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Yau algebras arising from two-dimensional rational
hypersurface singularities

Stephen S.-T. Yau and Hao Zuo

Abstract. Let O, = C{z1,...,2,} denote the ring of convergent power
series at the origin in C™. Let (V,0) be an isolated hypersurface singularity
defined by f € O,,. The celebrated Mather-Yau theorem states that the complex
structure of (V,0) determines and is determined by its moduli algebra A(V).
Later, Yau introduced the Lie algebra of derivations of A(V'), denoted as L(V)
and he proved that L(V') is solvable. This Lie algebra is usually referred to as
the Yau algebra.

This paper investigates Yau algebras arising from two-dimensional ra-
tional hypersurface singularities. We have determined the cohomology structure
(including H? and H?) of these Yau algebras. In particular, from the point of
view of deformation of Lie algebra, we have identified all the rigid Yau algebras.
Mathematics Subject Classification 2010: 14B05, 32525.
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1. Introduction

Let (V,0) be an isolated hypersurface singularity in (C",0) defined by the zero
of a holomorphic function f. The moduli algebra A(V') of V' is defined as

aof af
AV) =0, /(f, =—,..., =),
(V) i= Ouf(f, s )
where O,, = C{z4,...,z,} denotes the ring of convergent power series at the origin

in C". Mather and Yau proved that the complex structure of (V,0) determines and
is determined by its moduli algebra in [10]. Following this, Yau [15] introduced the
Lie algebra L(V') associated with (V,0), defined as the Lie algebra of derivations
of A(V), e, L(V) = Der(A(V), A(V')) (see Definition 2.6). He proved that L(V)
is solvable in [16]. In [17], L(V) := Derc(A(V), A(V)) is referred to as the Yau
algebra of V. The dimension of L(V), denoted by A(V), is termed the Yau
number by Elashvili and Khimshiashvili in [5].

Yau and his collabrators have systematically studied the Lie algebras of
isolated hypersurface singularities since 1980s ([2]-[4], [6]-[8], [13]-[16], [18], [19]).
Among them, [2] introduces the Yau algebras arising from two-dimensional ratio-
nal hypersurface singularities. In this article, we will investigate the cohomology
structure of these Yau algebras and examine its rigidity properties.

*This work is supported by the Tsinghua University Education Foundation.



2 YAU AND ZUO

First of all, we present a new method to calculate cohomology of finite-
dimensional Lie algebras. By using computer computations, we obtain the coho-
mology structure of the Yau algebras in small dimensions.

Theorem 1.1.  For the rational hypersurface singularity with small dimensions,
we can compute the results of cohomology of Yau algebra as shown in the table
below.

Table 1:
~ Al AQ Ag A4 A5 Aﬁ A7 AS Ag
dimA(V) 1 2 3 4 5! 6 7 8 9
A(V) 0 1 2 3 4 5 6 7 8
dimHQ(L7 L) 0 0 0 1 1 1 0 0 1
dimH3(L, L) 0 0 0 0 0 0 0 1
™~ A | Ay | Awp | Ais | Dy | Ds | Dg | D7 | Dg
dimA(V) 10 11 12 13 4 5) 6 7 8
A(V) 9 10 11 12 4 5) 6 7
dimH?*(L, L) 1 1 1 1 0 1 2 1 1
dimH?’(L, L) 1 1 1 1 0 0 0 0 1
™~ Dy | Dy | Di1 | Dig | Dig | Dy | Es | E7 | Ey
dimA(V) 9 10 11 12 13 14 6 7 8
A(V) 9 10 11 12 13 14 7 8 | 10
dimH?*(L, L) 0 3 1 3 1 2 4 0 1
dimH?(L, L) 0 3 1 3 1 2 2 0 2

For rational hypersurface singularity Ax,; and Dy, we demonstrate that for
sufficiently large k, the dimensions of both B*(L, L) and Z*(L,L) are (k —1)k.
Thus, the dimension of H?(L,L) is 0. The crucial point is that in the proof
process, we are able to determine a set of bases for Z%(L, L).

Theorem 1.2. Let V = {(z,y,2) € C* : 22 + y*> — 2972 = 0} be the Agp1
singularity, where d > 13, and L(V) =< ey, ey,...,eq > be the Yau algebra of
V. Then we have that dimZ*(L,L) = (d — 1)d, dimB*(L,L) = (d — 1)d, and
dimH?*(L,L) = dimZ*(L, L) — dimB*(L,L) = 0.

Theorem 1.3. Let V = {(z,y,2) € C : 22 + %z + 2471 = 0} be the Dg,o
singularity, where d > 13, and L(V) =< ey, €3, ... €410 > be the Yau algebra of
V. Then we have that dimZ*(L, L) = (d+1)(d+2), dimB*(L,L) = (d+1)(d+2),
and dimH?(L, L) = dimZ*(L,L) — dimB*(L,L) = 0.

Let V' be a finite-dimensional real vector space and let 2t denote the
real algebraic set of all Lie algebra multiplications on V. We consider 91 as a
topological space with the topology induced as a subset of C*(L, L).(C*(L, L) is
given the usual (Hausdorff) topology of a finite-dimensional real vector space.)
A Lie algebra L = (V,n) is said to be rigid if its orbit G(n) is an open subset
of M, where G(n) = {gn(g 'z, g 'y)lg € GL(V)}. Nijenhuis and Richardson

established a connection between the rigidity of Lie algebras and their cohomology
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structure in [11, 12]. Leveraging this relationship, we have verified that most
Yau algebras arising from two-dimensional rational hypersurface singularities are
indeed rigid. For the remaining cases, we have also verified their non-rigidity
through other approaches.

Theorem 1.4.  For rational hypersurface singularities, the Yau algebra L(V')
is not rigid for the following cases: Ay, As, Ag, Ag, Ao, A1, A2, A1z, Ds,
Dg, D7, Dg, Dy, D11, D12, D13, D4, Eg, and Eg. Conversely, L(V) is rigid
for all other cases.

2. Preliminaries

2.1. Rational hypersurface singularity

Definition 2.1. A singularity (V,0) of dimension d is defined by:

(V,0)=({fi=...= fu=0},0)C (C",0),
where f; : (CN , O) — (C,0) are germs of analytic functions with
dfi
r(p) = rank { / (p)] <N-—d
0z; i=1,...m; j=1,..,N

for any generic (or smooth) point p of V. If r(0) = N —d, then (V,0) is a smooth
germ, which means it is analytically isomorphic to (C%,0). If r(0) < N —d but
r(p) = N —d for all p € V — {0}, we say that (V,0) has an isolated singularity
at the origin. If d = 2, we say that (V,0) has a surface singularity. If m =1, we
say that (V,0) has a hypersurface singularity.

Definition 2.2.  Let (V,0) be an isolated surface singularity at the origin. Let
m : X — V be a resolution of singularity. We say that (V,0) is a rational
singularity if R'7,Ox = 0.

Theorem 2.3 ([1]). If (V,0) is a rational hypersurface singularity, then (V, o)

is a rational double point. Moreover these singularities in C* are defined by one
of following polynomial equations:

(1) Ap:a?+9? =25 fork > 1,
(2) Dy:2*+1y?z+ 281 for k >4,
(3) Eo:x?+1y3+ 24,
(4) Er:2®+y° +y2°,

(5) Eg:x®+y>+ 2°.
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2.2. Yau algebra

Definition 2.4. Let O, = C{x} denote the ring of convergent power series at
the originin C". Let (V,0) = {(x1,...,2,) € C"|f(x1,...,x,) = 0} be an isolated
hypersurface singularity, where f € O,,. The moduli algebra of the singularity
(V,0) is defined as

of of

AV) =0, /( ’8_x1"”’0xn)'

Definition 2.5. Let A be a commutative algebra over the complex field C. We
define a linear endomorphism D of A as a colorblackderivation of A if it satisfies
the Leibniz rule

D(ab) = D(a)b+aD(b) Va,be A.

