by {aki |(i, k) = (2, 2), (1, 2), (1, 3), . . . ,
(1, d+ 2)} , which implies that dimZ1(L,L) ≤ d+ 2.

We assert that φ is determined by {bj1i|2 ≤ i ≤ d, 1 ≤ j ≤ d, i ̸= j}∪{b212}∪
{bi+1

2i |3 ≤ i ≤ d − 1} ∪ {b634} ∪ {bd+1
1n |n = 2, 3, . . . , d} ∪ {bd+2

1n |n = 2, 3, . . . , d} ∪
{bn1,d+1|n = 1, 2, . . . , d} ∪ {bn1,d+2|n = 1, 2, . . . , d} ∪ {bd+2

1,d+1, b
d+1
1,d+2, b

d+2
2,d+1, b

d
d+1,d+2}

when d is odd, and by {bj1i|2 ≤ i ≤ d, 1 ≤ j ≤ d, i ̸= j} ∪ {b212} ∪ {bi+1
2i |3 ≤ i ≤

d− 1} ∪ {b634} ∪ {bd+1
1n |n = 2, 3, . . . , d

2
− 1, d

2
+ 1, . . . , d} ∪ {bd+2

1n |n = 2, 3, . . . , d
2
, d
2
+

2, . . . , d} ∪ {bn1,d+1|n = 1, 2, . . . , d
2
− 1, d

2
+ 1, . . . , d} ∪ {bn1,d+2|n = 1, 2, . . . , d

2
, d
2
+

2, . . . , d} ∪ {bd+1

2, d
2
−1
, bd+2

2, d
2

, b
d
2
+1

2,d+1, b
d
2
+2

2,d+2, b
d+2
1,d+1, b

d+1
1,d+2, b

d+2
2,d+1, b

d
d+1,d+2} when d is even.

Given that the elements of {bkij|1 ≤ i, j, k ≤ d} can be expressed as a linear

combination of {bj1i|2 ≤ i ≤ d, 1 ≤ j ≤ d, i ̸= j} ∪ {b212} ∪ {bi+1
2i |3 ≤ i ≤ d − 1} ∪

{b634} , it suffices to focus on the values of {bd+1
ij |1 ≤ i, j ≤ d} ∪ {bd+2

ij |1 ≤ i, j ≤
d} ∪ {bji,d+1|1 ≤ i, j ≤ d} ∪ {bji,d+2|1 ≤ i, j ≤ d} ∪ {bd+1

i,d+1|1 ≤ i ≤ d} ∪ {bd+2
i,d+1|1 ≤

i ≤ d} ∪ {bd+1
i,d+2|1 ≤ i ≤ d} ∪ {bd+2

i,d+2|1 ≤ i ≤ d} ∪ {bid+1,d+2|1 ≤ i ≤ d+ 2} .
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Since φ ∈ Z2(L,L), we have

0 =
d+2∑
n=1

(xt
inb

n
jk − xt

jnb
n
ik + xt

knb
n
ij − xn

ijb
t
nk + xn

ikb
t
nj − xn

jkb
t
ni) (∀i, j, k, t = 1, . . . , d+ 2).

(52)

Let i = 1, 2 ≤ j, k ≤ d and t = d+ 1 in (52), we have

0 = xd+1
1,d+1b

d+1
jk −

d+2∑
n=1

xd+1
jn bn1k +

d+2∑
n=1

xd+1
kn bn1j − xj

1jb
d+1
jk + xk

1kb
d+1
kj −

d+2∑
n=1

xn
jkb

d+1
n1 .

(53)

When j + k ̸= d+2
2
, according to (53), we have

bd+1
jk =

2

d+ 2− 2j − 2k

d+2∑
n=1

xn
jkb

d+1
n1 . (54)

When d is odd, we have bd+1
jk (1 ≤ j, k ≤ d) determined by {bd+1

1n |n =
2, 3, . . . , d}(note that xn

jk = 0 when 1 ≤ j, k ≤ d and n > d).