Definition 2.6. Let (V,0) be an isolated hypersurface singularity and A(V)
be the moduli algebra. The set of all colorblackderivations of A(V'), denoted by
Derc(A(V), A(V)), forms a complex Lie algebra, where the Lie bracket is defined
as
(X, Y]:=XoY —-YoX VXY € Derc(A(V),A(V)).

In [17], L(V) := Derc(A(V), A(V)) is referred as the Yau algebra of V. The
dimension of L(V'), denoted by A(V), is termed the Yau number by Elashvili and
Khimshiashvili in [5].

2.3. Cohomology of Lie algebras For a general theory of the cohomology of
Lie algebra, the interested readers can refer to [9].

Let L be a Lie algebra. We define the space of the n-linear alternating
mappings from L™ to L as C"(L,L), and C*(L,L) denotes the direct sum
®n>0C™"(L, L). The coboundary operator

60:C*(L,L) - C*(L,L)
O 0P

is defined as follows:

1 ® ifn=0,
5@(3:1, Ce ,fEnJ’_l) = Zl§i<j§n+1(_1)i+jq)([xi’xj]’ L1y . ,Zl’?i, Ce ,ij, Ce ,ZEnJ’_l)

+ Zl§i§n+1(_1)z+1[5€i7 qD(.fL'l, . ,SCAZ‘, . 7$n+1)] lf n 2 1,
where the sign ~ indicates that the argument below it has been omitted.

It can be shown that §(C™(L,L)) ¢ C""*(L,L) and § o § = 0, thus

(C*(L,L),6) is a cochain complex. For n > 1, let Z"(L, L) = Keré|cn(r,z) and
B"(L,L) = Imé|cn(r,r). The quotient space H"(L,L) = Z"(L,L)/B"(L,L) is

called the cohomology space of L of degree n. For n = 0, we put B°(L,L) = 0
and H(L,L) = Z°(L, L).

3. Computation of the cohomology of Yau algebras

3.1. Yau algebras of rational surface singularities First, we need to cal-
culate the moduli algebra and Yau algebra of a rational hypersurface singularity.
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These results have already been provided by M. Benson and S. S.-T. Yau in [2],
so we will directly refer to these results.

Proposition 3.1 ([2]).
singularity, k > 1. Then

Let V = {(z,y,2) € C*: 2® +y? — 2*"1 = 0} be the Ay

(1) A(V)=<1,2,2%,..., 251 > with multiplication rule z* = 0.

<el=20,e0=2%0,,... 5.1 =210, > ifk>2,

) L(V) = {O A

with the multiplication rule by the following table when k > 2.

Table 2:
~ e1 s €; €r—_1
€1 0 (] — 1)€j (k — 2)6}6,1
ey ifi <k
e | (1= i)e (J —i)eirj—1 ifitj = 0
0 iti+7>k+1
er1 | 2—K)ep_ | - 0 . 0

Proposition 3.2 ([2]). Let V = {(z,y,2) € C*: 2? + y*z + 2"~1 = 0} be the
Dy, singularity, k > 4. Then

(1) A(V) =< 1,y,2,2%, ..., 252 > with multiplication rule y* = (1 — k)22,
yz =0, 2F"1=0.

(2) L(V)=<e = %y@lﬁ—z&z, ey =2%0,,... e 0=2"20,e1_1 = y0,+ (k—
128730, ex, = 27720, > with the multiplication rule by the following table.

Table 3
~ e;(1<j<k-—2) €h_1 ek
k—4 o
o U Teh-1 ifi=1 .
— it f <k 2 k-2 fi=1
e; (J —1)eirj—1 1z+j (k= 1)(k — 3)ex ifi = 5ocr  ifid
0 ifi4+7>k 0 else
0 else
Sher if j=1
Ch—1 (1—-Fk)(k—3)ex ifj=2 0 —Ck—2
0 else
2k e
Srep ifj=1 0
o {O else Ch=2

Proposition 3.3 ([2]).
singularity, k > 1. Then

Let V.= {(x,y,2) € C*: 2?2 + ¢y + 2* = 0} be the Eg

(1) A(V) =< 1,y,z,yz, 2%, yz% > with multiplication rule y* =0, 23 = 0.
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(2) L(V) =< e; = yOy,ea = 20,,e3 = yz0y,e4 = yz20,,e5 = 22°0,,e6 =
Y220, e7 = yz*0, > with the multiplication rule by the following table.

Table 4:
~ €1 (D) €3 €4 €5 €6 er
el 0 0 0 e 0 0 | ey
€9 0 0 €3 0 es | 2eq | e
€3 0 —€3 0 €7 —€g 0 0
€4 | —€4 0 —€7 0 €7 0 0
€5 0 —E€;5 €6 —e7 0 0 0
eg 0 —2eq 0 0 0 0 0
er | —er | —er 0 0 0 0 0

Proposition 3.4 ([2]). Let V = {(z,y,2) € C*: 22 + y> + y2> = 0} be the E;
singularity, k > 1. Then

(1) A(V) =< 1,2,y,22 yz, 23, 2* > with multiplication rule y> =0, y? = —%23,
yz2 =0, 2>=0.

(2) L(V) =< e; = 3yd, + 220,, e = 4?0y, e3 = y*0,,e4 = 3yz0, + 22°0,,e5 =
3y0, + 2220y, e6 = yz0,,er = y*20,,es = y?20, > with the multiplication
rule by the following table.

Table 5:
~ €1 €9 €3 €4 €5 €6 er es
el 0 3es 4es 2e4 es 3eg Ser; | beg
€9 —362 0 0 —367 363 €g 0 0
€3 —463 0 0 —268 467 0 0 0
€4 —264 367 268 0 —1562 - 366 —367 0 0
€5 —€5 —363 —467 1562 + 366 0 —363 —368 0
eg | —3eg | —es 0 3er 3es 0 0 0
er | —bHeyr 0 0 0 3es 0 0 0
eg | —6eg 0 0 0 0 0 0 0

Proposition 3.5 ([2]). Let V = {(z,y,2) € C*: 2> + 3> + 2° = 0} be the Fj
singularity, k > 1. Then

(1) A(V) =< 1,y,2,yz, 22, yz?, 23, y2> > with multiplication rule y*> = 0, z* =
0.

(2) L(V) =< e1 = y0,,ea = 20,,e3 = yz0,,eq4 = yz0,,e5 = 2°0,,e6 =
Y220y, 67 = yz20,,e5 = 2%0,,e9 = yz230,, €10 = Y230, > with the multipli-
cation rule by the following table.
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Table 6:

™~ €1 €9 €3 €4 €5 €6 €7 €s €9 €10
€1 0 0 0 €4 0 0 €7 0 0 €10
€9 0 0 €3 0 €5 266 €7 268 369 2610
€3 0 —€3 0 €7 —€g 0 €10 | —€9 0 0
€4 —€4 0 —er 0 €7 —€10 0 2610 0 0
es 0 —e;5 € —er 0 2eq 0 0 0 0
€6 0 —2eg 0 €10 —2eg 0 0 0 0 0
(&4 —e7 —er —€10 0 0 0 0 0 0 0
€8 0 - 268 €9 - 2610 0 0 0 0 0 0
€9 0 —3eg 0 0 0 0 0 0 0 0
€10 | —€10 | — 2610 0 0 0 0 0 0 0 0

3.2. Computation of cohomology for Yau algebras with small dimensions
For Yau algebras in small dimensions, we can calculate their cohomology using
the methods mentioned in the following theorem.

Theorem 3.6 (i.e. Theorem 1.1).  For the rational hypersurface singularity with
small dimensions, the cohomology of Yau algebra are shown in the table below.

Table 7:
~ Al A2 Ag A4 A5 AG A7 Ag Ag
TGmA(V) | 11 2 [ 31 4156 7809
V) 0 | 1] 23] 415 6]~

dim H? (L, L) 0 0 0 1 1
dimH 3(L, L) 0 0 0 0 0 0 0 0
™~ A | A1n | Ao | Ais | Dy | Ds | Dg | Dy | Dg

—
e}
e}
—

dmA(V) |10 | 1L |12 | 13| 4 | 5 | 6738

(V) O |10 11 | 12| 4 | 5 6|78
dmHA*(L,L)| 1 | L | 1 |10 12|11
dmAP(L,L)| T | L | T [ 1 ]0]0]0]o0]1

~ Dy | Dy | Dy | Dia | Dig | Dy | Eg | E7 | Ey

dmA(V) | 9 |10 |11 |12 | 13| 14 |6 | 7] 8

V) O |10 | 1L | 12 | 13 | 14| 7 | 8 | 10
dmHA*(L,L)| 0 | 3 | 1 | 3 | 1 ]2 4|01
dimH3(L,L) 0 3 1 3 1 2 2 0 2

Proof. Assuming L(V) =< ej,e9,63,...,e4 > represents the Yau algebra

of a rational hypersurface singularity V' with the multiplication rule [e;, e;] =
22:1 xfjek fori,j=1,....d.
We first consider the following mapping

5‘Cl(L,L) . Cl(L,L) — C2(L,L>
a— o

Let « : V — V be a linear map in C'(L,L) with a(e;) = Zizl aFe;, for
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1 =1,...,d. Then we have

504(6@6;’):[61'704( D= leja (ez)]—a([euej])

d
= le, E a ‘es] — [ej, E ajes] — E xwe
s=1

d d d
= E E aszset E E azx]set E E x”aset
s=1 t=1 s=1 t=1 s=1 t=1
d d

d
5m k _5m Ic _5712 Zz) n)ek;

m=1 n=1

—_

Whereﬁf represents the Kronecker delta function, defined as 6{ =1 when i = j
and 6! =0 when i # j.

Note that C'(L, L) is a d*>-dimensional vector space with a basis ai for
i,k = 1,...,d, where a} is defined as aj(e;) = e, and aj(e;) = 0 when
j #i. Then we have that a = 3¢, 327 d! Oz,'f Since the map of C*(L, L) is
alernating, we conclude that CQ(L, L)isa (@14 1 dlmensmnal vector space with
a basis go,;' — go,; for Ljk=1,...,d and i < j, where gpk is defined as follows:
@7 (ei,e5) = e and @ (e, €,) = 0 otherwise. Let dar = 3¢ | Z] S bwgok
Then we have that bf; = Zm S [0k, — ok — ok )ar,

nz]

. . (d—1)d? 2 m k m k k-m
Considering the =~ x d* matrix D; = (5 —orxt, —0rx ZJ>(i,j,k);(m,n)’

it represents the matrix for 6|1z ) where the domam Cl(L, L) is under basis

ai, and the codomain C?(L, L) is under basis go?. We can rely on computer

assistance to calculate the rank of D;, which is equivalent to the dimension of
B*(L,L).
Next, we consider the following mapping

5‘CZ(L,L) . 02([/,[/) — 03(L7L>
P = 0p

Let ¢ € C*(L, L) with p(e;,e;) = ZZ:1 bfjek for i,7=1,...,d. Then we have

dp(ei, e, ex) =lei, p(ej, ex)] — [ej, ples, er)] + lex, (e, €5)]
—p(lei ej], ex) + 90([% ex); €5) — p([ej, ex], ei)

d
S S
:[ei,g bires| — lej, E bies| + ek, E bi;es)
d
xzjes,ek —i—(p g xkes,ej E xkes, Z
d d
_ S t s 1.t
= E 5 :z: <+ 0 xks—x bsk—i-xzkbsj—xjkbsi)et
1

d d d
=> Z YD (Sl — ooyl + 06wl — ool
=1 [=1

+ 47 5;;(;",;—5 St bl e

)

d
n
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Note that C3(L,L) is a w—dimensional vector space with a ba-

sis ,uijk for 4,5,k,t = 1,...,d and © < j < k, where ,uf;jk is defined as fol-

IOWS: :uz]k(eiaej7€'1'€> - leﬁ]k(ejvelwei) = /'L;jk(ek7€i76j) = €, :uijk(ejuehek) -
,u?k(ei, g, €j) = uijk(ek,ej,ei) = —e;, and /L?k(em, €n,€;) = 0 otherwise. Then we

know that the @2DE o @DE apri D, = (97870l — o7 apat, + o7 dhal, —
Opoj i} + 07 ojaiy — 5?5%;7}{)(%].7&1&);(%”7”
the domain C?(L, L) is under basis ¢} and the codomain C?(L, L) is under basis
,uf;jk. We can rely on computer assistance to calculate the dimension of the null
space of Dy, which is equivalent to the dimension of Z%(L, L).

Finally, we can calculate the dimension of H*(L,L) as dimH?*(L,L) =
dimZ?(L, L) — dimB*(L, L) = % —rank(Ds) — rank(D;). By using a similar
method, we can also calculate the dimension of H3(L, L). n

represents the matrix for d|c2(z, 1), where

colorblack

Remark 3.7. All rank and nullity computations mentioned in the proof of
Theorem 3.6 were performed using MATLAB (version R2021a or later). The
structural constants J:fj of the Yau algebra were stored in a three-dimensional
array X of size d x d x d, where X(i,7,k) = xfj To handle the alternating
property of the cochains, we introduced auxiliary index arrays as follows:
02=zeros(d,d);

S2=zeros(d,d);

a=0;
for i=1:d
for j=1:d
if i<j
S2(i,j)=1;
02(i,j)=a;
a=a+l;
elseif i>j
S2(i,3)=-82(j,1);
02(i,j)=02(j,1);
end
end
end

The array O2 assigns the same integer to ordered pairs that differ by swapping
entries (e.g., (i,7) and (7,4)), while S2 records the sign +1 or —1 indicating the
parity of the swap. The arrays 03,53, 04,54 are defined analogously for triples
and quadruples, respectively.

The matrix Dy (representing 6|cisz) : C'(L,L) — C?*(L,L)) was then
constructed using the following MATLAB code:
Di=zeros(d"2x(d-1)/2, d°2);

for i=1:d
for j=1:d
if i<j

for s=1:d
for t=1:d
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b = d*x02(i,j) + t;

D1(b, dxj+s-d) Di(b, d*j+s-d) + X(i,s,t);

Di(b, dxi+s-d) = D1(b, d*i+s-d) - X(j,s,t);

D1(b, d*xs+t-d) Di(b, d*s+t-d) - X(i,j,s);
end

end
end
end

end
Its rank and nullity give dim B? and dim Z!, respectively. The matrices D,
(for 6|cz) and Ds (for d|cs) were built similarly; their ranks and nullities yield
dim B3 = rank(D,), dim Z? = nullity(D,), and dim Z* = nullity(D3).