When d is even. Let i = 2, 3 ≤ j ≤ d
2
− 3, k = d

2
− j , and t = d + 1 in

(52), we have

0 = −(j − 2)bd+1

j+1, d
2
−j

+ (
d

2
− 2− j)bd+1

d
2
+1−j,j

− (
d

2
− 2j)bd+1

d
2
−1,2

(3 ≤ j ≤ d

2
− 3).

(55)

Equation (55) indicates that bd+1

j, d
2
+1−j

(4 ≤ j ≤ d
4
+ 1) can be expressed as

a linear combination of bd+1

2, d
2
−1

and bd+1

3, d
2
−2

. Additionally, from Equation (55), it

follows that bd+1

1, d
2

= 0. Then we let i = 3, j = 4, k = d
2
− 5, and t = d + 1 in

(52), we have

0 = −bd+1

6, d
2
−5

+ (
d

2
− 8)bd+1

d
2
−3,4

− (
d

2
− 9)bd+1

d
2
−2,3

. (56)

It can transform into

(d− 2)(d− 6)(d− 16)bd+1

2, d
2
−1

= (d− 2)(d− 10)(d− 16)bd+1

3, d
2
−2
. (57)

When d ̸= 16, the elements bd+1

j, d
2
+1−j

(1 ≥ j ≥ d
2
) can be expressed as

rational multiples of bd+1

2, d
2
−1

. This conclusion remains valid when d = 16, and

in this case, Z2(L,L) can be computed directly using the method outlined in
Theorem 3.6. Consequently, the values of bd+1

jk for 1 ≤ j, k ≤ d are determined

by {bd+1
1n |n = 2, 3, . . . , d} when d is odd, and by {bd+1

1n |n = 2, 3, . . . , d
2
− 1, d

2
+

1, . . . , d} ∪ {bd+1

2, d
2
−1
} when d is even.

Let i = 1, 2 ≤ j, k ≤ d and t = d+ 2 in (52), we have

0 = xd+2
1,d+2b

d+2
jk − xd+2

j,d+1b
d+1
1k + xd+2

k,d+1b
d+1
1j − xj

1jb
d+2
jk + xk

1kb
d+2
kj −

d+2∑
n=1

xn
jkb

d+2
n1 . (58)
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When j + k ̸= d+4
2
, according to (58), we have

bd+2
jk =

2

d+ 4− 2j − 2k
(xd+2

j,d+1b
d+1
1k − xd+2

k,d+1b
d+1
1j +

d∑
n=1

xn
jkb

d+2
n1 ). (59)

When d is odd, we have bd+2
jk (1 ≤ j, k ≤ d) determined by {bd+1

1n |n =

2, 3, . . . , d} ∪ {bd+2
1n |n = 2, 3, . . . , d} .

When d is even. Let i = 2, 3 ≤ j ≤ d
2
− 2, k = d

2
+ 1 − j , and t = d + 2

in (52), we have

0 = xd+2
2,d+1b

d+1
jk − (j − 2)bd+2

j+1, d
2
+1−j

+ (
d

2
− 1− j)bd+2

d
2
+2−j,j

− (
d

2
+ 1− 2j)bd+1

d
2
,2
.

(60)

Equation (60) indicates that bd+2

j, d
2
+2−j

(4 ≤ j ≤ d
4
+ 1) can be expressed as

a linear combination of bd+2

2, d
2

, bd+2

3, d
2
−1

, and bd+1
jk for 1 ≤ j, k ≤ d . By setting i = 3,

j = 4, k = d
2
− 4, and t = d + 2 in (52), similar to equation (57), we find that

the elements bd+2

j, d
2
+1−j

(1 ≥ j ≥ d
2
) can be represented as a linear combination

of bd+2

2, d
2

and bd+1
jk for 1 ≤ j, k ≤ d when d ̸= 14. This conclusion remains valid

when d = 14, and in this case, Z2(L,L) can be computed directly using the
method outlined in Theorem 3.6. Consequently, the values of bd+1