The values in Table 7 were obtained by running these routines for each
listed singularity. The MATLAB scripts are available from the corresponding
author upon request.

3.3. The cohomology of Yau algebras for the A, and D, In the previous
subsection, we have already calculated the cohomology of Yau algebras for the
A, and D, with small dimensions. However, the dimensions of A; and D) can
be arbitrarily large. Therefore, for high-dimensional cases, we need to seek other
methods for computation.

Theorem 3.8 (i.e. Theorem 1.2).  Let V = {(z,y,2) € C*: 22 +y*— =0}
be the Agv1 singularity, where d > 13, and L(V) =< ey, eq,...,eq4 > be the Yau
algebra of V. Then we have that dimZ?*(L,L) = (d—1)d, dimB*(L,L) = (d—1)d,
and dimH?*(L, L) = dimZ*(L,L) — dimB*(L,L) = 0.

Proof.  Using the notations in Theorem 3.6, we have dimH?(L, L) = dimZ?(L, L)—
dimB*(L,L) = dimZ?*(L, L) — rank(D;) = dimZ*(L,L) — (d*> — dimZ'(L, L)).
We claim that dimZ?(L,L) < (d — 1)d and dimZ'(L,L) < d. It implies that
dimZ?*(L,L) = (d — 1)d and dimZ'(L, L) = d because dimH?*(L, L) > 0.

For any o € Z'(L, L), we can represent a by a = Y0 52 aFal. We
assert that « is determined by {af|(i,k) = (2,2),(1,2),(1,3),...,(1,d)}, then
dimZ!(L, L) < d.

(J—deij1 ifitji—1<d

0 else

)

By Proposition 3.1, we have [e;, e;] = {

which implies

j—i ifi+j=k+1,
kZ{ (1)

gl 0 else.

Using the notations used in Theorem 3.6, we obtain da = ZZ 1 Z] 1 Zk 1 b”gak :
where bf; = S (0ak —orak — oFa)ar, . Since a € Z'(L, L), we have

nu

d d d
_ m k m k k_m\ n __ k
= g E 5 —otrr —orx ZJ)a = g (xma — x]naz E ;] a

m=1 n=1 n=1 m=1
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We will use {a2,a?,a3,...,a¢} to represent al for p,g = 1,...,d. Let i = p,
j =1, and k = ¢ in equation (2), we have
d d
> (epat —af,ap) = Y ajial, = 0. 3)
n=1 m=1
If p < g, according to (1), we can simplify (3) to
(q+1—2p)ai™ ™" — (¢ —1ai — (1 - p)af = 0. (4)
(4) means
1—-2
al = Ua(fl*p (when p < q). (5)
q—7p
If p > ¢, according to (1), we can simplify (3) to
—(¢—1aj — (1 —p)aj = 0. (6)
(6) means
al =0 (when p > q). (7)

Let (i,7,k) = (1,2,2),(2,3,4),(2,4,5),(2,5,6),(3,4,6) in (2), and combine these

with (1), we have

1_
a; =0,

4 3 2
ay = a3z + aj,

5 4, 2
Ay = a4 + a3,

6 _ 5 2
ag = ay + a;,

ag = aﬁ + ag.
Using the relations (9)-(12), we get

ab = (p— 1)aj (when p = 3,4,5,6).

Let (i,7,k) = (2,p — 1,p) in (2), and combine these with (1), we have

ab = a3 + aﬁj.
Using the relations (8), (13), and (14), we get

9 = (p—1)a3 (when p = q).

(8)

(9)

(10)

(11)

(12)
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Using the relations (5), (7), and (15), we have shown that « is determined by
{a¥|(i, k) = (2,2),(1,2),(1,3),...,(1,d)}, which implies that dimZ*(L,L) < d.
For any ¢ € Z*(L, L), we can represent ¢ by ¢ = Z?Il Z?:l Zzzl bfjgog
We assert that ¢ is determined by {2 < i < d,1 < j < d,i # j}U{b%} U
(b3 <i<d—1}yu{ts,}, then dimZ3(L,L) < (d — 1)d.
Since ¢ € Z*(L, L), similar to (2), we can obtain

d
n=1
(16)
Let i =1 in (16), we have
d
0=> (4, e — $§'nb?k + $an?j - -f?fijk + w?kbflj - ‘T?kbil)' (17)

n=1

By (1), we have

. 1—j _ j+k—1
O=(+1-j— k)bék - 37§',t+1—jbﬁ; T+ xz,t—kl—kbﬁ_l b wji b§'+kz—1,1> (18)

where xfj = xf] and bﬁj = bf] Additionally, define xét +1—jb§—£1_j = 0 when
t+1—5 <0, af, b5 =0 when t+1—-k <0, and xﬁk_lbﬁ%fl,l = 0 when
j+k—1>d.

If j+k #t+1, then by U ah bR, and le‘:k_lb?%fl’l can
be represented by‘ {b;]2 <i <d,1 <j<di#j}. Therefore bj, can also be
represented by {b1,[2 <i<d,1<j<d,i#j} when p+q#r+1.

Ifp+q=r+1, wecan assume p<gq,let i =2, j=p—1, k=¢q, and
t =7 in (16), we have

0=p+qg—b 1, —(g+2—pbs ' + (p— @b,

_(p - 3>b;q + (q - 2) Z+1,p71 - (q +1— p>b:71,2‘ (19)

If p=1, we can simplify (19) to

(¢ —3)b, = (¢ —3)b{ L1 + (g — 3)bl,. (20)

We can observe that (20) is similar as (14). By substituting (i, j, k,t) = (1,2, 3,4),
(1,2,4,5), (1,2,5,6), (1,3,4,6) into (16), we can reach a conclusion similar as
(15), which implies that {bi,|1 <i < d} can be represented by b2,.

If p > 3, b7, can be represented by {b,} U {b5/'|3 < i < d -1} U
{01 4001401} By induction, b7, can be represented by {b3,} U {b5/"]3 < i <
d—1}U{bi?l4 <i<d-—2}.

Now we just need to prove that {b57?[4 < i < d — 2} can be represented
by {02} U{b5H3 < i <d—1} U {b5,}. We don’t care about the coefficients of
(b2} U{bstH3 < i < d—1} in {b5?|4 < i < d — 2}, so we can assume that
biit =0 for 3<i<d—1 and b3, =0 in the following calculations.
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Let (7,7, k,t) = (3,4,¢9,q + 5) in (16), we have

0=qbls” — (g —2)b3% + (6 — q)bs,
_bgf) + (¢ — 3)%134 —(¢— 4)1)33,3- (21)

Let p=4,5,6 in (19), we have

30457 = (q+ 2068 — (¢ — 2)b2*7,, (22)
2085 = (¢ + 1)b3° — (¢ — 2)b] 10, (23)
bir? = qbit? — (¢ —2)b817,. (24)

Using the relations (21)-(24), we get

0= (é(q —2)(q— g+ (g 3)g+ (g — )2,

(0= 3)a+2)+ 50— Da— Vg +2) + a2 +2la — DL

FGa -2+ 2+ 1)+ g+ 20+ 10— 2) — alg - 25,

1
—(sla+2)(a+1)g = ¢"+ (g = 25" + (6 — )by (25)

Let ¢ =4 in (24), we have
2b§5 - 4bg4 - 514 - 4bg4- (26)

Then we can conclude that {b5?|4 < i < d—2} can be represented by both S, and
b8 according to (25) and (26). Additionally, when 3 <p<qand p+q=r+1,
by, can also be represented by both b5, and b,