jk and bd+2
jk for

1 ≤ j, k ≤ d are determined by {bd+1
1n |n = 2, 3, . . . , d}∪{bd+2

1n |n = 2, 3, . . . , d} when
d is odd, and by {bd+1

1n |n = 2, 3, . . . , d
2
− 1, d

2
+1, . . . , d}∪{bd+2

1n |n = 2, 3, . . . , d
2
, d
2
+

2, . . . , d} ∪ {bd+1

2, d
2
−1
, bd+2

2, d
2

} when d is even.

Let i = 1, 2 ≤ j ≤ d , k = d+ 2, and 1 ≤ t ≤ d+ 2 in (52), we have

0 = xt
1tb

t
j,d+2 −

d+2∑
n=1

xt
jnb

n
1,d+2 +

d+2∑
n=1

xt
d+2,nb

n
1j − xj

1jb
t
j,d+2 + xd+2

1,d+2b
t
d+2,j −

d+2∑
n=1

xn
j,d+2b

t
n,1.

(61)

When 1 ≤ t ≤ d and t− j ̸= d
2
, according to (61), we have

btj,d+2 =
2

2t− 2j − d
(

d∑
n=1

xt
jnb

n
1,d+2 − xt

d+2,d+1b
d+1
1j ). (62)

When d is odd, we have btj,d+2 (1 ≤ j, t ≤ d) determined by {bn1,d+2|n =

1, 2, . . . , d} ∪ {bd+1
1j |j = 2, 3, . . . , d} .

When d is even. Let i = 2, 3 ≤ j ≤ d
2
− 1, k = d + 2, and t = j + d

2
+ 1

in (52), we have

0 = (
d

2
− 2 + j)b

j+ d
2

j,d+2 − (
d

2
+ 2− j)b

d
2
+2

2,d+2 + x
j+ d

2
+1

d+2,d+1b
d+1
2j − (j − 2)b

j+ d
2
+1

j+1,d+2. (63)

Equation (63) indicates that b
j+ d

2
j,d+2 (4 ≤ j ≤ d

2
) can be expressed as a

linear combination of b
d
2
+2

2,d+2 , b
d
2
+3

3,d+2 and bd+1

2, d
2
−1

. Additionally, from Equation (61),
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it follows that b
d
2
+1

1,d+2 = 0. Then we let i = 3, j = 4, k = d+ 2, and t = d
2
+ 6 in

(52), we have

(d− 2)(d2 + 2d+ 24)b
d
2
+3

3,d+2 = (d− 4)(d2 + 2d+ 24)b
d
2
+2

2,d+2. (64)

In summary, the values of btj,d+2 for 1 ≤ j, t ≤ d are determined by

{bn1,d+2|n = 1, 2, . . . , d} ∪ {bd+1
1j |j = 2, 3, . . . , d} when d is odd, and by {bn1,d+2|n =

1, 2, . . . , d
2
, d
2
+ 2, . . . , d} ∪ {bd+1

1j |j = 2, 3, . . . , d
2
− 1, d

2
+ 1, . . . , d} ∪ {b

d
2
+2

2,d+2, b
d+1

2, d
2
−1
}

when d is even. By employing a comparable approach, we can derive the subse-
quent conclusion: the values of bd+1

jk , bd+2
jk , btj,d+1 , and btj,d+2 for 1 ≤ j, k, t ≤ d

are determined by {bd+1
1n |n = 2, 3, . . . , d} ∪ {bd+2

1n |n = 2, 3, . . . , d} ∪ {bn1,d+1|n =

1, 2, . . . , d}∪{bn1,d+2|n = 1, 2, . . . , d} when d is odd, and by {bd+1
1n |n = 2, 3, . . . , d

2
−

1, d
2
+1, . . . , d}∪{bd+2

1n |n = 2, 3, . . . , d
2
, d
2
+2, . . . , d}∪{bn1,d+1|n = 1, 2, . . . , d

2
−1, d

2
+

1, . . . , d} ∪ {bn1,d+2|n = 1, 2, . . . , d
2
, d
2
+ 2, . . . , d} ∪ {bd+1

2, d
2
−1
, bd+2

2, d
2

, b
d
2
+1

2,d+1, b
d
2
+2

2,d+2} when

d is even.