Let (i,7,k,t) = (4,5,6,13) in (16), we have

We can represent each component in (26) as a linear combination of b, and b%;.
By solving it , we have

b3s = 3b3,. (28)

In conclusion, we have shown that ¢ is determined by {th]2 <i<d1l<
j < dyi # jPU{bLu b3 < i < d— 1} U {t5,}, which implies that
dimZ?(L, L) < (d — 1)d. n

Remark 3.9. In order for (12) to hold, it is necessary that d > 6. This is why
the dimH?(L, L) of Agy1(d = 3,4,5) are not 0. In order for (27) to hold, it is
necessary that d > 13. This is why the dimH?(L, L) of Agqy1(d = 8,9,10,11,12)
are not 0.
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Theorem 3.10 (i.e. Theorem 1.3).  Let V = {(x,y,2) € C3: 22 +y?2 4 20! =
0} be the Dgyo singularity, where d > 13, and L(V) =< ey, eq,..., €410 >
be the Yau algebra of V. Then we have that dimZ*(L,L) = (d + 1)(d + 2),
dimB2(L, L) = (d+1)(d+2), and dimH?(L, L) = dimZ*(L, L)~ dimB*(L, L) = 0.

Proof. Similar to Theorem 3.8, using the notations used in Theorem 3.6, we

have dimH?*(L,L) = dimZ*(L,L) + dimZ'(L,L) — (d + 2)*. We claim that

dimZ*(L,L) < (d + 1)(d + 2) and dimZ'(L,L) < d + 2. This implies that

dimZ?(L, L) = (d+1)(d+2) and dimZ*(L, L) = d+2 because dimH?*(L, L) > 0.
By Proposition 3.2, we have

Jj—1 ifk<dandi+j=k+1,

2 ifi=landj=k=d+1,

g if i =1 | =k=d+2
=1 e TR (29)
! (d+1)(d—1) ifi=2and j=d+1and k=d+2,

-1 ifi=d+1land j=d+2and k=d,

0 else,

where 1 <i<j<d+2and 1<k <d+2.

Let o = 33777 S5 afoj € ZM(L, L) and o = Y377 S0 ST ol €
Z%*(L,L). Note that if exactly one of i, j, and k is equal to either d + 1 or
d+ 2, then xj = 0. Add1t1onally, when 1 <1i,7,k < d, the value of xj of Ay
is equal to the value of zf; of Dgyo. If 1 < i,j,k,t < d, the relations (1)-(28)
still hold on in Dgyo. This implies that the element of {aﬂl < i,k < d} can
be expressed as a linear combination of {a¥|(i, k) = (2,2),(1,2),(1,3),...,(1,d)}
and the element of {b |1 <4,75,k < d} can be expressed as a linear comblnatlon
of {W.[2<i<d1<j<di#jtu{b?}u{bit3<i<d—1}U{b3,}.

We assert that « is determined by {a?|(i, k) = (2,2), (1,2), (1,3),..., (1,d+

2)}, then dimZ'(L, L) < d + 2. According to the above discussion, we only need
to prove {af™i=2,...,dyU{al?i=2,...,d}U{d, i =1,...,d} U{d},,|i =

,d} U {aﬁﬂ,aflig,aﬁf,agié} can be expressed as a linear combination of
{akll <ik <dyu{aftt af?}.

Since o € Z'(L, L), we have

O:Z(xka —abal —xlar) (Vi g, k=1,...,d+2). (30)

ng ijo'n

Let i =1 and k =d+ 1 in (30), we have

d+2
_ d+1 dHLgn g4+t
0= E ' xlj FA (31)

When 2 < j < d and j # ¢, according to (31), we have

W =0 @<j<di#l) (32)

J
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Let j =d+2 in (31), we have

d+1
Ggyo = = 0.

Let i =3, j=4%—2,and k=d+1 in (30), we have

a‘flﬂ =0.
2

Let ¢ =1 and k =d+ 2 in (30), we have

d+2
_ d+2 d+2gn qd+2
O— E T xlj AR

When 3 < j <d and j # ¢+ 1, according to (35), we have

. ., d
af?=0 B<j<dj#gz+0).
Let j =d+1 in (35), we have

agil = —(d+1)(d=1)a]
Let j =2 in (35), we have

e 24+ D([A=1) 4y

2 - d—2 1
Let i =3, j=%—1,and k=d+2 in (30), we have
d+2 _
yy = 0.

Let i =1 and j =d+1 in (30), we have

d+2

d—2

_ k _k k n
0=ayaq,, — E :xd-&-l,nal o Ag+1-

n=1

When 1 <k <d—1 and k # £, according to (40), we have

d
ak =0 (I<k<d=1k#7)
Let k = d in (40), we have

d _ 2 d+2

Agy1 = d a;

Let i =3, j=d+1,and k=% +2 in (30), we have

d
2 —
g4y = 0.

15

(33)

(34)

(39)

(40)

(42)
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Let i =1 and j = d+ 2 in (30), we have
d+2 q,

_ ok kK k n
0= ay,aq,5 — Larond1 — 5%dy2- (44)
2

n=1

When 1 <k <d-—1and k # % + 1, according to (44), we have
k d
ai =0 (ISk<d—Lk#Z+1). (45)
Let k = d in (44), we have
ad — Lad—i-l (46)

Let i =3, j=d+2,and k= 2%+ 3 in (30), we have

d
3t1

aj., = 0. (47)

Let i=d+1, j=d+2,and k =d in (30), we have
0= —ag}; —agi) +ag. (48)

Let i=2, j=d+1,and k=d+ 2 in (30), we have
0= (d+1)(d—1)a%} + (d+1)(d — 1)aj — (d+ 1)(d — 1)aft;. (49)

Using the relations (48) and (49), we get

1

aghh = 5(ag —ad), (50)
1

alty = 5(&2 + a3). (51)

In conclusion, we have shown that « is determined by {a¥|(i, k) = (2,2), (1,2),(1,3), ...,
(1,d + 2)}, which implies that dimZ!(L, L) < d + 2.

We assert that ¢ is determined by {0?,|2 <i < d,1 < j < d,i # j}U{b?}U
{(birt3 < i <d— 13U {8, U {bitn = 2,3,...,d} U {b¢?n = 2,3,...,d} U
{0 galn = 1,2, d} U{BT 1 uln = 1,2, d} OB b 0552 b 4}
when d is odd, and by {02 <i < d,1<j<d,i#jU{b3}u{pst3<i<

d—1}u{bg4}u{b§;1\n:2,3,...,%—1,g+1,...,d}u{bf;21n:2,3,...,§,§

2,...,d}U{b?7d+1’n - 1727"'7%l_17%l+17"'7d}u{b71l,d+2’n = 1727""§7§+
da a

2, dy U b o2 bzl b2t b2 Rl b2 et o) when d s even.

2,417 72,4 7 "2,d+1
Given that the elements of {bfj|1 < 4,j,k < d} can be expressed as a linear
combination of {b},|2 <i<d,1<j<d,i#j}U{b?}U{bs3<i<d-1}uU
{5}, i‘p suffices to focus on the values of {bffl|1 <i,7<d}U {b;-if2|1 <ij<
d} UAb] 4|l < i j S d}U{b] 01 < < dP UG < < dPU{B3 1 <

D<Ay UL < i < dY U (D201 < < A} U By apall << d 42}
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Since ¢ € Z*(L, L), we have

d+2
0= i(xfn e — :vén e+ m}inbz"] - SBbem + x?kbflj — :E?kbfn) Vi, g,k t=1,...,d+2).
"~ (52)
Let i=1,2<j,k<dand t=d+1 in (52), we have
d+2 d+2 d+2
0= I?Ei@?ljl - Zx;‘lilb?k + inilb’fj - fjijbj‘lijl + xlfkbijl - Z x?kb%rl-
n=1 n=1 n=1 (53
When j + k # 42 according to (53), we have
Bl — 2 — n pd+1
kT 12— 2j — 2k ;xﬁkbnl ' (54)

When d is odd, we have b‘j,jl(l < 4,k < d) determined by {b¢|n =
2,3,...,d}(note that z%, =0 when 1 < j,k <d and n > d).