Let t = d+ 1 in (61), we have

0 =
d− 2

2
bd+1
j,d+2 − (j − 1)bd+1

j,d+2 +
d

2
bd+1
d+2,j. (65)

Let t = d+ 2 in (61), we have

0 =
d

2
bd+2
j,d+2 − xd+2

j,d+1b
d+1
1,d+2 −

d

2
b11j − (j − 1)bd+2

j,d+2 +
d

2
bd+2
d+2,j. (66)

For k = d+ 1, we have similar equation

0 = −(j − 1)bd+1
j,d+1 −

d− 2

2
b11j − xd+2

j,d+1b
d+1
d+2,1, (67)

0 = −(j − 2)bd+2
j,d+1 − xd+2

j,d+1b
d+1
1,d+1 + xd+2

d+1,2b
2
1j − xd+2

j,d+1b
d+2
d+2,1. (68)

Equation (65)-(68) indicates that the values of bd+1
j,d+1 , bd+2

j,d+1 , bd+1
j,d+2 , and

bd+2
j,d+2 for 1 ≤ j ≤ d are determined by bd+1

1,d+1 , bd+2
1,d+1 , bd+1

1,d+2 , bd+2
1,d+2 , bd+2

2,d+1 ,

bj1j (j = 2, 3, . . . , d) and b21j (j = 2, 3, . . . , d).

Furthermore,let j = 2 in (68) and let i = 1, j = d + 1, k = d + 2, and
t = d in (52), we have

0 = bd+1
1,d+1 + b212 − bd+2

1,d+2, (69)

0 = bd+1
1,d+1 + bd+2

1,d+2 − bd1d. (70)

Equation (69) and (70) indicates that the values of bd+1
1,d+1 and bd+2

1,d+2 are determined

by b212 (note that the value of bd1d is also determined by b212 ).

Finally, the only remaining undetermined values are those of btd+1,d+2 for
1 ≤ t ≤ d+ 2. Let i = 1, j = d+ 1 and k = d+ 2 in (52), we have

0 = (xt
1t − d+ 1)btd+1,d+2 −

d+2∑
n=1

(xt
d+1,nb

n
1,d+2 − xt

d+2,nb
n
1,d+1)− xd

d+1,d+2b
t
d1 (1 ≤ t ≤ d+ 2).

(71)
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When t ̸= d , the value of btd+1,d+2 is determined by bt1d , bn1,d+1 , and bn1,d+2 for
n = 1, 2, . . . , d+ 2. In conclusion, we have proved the previous assertion that the
values of {bd+1

ij |1 ≤ i, j ≤ d}∪{bd+2
ij |1 ≤ i, j ≤ d}∪{bji,d+1|1 ≤ i, j ≤ d}∪{bji,d+2|1 ≤

i, j ≤ d} ∪ {bd+1
i,d+1|1 ≤ i ≤ d} ∪ {bd+2

i,d+1|1 ≤ i ≤ d} ∪ {bd+1
i,d+2|1 ≤ i ≤ d} ∪ {bd+2

i,d+2|1 ≤
i ≤ d} ∪ {bid+1,d+2|1 ≤ i ≤ d + 2} are determined by {bkij|1 ≤ i, j, k ≤ d} ∪
{bd+1

1n |n = 2, 3, . . . , d}∪{bd+2
1n |n = 2, 3, . . . , d}∪{bn1,d+1|n = 1, 2, . . . , d}∪{bn1,d+2|n =

1, 2, . . . , d}∪{bd+2
1,d+1, b

d+1
1,d+2, b

d+2
2,d+1, b

d
d+1,d+2} when d is odd, and by {bkij|1 ≤ i, j, k ≤

d} ∪ {bd+1
1n |n = 2, 3, . . . , d

2
− 1, d

2
+ 1, . . . , d} ∪ {bd+2

1n |n = 2, 3, . . . , d
2
, d
2
+ 2, . . . , d} ∪

{bn1,d+1|n = 1, 2, . . . , d
2
− 1, d

2
+ 1, . . . , d} ∪ {bn1,d+2|n = 1, 2, . . . , d

2
, d
2
+ 2, . . . , d} ∪

{bd+1

2, d
2
−1
, bd+2

2, d
2

, b
d
2
+1

2,d+1, b
d
2
+2

2,d+2, b
d+2
1,d+1, b

d+1
1,d+2, b

d+2
2,d+1, b

d
d+1,d+2} when d is even, which im-

plies that dimZ2(L,L) ≤ (d+ 1)(d+ 2).

Remark 3.11. The crucial point is that in the proof process, we are able to
determine a set of bases for Z1(L,L)(resp. Z2(L,L). Specifically, for the identified
elements, setting one element to 1 and the rest to 0, the corresponding α (resp.
φ) form the bases of Z1(L,L) (resp. Z2(L,L)).

4. Rigidity of Yau algebras

4.1. Deformations of Lie algebra structures For a general theory of the de-
formations of Lie algebra structures, the interested readers can refer to colorblack[11,
12].

Let L = (V, η) be a Lie algebra and let φ ∈ C2(L,L) be a 2-cochain. Now,
η′ = η + φ is also a Lie algebra multiplication if it satisfies the Jacobi identity:∑

cyc

η′(x, η′(y, z)) = 0 (72)

for any x, y, z ∈ V , where
∑

cyc denotes the sum over all cyclic permutations of
(x, y, z).

Since
∑

cyc η(x, η(y, z)) = 0 and δφ(x, y, z) =
∑

cyc η(x, φ(y, z))+
∑

cyc φ(x, η(y, z)),
we can transform (72) into

δφ− [φ, φ]/2 = 0, (73)

where [φ, φ] is defined as:

[φ, φ](x, y, z) = 2
∑
cyc

φ(φ(x, y), z).

Equation (73) is called the deformation equation. Let ηt = η+ tφ1+ t2φ2+ . . . be
a one-parameter family of Lie algebra multiplications on V , where φi ∈ C2(L,L).
Then tφ1 + t2φ2 + . . . satisfies the deformation equation, which implies that
δφ1 = 0. Hence φ1 ∈ Z2(L,L), and we call φ1 an infinitesimal deformation
of η .

A one-parameter family of Lie algebra multiplications ηt = η+ tφ1+ t2φ2+
. . . is said to be trivial if (V, ηs) ∼= (V, ηt) for any s, t . Then there exists a
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one-parameter family of invertible linear maps It = I + tα1 + t2α2 + . . . , where
αi ∈ (L,L) is a linear map from V to itself and I is the identity map, such that

ηt(x, y) = Itη((It)
−1x, (It)

−1y) (74)

for any x, y ∈ V . We call φ1 a trivial infinitesimal deformation.

Definition 4.1. Let V be a finite-dimensional complex vector space. A Lie
algebra L = (V, η) is rigid if there not exist a non-trivial infinitesimal deformation.
It means the obit G(η) = {gη(g−1x, g−1y)|g ∈ GL(V )} is an open subset of M ,
where M is the real algebraic set of all Lie algebra multiplications on V .

Let α : V → V be a linear map, and It = I+ tα be a one-parameter family
of invertible linear maps. Then equation (74) can transform into

ηt(x, y) = η(x, y) + t(α(η(x, y)))− η(α(x), y)− η(x, α(y)) + (higher order terms).