When d is even. Let i = 2, 3§j§g—3, kzzg—j,andt:d—i-lin
(52), we have

. d , d
0=—(G =2, +(G-2-00, —(5

o -\ 7.d+1 <5<
TR RAY th1gy ~ (5 2000 B=js

d
412

[N S

—3).
(55)

Equation (55) indicates that b;,léi - (4 <j < 2+1) can be expressed as

a linear combination of b;”;ﬁ , and b;“;ld. Additionally, from Equation (55), it
’2 ’2

follows that b;”'; =0. Thenwelet i =3, j =4, k= %l —5,and t =d+ 1 in

(52), we have

d d
_ d+1 d+1 d+1
0=~ + (5 =80T, — (5 — 9T, (56)
It can transform into
(d—2)(d —6)(d— 16)b‘2{+%1_1 = (d—2)(d —10)(d — 16)b§721_2. (57)

When d # 16, the elements bﬁilij (1>j5> g) can be expressed as
2

L This conclusion remains valid when d = 16, and
in this case, Z?(L,L) can be computed directly using the method outlined in
Theorem 3.6. Consequently, the values of b;l,‘:l for 1 < j,k < d are determined
by {b{n = 2,3,...,d} when d is odd, and by {b{/'n =2,3,...,4 - 1,4 +

1., dyu{pdt |} when d is even.

Let i=1,2<j,k<dand t=d+2 in (52), we have

rational multiples of b‘;zl_
’2

d+2
_ d+2 pd+2 d+2 3d+1 d+2 pd+1 _ . J pd+2 kE pd+2 n pd+2
O—xl,d+2bjk; Ij,d+1b1k +xk,d+1blj xljbjk +I1kbkj E xjkbnl - (58)

n=1
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When j + k # 42 according to (58), we have

a2 _ 2
kT d+4—-25 -2k

d
A2 pdl  d+2 pd+l n 7d+2
(25 gy — T by + E :xjkbnl ) (59)
n=1

When d is odd, we have b57%(1 < j k < d) determined by {b{/'|n =
2,3,...,dyu{bi?n=2,3,...,d}.

When d is even. Let i = 2, 3§j§g—2, k:%—l—l—j,andt:d—kQ
in (52), we have
0= a2 bt oo, (G gt (L g
= L9419k J jH+LE+1—5 ' V9 IP44955 7\ )02

(60)

Equation (60) indicates that b?;izij

12
a linear combination of bgf;, bg?_ . and b;.l,jl for 1 < j,k < d. By setting i = 3,
j=4,k=%—4 and t = d+2 in (52), similar to equation (57), we find that
(1>j> %l) can be represented as a linear combination

4<j< % + 1) can be expressed as

the elements 952

of bgf and b?,;*l for 1 < j,k < d when d # 14. This conclusion remains valid

when d = 14, and in this case, Z?(L,L) can be computed directly using the
method outlined in Theorem 3.6. Consequently, the values of b?,jl and b?,jQ for

1 < j,k < d are determined by {b%n =2,3, ..., d}U{b¢?|n =2,3,...,d} when

1n

d is odd, and by {b{f'In=12,3,...,¢4—-1,4+1,... . AFU{{?*n=2,3,...,4 ¢+

2,...,d} U{bI b3} when d is even.
2 2

Let i=1,2<j<d,k=d+2,and 1 <t <d+2 in (52), we have

d+2 d+2 d+2
j d
0= xitbz',d+2 - Z wﬁ-nbim + Z If1+2,nb?j - xijb§,d+2 + 1:1:5?1-2bf1+2,j - Z x;‘,d+2b2, :

n=1 n=1 n=1

(61)

When 1 <t <d and t —j # 4, according to (61), we have
5 d
n d+1
Vi gy = m(z b gio = Tgin g1 V1)) (62)
n=1

When d is odd, we have b§-7d+2(1 < j,t < d) determined by {b?,d+2|n =
1,2,....dy u{pfj=2,3,....d}.

When d iseven. Let i =2,3<j<%—1 k=d+2, andt=j+%+1
in (52), we have

d R d g2 g1 . j+d+1
0= (5 -2+ J)bj,diz - (5 +2 - ])b22,d+2 + xd+§,d+1bgj+1 - (] - 2>bj+12,d+2‘ (63)
i d
Equation (63) indicates that b;;jQ (4 < j < %) can be expressed as a

d d
linear combination of b; ﬁQ, b; ;LiQ and bgtl .- Additionally, from Equation (61),
b 9 ,57

=
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d
it follows that bi;jQ =0. Thenwelet i =3, =4, k=d+2,and t = C§l+6 in
(52), we have

a d
(d—2)(d® +2d + 24)b2 17, = (d — 4)(d? + 2d + 24)b3 4. (64)

In summary, the values of b;d 4o for 1 < j,t < d are determined by

{0l gnln=1,2,...,d} U {bf;rllj =2,3,...,d} when d is odd, and by {0}, ,/n =
‘ 412

L2, 4442 dyu{fj=23,...,¢-1,2+1,...,d} U{bidw,bgg_l}

when d is even. By employing a comparable approach, we can derive the subse-

quent conclusion: the values of b?;l, b?,f, b gy, and O, for 1< j kit <d

are determined by {b{t'|n = 2,3,...,d} U{b{;*|n = 2,3,...,d} U{bl,|n =

L2, ., dfU{bt 4y0ln =1,2,...,d} when d is odd, and by {64 = 2,3,...,%—
Let1,. .. dfu{ef?n=23,..., ¢ 442, dyu{bl, In=1,2,...,4—1%+
n 441 442
Lo, dfU{bl uln=1,2,...99+2 . dju {bgfgl_l, bgj;, b3 411,03 4.0} when
d is even.
Let t =d+ 1 in (61), we have
d—2 4 - d d,
0= b — (G — DYy + 5l (65)
Let t =d+2 in (61), we have
dbd+2 d+2 bd+1 dbl . bd+2 dbd+2
0= 5 idr2 — Lidr191.dre — 5 17 = (J - 1) 7,d+2 + 5 d+2,5° (66)
For k = d + 1, we have similar equation
. d+1 d—2,, d+2 7d+1
0=—(— 1)bj7d+1 - Tblj - xj,d+1bd+2,1’ (67)
0= —(j = b5ty — 25801k + 7l b — 250Gl (68)

Equation (65)-(68) indicates that the values of b;{;}rl, bﬂil, bﬂiz? and

bﬂ% for 1 < j < d are determined by b{H,,, b{57,, b5, b3, b53,
b(j=2,3,...,d) and B3,(j =2,3,...,d).
Furthermore,let 7 = 2 in (68) and let i =1, j =d+ 1, k = d+ 2, and

t =d in (52), we have

0= bf&}ﬂ + b%z - bﬁiga (69)

0 =b7Hh, + b5, — by (70)

Equation (69) and (70) indicates that the values of bﬁlil and bﬁiQ are determined
by b%,(note that the value of b¢, is also determined by b3, ).