This show that δα = η(x, α(y)) + η(α(x), y) − α(η(x, y)) is a trivial infinites-
imal deformation. Thus the trivial infinitesimal deformations are precisely the
2-coboundaries, and every 2-coboundaries is the first order term of some one-
parameter family of deformations of η . It is noted that we mentioned before that
infinitesimal deformation φ1 ∈ Z2(L,L), so we have the following theorem.

Theorem 4.2 (colorblackTheorem 7.1, [12]). Let V be a finite-dimensional
complex vector space, and let L = (V, η) be a Lie algebra such that H2(L,L) = 0.
Then L is rigid.

Equation (73) can be decomposed into the following equations

δφn −
1

2

n−1∑
i=1

[φi, φn−i] = 0 (n = 1, 2, . . . ).

We can prove that
∑n−1

i=1 [φi, φn−i] ∈ Z3(L,L), leading to the following theorem.
Detailed discussions can be found in colorblack[11].

Theorem 4.3 (colorblackTheorem 20.3, [11]). Let V be a finite-dimensional
complex vector space, and let L = (V, η) be a Lie algebra such that H3(L,L) = 0.
Then each infinitesimal deformation is the first order term of a one-parameter
family. Additionally, L isn’t rigid when H2(L,L) ̸= 0.

colorblack

Remark 4.4. The condition H3(L,L) = 0 in Theorem 4.3 is essential. Indeed,
without it, the conclusion that H2(L,L) ̸= 0 implies non-rigidity fails in general.
As discussed after the statement of Theorem 7.2 in [12], there exist rigid Lie
algebras with H2 ̸= 0.

4.2. Rigidity of Yau algebras arising from two-dimensional rational
hypersurface singularities According to Theorem 3.6, Theorem 3.8, Theorem
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3.10, Theorem 4.2 and Theorem 4.3, we can conclude that the Yau algebra L(V )
is rigid for Ak(k ̸= 4, 5, 6, 9, 10, 11, 12, 13), Dk(k ̸= 5, 6, 7, 8, 10, 11, 12, 13, 14) and
for E7 , however, the Yau algebra L(V ) is not rigid for A4 , A5 , A6 , D5 , D6 , and
D7 . Our next goal is to prove that L(V ) is not rigid for Ak(k = 9, 10, 11, 12, 13),
Dk(k = 8, 10, 11, 12, 13, 14), E6 , and E8 .

Since the trivial infinitesimal deformations are precisely the 2-coboundaries,
we need to find an infinitesimal deformation φ1 such that φ1 /∈ B2(L,L). This
would imply that φ1 is a non-trivial infinitesimal deformation, thereby showing
that L(V ) is not rigid. For this, we need to figure out the structure of Z2(L,L)
first.

Remark 4.5. In fact, we can directly apply the method in Theorem 3.6 to
calculate B2(L,L) and Z2(L,L) with the assistance of a computer. However, as
noted in mentioned in Remark 3.11, we can obtain the set of bases of B2(L,L) by
using the processes described in Theorem 3.8 and Theorem 3.10.

In order for (27) to hold, it is necessary that d ≥ 13. Therefore b836 cannot
be determined by the elements previously identified for Ak(k = 9, 10, 11, 12, 13).
Let b836 be 1, and let the values of the elements we found before be 0. Then, the
corresponding φ ∈ Z2(L,L) such that φ /∈ B2(L,L), hence φ serves as a repre-
sentative element of the cohomology group H2(L,L) for Ak(k = 9, 10, 11, 12, 13).
According to the relationship between Ak and Dk+1 , this conclusion also holds
true for Dk(k = 10, 11, 12, 13, 14). This element will play an important role in the
subsequent proof.

Proposition 4.6. For the singularties A9 , A10 , D8 , D10 , D11 , E6 , and E8 ,
we construct a φ /∈ B2(L,L) such that ηt = η + tφ is a one-parameter family of
Lie algebra multiplications. Consequently, the Yau algebra L(V ) is not rigid in
these cases.

Proof. When ηt = η+ tφ , the deformation equation (73) can be transform into

δφ = 0, (75)

[φ, φ] = 0. (76)

So we only need to construct a φ ∈ Z2(L,L) such that φ /∈ B2(L,L) and
[φ, φ] = 0. The φ for each singularity is defined as follows:

(1) A9 : φ(e3, e6) = −φ(e6, e3) = e8 , φ(e4, e5) = −φ(e5, e4) = −3e8 , and
φ(ei, ej) = 0 for all other pairs (i, j).

(2) A10 : φ(e3, e6) = −φ(e6, e3) = e8 , φ(e3, e7) = −φ(e7, e3) = 3e9 , φ(e4, e5) =
−φ(e5, e4) = −3e8 , φ(e4, e6) = −φ(e6, e4) = −6e9 , and φ(ei, ej) = 0 for all
other pairs (i, j).

(3) D8 : φ(e3, e7) = −φ(e7, e3) = e5 , φ(e4, e7) = −φ(e7, e4) = 3e6 , and
φ(ei, ej) = 0 for all other pairs (i, j).
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(4) D10 : φ(e3, e6) = −φ(e6, e3) = e8 , φ(e4, e5) = −φ(e5, e4) = −3e8 , and
φ(ei, ej) = 0 for all other pairs (i, j).

(5) D11 : φ(e3, e6) = −φ(e6, e3) = e8 , φ(e3, e7) = −φ(e7, e3) = 3e9 , φ(e4, e5) =
−φ(e5, e4) = −3e8 , φ(e4, e6) = −φ(e6, e4) = −6e9 , and φ(ei, ej) = 0 for all
other pairs (i, j).

(6) E6 : φ(e1, e3) = −φ(e3, e1) = e5 , φ(e1, e5) = −φ(e5, e1) = e3 , φ(e1, e7) =
−φ(e7, e1) = −e7 , and φ(ei, ej) = 0 for all other pairs (i, j).

(7) E8 : φ(e3, e4) = −φ(e4, e3) = e7 and φ(ei, ej) = 0 for all other pairs (i, j).

We can rely on computer assistance to confirm that they meet the conditions.

colorblack

Remark 4.7. The verifications in Proposition 4.8 were carried out using the
same MATLAB routines as in Remark 3.7. Each φ was encoded as a column
vector using O3 and S3. To check φ ∈ Z2 , we verified D2 · vec(φ) = 0; to check
φ /∈ B2 , we appended the vector to D1 and confirmed that the rank increased.
The condition [φ, φ] = 0 was verified by direct substitution.

Proposition 4.8. For the singularties A11 , A12 , A13 , D12 , D13 , and D14 ,
we construct a φ1 /∈ B2(L,L) that is the first-order term of some one-parameter
family of deformations of η . Consequently, the Yau algebra L(V ) is not rigid in
these cases.

Proof. Let φ be a 2-linear alternating map in C2(L,L). We can decompose φ
into

∑
1≤i<j≤d

∑d
k=1 b

k
ij(φ

ij
k −φji

k ), where φij
k is defined as follows: φij

k (ei, ej) = ek

and φij
k (em, en) = 0 otherwise. This means that φ is determined by the coefficients

bkij where 1 ≤ i < j ≤ d and 1 ≤ t ≤ d . Similarly, let µ be a 2-linear
alternating map in C3(L,L). Then µ is determined by the coefficients ctijk where
1 ≤ i < j < k ≤ d and 1 ≤ t ≤ d . For simplicity, when describing φ(resp. µ)
later, we will only give the non-zero values among these bkij (resp. ctijk ).

The φ1 for each singularity that we construct is defined as follows:

(1) A11 and D12 : b836 = 1, b845 = −3, b937 = 3, b946 = −6, b1038 = 40
7
, b1047 = −53

7
,

b1056 = −41
7
.