Finally, the only remaining undetermined values are those of bj,, 4., for
1<t<d+2 Leti=1,j=d+1 and k=d+ 2 in (52), we have

d+2
0= (‘Ttlt —d+ 1)bfi+1,d+2 - Z(xfi—i—l,nb?,d-iﬂ - sz—Q,n 71L,d+1) - leg+1,¢~l+2btd1 (1<t<d+2).

i (71)
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When t # d, the value of bj,, ;,, is determined by bi,, b7, and b}, , for
n=1,2,...,d+2. In conclusion, we have proved the previous assertion that the
values of {611 < i, j < dYU{bS |1 <, j < dYU{b] 4011 < i,j < dYU{b] 4, 0]1 <
i.j < dpUELI <i < dP UL < i < dPU{B{GL[1 < i < dF U{B{iL,[1 <
i < dy U bl 40|l <@ < d+ 2} are determined by {bf;|1 < i,5,k < d} U
{0 In=2,3,...,dyU{b{}?n = 2,3, dYU{b} o ln = 1,2, dYU{b] 4, 0ln =
1,2, dyU{bTE, b, 05 5% 0841 440} when d s odd, and by {bf;|1 <, j, k <

d}u{bfﬂn:z,s,...,g—1,g+1,...,d}u{b§:2|n:2,3,...,§,§+2,...,d}u

{0 galn = 1,2, 8 =1L, 841, dy U{bl nln = 1,2,...,5.§+2,...,d} U
d da

pr2 petl pat?pdi2 gdtldi2 s even, which im-

{bggl_p 9,4 7 V2,d+1 V2,442 V1d+10 VL d+2) 2,d+17bg+1,d+2} when d i
plies that dimZ?(L, L) < (d+ 1)(d +2). n

Remark 3.11. The crucial point is that in the proof process, we are able to
determine a set of bases for Z'(L, L) (resp. Z*(L, L). Specifically, for the identified
elements, setting one element to 1 and the rest to 0, the corresponding « (resp.
) form the bases of Z'(L, L) (resp. Z*(L,L)).

4. Rigidity of Yau algebras

4.1. Deformations of Lie algebra structures For a general theory of the de-
formations of Lie algebra structures, the interested readers can refer to colorblack[11,
12].

Let L = (V,n) be a Lie algebra and let ¢ € C*(L, L) be a 2-cochain. Now,
7 =n+ ¢ is also a Lie algebra multiplication if it satisfies the Jacobi identity:

> (@, (y,2) =0 (72)

cyc

for any z,y,z € V', where chc denotes the sum over all cyclic permutations of
(z,y,2).

Since 3., n(z,n(y, 2)) = 0 and dp(z,y,2) = >, (@, (Y, 2))+2_ . 0(T:0(y, 2)),
we can transform (72) into

5 — [p,]/2 =0, (73)

where [¢, ] is defined as:

[, el y,2) =2 p(e(e,y), 2).

cyc

Equation (73) is called the deformation equation. Let 1, = n+to; +t%ps+... be
a one-parameter family of Lie algebra multiplications on V', where o; € C*(L, L).
Then ty, + t?@y + ... satisfies the deformation equation, which implies that
dp1 = 0. Hence ¢, € Z*(L,L), and we call ¢; an infinitesimal deformation
of n.

A one-parameter family of Lie algebra multiplications 7, = 1 -+t@; 4+ t2ps +

~

. is said to be trivial if (V,n,) = (V,n) for any s,t. Then there exists a
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one-parameter family of invertible linear maps I, = I + tay + t2as + ..., where
a; € (L, L) is a linear map from V' to itself and [ is the identity map, such that
ne(x,y) = I((L) ", (L) ~'y) (74)

for any x,y € V. We call ¢, a trivial infinitesimal deformation.

Definition 4.1. Let V be a finite-dimensional complex vector space. A Lie
algebra L = (V,n) is rigid if there not exist a non-trivial infinitesimal deformation.
It means the obit G(n) = {gn(¢'x, g7 y)|lg € GL(V)} is an open subset of M,
where 91 is the real algebraic set of all Lie algebra multiplications on V.

Let a: V — V be a linear map, and I; = [ +ta be a one-parameter family
of invertible linear maps. Then equation (74) can transform into

m(x,y) = nz,y) + tlan(z,y)) — n(a(r),y) — n(z, a(y)) + (higher order terms).

This show that da = n(x,a(y)) + n(a(z),y) — a(n(x,y)) is a trivial infinites-
imal deformation. Thus the trivial infinitesimal deformations are precisely the
2-coboundaries, and every 2-coboundaries is the first order term of some one-
parameter family of deformations of 7. It is noted that we mentioned before that
infinitesimal deformation ¢; € Z2(L, L), so we have the following theorem.

Theorem 4.2 (colorblackTheorem 7.1, [12]).  Let V' be a finite-dimensional
complex vector space, and let L = (V,n) be a Lie algebra such that H*(L,L) = 0.
Then L s rigid.

Equation (73) can be decomposed into the following equations

n—1

1
We can prove that 37 '[¢s, vn_i] € Z3(L, L), leading to the following theorem.
Detailed discussions can be found in colorblack[11].

Theorem 4.3 (colorblackTheorem 20.3, [11]).  Let V' be a finite-dimensional
complex vector space, and let L = (V,n) be a Lie algebra such that H3(L,L) = 0.
Then each infinitesimal deformation is the first order term of a one-parameter
family. Additionally, L isn’t rigid when H*(L,L) # 0.

colorblack

Remark 4.4.  The condition H3(L, L) = 0 in Theorem 4.3 is essential. Indeed,
without it, the conclusion that H?(L, L) # 0 implies non-rigidity fails in general.
As discussed after the statement of Theorem 7.2 in [12], there exist rigid Lie
algebras with H? # 0.

4.2. Rigidity of Yau algebras arising from two-dimensional rational
hypersurface singularities According to Theorem 3.6, Theorem 3.8, Theorem
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3.10, Theorem 4.2 and Theorem 4.3, we can conclude that the Yau algebra L(V)
is rigid for Ay (k # 4,5,6,9,10,11,12,13), Dy(k # 5,6,7,8,10,11,12,13,14) and
for E7, however, the Yau algebra L(V) is not rigid for Ay, As, Ag, D5, Dg, and
D7. Our next goal is to prove that L(V') is not rigid for Ax(k =9,10,11,12,13),
Dy(k =8,10,11,12,13,14), FEg, and Fg.

Since the trivial infinitesimal deformations are precisely the 2-coboundaries,
we need to find an infinitesimal deformation ¢, such that o, ¢ B?(L,L). This
would imply that ¢; is a non-trivial infinitesimal deformation, thereby showing
that L(V) is not rigid. For this, we need to figure out the structure of Z?(L, L)
first.

Remark 4.5. In fact, we can directly apply the method in Theorem 3.6 to
calculate B*(L, L) and Z*(L, L) with the assistance of a computer. However, as
noted in mentioned in Remark 3.11, we can obtain the set of bases of B*(L, L) by
using the processes described in Theorem 3.8 and Theorem 3.10.

In order for (27) to hold, it is necessary that d > 13. Therefore b5s cannot
be determined by the elements previously identified for Ag(k = 9,10,11,12,13).
Let b8 be 1, and let the values of the elements we found before be 0. Then, the
corresponding ¢ € Z?(L, L) such that ¢ ¢ B?*(L,L), hence ¢ serves as a repre-
sentative element of the cohomology group H?(L, L) for A(k =9,10,11,12,13).
According to the relationship between A; and Dy, this conclusion also holds
true for Dy(k = 10,11,12,13,14). This element will play an important role in the
subsequent proof.