(2) A12 and D13 : b836 = 1, b845 = −3, b937 = 3, b946 = −6, b1038 = 40
7
, b1047 = −53

7
,

b1056 = −41
7
, b1139 =

62
7
, b1148 = −52

7
, b1157 = −82

7
.

(3) A13 and D14 : b836 = 1, b845 = −3, b937 = 3, b946 = −6, b1038 = 40
7
, b1047 = −53

7
,

b1056 = −41
7
, b1139 = 62

7
, b1148 = −52

7
, b1157 = −82

7
, b123,10 = 403

33
, b1249 = −1333

231
,
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b1258 = −3723
231

, b1267 = −1913
231

.

The situation of Ak is identical to that of Dk+1 . Moreover, the situation of A11

and A12 are simplified instances of the situation of A13 ; hence, it suffices to prove
the case for A13 .

Let φa be a 2-linear alternating map in C2(L,L) such that b1038 = 1,
b1047 = −5, b1056 = 10, b1139 = 4, b1148 = −16, b1157 = 20, b123,10 = 665

66
, b1249 = −2279

66
,

b1258 =
2085
66

, b1267 =
485
66

.

Let φb be a 2-linear alternating map in C2(L,L) such that b123,10 = 1,
b1249 = −7, b1258 = 21, b1267 = −35.

Let µa be a 3-linear alternating map in C3(L,L) such that c10345 = 1,
c11346 =

8
3
, c12347 = 6.

Let µb be a 3-linear alternating map in C3(L,L) such that c12347 = 1,
c12356 = −2.

Firstly, we have that φ1 ∈ Z2(L,L) and φ1 /∈ B2(L,L).Based on the
calculations, we have determined that

δφa = 21µa, (77)

δφb = 66µb, (78)

[φ1, φ1] =
240

7
µa −

12800

231
µb, (79)

[φ1, φa] =
4030

33
µb, (80)

[φ1, φb] = 0, (81)

[φa, φ1] = 3µa −
2990

33
µb, (82)

[φb, φ1] = −188

7
µb, (83)

[φa, φa] =
6650

66
µb, (84)

[φa, φb] = 0, (85)

[φb, φa] = 10µb, (86)

[φb, φb] = 0. (87)
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By equation (77)-(79), we can find rational numbers a2 , b2 , such that

δ(a2φa + b2φb)−
1

2
[φ1, φ1] = 0.

We then set φ2 = a2φa+b2φb . By equation (80)-(83), it follows that
∑2

i=1[φi, φ3−i]
can be expressed as a linear combination of µa and µb . Consequently, we can find
rational numbers a3 , b3 , such that

δ(a3φa + b3φb)−
1

2

2∑
i=1

[φi, φ3−i] = 0.

We set φ3 = a3φa + b3φb . By equation (80)-(87), it is shown that
∑3

i=1[φi, φ4−i]
can also be expressed as a linear combination of µa and µb . By induction, for any
n ≥ 2, we can always find rational numbers an , bn satisfy

δ(anφa + bnφb)−
1

2

n−1∑
i=1

[φi, φn−i] = 0.

Letting φn = anφa+bnφb for all n ≥ 2, we conclude that ηt = η+ tφ1+ t2φ2+ . . .
forms a one-parameter family of deformations of η , with φ1 being its first-order
term.

Based on the above conclusions, we have completely clarified the rigidity
of Yau algebras arising from two-dimensional rational hypersurface singularities.

Theorem 4.9 (i.e. Theorem 1.4). For rational hypersurface singularities, the
Yau algebra L(V ) is not rigid for the following cases: A4 , A5 , A6 , A9 , A10 , A11 ,
A12 , A13 , D5 , D6 , D7 , D8 , D10 , D11 , D12 , D13 , D14 , E6 , and E8 . Conversely,
L(V ) is rigid for all other cases.
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