Proposition 4.6.  For the singularties Ay, A9, Dg, D1o, D11, Eg, and Ey,
we construct a ¢ ¢ B*(L, L) such that n;, = n+ te is a one-parameter family of
Lie algebra multiplications. Consequently, the Yau algebra L(V') is not rigid in
these cases.

Proof. When 7, = n+typ, the deformation equation (73) can be transform into
d0p =0, (75)

[0, ¢] = 0. (76)

So we only need to construct a ¢ € Z?(L,L) such that ¢ ¢ B?*(L,L) and
[o, 0] = 0. The ¢ for each singularity is defined as follows:

(1) Ag: ples,e6) = —p(es,e3) = es, @(es,e5) = —p(es,ea) = —3eg, and
w(e;,ej) = 0 for all other pairs (3, 7).

(2) Aio: ples,es) = —ples, e3) = es, w(es, er) = —p(er,e3) = 3eg, @(es,e5) =
—p(es, eq) = —3es, ples,e6) = —p(eq, e4) = —bey, and p(e;, e;) = 0 for all
other pairs (4, ).

(3) Ds: les,er) = —pler,ez) = es, ples,e7) = —p(er,ea) = 3eg, and
©(e;, e;) = 0 for all other pairs (¢, 7).
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(4) Dio: (e, e6) = —ples,e3) = es, p(es,e5) = —p(es,ea) = —3eg, and
@(e;,ej) = 0 for all other pairs (3, 7).

(5) Di1: ples,eq) = —p(es, e3) = es, @les, e7) = —p(er, e3) = 3eg, Y(ey, €5) =
—p(es, eq) = —3es, ples,e6) = —p(eq, e4) = —bey, and p(e;, e;) = 0 for all
other pairs (4, ).

(6) Eo: w(er,e3) = —pl(es,e1) = es, pler,e5) = —ples,e1) = e3, pler,er) =
—p(er,e1) = —er, and p(e;,e;) = 0 for all other pairs (3, 7).

(7) Es: p(es,eq) = —p(eq,e3) = er and p(e;, e;) = 0 for all other pairs (4, j).

We can rely on computer assistance to confirm that they meet the conditions. =

colorblack

Remark 4.7. The verifications in Proposition 4.8 were carried out using the
same MATLAB routines as in Remark 3.7. Each ¢ was encoded as a column
vector using O3 and S3. To check ¢ € Z?, we verified D, - vec(p) = 0; to check
¢ ¢ B?, we appended the vector to D; and confirmed that the rank increased.
The condition [p, ¢| = 0 was verified by direct substitution.

Proposition 4.8.  For the singularties A1, Ais, A1z, Dio, D13, and Dyy,
we construct a o, ¢ B*(L,L) that is the first-order term of some one-parameter
family of deformations of . Consequently, the Yau algebra L(V') is not rigid in
these cases.

Proof. Let ¢ be a 2-linear alternating map in C?(L, L). We can decompose ¢
into Zl§i<j§d ZZ:1 bfj(gpzj — gp{f), where 4,07,’3 is defined as follows: gpﬁcj(ei, e;) = ex
and gozj(em, en) = 0 otherwise. This means that ¢ is determined by the coefficients
bfj where 1 < i < j < dand 1 <t < d. Similarly, let p be a 2-linear
alternating map in C*(L, L). Then p is determined by the coefficients cf;, where
1<i<j<k<dand1l<t<d. Forsimplicity, when describing ¢ (resp. )
later, we will only give the non-zero values among these bfj (resp. cfjk).
The ¢; for each singularity that we construct is defined as follows:

(1) Ay and Dig: bl =1, b5 = =3, b, =3, by = —6, bjg = 2, byd = -2

10 41
bl — 4L

(2) A12 and D13: b§6 = 17 b4815 = _37 bg7 = 37 b4916 = _67 bég = 4707 béllg =5
2

10 _ _ 41 11 __ 62 11 _ 52 11 _ 82
b56_ 77b39_77b48_ 77b57_ 7

(3) Aiz and Dyy: b = 1, bs = =3, b3, = 3, by = —6, big = 2, b}9 = =2,

10 __ _ 41 11 _ 62 1 . _ 52 11 . _ 82 12 __ 403 12 1333
b56_ 77b39_7’b48_ 7’b57_ 7vb3,10_337b49_ 231
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pl2 — _ 3723 12 _ _ 1013
58 — ~ 2310 Y67 — T 231

The situation of A, is identical to that of D;,;. Moreover, the situation

of AH

and Apo are simplified instances of the situation of A;3; hence, it suffices to prove

the case for A;s.
Let ¢, be a 2-linear alternating map in C?(L,L) such that b32

10 __ 10 __ 11 __ 11 _ 11 __ 12 __ 665 12 __
b47 - _57 b56 - 107 b39 - 47 b48 - _16’ b57 - 20> b3710 — 66 b49 -
b12 __ 2085 b12 __ 485
58 7 66 ' Y67 T 66 °

Let ¢, be a 2-linear alternating map in C*(L,L) such that b3’
biz =7, bi2 =21, bi2 = —35.
10

Let u, be a 3-linear alternating map in C?(L,L) such that ¢ =

L8 2 g
C346 = 35 C347 = 0-

Let u, be a 3-linear alternating map in C3(L, L) such that ci?,
12

= 17
2279
66 °

Firstly, we have that ¢, € Z2?(L,L) and ¢, ¢ B?*(L,L).Based on the

calculations, we have determined that

dpa = 21piq,
dpp = 66114,
onpy] = 240, 12800
Y1, P1] = 7 Ha 231 b,
o] = 1080
P15 Pal = 33 Mo,
[p1, 0] = 0,
2990
a = 3l — —55 Mo,
[Pas p1] = 3p TR
188
[@by@ﬂ = —TMby
on o] = 050
PayPal = 66 Hb,
[(pav 901)] = 07
[©6; Pa] = 1044,
[Spba SOb] = 0.

(77)

(78)

(79)

(80)

(81)

(82)

(83)
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By equation (77)-(79), we can find rational numbers as, by, such that

1
d(agpq + bapy) — 5[901, ¢1] = 0.

We then set @y = agp,+bapy. By equation (80)-(83), it follows that 27, [¢;, @3]
can be expressed as a linear combination of u, and p;. Consequently, we can find
rational numbers as, b3, such that

2
1
d(aspa + bapy) — B Z[‘Pu p3-i] = 0.

i=1

We set @3 = asp, + bspy. By equation (80)-(87), it is shown that 327 [y, ¢4 ]
can also be expressed as a linear combination of u, and p;,. By induction, for any
n > 2, we can always find rational numbers a,, b, satisfy

n—1
1
5(0%900, + anOb 5 Zl Pi, Pn— z -

Letting ¢, = a,@q +bnyyp for all n > 2, we conclude that 1, = n+tp; +t20s+. ..
forms a one-parameter family of deformations of n, with ¢, being its first-order
term. [

Based on the above conclusions, we have completely clarified the rigidity
of Yau algebras arising from two-dimensional rational hypersurface singularities.

Theorem 4.9 (i.e. Theorem 1.4).  For rational hypersurface singularities, the
Yau algebra L(V') is not rigid for the following cases: Ay, As, Ag, Ao, Ato, A11,
Alg, A13, D5, DG; D7, Dg, DlO; DH, D12, Dlg, D14, Eﬁ, and Eg. CO’HU@T’S@Z?/,
L(V) is rigid for all other cases.
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